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1. INTRODUCTION

The fixed point theory plays an important role in nonlinear functional analysis and is a very useful tool

in various fields. In particular, fixed point theorem has been applied in many branches of sciences.

For a recent trend of fixed point problem, one of the most interesting problems is the combination of

fixed point theory and graph theory. In the past few years, many researchers have studied fixed point

theorems in a metric space endowed with a graphs; see [1-4] and references cited therein.

Let (X, d) be a metric space. A mappingT : X → X is said to be contraction if there is

0 < k < 1 such that

d(Tx, Ty) ≤ kd(x, y) for all x, y ∈ X.
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The set of all fixed points of a mappingT is denoted byF (T ), i.e., x ∈ F (T ) if and only if

x = Tx.

Let G = (V (G), E(G)) be a directed graph whereV (G) is a set of vertices of graph andE(G) be

a set of its edges, assume thatG has no parallel edges, we denoteG−1 as the directed graph obtained

from G by reversing the direction of edges. That is,

E(G−1) = {(x, y) : (y, x) ∈ E(G)}.

If x andy are vertices inG, then a path inG from x to y of lengthn ∈ N ∪ {0} is a sequence

{xi}n
i=1 of n + 1 vertices such thatx0 = x, xn = y, (xi−1, xi) ∈ E(G) for i = 1, 2, . . . , n. A graph

G is connected if there is a (directed) path between any two vertices ofG.

For studying contractive-type mappings, the Banach contraction mapping principle, which was

firstly introduced by Banach [5] in 1922, has been an important source for solving existence problems

in fixed point theory. Some of the contractive-type mapping were studied in many directions, see [6,

7]. In 2008, Jachymski [8] combined the concept of fixed point theory and graph theory in a metric

space to generalized Banach contraction mapping principle in a metric space endowed with a directed

graph. He also introduced a contractive-type mapping with a directed graph as follows.

Definition1.1 — [8]. Let(X, d) be a metric space and letG = (V (G), E(G)) be a directed graph

such thatV (G) = X andE(G) contains all loops,i.e.,4 = {(x, x) : x ∈ X} ⊆ E(G).

We say that a mappingf : X → X is aG-contraction iff preserves edges ofG, i.e.,

x, y ∈ X, (x, y) ∈ E(G) ⇒ (f(x), f(y)) ∈ E(G)

and there existsα ∈ (0, 1) such that for anyx, y ∈ X,

(x, y) ∈ E(G) ⇒ d(f(x), f(y)) ≤ αd(x, y).

In the past few years, many authors have studied a concept ofG-contraction in order to im-

prove and extend the above definition, see for instance [9-12] and references cited therein. LetC

be a nonempty convex subset of a Banach space,G = (V (G), E(G)) be a directed graph such that

V (G) = C andT : C → C, thenT is said to beG-nonexpansive if the following conditions hold:

(1) T is edge-preserving,i.e., for anyx, y ∈ C such that(x, y) ∈ E(G) ⇒ (Tx, Ty) ∈ E(G);

(2) ‖Tx− Ty‖ ≤ ‖x− y‖ , whenever(x, y) ∈ E(G) for anyx, y ∈ C.

This mapping was introduced by Tiammeeet al. [13] in 2015.
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We know that Halpern iteration process is an important tool in fixed point problem and it can

generate a strongly convergent sequence provided that the underlying space is smooth enough. So, in

order to prove a strong convergence of the Halpern iteration process in a Hilbert space endowed with

a directed graph , Tiammeeet al. [13] introduced PropertyG and proved strong convergence of the

Halpern iteration process for finding the set of fixed point ofG-nonexpansive mappings in a Hilbert

space endowed with a directed graph as the following theorem.

Theorem1.2 — Let C be a nonempty closed convex subset of a Hilbert spaceH and letG =

(V (G), E(G)) be a directed graph such thatV (G) = C, E(G) is convex andG is transitive. Suppose

C has PropertyG. LetT : C → C be aG-nonexpansive mapping. Assume that there existsx0 ∈ C

such that(x0, Tx0) ∈ E(G). Suppose thatF (T ) 6= ∅ andF (T ) × F (T ) ⊆ E(G). Let {xn} be a

sequence satisfying

x0 ∈ C, xn+1 = αnu + (1− αn)Txn, n ≥ 0. (1)

Let {xn} be a sequence defined by Halpern iteration, whereu = x0. If {xn} is dominated byPx0

and{xn} dominatesx0, then{xn} converges strongly toPx0, whereP is the metric projection on

F (T ).

One of the most interesting iteration processes is the viscosity approximation method introduced

by Moudafi [15]. In 2004, Xu [14] studied the such method for a nonexpansive mapping in a Hilbert

space and introduced an iterative scheme for finding the set of fixed points of a nonexpansive mapping

in a Hilbert space as follows:

x0 ∈ C, xn+1 = αnf(xn) + (1− αn)Txn, n ≥ 0, (2)

whereT : C → C is a nonexpansive mapping withF (T ) 6= ∅, f : C → C is a contraction, and

{αn} ⊆ (0, 1). Then, they proved a strong convergence theorem under suitable conditions of the

parameters{αn}.

In this paper, motivated by [13] and [14], we prove a strong convergence theorem for finding the

set of fixed point ofG-nonexpansive mapping in a Hilbert space endowed with a directed graph. By

using our main result, we give a numerical expample to approximate the value ofπ.

2. PRELIMINARIES

In this paper, we denote88 weak and strong convergence′′ by notations88 ⇀′′ and88 →′′, respectively.

Recall that the (nearest point) projectionPC from H ontoC assigns to eachx ∈ H, there exists the
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unique pointPCx ∈ C satisfying the property

‖x− PCx‖ = min
y∈C

‖x− y‖.

In a real Hilbert spaceH, it is well known thatH satisfiesOpial’s condition[19], i.e., for any

sequence{xn} with xn ⇀ x, the inequality

lim
n→∞ inf ‖xn − x‖ < lim

n→∞ inf ‖xn − y‖ ,

holds for everyy ∈ H with y 6= x.

The following lemmas are needed to prove the main theorem.

Definition2.1 — A sequence{xn} in a Hilbert spaceH is said to converge weakly tox ∈ H if

〈xn, y〉 → 〈x, y〉 for all y ∈ H. In this case, we writexn ⇀ x.

Theorem2.2 — [16]. Let X be a Banach space. ThenX is reflexive if and only if every closed

convex bounded subsetC of X is weakly compact,i.e., every bounded sequence inC has a weakly

convergent subsequence.

Lemma2.3 — [17]. Let{sn} be a sequence of nonnegative real numbers satisfying

sn+1 ≤ (1− αn)sn + δn, ∀n ≥ 0,

whereαn is a sequence in(0, 1) and{δn} is a sequence such that

(1) :
∞∑

n=1

αn = ∞,

(2) : lim sup
n→∞

δn

αn
≤ 0 or

∞∑

n=0

|δn| < ∞.

Then, lim
n→∞ sn = 0.

Lemma2.4 — [18]. Givenx ∈ H andy ∈ C. Then,PCx = y if and only if there holds the

inequality

〈x− y, y − z〉 ≥ 0,∀z ∈ C.

Lemma2.5 — LetH be a real Hilbert space. Then

‖x + y‖2 ≤ ‖x‖2 + 2〈y, x + y〉,

for all x, y ∈ H.
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Property G : [13]. Let C be a nonempty subset of a normed spaceX and letG = (V (G), E(G)),

whereV (G) = C, be a directed graph. ThenC is said to have PropertyG if every sequence{xn} in

C converging weakly tox ∈ C, there is a subsequence{xnk
} of {xn} such that(xnk

, x) ∈ E(G) for

all k ∈ N.

The following basic definitions of domination in graphs [20, 21] are needed to prove the main

theorem.

Let G = (V (G), E(G)) be a directed graph. A setX ⊆ V (G) is called a dominating set if every

z ∈ V (G) \ X there existsx ∈ X such that(x, z) ∈ E(G) and we say thatx dominatesz or z is

dominated byx. Let z ∈ V , a setX ⊆ V is dominated byz if (z, x) ∈ E(G) for anyx ∈ X and we

say thatX dominatesz if (x, z) ∈ E(G) for all x ∈ X. In this paper, we always assume thatE(G)

contains all loops.

Theorem2.6— [13]. Let X be a normed space andG = (V (G), E(G)) a directed graph with

V (G) = X. SupposeT : X → X is a G-nonexpansive mapping. IfX has a PropertyG, thenT is

continuous.

Theorem2.7 — [13]. Let X be a Hilbert space andC be a subset ofX having PropertyG.

Let G = (V (G), E(G)) be a directed graph such thatV (G) = C and E(G) is convex. Suppose

T : C → C is a G-nonexpansive mapping andF (T ) × F (T ) ⊆ E(G). ThenF (T ) is closed and

convex.

Definition2.8 — [13]. LetG = (V (G), E(G)) be a directed graph. A graphG is called transitive

if for any x, y, z ∈ V (G) such that(x, y) and(y, z) are inE(G), then(x, z) ∈ E(G).

3. MAIN RESULT

In this section, we prove a strong convergence theorem of viscosity approximation methods for

G-nonexpansive mapping in Hilbert spaces endowed with a directed graph.

The following Proposition is needed to prove the main theorem.

Proposition3.1 — Let C be a convex subset of a vector spaceX andG = (V (G), E(G)) a

directed graph such thatV (G) = C andE(G) is convex. LetG be transitive,T : C → C be

edge-preserving, andf : C → C be aG-contraction mapping. Let{xn} be a sequence defined by





x0 ∈ C,

xn+1 = αnf(xn) + (1− αn)Txn, n ≥ 0,
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where(f(x0), Tx0) and(x0, f(x0)) are inE(G). If {xn} dominatesx0, then(xn, xn+1), (x0, xn),

(x0, Txn), and(xn, Txn) are inE(G) for all n ∈ N.

PROOF : We prove by induction. By transitivity ofG and since(x0, f(x0)) and(f(x0), Tx0) are

in E(G), we have(x0, Tx0) ∈ E(G). SinceE(G) is convex,(x0, f(x0)) and(x0, Tx0) are inE(G),

we obtain

(α0x0 + (1− α0)x0, α0f(x0) + (1− α0)Tx0) = (x0, x1) ∈ E(G).

SinceT is edge-preserving,f isG-contraction mapping and(x0, x1) ∈ E(G), then(Tx0, Tx1) ∈
E(G) and ((f(x0), f(x1))) ∈ E(G), respectively. By transitivity ofG and since(x0, Tx0) and

(Tx0, Tx1) are inE(G), we obtain(x0, Tx1) ∈ E(G). By assumption,(x1, x0) ∈ E(G). Then, by

transitivity of G and(x0, Tx1) ∈ E(G), we get(x1, Tx1) ∈ E(G). By transitivity of G and since

(f(x0), Tx0) and(Tx0, Tx1) are inE(G), we obtain(f(x0), Tx1) ∈ E(G). SinceE(G) is convex,

(f(x0), Tx1) and(f(x0), f(x1)) are inE(G), we obtain

(α1f(x0) + (1− α1)f(x0), α1f(x1) + (1− α1)Tx1) = (f(x0), x2) ∈ E(G).

By transitivity of G and since(x1, x0) and (x0, f(x0)) are inE(G), we obtain(x1, f(x0)) ∈
E(G). Again, by transitivity ofG and since(x1, f(x0)) and (f(x0), x2) are inE(G), we obtain

(x1, x2) ∈ E(G).

Next, assume that(xk, xk+1), (x0, xk), (x0, Txk), and (xk, Txk) are in E(G). SinceT is

edge-preserving and(xk, xk+1) ∈ E(G), then(Txk, Txk+1) ∈ E(G). By transitivity of G, and

(x0, Txk), (Txk, Txk+1) are inE(G), we have(x0, Txk+1) ∈ E(G). Since{xn} dominatesx0,

we have(xk+1, x0) ∈ E(G). By transitivity of G, and(xk+1, x0), (x0, Txk+1) are inE(G), we

have(xk+1, Txk+1) ∈ E(G). By transitivity of G, and(x0, xk), (xk, xk+1) are inE(G), we get

(x0, xk+1) ∈ E(G). SinceT is edge-preserving,f is G-contraction mapping, and(x0, xk+1) ∈
E(G), we have(Tx0, Txk+1), (f(x0), f(xk+1)) are inE(G) , respectively. By transitivity ofG and

since(f(x0), Tx0) and(Tx0, Txk+1) are inE(G), we obtain(f(x0), Txk+1) ∈ E(G). SinceE(G)

is convex,(f(x0), Txk+1) and(f(x0), f(xk+1)) are inE(G), we obtain

(αk+1f(x0) + (1− αk+1)f(x0), αk+1f(xk+1) + (1− αk+1)Txk+1)

= (f(x0), xk+2) ∈ E(G).

By transitivity ofG and since(xk+1, x0) and(x0, f(x0)) are inE(G), we obtain(xk+1, f(x0)) ∈
E(G). Again, by transitivity ofG and since(xk+1, f(x0)) and(f(x0), xk+2) are inE(G), we obtain

(xk+1, xk+2) ∈ E(G).
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So, by induction, we can conclude that(xn, xn+1), (x0, xn), and(xn, Txn) are inE(G) for any

n ∈ N. 2

Theorem3.2 — Let C be a nonempty closed convex subset of a real Hilbert spaceH and let

G = (V (G), E(G)) be a directed graph such thatV (G) = C, E(G) is convex andG is transitive.

SupposeC has PropertyG. Let T : C → C be aG-nonexpansive mapping. Letf : C → C be

a G-contraction mapping with coefficientα ∈ (0, 1). Assume that there existsx0 ∈ C such that

(f(x0), Tx0) and(x0, f(x0)) are inE(G). Suppose thatF (T ) 6= ∅ andF (T )×F (T ) ⊆ E(G). Let

{xn} be a sequence generated by




x0 ∈ C,

xn+1 = αnf(xn) + (1− αn)Txn, n ≥ 0,
(3)

where{αn} ⊆ (0, 1) satisfies

(i) lim
n→∞αn = 0 , (ii)

∞∑

n=0

αn = ∞ , (iii)
∞∑

n=0

|αn+1 − αn| < ∞.

If {xn} dominatesPF (T )f(x0) and{xn} dominatesx0, then the sequence{xn} converge strongly to

x0 = PF (T )f(x0).

PROOF : We divide the proof into five steps:

Step1 : We show that the sequence{xn} is bounded. Letx∗ = PF (T )f(x0). From Proposition 3.1,

(xn, xn+1) ∈ E(G) for all n ∈ N. Sincex∗ ∈ F (T ) andx∗ = PF (T )f(x0) is dominated by{xn},
we have(xn, x∗) ∈ E(G). From the definition ofxn, we get

‖xn+1 − x∗‖ ≤ αn‖f(xn)− x∗‖+ (1− αn)‖Txn − x∗‖
≤ αn‖f(xn)− x∗‖+ (1− αn)‖xn − x∗‖
≤ αn‖f(xn)− f(x∗)‖+ αn‖f(x∗)− x∗‖+ (1− αn)‖xn − x∗‖
≤ αnα‖xn − x∗‖+ (1− αn)‖xn − x∗‖+ αn‖f(x∗)− x∗‖
= (1− αn(1− α))‖xn − x∗‖+ αn‖f(x∗)− x∗‖.

By mathematical induction, we obtain that

‖xn − x∗‖ ≤ max
{
‖x0 − x∗‖, ‖f(x∗)− x∗‖

1− α

}
,∀n ∈ N.

Therefore,{xn} is bounded and so are{Txn} and{f(xn)}.
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Step2 : We will show thatlimn→∞ ‖xn+1 − xn‖ = 0. From the definition ofxn and(xn, xn+1) ∈
E(G), we have

‖xn+1 − xn‖ = ‖αnf(xn) + (1− αn)Txn − αn−1f(xn−1)

− (1− αn−1)Txn−1‖
= ‖αnf(xn)− αnf(xn−1) + αnf(xn−1)− αn−1f(xn−1)

+ (1− αn)Txn − (1− αn)Txn−1 + (1− αn)Txn−1

− (1− αn−1)Txn−1‖
= ‖αn(f(xn)− f(xn−1)) + (αn − αn−1)f(xn−1)

+ (1− αn)(Txn − Txn−1) + (αn−1 − αn)Txn−1‖
≤ αn‖f(xn)− f(xn−1)‖+ |αn − αn−1|‖f(xn−1)‖

+ (1− αn)‖Txn − Txn−1‖+ |αn − αn−1|‖Txn−1‖
≤ αnα‖xn − xn−1‖+ |αn − αn−1|‖f(xn−1)‖

+ (1− αn)‖xn − xn−1‖+ |αn − αn−1|‖Txn−1‖
= (1− αn(1− α))‖xn − xn−1‖+ |αn − αn−1|‖f(xn−1)‖

+ |αn − αn−1|‖Txn−1‖. (4)

Applying Lemma 2.3, (4), and the conditions (i), (ii), (iii), we have

lim
n→∞ ‖xn+1 − xn‖ = 0. (5)

Step3 : We show thatlimn→∞ ‖xn − Txn‖ = 0. For eachn ∈ N, we have

‖xn − Txn‖ ≤ ‖xn − xn+1‖+ ‖xn+1 − Txn‖
≤ ‖xn − xn+1‖+ αn‖f(xn)− Txn‖.

Because{Txn} and{f(xn)} are bounded, from the condition (i), (ii), and (5), we have

lim
n→∞ ‖xn − Txn‖ = 0. (6)

Step4 : We show thatlim
n→∞ sup 〈f(z0)− z0, xn − z0〉 ≤ 0 wherez0 = PF (T )f(z0). To show

this, choose a subsequence{xnk
} of {xn} such that

lim sup
n→∞

〈f(z0)− z0, xn − z0〉 = lim
k→∞

〈f(z0)− z0, xnk
− z0〉 . (7)
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Because all the{xnk
} lie in the weakly compact setC andC has PropertyG, we may assume

without loss of generality that{xnk
} ⇀ ω for someω ∈ C and(xnk

, ω) ∈ E(G). Supposeω /∈
F (T ), thenω 6= Tω. By G-nonexpansiveness ofT , (6), and the Opial’s condition, we have

lim inf
k→∞

‖xnk
− ω‖ < lim inf

k→∞
‖xnk

− Tω‖

≤ lim inf
k→∞

( ‖xnk
− Txnk

‖+ ‖Txnk
− Tω‖)

≤ lim inf
k→∞

‖xnk
− ω‖ .

This is a contradiction. Thenω ∈ F (T ). Sincexnk
⇀ ω ask → ∞ andω ∈ F (T ). By (7) and

Lemma 2.4, we have

lim sup
n→∞

〈f(z0)− z0, xn − z0〉 = lim
k→∞

〈f(z0)− z0, xnk
− z0〉

= 〈f(z0)− z0, ω − z0〉
≤ 0. (8)

Step5 : Finally, we show thatlim
n→∞xn = z0, wherez0 = PF (T )f(z0). By G-nonexpansiveness

of T and(z0, xn) ∈ E(G), and Lemma 2.5, we have

‖xn+1 − z0‖2 = ‖αn(f(xn)− z0) + (1− αn)(Txn − z0)‖2

≤ ‖(1− αn)(Txn − z0)‖2 + 2αn〈f(xn)− z0, xn+1 − z0〉
≤ (1− αn)2‖xn − z0‖2 + 2αn〈f(xn)− z0, xn+1 − z0〉
= (1− αn)2‖xn − z0‖2 + 2αn〈f(xn)− f(z0), xn+1 − z0〉

+ 2αn〈f(z0)− z0, xn+1 − z0〉
≤ (1− αn)2‖xn − z0‖2 + 2αn‖f(xn)− f(z0)‖‖xn+1 − z0‖

+ 2αn〈f(z0)− z0, xn+1 − z0〉
≤ (1− αn)2‖xn − z0‖2 + 2αnα‖xn − z0‖‖xn+1 − z0‖

+ 2αn〈f(z0)− z0, xn+1 − z0〉
≤ (1− αn)2‖xn − z0‖2 + αnα‖xn − z0‖2 + αnα‖xn+1 − z0‖2

+ 2αn〈f(z0)− z0, xn+1 − z0〉.

It implies that

‖xn+1 − z0‖2 ≤ (1− αn)2 + αnα

1− αnα
‖xn − z0‖2 +

2αn

1− αnα
〈f(z0)− z0, xn+1 − z0〉
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=
(

1− 2αn(1− α)
1− αnα

)
‖xn − z0‖2 +

2αn(1− α)
1− αnα

(
αn

2(1− α)
‖xn − z0‖2.

+
1

1− α
〈f(z0)− z0, xn+1 − z0〉

)
.

From the conditions (i), (ii), (8), and Lemma 2.3, we can conclude that the sequence{xn} con-

verges strongly toz0 = PF (T )f(z0). This completes the proof. 2

4. NUMERICAL RESULTS

The purpose of this section we give a numerical example to support our some result. The following

example is given for supporting Theorem 3.2.

Example4.1 : Let H = R andC = [0, 1] with the usual norm‖x − y‖ = |x − y| and let

G = (V (G), E(G)) be such thatV (G) = C, E(G) = {(x, y) : x, y ∈ [0, 3
5 ] such that|x−y| ≤ 1

5}.
Let f : C → C be defined byf(x) = x

9 , for all x ∈ [0, 1]. DefineT : C → C by

Tx =





1
10x if x ∈ [0, 1),

8
5 if x = 1.

Solution: We observe thatF (T ) = {0}. Choosex0 = 1
5 , then(x0, Tx0) ∈ E(G). It is easy to

see thatE(G) is convex. Let(x, y) ∈ E(G). Thenx, y ∈ [0, 3
5 ] and|x− y| ≤ 1

5 . It implies that

|Tx− Ty| ≤ 1
10
|x− y| ≤ |x− y| ≤ 1

5
.

Then, we have(Tx, Ty) ∈ E(G) and‖Tx − Ty‖ ≤ ‖x − y‖. ThusT is G-nonexpansive. For

everyn ∈ N, αn = 1
2(n+1) . We rewrite (3) as follows:

xn+1 =
(

1
2(n + 1)

) (xn

9

)
+

(
1− 1

2(n + 1)

)(xn

10

)
. (9)

Sincex0 = 1
5 ∈ [0, 1

5 ], from (9), we have

x1 =
(

1
2(1)

)(x0

9

)
+

(
1− 1

2(1)

)(x0

10

)
.
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By the convexity, we havex1 ∈ [0, 1
5 ] . Sincex1 ∈ [0, 1

5 ] and (9), we have

x2 =
(

1
2(2)

)(x2

9

)
+

(
1− 1

2(2)

) (x2

10

)
.

By the convexity, we havex2 ∈ [0, 1
5 ] . By continuing in this way, we havexn ∈ [0, 1

5 ], for all n ∈
N. It implies thatxn ≤ 1

5 for all n ∈ N. It follows that(xn, PF (T )f(x0)) = (xn, 0) ∈ E(G). That

is. PF (T )f(x0) is dominated by{xn}. It can be observed that parameters satisfy all the conditions of

Theorem 3.2 andC = [0, 1] satisfy PropertyG. Hence, the sequence{xn} converges strongly to0.

Next, we show thatT is not a nonexpansive mapping. Choosex = 1 andy = 3
5 , we have

∣∣∣∣T (1)− T

(
3
5

)∣∣∣∣ =
∣∣∣∣
8
5
− 3

50

∣∣∣∣ =
77
50

>
2
5

=
∣∣∣∣1−

3
5

∣∣∣∣ .

Mathematicians know that the numberπ is an important mathematical constant. For the previous

decades, many researcher have been trying to approximate the value ofπ; see [22, 23] and the refer-

ences therein. By using our main result, we introduce the new method to approximate the value ofπ

as shown in the following example.

Example4.2 : LetH = R andC = [3, 4] with the usual norm‖x − y‖ = |x − y| and letG =

(V (G), E(G)) be such thatV (G) = C, E(G) = {(x, y) : x, y ∈ [3, 18
5 ] such that|x − y| ≤ 16

5 }.
Let f : C → C be defined byf(x) = 1

5x + 4
5 (π), for all x ∈ [3, 4]. DefineT : C → C by

Tx =





1
3x + 2

3 (π) if x ∈ [3, 4),

56
35 if x = 4.

Solution: We observe thatF (T ) = {π}. Choosex0 = 16
5 , then(x0, Tx0) ∈ E(G). It is easy to

see thatE(G) is convex. Let(x, y) ∈ E(G). Thenx, y ∈ [3, 18
5 ] and|x− y| ≤ 16

5 . It implies that

|Tx− Ty| =
∣∣∣∣
1
3
x +

2
3

(π)− 1
3
y − 2

3
(π)

∣∣∣∣ ≤
1
3
|x− y| ≤ |x− y| ≤ 16

5
.

Then, we have(Tx, Ty) ∈ E(G) and‖Tx− Ty‖ ≤ ‖x− y‖. ThusT is G-nonexpansive. For every

n ∈ N, αn = 1
2(n+1) . We rewrite (3) as follows:

xn+1 =
(

1
2(n + 1)

) (
1
5
xn +

4
5

(π)
)

+
(

1− 1
2(n + 1)

) (
1
3
xn +

2
3

(π)
)

. (10)

Sincex0 = 16
5 ∈ [3, 16

5 ], from (10), we have

x1 =
(

1
2(1)

)(
1
5
x0 +

4
5

(π)
)

+
(

1− 1
2(1)

)(
1
3
x0 +

2
3

(π)
)

.
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By the convexity, we havex1 ∈ [3, 16
5 ]. Sincex1 ∈ [3, 16

5 ] and (10), we have

x2 =
(

1
2(2)

) (
1
5
x1 +

4
5

(π)
)

+
(

1− 1
2(2)

) (
1
3
x1 +

2
3

(π)
)

.

By the convexity, we havex2 ∈ (3, 16
5 ] . By continuing in this way, we havexn ∈ [3, 16

5 ], for all

n ∈ N. It implies that3 ≤ xn ≤ 16
5 for all n ∈ N. Then|xn − π| ≤ 16

5 for all n ∈ N. It follows that

(xn, PF (T )f(π)) = (xn, π) ∈ E(G). That is.PF (T )f(π) is dominated by{xn}. It can be observed

that parameters satisfy all the conditions of Theorem 3.2 andC = [3, 4] satisfy PropertyG. Since

F (T ) 6= ∅, then the sequence{xn} converges strongly toπ.

Next, we show thatT is not a nonexpansive mapping. Choosex = 4 andy = 18
5 , we have

∣∣∣∣T (4)− T

(
18
5

)∣∣∣∣ =
∣∣∣∣
56
35
−

(
1
3

(
18
5

)
+

2
3

(π)
)∣∣∣∣

≈
∣∣∣∣
56
35
−

(
1
3

(
18
5

)
+

2
3

(
22
7

))∣∣∣∣

=
178
105

>
2
5

=
∣∣∣∣4−

18
5

∣∣∣∣ .

Using the algorithm (10) and choosingx0 = 16
5 with n = 20 andn = 30, we have the numerical

result to approximate the value ofπ as shown in Table 1 and Figure 1.

Figure 1: The convergence of{xn} with initial valuesx0 = 16
5 .

(a) n=20 (b) n=30
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n = 20

n xn

0 3.200000000000000

1 3.157167945965848

2 3.146265241302610

3 3.143046347544892

4 3.142052990008907
...

...

10 3.141593185425522
...

...

16 3.141592654255843

17 3.141592653809197

18 3.141592653662115

19 3.141592653613647

20 3.141592653597665

n = 30

n xn

0 3.200000000000000

1 3.157167945965848

2 3.146265241302610

3 3.143046347544892

4 3.142052990008907
...

...

15 3.141592659742157
...

...

26 3.141592653589803

27 3.141592653589797

28 3.141592653589794

29 3.141592653589793

30 3.141592653589793

Table 1: The values of the sequences{xn} with initial valuex0 = 16
5 .

5. CONCLUSION

In this work, we introduce a viscosity approximation method ofG-nonexpansive mapping defined on a Hilbert

space endowed with a directed graph. We obtain a strong convergence theorem for the sequence generated by

the proposed method under suitable conditions. However, we should like remark the following:

1. In Theorem 3.2, we use the concept of a viscosity approximation method and our result is proved with

an assumption on a directed graph, which is a different result from Xu [14].

2. From Theorem 3.2, we can conclude that the sequence{xn}, in Example 4.2, converges toπ.

3. In Example 4.2, the sequence{xn} converges toπ as shown in the Table 1 and Figure 1.

4. In order to gain more accuracy ofπ, the iterative approximation is depended on the number ofn as

shown in the Table 1.
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