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The main aim of this paper is to study a strong convergence theorem of viscosity approximation
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1. INTRODUCTION

The fixed point theory plays an important role in nonlinear functional analysis and is a very useful tool
in various fields. In particular, fixed point theorem has been applied in many branches of sciences.
For a recent trend of fixed point problem, one of the most interesting problems is the combination of
fixed point theory and graph theory. In the past few years, many researchers have studied fixed point
theorems in a metric space endowed with a graphs; see [1-4] and references cited therein.

Let (X, d) be a metric space. A mappii§ : X — X is said to be contraction if there is
0 < k < 1 such that

d(Tz,Ty) < kd(z,y) forall z,y € X.
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The set of all fixed points of a mappirg is denoted byF'(T), i.e.,z € F(T) if and only if

z="Tux.

LetG = (V(G), E(G)) be adirected graph whet&G) is a set of vertices of graph adt{ G) be
a set of its edges, assume tigahas no parallel edges, we dendte' as the directed graph obtained
from G by reversing the direction of edges. That is,

E(G™Y) = {(z,y) : (y,2) € E(G)}.

If z andy are vertices i, then a path irG from x to y of lengthn € N U {0} is a sequence
{z;}_, of n + 1 vertices such thaty = z, z,, = y, (zi—1,2;) € E(G) fori =1,2,...,n. Agraph
G is connected if there is a (directed) path between any two vertic@s of

For studying contractive-type mappings, the Banach contraction mapping principle, which was
firstly introduced by Banach [5] in 1922, has been an important source for solving existence problems
in fixed point theory. Some of the contractive-type mapping were studied in many directions, see [6,
7]. In 2008, Jachymski [8] combined the concept of fixed point theory and graph theory in a metric
space to generalized Banach contraction mapping principle in a metric space endowed with a directed
graph. He also introduced a contractive-type mapping with a directed graph as follows.

Definition1.1 — [8]. Let(X, d) be a metric space and I6t= (V(G), E(G)) be adirected graph
such tha/’ (G) = X andE(G) contains all loops,e., A = {(z,z) : z € X} C E(G).

We say that a mapping : X — X is aG-contraction iff preserves edges 6f, i.e,

z,y € X, (v,y) € E(G) = (f(2), f(y)) € E(G)

and there exista € (0, 1) such that for any, y € X,

(z,y) € E(G) = d(f(z), f(y)) < ad(z,y).

In the past few years, many authors have studied a conce@taufntraction in order to im-
prove and extend the above definition, see for instance [9-12] and references cited theraih. Let
be a nonempty convex subset of a Banach sp@dce, (V(G), E(G)) be a directed graph such that
V(G) = CandT : C — C, thenT is said to b&z-nonexpansive if the following conditions hold:

(1) T' is edge-preserving.e., for anyz,y € C such tha{x,y) € E(G) = (Tz,Ty) € E(G);
) || Tz — Ty|| < ||z — y|| , whenevelz, y) € E(G) foranyz,y € C.

This mapping was introduced by Tiammeteal. [13] in 2015.
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We know that Halpern iteration process is an important tool in fixed point problem and it can
generate a strongly convergent sequence provided that the underlying space is smooth enough. So, in
order to prove a strong convergence of the Halpern iteration process in a Hilbert space endowed with
a directed graph , Tiamme=t al. [13] introduced Propertyr and proved strong convergence of the
Halpern iteration process for finding the set of fixed pointGehonexpansive mappings in a Hilbert
space endowed with a directed graph as the following theorem.

Theoreml1.2 — Let C' be a nonempty closed convex subset of a Hilbert sga@nd letG =
(V(G), E(G)) be adirected graph such thét(G) = C, E(G) is convex and is transitive. Suppose
C has PropertyG. LetT : C — C be aG-nonexpansive mapping. Assume that there exjsts C
such that(xo, Tz) € E(G). Suppose that'(T') # 0 and F(T) x F(T) C E(G). Let{z,} be a
sequence satisfying

zo € C,xpt1 = apu+ (1 —ap)Txy,n > 0. (1)

Let {z,,} be a sequence defined by Halpern iteration, where xz¢. If {z,,} is dominated byPx,
and {z,,} dominatest,, then{z,,} converges strongly t&x,, whereP is the metric projection on
F(T).

One of the most interesting iteration processes is the viscosity approximation method introduced
by Moudafi [15]. In 2004, Xu [14] studied the such method for a nonexpansive mapping in a Hilbert
space and introduced an iterative scheme for finding the set of fixed points of a nonexpansive mapping
in a Hilbert space as follows:

ZTo € C, Tn+1 = anf(xn) + (1 - O‘n)Txnvn > 07 (2)

whereT : C — C'is a nonexpansive mapping with(7') # 0, f : C — C'is a contraction, and
{an} C (0,1). Then, they proved a strong convergence theorem under suitable conditions of the
parameterga,, }.

In this paper, motivated by [13] and [14], we prove a strong convergence theorem for finding the
set of fixed point ofG-nonexpansive mapping in a Hilbert space endowed with a directed graph. By
using our main result, we give a numerical expample to approximate the vaiue of

2. PRELIMINARIES

In this paper, we denotéweak and strong convergen¢y notations® —" and® —”, respectively.
Recall that the (nearest point) projecti®a from H ontoC assigns to each € H, there exists the
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unique pointPox € C satisfying the property

— Poz|| = min ||z — y].
= = Pea = min o — ]

In a real Hilbert spacéd, it is well known thatH satisfiesOpial’s condition[19], i.e., for any
sequencéz,, } with x,, — z, the inequality
lim inf ||z, — 2| < lim inf ||z, —y|,
n—oo n—oo
holds for everyy € H with y # .
The following lemmas are needed to prove the main theorem.

Definition2.1 — A sequencéx,, } in a Hilbert spacé is said to converge weakly to € H if
(xn,y) — (z,y) forally € H. In this case, we write,, — z.

Theorem2.2— [16]. Let X be a Banach space. Then is reflexive if and only if every closed
convex bounded subsétof X is weakly compaci,e., every bounded sequenceGhhas a weakly
convergent subsequence.

Lemma2.3 — [17]. Let{s, } be a sequence of nonnegative real numbers satisfying
Sn+1 < (]- - an)Sn + 5navn > Oa

whereq, is a sequence if0, 1) and{J,, } is a sequence such that
Q) : Z Qn = 00,
n=1

5 oo
2) 1 1i - < on .
(2) 1msupan_00r2\ | < o0

n—00
n=0

Then, lim s, = 0.

n—oo

Lemma2.4 — [18]. Givenz € H andy € C. Then,Pcxz = y if and only if there holds the
inequality

(x —y,y—2z) >0,Vz € C.
Lemma2.5 — LetH be a real Hilbert space. Then
lz +ylI* < [l2]* + 2(y, = + y),

forallz,y € H.
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Property G : [13]. Let C be a nonempty subset of a normed spAcand letG = (V(G), E(G)),
whereV (G) = C, be a directed graph. TheTis said to have Propert¥ if every sequencéz,, } in
C converging weakly ta: € C, there is a subsequen¢e,, } of {z,} such tha{z,, ,z) € E(G) for
all k € N.

The following basic definitions of domination in graphs [20, 21] are needed to prove the main

theorem.

LetG = (V(G), E(G)) be a directed graph. A séf C V(G) is called a dominating set if every
z € V(G) \ X there existsr € X such that(z, z) € E(G) and we say that dominates: or z is
dominated byz. Letz € V, asetX C V is dominated by if (z,2) € E(G) foranyz € X and we
say thatX dominates: if (z,z) € E(G) for all z € X. In this paper, we always assume tiigi=)
contains all loops.

Theorem2.6— [13]. Let X be a normed space ar@ = (V(G), E(G)) a directed graph with
V(G) = X. Supposd” : X — X is aG-nonexpansive mapping. X has a PropertyG, thenT' is
continuous.

Theorem2.7 — [13]. Let X be a Hilbert space and’ be a subset oX having PropertyG.
LetG = (V(G), E(G)) be a directed graph such thadt(G) = C and E(G) is convex. Suppose
T : C — Cis aG-nonexpansive mapping add(7’) x F(T') C E(G). ThenF(T') is closed and
convex.

Definition2.8 — [13]. LetG = (V(G), E(G)) be a directed graph. A graghis called transitive
if forany z,y, z € V(G) such thaf(x, y) and(y, z) are inE(G), then(z, z) € E(G).

3. MAIN RESULT
In this section, we prove a strong convergence theorem of viscosity approximation methods for
G-nonexpansive mapping in Hilbert spaces endowed with a directed graph.

The following Proposition is needed to prove the main theorem.

Proposition3.1 — LetC' be a convex subset of a vector spa€eandG = (V(G), E(G)) a
directed graph such thaf(G) = C and E(G) is convex. LetG be transitive,T : C — C be
edge-preserving, anfl: C — C' be aG-contraction mapping. Letr,, } be a sequence defined by

xo € C,
Tnt1 = anf(zn) + (1 — ap)Txp,n >0,
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where(f(zo), Tzo) and(zo, f(zo)) are iNE(G). If {x,} dominatescy, then(x,,, zn+1), (zo, Tn),
(xo, Txy), and(x,, Tx,) are inE(G) for alln € N.

PROOF: We prove by induction. By transitivity af and sinc€zg, f(xo)) and(f(zo), T'zo) are
in E(G), we have(xzg, Txo) € E(G). SinceE(G) is convex,(z, f(xo)) and(xzg, Txo) are inE(G),
we obtain

(Oéo.%'() + (1 — Ozo)xg, Ct[)f(l'o) -+ (1 — Oéo)Tx()) = (:L‘o,.%'l) S E(G)

SinceT is edge-preservingd, is G-contraction mapping andty, x1) € E(G), then(Txg, Tz1) €
E(G) and ((f(zo), f(x1))) € E(G), respectively. By transitivity of5 and since(xy, Txo) and
(T'zo, Tz1) are inE(G), we obtain(xg, Tx;) € E(G). By assumption(z1,zo) € E(G). Then, by
transitivity of G and(xzo, Tz1) € E(G), we get(x1,Tz1) € E(G). By transitivity of G and since
(f(xo), Txo) and(Txo, Txy1) are inE(G), we obtain(f(zo), Tz1) € E(G). SinceE(G) is convex,
(f(z0),Tx1) and(f(xo), f(z1)) are inE(G), we obtain

(a1 f(wo) + (1 —a1) f(wo), a1 f(x1) + (1 — a1)Tz1) = (f(20), 72) € E(G).

By transitivity of G and since(x1, z¢) and (zg, f(x¢)) are in E(G), we obtain(z1, f(xo)) €
E(G). Again, by transitivity ofG and since(x1, f(z)) and (f(zo), z2) are in E(G), we obtain
(.%'1,.1’2) S E(G)

Next, assume thatry, zx11), (xo,2k), (vo,Tzk), and (z, Txi) are in E(G). SinceT is
edge-preserving antry, zx+1) € E(G), then(Txy, Tzr41) € E(G). By transitivity of G, and
(xo, Txy), (Txg, Txryq) are inE(G), we have(zg, Tzr11) € E(G). Since{z,} dominatesr,
we have(zyy1,x0) € E(G). By transitivity of G, and (zy1,x0), (o, Txr+1) are in E(G), we
have(zyt1, Tzr+1) € E(G). By transitivity of G, and(zo, zx), (xk, xx+1) are in E(G), we get
(xo,zx+1) € E(G). SinceT is edge-preservingf is G-contraction mapping, anfl, zx4+1) €
E(G), we have(T'zo, Tziy1), (f(zo), f(zr+1)) are inE(G) , respectively. By transitivity off and
since(f(xo), Txo) and(T'zo, T'zyy1) are inE(G), we obtain(f (xo), Tzr11) € E(G). SinceE(G)
is convex,(f(xo), T'rk+1) and(f(xo), f(zr+1)) are inE(G), we obtain

(k1 f (o) + (1 — ag1) f(20), Qo1 [ (Thot1) + (1 — 1) Twps)
= (f(20), zk+2) € E(G).

By transitivity of G and sinc€xj1, xo) and(xo, f(zo)) are inE(G), we obtain(zy,1, f(zo)) €
E(G). Again, by transitivity ofG and sincdxy1, f(xo)) and(f(zo), zx+2) are inE(G), we obtain
(xk+1,mk+2) € E(G)
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So, by induction, we can conclude that,, z,+1), (zo, z,), and(z,, T'z,) are inE(G) for any
n € N. a

Theorem3.2 — Let C' be a nonempty closed convex subset of a real Hilbert spheand let
G = (V(G), E(Q)) be a directed graph such th&t(G) = C, E(G) is convex and> is transitive.
Suppose&” has PropertyG. LetT : C — C be aG-nonexpansive mapping. L¢t: C — C be
a G-contraction mapping with coefficiet € (0,1). Assume that there existy € C such that
(f(xo), Txo) and(xo, f(zo)) are in E(G). Suppose thak'(T') # 0 andF(T) x F(T) C E(G). Let
{z,} be a sequence generated by

{ xo € C, (3)

Tnt1 = anf(2n) + (1 — ay)Tzn,n >0,

where{a,, } C (0, 1) satisfies
() lim o, =0, (i)Y on =00, (i) Y |ont1 — an| < oo,
n=0 n=0

If {x,,} dominatesPr ) f(z0) and{z, } dominatesr, then the sequender,, } converge strongly to
zo = Pr(7)f(20).

ProoOF: We divide the proof into five steps:
Stepl : We show that the sequenge,, } is bounded. Let™ = Pp ) f(zo). From Proposition 3.1,

(Tn, Tnt1) € E(G) foralln € N. Sincez™ € F(T) andz* = Pp(r) f(z0) is dominated by{z,, },
we have(z,, z*) € E(G). From the definition of:,,, we get

[2nt1 — 27| < cnllf(2n) — 27| + (1 = an)|[Tzn — 27|
< apl|f(zn) = 27| + (1 = an)llzn — 27|
< anl|f(zn) = f@)] + anllf (&) — 2" + (1 = an)[[an — 27
< anallz, — | + (1= an)[zn — 27| + e[ f (") — 27|

= (1= an(l = a))|zn — 2" + an f(27) — 27]].

By mathematical induction, we obtain that

(6

|lxn — ¥ < max{”xo —x .

},VnEN.

Therefore{x,,} is bounded and so afg x,, } and{ f(z,)}.
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Step2 : We will show thatim,, .« ||Zn+1 — 25| = 0. From the definition of,, and(x,,, z,+1) €
E(G), we have

[#n41 = nll = [[anf(@n) + (1 — an)Tzn — an—1f(Tn-1)

- (1= ap—1)Txp_1|

= lonf(2n) — o f(@p-1) + anf(zn-1) — an-1f(2n-1)
+ (1—ap)Tey, — (1 —an)Tzp—1+ (1 —an)Tzp—1
— (1 —ap—1)Tzp_1||

= [l (f(zn) = f(zn-1)) + (an — 1) f(2p-1)
+ (1 —apn)(Tzp — Tap—1) + (n-1 — @) TTp_1]]

< ol f(@n) = flan-1)[l + lan — ana|[|f(@n-1)]]
+ (1= o) || Tzn — Tpall + |om — an—1|[|[Ton—1 ||

< anallzn — zp-ill + |om — am_a||[ f(zp-1) |
+ (1= an)llzn — zn-all + |an — an—a||Tzn-1||

=1 —an(l —a))|lzn — zn-1| + [an — an-1|l f(zn-1)|l
+ Jom — anaf[[Ten-a]]. (4)

Applying Lemma 2.3, (4), and the conditions (i), (ii), (i), we have
T ([ — 2al = 0. 5)
Step3 : We show thatim,,_, ||z, — Tz, || = 0. For eachn € N, we have

|20 — Top|| < |20 — gl + 201 — Tan |

<llzn = zngall + anll f(zn) = Tan|.

Becausg Tz, } and{f(z,)} are bounded, from the condition (i), (ii), and (5), we have

lim |z, — Tz,| = 0. (6)

Step4 : We show thatlim sup (f(20) — 20, 7n — 20) < 0 Wherezy = Pp(7)f(20). To show
this, choose a subsequer{es,, } of {x,} such that

limsup (f(20) — 20, 2n — 20) = lim (f(20) — 20, Tn,, — 20) - (7

n—00 k—o0
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Because all thgz,, } lie in the weakly compact sét andC has Property=, we may assume
without loss of generality thafz,, } — w for somew € C and(z,,,w) € E(G). Supposev ¢
F(T), thenw # Tw. By G-nonexpansiveness @f, (6), and the Opial’s condition, we have

liminf ||z, —w| < liminf ||z, — Tw||
k—o0 k—o0

IN

tim inf (2, — T, | + | T2, — T

IN

liminf ||z, —w|.
k—o0

This is a contradiction. Then € F(T). Sincez,, — w ask — oo andw € F(T). By (7) and
Lemma 2.4, we have

limsup (f(z0) — z0,@n — 20) = lim (f(20) — 20, Zn, — 20)

= (f(20) — 20, w — 20)
<0. (8)

Step5 : Finally, we show thatlim z,, = 29, wherezy = Pp(7)f(20). By G-nonexpansiveness

n—oo

of T"and(zp, z,,) € E(G), and Lemma 2.5, we have

2041 = 20l* = [lan(f(2n) = 20) + (1 — an)(Tzn — 20)|?
< (1 = an)(Tzn = 20) 1> + 200 (f (20) — 20, Tnt1 — 20)
< (1= ap)?[lzn — 20* + 200 (f (2n) = 20, Tns1 — 20)
= (1= an)?(lzn — 20/ + 240 (f(xn) — f(20), 241 — 20)
+ 2an(f(20) — 20, Tnt1 — 20)
< (1= an)?[lzn — 20l1% + 20| f (2n) — £ (20) | nt1 — 20
+ 2an(f(20) — 20, Tnt1 — 20)
< (1= ap)*[zn — 20|* + 2anallz, — zoll|znt1 — 20
+ 2a,(f(20) — 20, Tnt1 — 20)
< (1= an)?|zn — 20|* + anallzn — 20l* + analznin — 20|

+ 200, (f(20) — 20, Tny1 — 20)-

It implies that

2au,

1—an)? + a,a
Lan) tana) o2+

1— oo 1— aya <f(ZO) — 20, T+l — ZO)

|Zns1 — 20| <
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200, (1 — @) 9 20p(1—a) an, 9
= (1= e, - i
( ) b = salP + e — ol

1— oo 1—a,o

+ ﬁ(f(zo) — 20, Tyl — ZO>)-

From the conditions (i), (ii), (8), and Lemma 2.3, we can conclude that the seq{ilepgeon-
verges strongly tap = Pp(r) f(z0). This completes the proof. O

4. NUMERICAL RESULTS

The purpose of this section we give a numerical example to support our some result. The following
example is given for supporting Theorem 3.2.

Example4.1 : LetH = R andC = [0,1] with the usual norm|z — y|| = |& — y| and let
G = (V(G),E(G)) besuchthaV (G) = C, E(G) = {(z,y) : z,y € [0, %] such that|z—y| < %}.

Let f : C — C be defined byf(x) = §, for all z € [0, 1]. DefineT" : C' — C by

T { %OZ‘ if x €]0,1),
xr =

% if x=1.

Solution: We observe thaf'(T') = {0}. Choosery = % ,then(zo, Txo) € E(G). Itis easy to
see that?’(G) is convex. Le{(z, y) € E(G). Thenz,y € [0, 2] and|z — y| < 1 . Itimplies that

1 1
Te—Tyl < —lz—y| <|z—vy| < =.
Tz m_uy y| < | m_5

Then, we havéT'z, Ty) € E(G) and||Tx — Ty|| < ||z — y||. ThusT is G-nonexpansive. For

everyn € N, o, = ﬁ We rewrite (3) as follows:

= () (5)+ (- zrn) G5) ©

Sincexy = £ € [0, 1], from (9), we have

w= (5) () + (- 50) ().
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By the convexity, we have; € [0, {] . Sincez; € [0, ] and (9), we have
B 1 T9 1 1)
x2_(2(2)><9)+<1 2(2)) (10)‘
By the convexity, we have, € [0, 1] . By continuing in this way, we have, € [0, 1], foralln €
N. It implies thatz,, < i forall n € N. It follows that(z,,, Pr(r)f(z0)) = (zn,0) € E(G). That

is. Pp(ryf(zo) is dominated by{z,, }. It can be observed that parameters satisfy all the conditions of
Theorem 3.2 and’ = [0, 1] satisfy Property. Hence, the sequende;,,} converges strongly to.

Next, we show thaf” is not a nonexpansive mapping. Choase 1 andy = % , we have
vy -7 (B B2 T2 ],
5 5 50 50 5 5
Mathematicians know that the numbeis an important mathematical constant. For the previous
decades, many researcher have been trying to approximate the valuseaf[22, 23] and the refer-

ences therein. By using our main result, we introduce the new method to approximate the value of
as shown in the following example.

Example4.2 : LetH = R andC = [3,4] with the usual normjz — y|| = |z — y| and letG =
(V(@), E(Q)) be such thal’ (G) = (G) = {(z,y) : 2,y € [3,28] suchthat|z —y| < 18}
Let f : C — C be defined byf(z) = 1z + 1 (), for all = € [3,4]. DefineT : C — C by

. {§x+§(w) if 2 € [3,4),
Tr =

56 P _

Solution: We observe thak'(T') = {r}. Choosero = ¢ , then(zg, T'z¢) € E(G). Itis easy to
see that(G) is convex. Let(z, y) € E(G). Thenz,y € [3, 28] and|z — y| < £ . Itimplies that
eyl <oyl <%
gt Y=Y =

Then, we havéT'z, Ty) € E(G) and||Tx — Ty|| < ||x — y||- ThusT is G-nonexpansive. For every

2 1 2

1
Tz — —y—Z(m)| <
To =Tyl = 5o+ 5 (1) = 5y (7)] <

neN a, = 2(71“) We rewrite (3) as follows:
1 1 4 1 1 2
ot (2(n+1)> <5$”+5(”)> +< 2(n+1)) (an+3(7r)> (10)
Sincery = £ € [3, 18], from (10), we have

S
v = (am) (o0 50) + (-am) (g 500)
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By the convexity, we have; € [3,+2]. Sincex; € [3, 4] and (10), we have

= (35) (40 () ()

By the convexity, we have, € (3, %] . By continuing in this way, we have, < |3, %], for all
n € N. Itimplies that3 < z,, < 8 for all n € N. Then|z,, — x| < 1 for all n € N. It follows that
(zn, Pperyf()) = (w5, 7) € E(G). Thatis. Pp(ryf(7) is dominated by{z, }. It can be observed
that parameters satisfy all the conditions of Theorem 3.2@nd [3, 4] satisfy PropertyG. Since
F(T) # 0, then the sequende:,,} converges strongly te.

Next, we show thaf” is not a nonexpansive mapping. Choase 4 andy = % we have

ro-r(2)]-[2-((2) 20
- (()36)
178
T 105
S 2
)
_‘4_18
)

Using the algorithm (10) and choosing = % with n = 20 andn = 30, we have the numerical
result to approximate the value ofas shown in Table 1 and Figure 1.

n
edges

n
edges

(A) n=20 (B) n=30

Figure 1: The convergence éf,,} with initial valueszy = 1—5‘)
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n =20

n =30

Tn

Tn

3.200000000000000
3.157167945965848
3.146265241302610
3.143046347544892

3.200000000000000
3.157167945965848
3.146265241302610
3.143046347544892
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AW N PR O3
A w N PP OIS

3.142052990008907 3.142052990008907

10 3.141593185425522 15 3.141592659742157

16  3.141592654255843 26  3.141592653589803
17  3.141592653809197 27  3.141592653589797
18 3.141592653662115 28  3.141592653589794
19 3.141592653613647 29  3.141592653589793
20  3.141592653597665 30 3.141592653589793

Table 1: The values of the sequendes } with initial valuex, = 9.

5. CONCLUSION

In this work, we introduce a viscosity approximation method-efionexpansive mapping defined on a Hilbert
space endowed with a directed graph. We obtain a strong convergence theorem for the sequence generated by
the proposed method under suitable conditions. However, we should like remark the following:

1. In Theorem 3.2, we use the concept of a viscosity approximation method and our result is proved with
an assumption on a directed graph, which is a different result from Xu [14].

2. From Theorem 3.2, we can conclude that the sequéngé, in Example 4.2, converges to
3. In Example 4.2, the sequenée,, } converges tar as shown in the Table 1 and Figure 1.

4. In order to gain more accuracy af the iterative approximation is depended on the number aé
shown in the Table 1.
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