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A graphΓ is called abi-circulant if it admits a cyclic group as a group of automorphisms acting

semiregularly on the vertices ofΓ with two orbits. The characterization of tetravalent edge-

transitive bi-circulants was given in several recent papers. In this paper, a classification is given

of connected tetravalent vertex-transitive bi-circulants of order twice an odd integer.
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1. INTRODUCTION

Throughout this paper, groups are assumed to be finite, and graphs are assumed to be finite, simple

and undirected. For the group-theoretic and graph-theoretic terminology not defined here we refer the

reader to [4, 22].

Let G be a permutation group on a setΩ andα ∈ Ω. Denote byGα the stabilizer ofα in G, that

is the subgroup ofG fixing the pointα. We say thatG is semiregularonΩ if Gα = 1 for everyα ∈ Ω

andregular if G is transitive and semiregular.

A graphΓ is called aCayley graphif it admits a groupG of automorphisms acting regularly on its

vertex-setV (Γ). In that case,Γ is isomorphic to the graphCay(G,S) with vertex-setG and edge-set

{{g, xg} : g ∈ G, x ∈ S}, whereS is the subset of elements ofG taking the identity element to one

of its neighbours (see [3, Lemma 16.3]); and then the automorphism group ofΓ contains a subgroup

R(G) = {R(g) : g ∈ G}, whereR(g) is the permutation ofG given byx 7→ xg for ∀x ∈ G.

If, instead, we require the graphΓ to admit a groupH of automorphisms acting semi-regularly

onV (Γ) with two orbits, then we callΓ a bi-Cayley graph(for H). In this case,H acts regularly on
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each of its two orbits onV (Γ), and the two corresponding induced subgraphs are Cayley graphs for

H. In particular, we may label the vertices of these two subgraphs with elements of two copiesH0

andH1 of H, and find that there are subsetsR, L andS of H such that the edges of those two induced

subgraphs are of the form{h0, (xh)0} with h0 ∈ H0 andx ∈ R, and{h1, (yh)1} with h1 ∈ H1 and

y ∈ L, while all remaining edges are of the form{h0, (zh)1} with z ∈ S and whereh0 andh1 are

the elements ofH0 andH1 that represent a givenh ∈ H.

Conversely, ifH is any group, andR, L andS are subsets ofH such that1H 6∈ R = R−1 and

1H /∈ L = L−1, then the graphΓ with vertex set being the unionH0 ∪H1 of two copies ofH and

with edges of the form{h0, (xh)0}, {h1, (yh)1} and{h0, (zh)1} with x ∈ R, y ∈ L andz ∈ S, and

h0 ∈ H0 and h1 ∈ H1 representing a givenh ∈ H, is a bi-Cayley graph forH. IndeedH acts as a

semi-regular group of automorphisms by right multiplication, withH0 andH1 as its orbits on vertices.

We denote this graph by BiCay(H,R, L, S), and denote the group of automorphisms induced byH on

the graph asR(H). WhenR(H) is normal in Aut(X), the bi-Cayley graphX = BiCay(H,R, L, S)

will be called anormal bi-Cayley graphoverH.

A bi-Cayley graph over a cyclic group, an abelian group or a dihedral group is also simply called

abicirculant, bi-abelianor bi-dihedrant, respectively.

Bi-Cayley graphs form an extensively studied class of graphs (see, for instance, [2, 8, 12-15,

17, 18, 24]. In the study of bi-Cayley graphs, one of the natural problems is: for a given group

H, classify bi-Cayley graphs with specific symmetry properties overH. Some partial answers have

been obtained for this problem. For example, Marušič et al. [20, 21] classified all trivalent vertex-

transitive bi-circulants, and Zhou and Feng [25] extended this to the classification of trivalent vertex-

transitive bi-abelians. Recently, all tetravalent edge-transitive bi-circulants were classified in [13],

and all pentavalent arc-transitive bi-circulants were classified in [1]. The works listed above provide a

motivation for us to consider the tetravalent vertex-transitive non-Cayley bi-circulants. In this paper,

we shall classify tetravalent vertex-transitive bi-circulant graphs of order2n for each odd integern.

The study in the literature on the construction of vertex-transitive non-Cayley graphs also pro-

vides a motivation for us to consider vertex-transitive non-Cayley bi-circulants. As one of the most

important finite graphs, the Petersen graph is a bi-Cayley graph over a cyclic group of order5. Note

that the Petersen graph is vertex-transitive but not Cayley. We call a vertex-transitive graph which is

not Cayley avertex-transitive non-Cayley graph, or aVNC-graphfor short. There have been a lot

of work on the classification and construction of VNC-graphs (see, for instance, [16, 10]). In [23]

and [7], Zhouet al. classified all tetravalent VNC-graphs of order4p and2p2 for each primep, in
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[11] Hujdurovic et al. constructed two infinite families of VNC-graphs by using generalized Cay-

ley graphs and in [6] Conderet al. constructed an infinite family of trivalent VNC-graphs as Haar

graphs (namely,0-type bi-Cayley graphs) over some non-abelian groups. In this paper, by consider-

ing tetravalent vertex-transitive bi-circulants graphs of order2n with n an odd integer, we construct a

new infinite family of VNC-graphs.

2. PRELIMINARIES

In this section, we introduce basic concepts and terminology as well as some preliminary results which

will be used later in the paper. For a finite, simple and undirected graphX, we useV (X), E(X),

A(X), Aut(X) to denote its vertex set, edge set, arc set and full automorphism group, respectively.

Let X be a connected vertex-transitive graph, and letG ≤ Aut(X). For aG-invariantpartitionB of

V (X), thequotient graphXB is defined as the graph with vertex setB such that, for any two vertices

B, C ∈ B, B is adjacent toC if and only if there existu ∈ B andv ∈ C which are adjacent inX.

Let N be a normal subgroup ofG. Then the setB of orbits ofN in V (X) is aG-invariant partition

of V (X). In this case, the symbolXB will be replaced byXN . Note that, ifX is vertex-, edge- or

arc-transitive, then so isXN , respectively.

Let X andY be two graphs. Thelexicographic productX[Y ] is defined as the graph with vertex

setV (X[Y ]) = V (X) × V (Y ) such that for any two verticesu = (x1, y1) andv = (x2, y2) in

V (X[Y ]), u is adjacent tov in X[Y ] whenever{x1, x2} ∈ E(X) or x1 = x2 and{y1, y2} ∈ E(Y ).

For a positive integern, denote byZn the cyclic group of ordern as well as the ring of integers

modulon, by Z∗n the multiplicative group ofZn consisting of numbers coprime ton, byD2n the dihe-

dral group of order2n, and byCn andKn the cycle and the complete graph of ordern, respectively.

We callCn ann-cycle. Finally, for two groupsM andN , N oM denotes a semidirect product ofN

by M . For a subgroupH of a groupG , denote byCG(H) the centralizer ofH in G and byNG(H)

the normalizer ofH in G. For a permutation groupG over a setΩ and for a subset4 of Ω, G4 is the

subgroup ofG fixing 4 pointwise.

In the following, we introduce some results regarding bi-Cayley graphs. We always assume that

X = BiCay(H, R, L, S) is a connected bi-Cayley graph over a groupH. It is easy to get the following

obvious basic facts of bi-Cayley graphs.

Proposition2.1 - [26]. The following hold.

(1) H is generated byR ∪ L ∪ S.

(2) Up to graph isomorphism,S can be chosen to contain the identity ofH.
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(3) For any automorphismα of H, BiCay(H, R, L, S) ∼= BiCay (H,Rα, Lα, Sα).

(4) BiCay(H,R, L, S) ∼= BiCay (H, L, R, S−1).

The triple(R, L, S) of three subsetsR, L, S of a groupH is calledbi-Cayley tripleif R = R−1,

L = L−1, and1 ∈ S. Two bi-Cayley triples(R, L, S) and(R′, L′, S′) of a groupH are said to be

equivalent, denoted by(R, L, S) ≡ (R′, L′, S′), if either(R′, L′, S′) = (L, R, S−1) or (R′, L′, S′) =

(R, L, S)α for some automorphismα of H. The bi-Cayley graphs corresponding to two equivalent

bi-Cayley triples of the same group are isomorphic (see Proposition 2.1 (3)-(4)).

Next we give a result about the automorphisms of the bi-Cayley graphX =BiCay(H, R, L, S).

Recall that for eachg ∈ H, R(g) is a permutation onV (X) defined by the rule

h
R(g)
i = (hg)i, ∀i ∈ Z2, h, g ∈ H, (1)

andR(H) = {R(g) | g ∈ H} ≤ Aut(X). For an automorphismα of H andx, y, g ∈ H, define two

permutations onV (X) = H0 ∪H1 as following:

δα,x,y : h0 7→ (xhα)1, h1 7→ (yhα)0,∀h ∈ H,

σα,g : h0 7→ (hα)0, h1 7→ (ghα)1, ∀h ∈ H.
(2)

Set

I = {δα,x,y | α ∈ Aut(H) s.t. Rα = x−1Lx,Lα = y−1Ry, Sα = y−1S−1x},
F = {σα,g | α ∈ Aut(H) s.t. Rα = R, Lα = g−1Lg, Sα = g−1S}.

(3)

Proposition2.2 — [26, Theorem 1.1]. LetΓ = BiCay(H, R,L, S) be a connected bi-Cayley

graph over the groupH. ThenNAut(Γ)(R(H)) = R(H) o F if I = ∅ andNAut(Γ)(R(H)) =

R(H)〈F, δα,x,y〉 if I 6= ∅ andδα,x,y ∈ I. Furthermore, for anyδα,x,y ∈ I, we have the following:

(1) 〈R(H), δα,x,y〉 acts transitively onV (Γ).

(2) if α has order2 andx = y = 1, thenΓ is isomorphic to the Cayley graph Cay(H̄, R ∪ αS),

whereH̄ = H o 〈α〉.

3. CONSTRUCTION

In this section, we shall construct an infinite family of tetravalent vertex-transitive non-Cayley graphs.

Construction3.1 — Letm1,m2 > 1 be two odd integers such that(m1,m2) = 1. Let t ∈ Z∗m2

be such thatt2 ≡ −1 (mod m2). Let H = 〈r〉 × 〈s〉 ∼= Zm2 × Zm1(∼= Zm1m2). SetR = {r, r−1},
L = {rt, r−t} andS = {1, s}. Let
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Xm1,m2,t = BiCay(H, R, L, S).

It will be shown in Theorem 3.3 that the graphXm1,m2,t is a connected tetravalent vertex-

transitive non-Cayley graph. Note that the smallest graph in this infinite family of graphs isX3,5,2

with order30. Clearly,

X3,5,2 = BiCay(H, {r, r−1}, {r2, r−2}, {1, s}),

whereH = 〈r〉 × 〈s〉 ∼= Z5 × Z3. Furthermore, one may see Appendix I for the adjacency matrix of

X3,5,2. Below we shall prove a lemma which is useful in the proof of Theorems 3.3 and 4.3.

Lemma3.2 — Letn > 7 be an odd integer, and letX be a connected tetravalent vertex-transitive

bi-Cayley graph over a cyclic group of ordern. If 3 | |Aut(X)v| for somev ∈ V (X), then eitherX

is edge-transitive or is of0-type.

PROOF : Let A = Aut(X). Suppose that3 | |Av| for somev ∈ V (X). Assume thatX is not

edge-transitive. We may letX = BiCay(H, R,L, S), whereH = 〈a〉 ∼= Zn and1 ∈ S. Suppose that

X is not of0-type. ThenX is of 2-type since|H0| = |H1| = n is odd.

For anyv ∈ V (X), let A∗v be the subgroup ofAv fixing the neighborhoodN(v) of v pointwise.

LetT ∈ Syl3(Av). SupposeT ≤ A∗v. ThenT ≤ Au for everyu ∈ N(v). SinceX is vertex-transitive,

one hasAv/A
∗
v
∼= Au/A∗u, implying thatT ≤ A∗u. The connectedness ofX implies thatT fixes every

vertex ofX, forcingT = 1, a contradiction. ThusT � A∗v and henceZ3
∼= TA∗v/A∗v ≤ Av/A

∗
v ≤ S3

consideringX is not edge-transitive. ThenAv/A
∗
v
∼= Z3 or S3. It follows that for anyv ∈ V (X),

there is a unique vertexu ∈ N(v) such thatAv = Au.

SetF = {{u, v} ∈ E(X) | Av = Au} andΓ = X − F . ThenΓ is a cubic graph. For anyg ∈ A

and{u, v} ∈ F , one has{u, v}g = {ug, vg}. Furthermore,Aug = Ag
u = Ag

v = Avg . It follows that

{u, v}g = {ug, vg} ∈ F and henceF g = F . Consequently,A is a vertex-transitive automorphism

group ofΓ. Since3 | |Av/A
∗
v|, A is also arc-transitive onΓ.

If Γ is connected, thenΓ is a cubic arc-transitive bi-Cayley graph overH ∼= Zn. Sincen > 7,

by [12, Theorem 1.1],Γ is a bipartite graph withH0 andH1 as its two partition sets, forcingX is of

type1, a contradiction.

If Γ is disconnected, then sinceΓ is cubic and|V (Γ)| = 2n, each component ofΓ has order2m

with m | n. Let Γi (0 ≤ i ≤ n/m − 1) be then/m components ofΓ, and letBi = V (Γi). Set

Ω = {Bi | 0 ≤ i ≤ n/m − 1}. ThenΩ is anA-invariant partition ofV (Γ) = V (X). Consider the

quotient graphXΩ of X relative toΩ, and letK be the kernel ofA acting onΩ. Recall thatH0 and
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H1 are the two orbits induced byR(H) acting onV (Γ). SinceX is of type2, X[H0] ∼= X[H1] are

of valency2. So for each0 ≤ i ≤ n/m− 1, Bi ∩H0 6= ∅ andBi ∩H1 6= ∅. ThenR(H) is transitive

onΩ. SinceR(H) ∼= Zn and|Ω| = n/m, the kernelK ∩R(H) of R(H) acting onΩ is isomorphic

to Zm. It follows that for each0 ≤ i ≤ n/m − 1, |Bi ∩ H0| = |Bi ∩ H1| = m. If K is transitive

on someBi, thenK is transitive on allBj . SinceΓi is of valency3, the quotient graphXΩ would

have valency1, and soXΩ
∼= K2. This forces thatn/m = 2, contradicting thatn is odd. Thus,K

is intransitive on eachBi. Note thatBi ∩ H0 andBi ∩ H1 are two orbits ofK ∩ R(H) acting on

Bi. So,Bi ∩ H0 andBi ∩ H1 are also the two orbits ofK on Bi. Let ABi be the subgroup ofA

fixing Bi setwise. ThenABi is arc-transitive onΓi. Clearly,K £ ABi . ThenBi ∩H0 andBi ∩H1

are two independent sets. This implies that eachΓi is bipartite withBi ∩H0 andBi ∩H1 as its two

bipartition sets. Again this would force thatX is of type1, a contradiction. 2

Now we give the main result of this section.

Theorem3.3— The graphXm1,m2,t is a connected tetravalent VNC-graph.

PROOF : Let X = Xm1,m2,t andA = Aut(X). It is easy to see thatH has an automorphism

β such thatrβ = rt andsβ = s−1. Furthermore, we haveRβ = L, Lβ = R andSβ = S−1. By

Proposition 2.2, we have1 6= δβ,1,1 ∈ A, and soX is vertex-transitive.

From [13, Theorem 1.1], one can obtain thatXm1,m2,t is not edge-transitive. SinceX is of

valency4, the vertex-stabilizerA10 is a{2, 3}-group. It is easy to see thatm1m2 ≥ 15. If 3 | |A10 |,
then by Lemma 3.2,X is of type0, a contradiction. Thus,A10 is a2-group. HenceR(H) is a cyclic

Hall 2′-subgroup ofA. By Wielandt theorem, every Hall2′-subgroup ofA is conjugate toR(H).

Suppose thatX is a Cayley graph. ThenA has a subgroupG acting regularly onV (X), and

so |G| = 2|H| = 2m1m2. Let J ≤ G be such that|J | = m1m2. Then there existsa ∈ A such

that R(H)a = J . It follows thatR(H)a = J ≤ G, and henceR(H) ≤ Ga−1
. Clearly,Ga−1

is

also regular onV (X). Clearly,Ga−1 ∼= R(H) o Z2. By Proposition 2.2, there exists an involution

δα,x,y ∈ G for someα ∈ Aut(H), x, y ∈ H. By the definition ofδα,x,y, α swapsR andL, and

Sα = y−1xS−1. Noting that1δα,x,y

0 = x1, x
δα,x,y

1 = 10 sinceδα,x,y has order2. It follows that

(yxα)0 = 10, and henceyxα = 1.

As α swapsR andL, we haverα = rt or r−t, and hencerα2
= rt2 = r−1. Then

r0 = r
δ2
α,x,y

0 = (xrα)δα,x,y

1 = (yxαrα2
)0 = (r−1)0,

which forces thatr = r−1, a contradiction. Thus,X is a VNC-graph, as required. 2
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4. CLASSIFICATION

Throughout this section, we shall letn > 1 be an odd integer.

Lemma4.1 — LetX be a connected tetravalent vertex-transitive graph of order2n. If Aut(X)

has a non-trivial normal2-subgroup, thenX is a Cayley graph.

PROOF: Assume thatM is a non-trivial normal2-subgroup of Aut(X). Sincen is odd, each orbit

of M has length2, and so the quotient graphXM has ordern. This implies thatXM has valency4 or

2. For the former, one may see thatM is semiregular onV (X), and soM ∼= Z2. Again, considering

n > 1, R(H)M must be regular onV (X), and soX is a Cayley graph onR(H)M . For the latter, we

haveXM
∼= Cn and so Aut(XM ) ∼= D2n. Let K be the kernel of Aut(X) acting onV (XM ). Then

Aut(X)/K is a vertex-transitive automorphism group ofXM , and sincen is odd, we have either

Aut(X)/K ∼= Zn or Aut(X)/K ∼= D2n. It then follows that Aut(X)/K is edge-transitive onXM ,

and so the subgraphs ofX induced by any two adjacent orbits ofM are isomorphic. Consequently,

the subgraph induced by any two adjacent orbits ofM is isomorphic toK2,2, and soX ∼= Cn[2K1],

which is a Cayley graph, as required. 2

Lemma4.2 — LetX be a connected tetravalent vertex-transitive bi-Cayley graph over an abelian

group H of order n. If Aut(X) has no non-trivial normal2-subgroups and the vertex stabilizer

Aut(X)v of v ∈ V (X) is a2-group, thenX is normal.

PROOF : Let A = Aut(X). Let P be a Sylow2-subgroup ofA such thatAv ≤ P . Clearly,

|A| = 2|Av||H|. Sincen is odd, one has|P | = 2|Av|, and so|A| = |H||P |. It follows that

A = R(H)P . According to a theorem of Kegel and Wielandt (see [9, VI, 4.3]), a product two pair-

wise commutative nilpotent groups is solvable. It follows thatA is solvable. Then every minimal

normal subgroup ofA is an elementary abelianp-group for some prime divisorp of n becauseA has

no non-trivial normal2-subgroups. LetM = CoreA(R(H)) =
⋂

g∈A R(H)g. The argument above

implies thatM 6= 1. Note thatM is the maximum normal subgroup ofA contained inR(H). Since

R(H) is an abelian group, one has1 6= M ≤ R(H) ≤ CA(M). Suppose thatM < R(H). Let

N/M be a minimal normal subgroup ofA/M contained inCA(M)/M . Again sinceA is solvable,

one hasN/M ∼= Zr
2 or Zs

p for some integersr, s. For the former, sinceN ≤ CA(M), one has

N = M × Q with Q ∼= Zr
2. SoQ is characteristic inN and so normal inA consideringN £ A.

This is contrary to our assumption thatA has no non-trivial normal2-subgroups. For the latter, we

haveM < N ≤ R(H) andN £ A. This is contrary to our assumption thatM is a maximum normal

subgroup ofA. ThusM = R(H), and henceR(H) £ A, as desired. 2

The following is the main result of this paper.
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Theorem4.3— LetX be a connected tetravalent vertex-transitive bi-Cayley graph over a cyclic

group of odd ordern. ThenX is a VNC-graph if and only ifX ∼= Xm1,m2,t.

PROOF : By Theorem 3.3 we can get the sufficiency. We only need to prove the necessity.

Let H = 〈a〉 ∼= Zn and letX = BiCay(H, R,L, S) be a connected tetravalent vertex-transitive

non-Cayley graph. By Proposition 2.1, we will assume that1 ∈ S. SinceH is abelian,H has an

automorphism that inverses every element ofH, and we shall always useα to denote this automor-

phism.

Sincen is odd, the induced subgraphsX[H0] andX[H1] are of even valency, and soX is of type

0 or 2. Suppose thatX is of type0. We haveSα = S−1, and by Proposition 2.2,X is a Cayley

graph, a contradiction. Thus,X is of type2. If X is edge-transitive, then by [13, Theorem 1.1],

we haveX ∼= BiCay(H, {a, a−1}, {a, a−1}, {1, a2}). For convenience of the statement, we may let

R = L = {a, a−1} andS = {1, s}. ThenRα = L, Lα = R, Sα = S−1, and again by Proposition

2.2,X is also a Cayley graph, a contradiction.

In the remainder of the proof, we will assume thatX is of type2 and is not edge-transitive. Let

A = Aut(X). Then|Av| = 2s3t for eachv ∈ V (X). If t > 0, then by Lemma 3.2, we must have

n = 3, 5 or 7. If n = 3, then by [19],X is a Cayley graph, and ifn = 5 or 7, then by MAGMA [5],

X is a Cayley graph. A contradiction occurs.

Thus,t = 0, and hence each vertex-stabilizerAv is a2-group. If A has a non-trivial normal2-

subgroup, then by Lemma 4.1,X is a Cayley graph. In the remainder of the proof, assume thatA has

no non-trivial normal2-subgroups. SinceAv is a2-group, from Lemma 4.2 it follows thatR(H)£A.

Recall thatX is of type2. Then|R| = |L| = |S| = 2. Assume thatS = {1, s} for somes ∈ H. Since

X is vertex-transitive, by Proposition 2.2, there existβ ∈ Aut(H) andy ∈ H such that1δβ,1,y

0 = 11,

Rβ = L, Lβ = R andSβ = y−1S−1. The last equality implies that{1, s}β = Sβ = {y−1, y−1s−1}.
It follows that eithery = 1 andsβ = s−1, or y−1 = s andsβ = s.

SinceX is connected, by Proposition 2.1, we have〈R,L, S〉 = H. In the remainder of the proof,

we will assume that〈S〉 ∼= Zm1 and〈R〉 = 〈L〉 ∼= Zm2 for somem1,m2 ∈ Zn. Let R = {r, r−1}.
Then〈L〉 = 〈R〉 = 〈r〉, and soL = {rt, r−t} for somet ∈ Z∗m2

. Recall thatS = {1, s}. Then

H = 〈r, s〉 = 〈r〉〈s〉. Suppose thatm = (m1,m2). Then〈sm1
m 〉 = 〈r m2

m 〉 ∼= Zm.

As β swapsR andL, it follows thatrβ = rt or r−t and

t2 ≡ ±1 (modm2). (4)

It follows that (r
m2
m )β = (r

m2
m )t or (r

m2
m )−t. Sincesβ = s or s−1, one has(s

m1
m )β = s

m1
m or
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s−
m1
m . As 〈sm1

m 〉 = 〈r m2
m 〉 ∼= Zm, it follows that

t ≡ ±1 (modm). (5)

Suppose thatt2 ≡ 1 (modm2). If m = 1, then we haveH = 〈r〉 × 〈s〉, and hence there exists

βt ∈ Aut(H) such that

rβt = rt, sβt = s−1.

An easy computation shows thatRβt = L, Lβt = R andSβt = S−1. Clearly,βt has order2. By

Proposition 2.2 (2),X would be a Cayley graph, a contradiction.

Let m > 1. Assume thatm2 = p`1
1 p`2

2 . . . p`k
k , wherep1, p2, . . . , pk are pairwise distinct primes.

Without loss of generality, we may assume thatm = p
`′1
1 p

`′2
2 . . . p

`′j
j with j ≤ k and1 ≤ `′l ≤ `l(1 ≤

l ≤ j). Letm′
2 = p`1

1 p`2
2 . . . p

`j

j . Then〈r〉 = 〈rm′
2〉×〈r

m2
m′2 〉, and thenH = 〈r, s〉 = 〈rm′

2〉×〈r
m2
m′2 , s〉.

Let t ≡ 1 (modm). Sincet2 ≡ 1 (modm2), one hast2 ≡ 1 (modm′
2). If t 6≡ 1 (modm′

2), then

sincem2 is odd, one hast 6≡ 1 (modpi) for some1 ≤ i ≤ j. This is impossible becausepi | m and

t ≡ 1 (modm). Thus,t ≡ 1 (modm′
2). Then there existβt ∈ Aut(H) such that

(rm′
2)βt = r−tm′

2 , (r
m2
m′2 )βt = r

−m2
m′2 , sβt = s−1.

An easy computation shows thatRβt = L,Lβt = R andSβt = S−1. Clearly,βt has order2.

Again by Proposition 2.2 (2),X would be a Cayley graph, a contradiction.

Let t ≡ −1 (modm). With a similar argument as in the above paragraph, we obtain thatt ≡
−1 (modm′

2). Then there existβt ∈ Aut(H) such that

(rm′
2)βt = rtm′

2 , (r
m2
m′2 )βt = r

−m2
m′2 , sβt = s−1.

An easy computation shows thatRβt = L,Lβt = R andSβt = S−1. Clearly,βt has order2.

Again by Proposition 2.2 (2),X would be a Cayley graph, a contradiction.

Thus,t2 ≡ −1 (modm2), and hencet2 ≡ −1 (modm). On the other hand, by Eq. (5), we have

t2 ≡ 1 (modm). This implies thatm | 2, and som = 1 becausem is odd. So〈r〉 ∩ 〈s〉 = 1, and

henceH = 〈r〉 × 〈s〉. Consequently, we haveX ∼= Xm1,m2,t, completing the proof. 2
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APPENDIX I — THE ADJACENCY MATRIX OF X3,5,2




0 0 1 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 1

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 1 0

0 1 0 0 0 0 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0

0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 1 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 1

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 1 0 1 0 0 0

0 0 0 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0

0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 1

0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 0 0 1 0 1 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 1 0 0 0 0

0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0

0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0

0 1 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 1 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0

0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1

0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0





