Indian J. Pure Appl. Math51(1): 345-360, March 2020
© Indian National Science Academy DOI: 10.1007/s13226-020-0404-x

n-DIMENSIONAL LAPLACE TRANSFORMS OF OCCUPATION TIMES FOR
PRE-EXIT DIFFUSION PROCESSES!

Yingchun Deng, Xuan Huang, Ya Huang*, Xuyan Xiang™***** and Jieming Zhot

*LCSM, Ministry of Education, School of Mathematics and Statistics,
Hunan Normal University, Changsh410081 China
**School of Business, Hunan Normal University, Changd4i@081,China
***College of Mathematics and Computational Science,
Hunan University of Arts and Science, Chandd®&000,China
***Hunan Province Cooperative Innovation Center for the Construction
and Development of Dongting Lake Ecological Economic Zone,
Changde415000,China
e-mail: jmzhou@hunnu.edu.cn

(Receive®6 March 2018,accepted’ February2019)

In this paper, we adopt a Poisson approach to find Laplace transforms of joint occupation times
overn disjoint intervals for pre-exit diffusion processes. Then we generalize previous result for
the 2-dimensional case and the 3-dimensional case.
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1. INTRODUCTION

The occupation time is the amount of time a stochastic process stays within a certain range. During
the past several years there have been a series of papers concerning occupation time related problems
for Levy processes. These problems arise from both theoretical interests and the applications in risk
theory and finance, see Gatial. [3], Landriault and Shi [12], Gueriat al. [6] and Jinet al. [7] etc.
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A spectrally negative Levy process (SNLP for short) is a levy process with no upward jumps
that finds many applications in risk theory, mathematical finance and branching process. We can
see Bertoin [1] and Kyprianou [8] for nice introductions of SNLPs. For a general SNLP, Laplace
transform of occupation times (of the negative half-line) are computed in Landeizallt{11]. They
used fluctuation identities for SNLPs and, as a consequence, the results are expressed in terms of the
so-called scale functions of the SNLP and its Laplace exponent. And then, the SNLP in ledeften
[14] is approximated by a SNLP with sample paths of bounded variation whose Laplace transform
for the occupation time can be found directly. They identified Laplace transforms of occupation
times of intervals until first passage times for SNLPs. New analytical identities for scale function are
derived and therefore the results are explicitly stated in terms of the scale functions of the process.
Kyprianouet al. [9] used a method similar to Loeffezt al. [14] and excursion theory to consider a
more general process, namely a refracted spectrally negative Levy process. They extended the results
of Landriaultet al. [11] and bore relevance to Parisian-type financial instruments and insurance
scenarios. Applications of such model can be found in Perez and Yamazaki [20] and Renaud [21] etc.

In order to get around the approximation arguments in the aforementioned work, Li and Zhou
[15] first adopted a Poisson approach to find joint Laplace transform for occupation times over two
disjoint intervals for general SNLPs. This approach uses a property of Poisson random measure and
can be effectively implemented. With this method, Kuang and Zhou [10] futher found joint Laplace
transforms of occupation times overdisjoint subintervals resulting from a partition of a infinite
interval for SNLPs. Equivalently, they found Laplace transforms for weighted occupation times with
step weight functions. And they have also recovered the main results of La#fedn[14] and Li
and Zhou [15]. For more details on occupation times of SNLPs, the reader is referreet tal.L[iL 7]
and Gueriret al. [6].

Not only for spectrally negative levy processes, occupation times of other stochastic processes
were also studied, just like diffusion processes. Some results to occupation times for general diffusion
processes can be found in Pitman and Yor [18, 19]. &@al. [3] provided Laplace transform-
based analytical solutions to pricing problems of various occupation-time-related derivatives under
double exponential jumps diffusion model. Wu and Zhou [22] considered the hyper-exponential jump
diffusion process, and used the strong Markov property to derives analytical formulas for the Laplace
transform of the joint distribution of a hyper-exponential jump diffusion process and its occupation
times. Zhouet al [23] extended their model to the Levy-driven Ornstein-Uhlenbeck processes with
two-sided exponential jumps.

Li and Zhou [13] adopted the perturbation approach of Landrigiuétl. [11] to find the joint
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Laplace transforms of occupation times for time-homogeneous diffusion processes. The results were
expressed in terms of solutions to the differential equation associated to the diffusion generttor. Li

al. [16] used the same way to find expressions of double Laplace transforms for diffusion processes.
More recently, the Poisson approach also works well for diffusion processes. We can sexd @hen

[4, 5]. The direct approach of Li and Zhou [15] allows us to handle more complex quantities involving
Laplace transforms of occupation times. It thus has some advantages over the previous approaches.

In this paper, for a diffusion process, we adopt the Poisson approach of Li and Zhou [15] to find
joint Laplace transforms of occupation times owedisjoint subintervals resulting from a partition
of a finite interval. The expressions are in terms of solutions to the associated differential equations.
To our best knowledge, such results have not been known before. In addition, our results can also be
applied to find more explicit Laplace transforms of the occupation times.

The rest of the paper is arranged as follows. In Section 2, we review the basic facts we need for the
time-homogeneous diffusion processes. In Section 3, the desires resuldim®ensional Laplace
transforms of occupation times for diffusion processes are obtained. In Section 4, we find explicit
expressions on the 2-dimensional Laplace transforms which has the same results as &hgh)
and 3-dimensional Laplace transforms of diffusion processes.

2. PRELIMINARIES

We now introduce the one-dimensional diffusion procEssonsidered in this paper. Fero < [; <

lo < +o0, write I for the interval with end pointg andl». The I-values regular time-homogeneous
diffusion processX = {X;,t > 0}, defined on a filtered probability spa¢®, (F;):>0, P}, is speci-
fied by the following stochastic differential equation:

dXy = p(Xy)dt + o(Xy)dWr, (2.1)

where X, = x is the initial value and W, ¢t > 0} is a one-dimensional standard Brownian motion.
The law of X such thatX, = x is denoted byP,. and the corresponding expectationiby, and we
write P andE when X = 0. Throughout the paper we assume that equatoh) allows a unique
weak solution, which is guaranteed if there exists a congtant 0 such that, for alks, y € I,

u(z) = n)| +lo(x) —o(y)l < Kle —yl,  p’(x) +0*(2) S K*(1+2%).  (2.2)

Two basic characteristics of the diffusion procéSsthe speed measure and the scale function
s, are given by

m(dzx) = m(x)dx = 26B(I)/0'2($)d33, s(z) = / e_B(y)dy,
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whenl; < z < ls. Respectively, where
B(w)i= [ 2u)/o*(0)dy.

Let p(+; -, -) be the transition density oX with respect to the speed measure for diffusion pro-
cesses,we have
Po{X: € dy} = p(t; z, y)m(dy).

ForA > 0, letg_ \(-) andg; (-) be two independent positive solutions to the (generalized)
differential equation associated to the generataX of

57 @) (@) + () () = Ag(a), (2.3)

with g_ »(-) decreasing ang.. »(-) increasing, respectively. For some examples of diffusion pro-
cesses, equation (2.3) yields explicit expressiong/fof(-) andg. »(-), see Borodin and Salminen
[2]. Here, a solutiory(z) to (2.3) satisfies

A /[a’b) g(z)m(dz) = g~ (b) — g~ (a), (2.4)

where
g(x) —g(x —h)

g (@)= hhj{)l+ s(z) —s(x—h)

The green function foX is

o0
Gr(e,y) = / e p(ts 2, y)dt.
0

Then
wytgra(@)g-a(y), = <y,
wy g (@)g-a(x), 7>,

G)\(CC, y) = {
where
wx = gi\(@)g-A(@) — g7\ (@) g A () = g7\ (2)g- A (2) = g~ 5 (2)g1a(2),

is the so-calledVronskian with

)= lim gz +h) —g(x)
" oot s(x+h) —s(z)

It is known thatw, is independent of.

We refer to Chapter Il of Borodin and Salminen [2] for the above facts and more details about
diffusion processes.
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Furthermore, fon > 0, define

Iy, 2) = g-A(Y) g1 (2) = 9-A(2)g+2 (1),
we have the following well-known solutions to the exit problems.

Let T = inf{t > 0: X; =z},
be the first passage time &f at levelz with the conventionnf ) = co. For anya < =z < b and
A >0,

—ATq. _ f>\(m7 b)

]Ex[e yTa < Tb] — f)\((l7b)7

e (@)
—A7p. . a\a,x

Bl <l =

see e.g., Borodin and Salminen [2] for more discussion.

The potential measure for diffusion processes is needed for our main result in Section 3. Through-
out the paper, we always assume < (I1,l2). Fora < x,y < band\ > 0, we have its expression

> Mo, In(z,b) Iala,z)
/O P {X; € dy,t < 1, Ap}e Mdt = [Gy(z,y) — (@b Gx(a,y) — (@) Ga(b,y)m(dy),

which is mentioned in Cheet al. [4].
3. MAIN RESULTS

In this section, we proceed to find tledimensional laplace transform of occupation times for dif-
fusion processes. In the following sections, we always dengte = 0,1,2,3,4...n — 1 for n
nonnegative constants.

Theorem3.1— Letag < a1 < ... < ap—1 < ap, fora; < r < a;+1,0 <i < n, we have

n—1 Tan /\T
aq an,
Eofexp{— ) ), /0 L(aj.a;41)(Xs)ds}, Tag < Ta,]
j=0

f)\i (aial‘)

I (as, aigp)

 Iazai)

~ falaisaiq) f-ai)+

f-(ait+1),

where{ f_(a;),0 < i < n} is the solution of the following equation set:
A f-(a1) + A f-(ag) + ... + Ay, f-(an-1) = By,
Ag f-(a1) + Ay f-(az) + ... + Ay, f-(an—1) = By,

A;L—nff(al) + A;L—lsz(@) +ot A;L—ln—lf*(anfl) =B, 4,
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where
L= (A=) [ In(ag, an, 0 )M (dz)
j—1 ; alao, Qn, A3, T f)\ (aj 17%)
f (:va ) . )
—(A = )f j+1 I)\(ao,an,a“x)%m(dx)’ i =7,
Ai_j - Ia;_q( )
_(A_Aj—l)fa.j I)\(a07an7au )% (da;)
f (xa ) ) )
()\ Aj )f I I/\(a07an7ala )ﬁm(dfﬁ),, Z;é],
_ falai,ap) /a1 rol(z,a1)
B =20 4 (A=A Iy(ag, an, a;, ) -22—"—Lm(dz),
© falaos an) ( o) a0 A(a0 )f/\o(aoaal) (dz)
and

(001001 2) = G0 2) = P26, ) — PG ),

n—1

A= A=A+ A+ e+ A,
k=0

particularly, we havef_(ap) = 1 and f_(a,) = 0.

PrRooOF: Define

ap/\ an
f_(x) = [exp{ Z;L (}A fT 0 i 1 aJ aj+1)(XS)dS}’ Tao < Tan]7 aO < X < a“nﬂ
1, z < ag.

It is obvious thatf_(ag) = 1 andf_(a,) = 0. Write 0 < TF < T§ < ... for the arrival
times of independent Poisson processes with rgies = 0,1, ...,n — 1. We also assume that these

Poisson processes are independent of process X. By a property of Poisson process, we observe that
f-(z) =P, {D_} for event

n—1
= U {{TF} ﬂ{s < Tap < Tay s < Xg < agy1}} = 0.
k=0

Then for independent exponential random varialilesvith rate A\, £ = 0,1, ...,n — 1, respec-
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tively, we have

fo(ai) = PoA{7ag < Tay, NToANTI N .. NTp—1,D_} + Po {To < Ty AN Tay, NTIU AT A o A
n—2
Tn_l,D_} + Z[Pal{n < Tag NTay NToNTI N ANTi_ 1 AN A A Tn—lyD—}]
=1

+Pu AT < Tag ATa, NTOANTY A .. NTy—9, D}

a aiq1
= Z[(/ —/ VPu, {Ts < Tag ATay ANToATIA . ATj—1 ATijg1 Ao ANTp_1, X (2)
a;

an—1
€ da}f_(z)] +/ PoATh-1 < Tag ATay, NToANTL N .. AT, X (t) € da} f—(2)

ag

—i—/ Po,{To < Tag ATay, NTIATON . NTp—1, X (t) € da}f_(x)

al

+]P)(li{7-a() < Tan A TO AN T1 VAP Tnfl}

_ g“i( / " / fli“) / TPt < g A e, X (1) € dateMdtf(z)

[ AT 3 Tap < Tan)

- Z)\ / /al+1 (G (as, ) — JJ: (a“an)GA(ao,x)

(CLQ, an)
. f)\(a(]v ) f)x(auan)
fk(aman) GA(a’fh'r)]m(dx)f—(x) + f)\(a07an)7 (31)
fora;, <z < A1,
f— (SL‘) = Eaz[e_)\iTai;Tai < Ta¢+1]f (az) + E; [ ZT%JFI s Tai+1 < Tal]f—(ai—s—l)
_ f/\(xaaiJrl) f—(az)'i‘ f)\(aivx) f—(ai—f—l)' (32)

falai, aitr) Irlais aitt)

Combining(3.1) and(3.2), after some algebras,we can obtain

A f-(a1) + A f-(ag) + ... + Ay, f-(an-1) = By,
Agrf-(ar) + Ay f-(a2) + .. + Az 1 f-(an—1) = By,

A f-(a) + A, _of(a2) + ...+ A, 1, 1 f-(an1) =B, _4,
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with A i=1,2,..,n—1,j = 1,2

,.on—landB; ,i=1,2,..,n — 1given by
1= (A= Aje) [, I(ao, an az,2) 21 1)
j—1 . Aalao, Gn, G4, T f)\ (o 17%)
P (@as1) .
—(A =) Jo 7 Do, ans @i, @) 52 2EEsm(de), i=j,
Ai_j: i ( )
~A =N 17| Inlao,an, i )ﬁ m(dz)
Fr (wa, ) ..
—(A =\, )f j+1 I,\(ao,an,al,x)%m(dx), i# 7,
— falai,an) /‘“ Fro(z,01)
B =22 1L (A=) I(ag, apn, a;, ) -"2>—"——m(dx).
* falaos an) ( 0) ao A(ao )on(a07a1) ()

These are the results of Theorem 3.1.

Throughout the paper, we dendtg ag, a,, a;, z) as in Theorem 3.1.

Theorem3.2— Letag < a1 < .

Tao/\Tan
E.[exp{— Z)\ / Laj,a;.1)(Xs)ds}, Ta, < Tap)

= f)w‘ (ai, ai+1) f+(az) + f,\i(ai, ai+1) f+((11+1)7

where{ f1 (a;),0 < i < n} is the solution of the following equation set:

Af f-(ar) + A f—(a2) + ... + AT, f-(an—1) = BT,
A5 f-(ar) + ASyf(a2) + ... + AJ,_\f(an—1) = By,

AY i f(a) + AF o f(a2) + .+ A, f-(an—1) = B}

W< ap1 < ap, fora; <z <a;1,0 <i<n,wehave

n—17
where
L= O = ) [, Ta (a0, 00,2) 22 2 ()
—(A =\ )fa]“ I,\(ao,an,al,x)%m(dx), =7,
Af =
O = A1) [, a0, ansa ) P )
(A=) )f i+l IA(ao,an,aZ,x)%m(d@, i # J,
B = m + (A= o) /: A(ao,an,ai,x)mﬂl(dx),

particularly, f4 (ap) = 0 and f4(a,) = 1.

(3.3)
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PrRooOF: Define

n— TagNTan
folw) = E.[exp{— Zj:& Ao 1(aj,aj+1)(Xs)dS}7Tan < Taols ao < < ap,
1, z < ap.

Observed thaf, (x) = P,{D. } for event

n—1

Dy = JUTI {5 < Tan < Tag t ar < X < agga}} = 0.
k=0

Then for independent exponential random varialilesvith rate \,, £ = 0,1,...,n — 1, respec-
tively. Following similar arguments in the proof of Theorem 3.1, we have the results of Theorem
3.2.

Combing Theorem 3.1 and Theorem 3.2, we have the following results.

Theorem3.3— Letag < a1 < ... < ap—1 < ay, fora; < x < a;41,0 < i < n, we have

n—1 Tag/\T
ao an,
E.[exp{— Z Aj /0 1(aj,aj+1)(XS)d3}]
=0

= DAL O g (04 £y (0] + 2000

B f/\i(ahawrl) f)\i(ai)ai-i-l)

wheref_(a;) and f(a;),0 < i < n have been defined in Theorem 3.1 and Theorem 3.2, respectively.

[f-(aiv1) + f1(air1)],

4. EXAMPLES

In this section, we consider two special cases. One case istaand the other case is that3.

Examplet.1: LetX = {X;,t > 0} be atime-homogeneous diffusion process,ane a; < as,

we consider
Tag/\Tag Tag/\Tag
Ez[exp{—)\o/ 1(a07a1)(X5)d8—)\1/ L(ay,a0) (Xs)d5}, Tag < Tay)s (4.1.1)
0 0
Tag/\Tag Tag/\Tag
B, [exp{—Ao / Lagon) (Xo)ds— 1 / Laran) (Xo)ds) 7oy < 7o) (41.2)
0 0

Tag/\Tag Tag/\Tag
Ex[exp{—/\o/o 1(ao,a1)(XS)d5_)‘1 /0 1(a17a2)(X3)dS}]. (413)
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For (4.1.1), by Theorem 3.1, whe < = < a1, we have

TagNTag TagN\Tag
E,exp{—\g /0 Lagan) (Xe)ds—Ay /0 Lor ) (Xe) s}, Tag < 7o)

— f/\o(x7a/1)
f/\o(a()aal)
whena; < x < ag, we have

f)\o(a(],.l‘) al)

J-lao) + )

Tao/\TaQ Tao/\TaQ
Efexp{—\g / Lagany (Xo)ds— Ay / Lar ) (X2 )} Tag < 7o)
0 0

_ f/\1 (x>a2)
fa (a1, a2)
wheref_(ag) = 1, f—(a2) = 0, andf_(a) satisfy

Dulan )y g,

f-{ar) + I (ar,a2)”

Al f-(a1) = By .
By (3.3) and (3.4), sex = Ao + A1, we have

ai
Al =1— )\1/ I)\(ao,ag,al,x)wm(da:)

ao Iro(ao,ar)
“ I (7, a2)
-\ I(ag, as, a1, ) 2" m(dx),
ofal A(ao, az, ay )f)\l(ahCLQ) (dx)

- _ Nalar,02) “ Jro(@,01)
b= fa(ao, az) +A /ao Ix\(aoaamal,l‘)f/\o(ao,al)m(dx).

After some algebras, we can obtain that for agy x < a1,
Tag\Tag Tag\Tag
B, [exp{—Ao /0 Lo o) (Xo)ds— Ay /0 a1 o) (Xo)d5} Ty < 7as]

oz, arn) N ro(ao, x)

"~ holaosar)  frlag,ar)

f-(a1),
foranya; < = < as,
Tag/\Tag Tag/\Tag
]E;c[eXp{—Ao/O 1(a0,a1)(X8)d5_>\1/0 1(@1,@2)(X8)d5}77-a0 < Ta,]
= Sulmon) )

~ Pular,a2)
where

finlai,a2) a g (z,a1)
f-(a1) = NG RES Ii(ao, az, a1, ) g 2y m(dz)

11—\ f;ol I\(ag,az,a1,x) ﬁAOO(Zii))m(da:) - Xo faaf I\(ag,az,a1,x) Jf?ll(i’jz))m(da:)
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Remark4.1 : This result is the same as the Theorem 3.1 in Gherh [4]. With similar compu-
tations, we can get the (4.1.2) and (4.1.3). So we don’t show it in this article.

Example4.2 : LetX = {X;,t > 0} be a time-homogeneous diffusion process, ane a; <
as < ag, we first consider

Tag/NTas
E.[exp{— Z)\ / Lay0501)(Xs)ds}, Tag < Tas)- (4.2.1)
For (4.2.1), by Theorem 3.1, for amy < = < a1, we have
Tag/\Tag
E,[exp{— Z Aj / La,, aj+1)(Xs)ds}, Tao < Tas)

_ f)\()(xval)
Frolag, ar)
foranya; < x < aq, we have

f>\0 (aOa l‘)

J=(a0) 5 an, ar)

f-(a1),

Tag/\Tag
E,[exp{— Z A / Lajia;,0)(Xs)ds}, Tag < Tag)

_ falz,a2) I (a1, )
B fAl(al,GQ)f_ a) ¥ fa (a1, a2)

foranyas, < 2 < a3, we have

f-(a2),

Tag/\Tag
E,[exp{— Z)\ / Lajia;,0)(Xs)ds}, Tag < Tag)

_ (@, a3) £ (a2) + fro(az, z)

[o(az,a3) fxs(az,a3)
wheref_(ag) = 1, f_(a3) = 0, andf_(ay), f—(a12) satisfy

{ AL f-(a1) + A f-(a2) = By,
Ag f-(a1) + Ay f—(a2) = By .

By (3.3) and (3.4), set = Ay + A1 + A2, we obtain

f-(as),

_ a“ fro(ao, ™)
AT =1—(A1+ X / I(ag, a3, a1, 2) 22— m(dx
=t Ot | a0 ) ™)
@2 f>\ (.I,az)
_ I I, 42)
(Mo +>\2)/al A(ao,as, ay, ) f,\l(a1,a2)m(dx)’



356 YINGCHUN DENGet al.
_ “ fai (a1, )
A, =—(Ao+ A / I(ag, a3, a1, z)-~—"m(dz
12 ( 0 2) al )\( 07 )f)\l(a’lva/Q) ( )

—(Xo+ A1) /azg I\(ao, a3, aq, x)Mm(dx),

— “ g (ag, )
A = —(A1 + A / I ,as, as, JAONTEY T d
21 (A1 2) .y Alao, as, az x)on(ao,m)m( x)

—(Ao + A2) /:2 I\(ao, az, a2, x)%m(dm),

— a“ f)\ (a07x)
A =1— (A A 1 2 m(d
22 ( 0+ 2) /ao ,\(ao,ag,ag,x) f)\l(CLOyal)m ‘T)

—(Ao+ A1) /:2 I(ao, az, a2, $)mm(d$)a

- _ Nilar,as) " Sro(@,01)
B frlao, as) Ot AQ)/ao I/\(amag,al?gg),}‘l\o(ao,al)nﬂb(dx)7

ai

Ix(ao, az) a0 Fro(ao, ar)
further,
A Ap /‘“ Fro(ao, )
= 14+ A+ X)X+ A I (ag, a3, a1, ) """ m(dx
Ay A, (1 +22)(0 + o)l ao A(a0, a3, a1 )f/\o(a()aal) )
“ I (ao, o)
I (ag, a3, as, v)-"—"m(dx
/ao (a0, @3, 02, 2) ¢ oy ™)
“ ro(@o, ) /a2
- I(ag, a3, as, ) """ m(dx Iy(ag,as, a1,z
/ao Ao, az, o2 )on(ao,al) ( )al A(ao, as, a1,)
a1
D@D a4 (4 Ae) (o + Al)[/ In(ao, a3, a1, x)
(a1, az) ao
f)\o (CLO,ZC') /ia2 f,\2(.%',a2)
——————m(dx I\(ag, a3, a0, x)-———m(dx
Frolan, ar) ™) [, D00 g, 02, ) 5 T ymid)

a1 as
—/ I,\(ao,a3,a2,x)wm(d$)/ I\(ap,as,a1,x)

a0 Iro(ao,ar) as
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fa (2, a2)
(a1, a2)

Mm(d@] + (Mo + A2) (Mo + /\2)[/a2 Ix\(ao, a3, ay, x) m(dz)

ro(az,a3)
/ao1 IA(ao,ag,az,x)Mm dz)
f)\l(a‘17x)

D@ a2) m(dx)

a2
(Mo + A )\+/\/Ia,a,a;33
(Ao + A2)(Ao + A1)[ o A(a0, as, a1 )fz\l(a17a2>

/a j2 I)(ao, a3, az, x)ﬁ?i:ij m(dx)
f)\z (:Ba (13)

— [ a0, P ) [ 105,00, 0) L2 )
()
()
mm dx),

al
—()\1+>\2)/ I\(ag,as,a1,x)
ag

a2
—()\04-)\2)/ I\(ag,as,a1,x)
aj

a1
—(>\0+)\2)/ I\(ap,as3,az,x)
ap

az
()\0+)\1)/ I(ag, a3, az, x)
ai

f/\o(x7a/1)

f)\o (CLO, a/l)

Frolao, ) m(dz)

Frolag, ar)

An By
Ay By

m(dz)

Ia(az, az) /‘“
= + (M + A I)(ag, a3, a2, x
r(ao, a3) A1+ 22) a0 A(90, 83, 62, 7)

aj
—(A1 4+ A2) (A1 + )\2)[/ I\(ao, a3, a1, )
ao

Pro(®, 1) m(dz)

a
Iy(ag,as, a0, x
/ao (a0, a3, ’)fxg(ao,m)

- /{1:1 IA(ao,ag,aQ,x)Mm(dx)
/ao 1 I)\ (a07 as, ai, x) J{;;O((;’jc;ll)) m(dm)]

u (@ a2) m(dz)

az
—(No 4+ X))\ + A I
(Ao + A2) (M1 + 2)[/(11 A(ao’a?”al’gg)fh(aly@)

f)\o(xva/l) m(dx
f)\()(a(]aal) (d )
_/az I\(ag,as3,as, ) S (@, 02) m(dx)
a1 T (an, a2)
f)\o(xual) m(d:c)]

o (ao, ar)

al
/ I(ag, a3, az,x)
ao

ai
/ I\(ag,as,a1,x)
ao
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—(Ao+ A2)[

_ ala1, a3)
falao, a3)

(M +A2)]

_ alar, as)
faao, a3)

al
~ O+ ) + AQ)[/ Iy(a, a3, a1, 2)
as °
/ I\(ag, as,as, x)
al

ai

—/ I\(ag,as,as, )
ao

f)\l (ala J;)

(a1, a2)

al
—(Ao+ A1) (A1 + /\2)[/ I\(ag,as,a1,x)
ao

as
/ I/\(a07a37a27m)
az
al
_/ I/\(a‘07a'37a27x)
ao

(a1, a3)

_(AO-+>A2)[fA(ao,a3)

_f)\(a27 CL3)
falao, a3)

—(Ao 4+ A1)]

frlai,a3)
r(ao, a3)

~ Nalaz, a3)
fa(ao, as)

Ia(az,az)

fa(ao, a3)
as

/ I\(ap,as3,as, x)
al

f)\(a@v a3)
falao, a3)

ai
/ I)\(a07a37a27x)
ao

Ir(a,a3)

r(ao, a3)

f/\z (I’, (Z3)
(a2, a3)

as
/ I\(ap,as,a1,x)
a

as
/ I(ag, a3, az, x)
a2
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(2, a2)
(a1, a2)

m(dx)]

az
/ I\(ap,as,a1,x) m(dz)
al

f>\1 (:Ea a2)
I (a1, a2)

ro(ao, x) m
ro(@o,ar)

f>\0<a07a7) m(dx
Frolav,a1) (dz)],

al
/ I\(ag,as,a1,x) dz)
ao

f>\0 (JU, al)
Frolao,ar)
f/\o (.’E, a/l)

fro(ao, ax)

ai
+ (M1 + )\2)/ I\(ap,as,a1,x) m(dx)
ap

m(dz)
f>\1 (ah J}) m(dx
I (a1, a2) (dz)
f>\0 (337 al)

Frolag, ar)

az
m(dz) / I(ap,a3,a1,x)
al

m(dz)]
f>\0 (‘T’ al)

ro(ao, ar)

m(dz)

m(dz)

fko(%al)

ro(@o,ar)

a2
/ I\(ap,as3,az,x)
ai

frs (@, a3)
Ir, (a2, as3)

as

m(dz) / I\(ap,as,a1,x)
a2

f)\l (alu .13)

I (a1, a2)

f)\l (alv LU)

f&l(al,az)Tn(dx)]
f>\2 (x, a3)

o (az,a3)
o (@, a3)
7}0)\2 (0, ag)m(dx)].

m(dx)]

m(dzx)

as
/ I\(aog,as,a1,x) m(dx)
a2

According to the Cramer’s Rule, we can obtain

By
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Ay Bf|
Ay By
Ap Aa‘
Ay Ay

f-(a2) =

With similar computations, we also can get the

and

2 Tag/\Tag
E,[exp{— Z Aj /0 Laj,a;41)(Xs)ds}, Tay < Tap)
=0

2 Tan N\T
ao L13
Eufexp{— ) _ X /0 L(ay.a;,1)(Xs)ds}.
j=0

We will let this for readers.

=

10.
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