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An open problem proposed by Rhoades is the following. Is there a contractive condition which
guarantees the existence of a fixed point, but does not require the mapping to be continuous at the
point? In this paper, we generalize a celebrated result of Eshaghi et al., [On orthogonal sets and
Banach fixed point theorenfixed Point Theory18 (2017), 569-578], which allows us to find

a new solution to this open problem. Furthermore we show that a claim of the aforementioned
paper, that Banach'’s fixed point theorem cannot be applied in their application, is incorrect. Fi-
nally, as an application, we prove that a multivalued function satisfying a general linear functional
inclusion admits a unique selection fulfilling the corresponding functional equation.
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1. INTRODUCTION AND PRELIMINARIES

Recently, Eshaghet al. [1] introduced the notion of orthogonal sets and then gave an interesting
extension of Banach'’s fixed point theorem. They proved, by means of an example, that their main
theorem is a real generalization of the Banach fixed point theorem. Moreover, they studied the ex-
istence and uniqueness of solution for a first-order ordinary differential equation and claimed that
Banach'’s fixed point theorem is not applicable in their application. The main result of [1] is the
following theorem.

Theoreml.1— Let (X, L,d) be an O-complete metric spa¢eot necessarily complete metric
spacg and0 < A < 1. Letf : X — X be O-continuous, -contraction with Lipschitz constant
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and L-preserving. Therf has a unique fixed point* € X. Also, f is a Picard operator, that is,
lim,, o f*(z) = z* forall x € X.
At first, we recall some important definitions and notations.

Definition1.2 — [1]. LetX # () and L C X x X be a nonempty binary relation. 1f 1 ”
satisfies the following condition:

HI(]: (Vy,yJ_CL'()) or (Vy,xoj_y),
then” L ” is called an orthogonality relation and the pai¥f, L) an orthogonal sébriefly O-sej.

Note that in above definition, we say thag is an orthogonal element. Also, an orthogonal
elementzy is called left orthogonal element:f, Lx for eachxz € X. Finally, we say that elements
x,y € X are_L-comparable if eithet Ly ory L z.

Definition1.3 —[1]. Let(X, L) be an O-set. A sequenge,, } is called arorthogonal sequence
(briefly, O-sequence) if
(Vn: xplangr) of (Voo xpprlay,).

Definition1.4 — [3]. Let(X, L) be an O-set. A sequendge,,} is called astrongly orthogonal
sequencébriefly, SO-sequence) if

(Vn,k: xplxpyr) or (Yn,k: xpiplay).

It is obvious that every SO-sequence is an O-sequence. The following example shows that the
converse is not true in general.

Examplel.5: LetX = N U {0}. Suppose: Ly iff zy = 0. Define the sequende:,, } as follows:

0 n = 2k, forsomek € N U {0},
Ty =
n n =2k + 1, forsomek € N U {0}.

Then for alln € NU {0}, z, Lz, 41, butza, 1 is not orthogonal ta:4, 1. Therefore{z,, } is an
O-sequence which is not SO-sequence.

Definition1.6 — [1]. Let(X, L, d) be an orthogonal metric spageX(, L) is an O-set and.X, d)
is a metric space X is said to beorthogonal completébriefly, O-complete) if every Cauchy O-
sequence is convergent.

Definition 1.7 — [3]. Let (X, L, d) be an orthogonal metric spaceX is said to bestrongly
orthogonal completéoriefly, SO-complete) if every Cauchy SO-sequence is convergent.
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Clearly, every complete metric space is O-complete and every O-complete metric space is SO-
complete.

Definition 1.8 — [1]. Let(X, L,d) be an orthogonal metric space. A mappifig X — X is
orthogonal continuous (briefly, O-continuousiat X if for each O-sequencgu, } in X if a,, — a,
thenf(a,) — f(a).Also, f is O-continuous oiX if f is O-continuous at eache X.

Definition 1.9 — [3]. Let(X, L,d) be an orthogonal metric space. A mappifig X — X is
strongly orthogonal continuousi(ie fly, SO — continuous) ata € X if for each SO-sequende, }
in X if a,, — a, thenf(a,) — f(a).Also, f is SO-continuous oX if fis SO-continuous at each
a€ X.

It is easy to see that every continuous mapping is O-continuous and every O-continuous mapping
is SO-continuous. The following example shows that the converse is not true.

Examplel.10 : LetX = R with the Euclidean metric. Supposel.y iff zy € {z,y}. Define
f: X — Xby

1 x € Q,
f(z) =

1 z € Q.

x

Notice thatf is not continuous but we can see tlias SO-continuous. Ifz,, } is an SO-sequence
in X which converges te € X. Applying definition | we obtain that for enough large x,, € Q.
This implies thatf(z,,) = 1 — = = 1. To see thaf is not O-continuous, consider the sequence

0 n = 2k + 1, for somek € Z,
T, =
% n = 2k, for somek € Z.
It is clear thatr,, — 0 while the sequencgf(z,,)} is not convergent tg (0).

Definition1.11 —[1]. Let(X, L) be an O-set. A mappinfi: X — X is said to bel -preserving
if zLyimpliesf(x)Lf(y).

Notation1.12 : LetW be the family of all functions) : [0, c0) — [0, o) satisfying the following
conditions:

() v is nondecreasing;

(1) lim, . ¥™(t) = 0for all t > 0; wherey™ is then-th iterate ofy.

Remarkl.13 : For each) € U, the following assertions hold:
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(1) ¥(t) < tforallt > 0;

(2) ¥(0) = 0.

The question whether there exists a contractive definition which is strong enough to generate a
fixed point but which does not force the map to be continuous at the fixed point was ingeninated by
Rhoades in [4] as an existing open problem. The question was settled in the affirmative by Pant [2].

In this paper, we introduce a new contractive definition which is a generalization of contrac-
tive definition introduced by Eshaghkt al. [1] and also provide yet new solution to the aforemen-
tioned open problem. Moreover, our results apply to continuous as well as discontinuous mappings.
Furthermore, we show that the claim that Banach'’s fixed point theorem is ineffective in their applica-
tion is incorrect. Finally, as an application, we prove that a multivalued function satisfying a general
linear functional inclusion admits a unique selection fulfilling the corresponding functional equation.

2. THE MAIN RESULTS
In this section, we state and prove the main theorem of this paper which is a generalization of con-

tractive definition introduced by Eshagttial. [1].

Theorem2.1— Let(X, L, d) be an SO-complete metric spaemt necessarily a complete metric
space with orthogonal element,. Let f : X — X be SO-continuous and-preserving. Suppose
that there exist) € ¥ andm € N such that

d(fmxa fmy) < 1/1(max{d(377 y)7 d(fxa fy)7 U 7d(fm71x7 fmily)}) (1)

for each L -comparable elements,y € X. Thenf has a unique fixed point* € X. Also, f is a
Picard operator, that islim,, .~ f"(x) = z* for all x € X. Moreover,f is discontinuous at* if
and only iflim, .« max{d(z, 2*), d(fz, fz*),--- ,d(f™ tz, f7ta*)} #0.

PROOF: Firstly, for eachr,y € X andn € N U {0}, we adopt the following notations:
() =, := f"(z) andy, := fn(y);
(il) My(x,y) := max{d(n, Yn), d(Tn+1,Yn+1), " ATntm—1,Yntm—1)}-

Letxz,y € X be L-comparable elements, sin¢ds L -preserving, then, for each € N U {0},
x, andy, are_-comparable elements.

For better readability, we divide the proof into several steps.
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Stepl : The sequencéM,,(x,y)} is decreasing.

Justification of Step 1. Let = z,, andy = y, in the inequality (1), then we get that

d(xm-l-n,ym-f—n) < ¢(Mn($7y)) < Mn(xvy)7

SO, My 41(x,y) < M, (x,y) for everyn € NU {0}.
Step2 : limy, 00 d(2p, ypn) = 0.
Justification of Step 2. For evetye {0,1,2,--- ,m —1} andn € NU{0}, takingz = x,,+; and

Yy = Yn+s iNto the inequality (1), then, by Step 1, we get that

d(xm+n+i7ym+n+i) S 1/J(Mn+z(x,y)) S ¢(Mn(x7y))’

SO, Mp1n(z,y) < p(My(z,y)). Using the mathematical induction method, we obtain 34at «,, (z, y) <
VR (M, (z,y)) for all n, k € NU{0}. Thenlimg_.oo My xm(z,y) = 0 foralln € NU {0}. Using
Step 1 we deduce thin,, .., M, (z,y) = 0 and sincel(x,, y,) < M,(z,y) for veryn € NU{0},

we conclude thalim,, ..o d(x,, yn) = 0.

By takingz = ¢, the orthogonal element ¢X, 1), andy = f(z¢), from Step 2, we obtain that

lim d(&,,&n41) =0, (2)
where
$1 = fio, 2= f(21) = f2(%0),. .-, Eny1 = f(@n) = f*T(d0)
foralln € N.

Step3 : The sequencét,, } is a Cauchy SO-sequence.

Justification of Step 3. By definition of orthogonality we have
(Vy € X, Zoly) or (Vy € X, yLig).
It follows thatZy L fZ¢ or fZoLig. Itis clear that
(Vn e N, zoLli,) or (VneN, &,1Z).
Sincef is L-preserving, we see that
(Vn,k € N: &y = fF(a0) Lf¥(2n) = Znyk) OF  (Yn,k € N: Gpyr = fo(2n) L (20) = 21).

This implies thaf{z,,} is an SO-sequence.
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Now, we show thaf{,} is a Cauchy sequence. Suppose tigt} is not a Cauchy sequence.
Then, there exist > 0 and two sequences of positive integérs(k)} and{n(k)} such that, for all
positive integers:;, we have

n(k) >m(k) >k, d(Znky Enr) =& A Emi) Enr)—1) <& 3)
To prove (3), suppose that
Zk ={meN: Imk) >k, d@m, Tnw) =€, m>mk) >k}

Obviously, ", # 0 and)_, C N. Then by the well-ordering principle, the minimum element of
>, exists and denoted by(k), and clearly (3) holds. Applying (3), we deduce that

€ < d( @k, Tnk)) < A Emr)s Tny—1) + ATn)—15Tnm) <€ + d(@nr)—15Tngr))-
Letk — oo and using (2), we have

Triangle inequality implies that
d(Zn(k)+1> Tmk)) = A E(rys Trgi))| < A Eni)+15 Tnr))-

Applying (2) and (4), we have

lim d(i'n(k)-i-l’ :%m(k)) =&

k—00
Similarly,
klggo A(Zp(k)s Tmk)—1) = €,
and also
i d(&n )41 Emiry 1) = € (5)

Using the above method, we can show that

kh_{go A Zp () 4i> Tm(k)+i) = € (6)
for eachi € {2,3,--- ,m — 1}. The above equalities assure us that there éxitd such that
€ < Mo(Zn(k), Tmr)) = max {d(i‘n(k),im(k)), AT (k)+1> Tm(k) 1),

K d(in(k)—l-m—l’ jm(k)—l—m—l)}

<le
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for all k € N. Also, we can findy € N such that)?(ls) < £. Moreover, by inequality (2), there
existsny € N such that for each > ng, d(Zp, Tn11) < 313%-

Then, fork € N such that(k) > ng, we have:
€ < d(Znk) Tmk)) < AZn(k)s Tnk)+pm) T A Znk)+pms> Emk)+pm) T AZm@)+pm> Tm(k))

pm
A(E(iy4i-1> Ta(e)+i) + O (Mo(Enry Bme) + Y AEm)ri-1> Bme):)
=1

13¢

IN

IA
S

+

3
5 15°
This contradiction closes the justification of the claim.

Since(X, L, d) is an SO-complete metric space, Step 3 assures us that therexéxist® such
thatlim,, .~ 2, = z*. On the other hand; is an SO-continuous function, then

f(@") = lim f(&,)= lim &, =27,

i.e. z* is a fixed point off.

Now, we show thaf is a Picard operator. Let € X be arbitrary. By our choice afy, we have
x 1L 2y Or 2ol x,
L -preserving off implies that
VneN: z,L f"(x)] or [VneN: [f*(x)Ll i,

Now by using Step 2, we havam,, o d(Z,, f"(x)) = 0. Hencelim,, o, f"(z) = x*.

Finally, to prove the uniqueness of fixed point, {ét € X be another fixed point of. Then
f"(y*) = y* for alln € N. It follows from f is a Picard operator that = y*. The rest of proof is
obvious. O

Corollary 2.2 — [1]. Let(X, L,d) be an O-complete metric spaf®ot necessarily a complete
metric spacg Let f : X — X be O-continuous and -preserving. Suppose that there exists
0 < A < 1such that

d(f(x), f(y)) < Ad(z,y)

for each L -comparable elements y € X. Thenf has a unique fixed point* € X. Also, f is a
Picard operator, that i&im,, . f"(z) = z* forallz € X.
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PROOF: Takew(t) = At for all ¢ € [0,00). Then all of the conditions of Theorem 2.1 are
satisfied. O

The following simple examples show that our theorem is a real extension of Theorem 3.11 of [1].

Example2.3: LetX = [0, 4+o00) with the Euclidean metrid. Definef : X — X by

1 x> 1,
fa)={1  Lcz<l nen,
0 z = 0.

Suppose that
xly< (r=0).

It is easy to see thdtX, L, d) is SO-complete. Moreovey, : X — X is SO-continuous and -
preserving. Also, for each-comparable elements y € X, we have

d(f(z), f(y)) < ¥(d(z,y)), (7)

wherey : [0, 00) — [0, 00) is defined by

1 z>1,
Y@=y ap<e<i onel,
0 z=0.

It is easy to see that is nondecreasing anldin,, ., ¢"(¢) = 0 for all t > 0. Therefore by
Theorem 2.1, it has a unique fixed point 0.
Notice that equation (8) is not hold for eachy € X. For example, we considaer = % and

y=3.Then2 =d(fz, fy) > 3 = ¥(d(z,y)).

In below, we show that the main theorem [1] is not applicable for the mappinget L C
X x X be an arbitrary orthogonality relation such that L, d) is an SO-complete metric space with
orthogonal elementy and f is L -preserving. The following cases are considered:

Casel : Letxy = 0. By definition of orthogonalityzy, andx,, are | -comparable, where,, =
d(fzo.fon) _ 1

1+ 1 foralln € N. In this caselim, o s

Case2 : Letzy € (0,1). Then, there exists; € N such that. L4 < zo < ;. By definition
of orthogonality,zo andx,, are L-comparable, where, = 1 + % for all n € N. In this case,

1
d(fzo,fon) _ YT ngtl

lim, o0 dwozn) = T=mo > 1.
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Case3 : Letxy = 1. By definition of orthogonalitygy andz,, are | -comparable, where,, =

1+ L foralln € N. In this caselim, % — +oo.

Case4 : Letxy > 1. By definition of orthogonalityzg and0 are_L-comparable. Now sincg is
1 -preserving thert and0 are | -comparable. Repeating this process, we find that % ando are

1 -comparable, for alh € N. In this caselim,, .o d%’i :;) =1.

Thus the main theorem [1] is not applicable for the mapgfnig the metric spase.

Example2.4 : LetX = [0, 2] with the Euclidean metrid. Definef : X — X by

1 0<zx<1,
f(z) =
0 1< <2

Suppose that

rly<= (z=1).

It is easy to see thdtX, L, d) is SO-complete. Moreovey, : X — X is SO-continuous and
L -preserving. Also, for eact-comparable elements y € X, we have

d(z,y).

N | =

d(f*(x), f2(y)) <

Then, f satisfies all the conditions of Theorem 2.1 and has a unique fixedspeint. It can also
be easily seen thatis discontinuous at the fixed point= 1.

In below, we show that the main theorem [1] is not applicable for the mapfinget L C
X x X be an arbitrary orthogonality relation such that, L, d) is an SO-complete metric space with
orthogonal element, and f is L-preserving. The following cases are considered:

Casel : Letxy = 0. By definition of orthogonalityx, andz,, are | -comparable, where,, =
d(fzo.fon) _ 1

1+ 2 foralln € N. In this caselim,, . d(zo,wn)

Case2 : Letzy € (0,1]. By definition of orthogonalityxy andy, are L-comparable, where

B . d(fzo,fyo) _
Yo = 1+ zo. In this case7m= 5 = 1.

Case3 : Letzy € (1,2]. By definition of orthogonalityzy andy, are L-comparable, where

B _ d(fzo,fyo) _
Yo =1 — xzo. In this case~7m 5 = 1.

Thus the main theorem [1] is not applicable for the mappging the metric space.
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3. A REMARK ON AN INCORRECTCLAIM

Our purpose here is to apply Banach'’s fixed point theorem to prove the existence of a solution for the
following differential equation:

{u’(t) — f(t,u(t)), ae.tel=[0,T]

u(0)=a, a>1,

(8)

wheref : I x R — R is an integrable function satisfying the following conditions:
(c1) f(s,z) > 0forallxz > 0ands € I,
(c2) there exista € L!(I) such that
£ (s,2) = f(s,9)] < als)|a

forallt € I andz,y > 0 with zy > (2 V y), wherex vV y = z or y.

Theorem3.1— Under above assumptions, the differential equation (8) has unique positive solu-

tion.

PROOF: Let X = {u € C(I,R) : u(t) > 1, Vt € I}. LetA(t) = [ |a(s)|ds, t € I. Then
A'(t) = |a(t)| for almost every € I. Define

|z]|a := supe™*Ola(t)], d(z,y) =[x —y|a
tel
forall z,y € X. Itis easy to see thafX, d) is a complete metric space.
Define a mapping® : X — X by

Fu(t) == a+/0 f(s,u(s))ds.

Note that the fixed points af are the solutions of (8). Let,y € X, then, for eacht € I,
z(t).y(t) > (xz(t) Vy(t)). Hence, by(c2), we have

O\ Fu(t) — Fy(t)] < e=AO /O F(s,2(5)) — F(s,y(s))ds
e AW t a(s)]eA®e=A6) |2(s) — y(s)|ds
< /0|<>\ 2(s) — y(s)d

t
0 [ foleA0s) b=l
0

< e 40 —1) [|lz — ylla

< (1= el o — s
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and so
|Fz — Fylla < (1 —e o)z —y)la

for eachz,y € X. Sincel — e ll?lh < 1, F satisfies in the Banach contraction principle. Thus,
the operatotF has a unique fixed point iX, which is a unique positive solution of the differential
equation (8). Therefore, the claim that the Banach fixed point theorem is ineffective in this application
is incorrect. O

4. SELECTION OF MULTIVALUED MAPPINGS ININCOMPLETEMETRIC SPACES

Let (X, d) be a metric space. We denote byX ) the family of all nonempty subsets &f and by
B(X) andCP(X) the collections of all bounded and complete members(&f), respectively.

The number
diam(A) := sup{d(a,b) : a,b € A}

is said to be the diameter df, whereA € n(X).

Let (X, |.]}) and(Y; ||.||) be real normed spaces and Ietbe a nonempty subset &f. Consider
a multivalued mapping” : K — n(Y’). Afunction f : K — Y is called a selection of th#' if and
onlyif f(z) € F(z),xz € K. Let

Sel(F):={f:K—-Y: f(x) € F(z),z € K}.

It is easy to check that if there exists a const&ht> 0 such thadiam (F(x)) < M|z for all
z € K, then the distance function

I/ () = g(=)]l

]

d(f.9) = sup { 0Fze K} fg e Sel(F),

is a metric inSel(F'). Moreover, if F(z) is complete for every € K, the metric spacéSel(F'),d)
is complete. Obviously, the convergence in the sg&eé(F'), d) implies the point wise convergence
on the setk.

Theorem4.1— Let (X, ||.||) and(Y, ||.||) be real normed spaces and IEtbe a nonempty subset
of X such that0 € K. Suppose thap,q > 0 anda, 5 € R are fixed and one of the following
conditions holds:

1. |a] < pandK C pK,

2. |B] < gandK C ¢K.
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Consider a multivalued functiof : K — B(Y") such that) € F'(0) and
diam(F(z)) < M||z|,z € K,

for some positive constadt/. Also, for eache € K, there existsL, C F(x) x F(x) such that
(F(x), Ly, ].]]) is an SO-complete metric space with left orthogonal eleménif

aF(z) + BF(y) € F(pz + qy),
aly + ﬁJ—y c J—pﬂchqya

(9)

wherez,y € K andpz + qy € K, then there exists a unique selectipn K — Y of multivalued
mappingF’ such that

af(x)+Bf(y) = flpx+qy),z,y € K,px+qy € K.

PROOF: Assume thala| < pandK C pK. SincediamF(0) = 0 and0 € F(0), thenF'(0) =0
and Ly = {(0,0)}. Puttingy = 0 in (10), sincel, = {(0,0)}, we obtain

aFEQFx,
%) (z) (10

alz C 1,

T8

for eachzr € K.

Consider the following orthogonality relation ¢fel(F'):

flig = (@ L g@), zeK).

Let f*: K — Y be defined byf*(z) = z*. Itis easy to check thaSel(F'), L) is an orthogonal
set andf* is an orthogonal element ¢bel(F), L.). Let F(g)(x) := ag(}) for eachz € K and
g € Sel(F). By (11),F(g) € Sel(F') andF is L.-preserving. HenceF : Sel(F') — Sel(F) is an
L .-preserving mapping. Moreover, for eagh g, € Sel(F'), we obtain that

), Flon) = lafsup {220

_ msup{llgl(ﬁ)”—gz(i)\ﬁ Lze K}

,O¢x€K}

p

< Yy,
< (91, 92)

= (d(g1,92)),
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wherey(t) = '%‘t, t € [0,00). Since|a| < p, theny € ¥. Now, according to the assumptions, since
for eachz € K, (F(z), Ly, ||.||) is an SO-complete metric space, thefel(F), L., d) is an SO-
complete metric space. Therefore by Theorem 2.1, it has a unique fixedf@oidtim,, .., 7" (g) =

f foreachg € Sel(F). Hencef : K — Y is the unique selection df such that

f(z) = af(];), r € K.

Fix g € Sel(F) andx,y € K such thapx + qy € K. Then%,% and% are belong tak. By

(10),ag(%) + Bg(%) andg(P=11) are elements of (2%, Hence
€z Yy pr + qy . pT + qy
ag(=) + Bg9(=) — g(——)|| £ diamF(————=
| (p) (p) ( » )l ( » )

p:E—i—qu
p

< M|

Thus o
«
laF(9)(x) + BF(9)(y) — F(9)(pz + qy)|| < M?Ilpx + qy|
for eachr,y € K such thapz + qy € K. Repeating this process, we get
o n
o (9)@) + 57" (9)5) = () + an)| < 31 (121) o+ au)
for eachn € Nand allz, y € K with pz + qy € K. Lettingn — oo, we obtain

af(x)+Bf(y) = flpx+qy),z,y € K,px+qy € K.

g

Corollary 4.2 — [5]. Let(X,|.||) and(Y,|.||) be real normed spaces and Iétbe a nonempty
subset ofX such that) € K. Suppose that, g > 0 anda, 5 € R are fixed and one of the following
conditions holds:

1. |a] < pandK C pK,

2. || < gandK C ¢K.

Consider a multivalued mapping : £ — CP(Y') such thabt € F(0) and
diam(F(z)) < M|jz|,z € K,

for some positive constadt/ . If

aF(z) + BF(y) C F(pz + qy),
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wherez,y € K andpz + qy € K, then there exists a unique selectipn K — Y of multivalued
mappingF such that

af(z)+B8f(y) = fpzr +qy),z,y € K,pr+qy € K.
Corollary 4.3 — Let(X, ||.||) and(Y, ||.||) be real normed spaces and Iétbe a convex cone in
X. Suppose thags, ¢ > 0 anda, 3 € R are fixed and one of the following conditions holds:
1. |of < pandK C pK,
2. |B| < gandK C ¢K.
Consider a multivalued mappinfg : K — B(Y’) such that € F(0) and
diam(F(z)) < M||z||,z € K,

for some positive constarit/. Also, for eachz € K, there existsL, C F(z) x F(x) such that
(F(x), Ly, |.]]) is an SO-complete metric space with left orthogonal eleméntf

aF(z) + BF(y) € F(px + qy),
Od—a: + BJ—y g J—px—i—qu

wherex, y € K, then there exists a unique selectipn K — Y of multivalued mappindg” such that

af(x)+pf(y) = fpx +qy),r,y € K.
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