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An open problem proposed by Rhoades is the following. Is there a contractive condition which

guarantees the existence of a fixed point, but does not require the mapping to be continuous at the

point? In this paper, we generalize a celebrated result of Eshaghi et al., [On orthogonal sets and

Banach fixed point theorem,Fixed Point Theory, 18 (2017), 569-578], which allows us to find

a new solution to this open problem. Furthermore we show that a claim of the aforementioned

paper, that Banach’s fixed point theorem cannot be applied in their application, is incorrect. Fi-

nally, as an application, we prove that a multivalued function satisfying a general linear functional

inclusion admits a unique selection fulfilling the corresponding functional equation.

Key words : Orthogonal set; fixed point; multivalued mapping; selection; Picard operator.

2010 Mathematics Subject Classification :47H10, 54C65, 31A10.

1. INTRODUCTION AND PRELIMINARIES

Recently, Eshaghiet al. [1] introduced the notion of orthogonal sets and then gave an interesting

extension of Banach’s fixed point theorem. They proved, by means of an example, that their main

theorem is a real generalization of the Banach fixed point theorem. Moreover, they studied the ex-

istence and uniqueness of solution for a first-order ordinary differential equation and claimed that

Banach’s fixed point theorem is not applicable in their application. The main result of [1] is the

following theorem.

Theorem1.1 — Let (X,⊥, d) be an O-complete metric space(not necessarily complete metric

space) and0 < λ < 1. Let f : X → X be O-continuous,⊥-contraction with Lipschitz constantλ
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and⊥-preserving. Thenf has a unique fixed pointx∗ ∈ X. Also,f is a Picard operator, that is,

limn→∞ fn(x) = x∗ for all x ∈ X.

At first, we recall some important definitions and notations.

Definition 1.2 — [1]. Let X 6= ∅ and⊥ ⊆ X × X be a nonempty binary relation. If” ⊥ ”

satisfies the following condition:

∃x0: (∀y, y⊥x0) or (∀y, x0⊥y),

then” ⊥ ” is called an orthogonality relation and the pair(X,⊥) an orthogonal set(briefly O-set).

Note that in above definition, we say thatx0 is an orthogonal element. Also, an orthogonal

elementx0 is called left orthogonal element ifx0⊥x for eachx ∈ X. Finally, we say that elements

x, y ∈ X are⊥-comparable if eitherx⊥y or y⊥x.

Definition1.3 — [1]. Let(X,⊥) be an O-set. A sequence{xn} is called anorthogonal sequence

(briefly, O-sequence) if

(∀n : xn⊥xn+1) or (∀n : xn+1⊥xn).

Definition1.4 — [3]. Let (X,⊥) be an O-set. A sequence{xn} is called astrongly orthogonal

sequence(briefly, SO-sequence) if

(∀n, k : xn⊥xn+k) or (∀n, k : xn+k⊥xn).

It is obvious that every SO-sequence is an O-sequence. The following example shows that the

converse is not true in general.

Example1.5 : LetX = N ∪ {0}. Supposex⊥y iff xy = 0. Define the sequence{xn} as follows:

xn =





0 n = 2k, for somek ∈ N ∪ {0},
n n = 2k + 1, for somek ∈ N ∪ {0}.

Then for alln ∈ N ∪ {0}, xn⊥xn+1, butx2n+1 is not orthogonal tox4n+1. Therefore{xn} is an

O-sequence which is not SO-sequence.

Definition1.6 — [1]. Let(X,⊥, d) be an orthogonal metric space ((X,⊥) is an O-set and(X, d)

is a metric space). X is said to beorthogonal complete(briefly, O-complete) if every Cauchy O-

sequence is convergent.

Definition 1.7 — [3]. Let (X,⊥, d) be an orthogonal metric space.X is said to bestrongly

orthogonal complete(briefly, SO-complete) if every Cauchy SO-sequence is convergent.
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Clearly, every complete metric space is O-complete and every O-complete metric space is SO-

complete.

Definition 1.8 — [1]. Let (X,⊥, d) be an orthogonal metric space. A mappingf : X → X is

orthogonal continuous (briefly, O-continuous ata ∈ X if for each O-sequence{an} in X if an → a,

thenf(an) → f(a). Also,f is O-continuous onX if f is O-continuous at eacha ∈ X.

Definition 1.9 — [3]. Let (X,⊥, d) be an orthogonal metric space. A mappingf : X → X is

strongly orthogonal continuous (briefly,SO − continuous) ata ∈ X if for each SO-sequence{an}
in X if an → a, thenf(an) → f(a). Also, f is SO-continuous onX if f is SO-continuous at each

a ∈ X.

It is easy to see that every continuous mapping is O-continuous and every O-continuous mapping

is SO-continuous. The following example shows that the converse is not true.

Example1.10 : LetX = R with the Euclidean metric. Supposex⊥y iff xy ∈ {x, y}. Define

f : X → X by

f(x) =





1 x ∈ Q,

1
x

x ∈ Q.

Notice thatf is not continuous but we can see thatf is SO-continuous. If{xn} is an SO-sequence

in X which converges tox ∈ X. Applying definition⊥ we obtain that for enough largen, xn ∈ Q.

This implies thatf(xn) = 1 → x = 1. To see thatf is not O-continuous, consider the sequence

xn =





0 n = 2k + 1, for somek ∈ Z,
√

2
k n = 2k, for somek ∈ Z.

It is clear thatxn → 0 while the sequence{f(xn)} is not convergent tof(0).

Definition1.11 — [1]. Let(X,⊥) be an O-set. A mappingf : X → X is said to be⊥-preserving

if x⊥y impliesf(x)⊥f(y).

Notation1.12 : LetΨ be the family of all functionsψ : [0,∞) → [0,∞) satisfying the following

conditions:

(I) ψ is nondecreasing;

(II) limn→∞ ψn(t) = 0 for all t > 0; whereψn is then-th iterate ofψ.

Remark1.13 : For eachψ ∈ Ψ, the following assertions hold:
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(1) ψ(t) < t for all t > 0;

(2) ψ(0) = 0.

The question whether there exists a contractive definition which is strong enough to generate a

fixed point but which does not force the map to be continuous at the fixed point was ingeninated by

Rhoades in [4] as an existing open problem. The question was settled in the affirmative by Pant [2].

In this paper, we introduce a new contractive definition which is a generalization of contrac-

tive definition introduced by Eshaghiet al. [1] and also provide yet new solution to the aforemen-

tioned open problem. Moreover, our results apply to continuous as well as discontinuous mappings.

Furthermore, we show that the claim that Banach’s fixed point theorem is ineffective in their applica-

tion is incorrect. Finally, as an application, we prove that a multivalued function satisfying a general

linear functional inclusion admits a unique selection fulfilling the corresponding functional equation.

2. THE MAIN RESULTS

In this section, we state and prove the main theorem of this paper which is a generalization of con-

tractive definition introduced by Eshaghiet al. [1].

Theorem2.1— Let(X,⊥, d) be an SO-complete metric space(not necessarily a complete metric

space) with orthogonal element̂x0. Letf : X → X be SO-continuous and⊥-preserving. Suppose

that there existψ ∈ Ψ andm ∈ N such that

d(fmx, fmy) ≤ ψ(max{d(x, y), d(fx, fy), · · · , d(fm−1x, fm−1y)}) (1)

for each⊥-comparable elementsx, y ∈ X. Thenf has a unique fixed pointx∗ ∈ X. Also,f is a

Picard operator, that is,limn→∞ fn(x) = x∗ for all x ∈ X. Moreover,f is discontinuous atx∗ if

and only iflimx→x∗ max{d(x, x∗), d(fx, fx∗), · · · , d(fm−1x, fm−1x∗)} 6= 0.

PROOF : Firstly, for eachx, y ∈ X andn ∈ N ∪ {0}, we adopt the following notations:

(i) xn := fn(x) andyn := fn(y);

(ii) Mn(x, y) := max{d(xn, yn), d(xn+1, yn+1), · · · , d(xn+m−1, yn+m−1)}.

Let x, y ∈ X be⊥-comparable elements, sincef is ⊥-preserving, then, for eachn ∈ N ∪ {0},
xn andyn are⊥-comparable elements.

For better readability, we divide the proof into several steps.
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Step1 : The sequence{Mn(x, y)} is decreasing.

Justification of Step 1. Letx = xn andy = yn in the inequality (1), then we get that

d(xm+n, ym+n) ≤ ψ(Mn(x, y)) < Mn(x, y),

so,Mn+1(x, y) ≤ Mn(x, y) for everyn ∈ N ∪ {0}.

Step2 : limn→∞ d(xn, yn) = 0.

Justification of Step 2. For everyi ∈ {0, 1, 2, · · · ,m− 1} andn ∈ N∪{0}, takingx = xn+i and

y = yn+i into the inequality (1), then, by Step 1, we get that

d(xm+n+i, ym+n+i) ≤ ψ(Mn+i(x, y)) ≤ ψ(Mn(x, y)),

so,Mm+n(x, y) ≤ ψ(Mn(x, y)). Using the mathematical induction method, we obtain thatMn+km(x, y) ≤
ψk(Mn(x, y)) for all n, k ∈ N ∪ {0}. Thenlimk→∞Mn+km(x, y) = 0 for all n ∈ N ∪ {0}. Using

Step 1 we deduce thatlimn→∞Mn(x, y) = 0 and sinced(xn, yn) ≤ Mn(x, y) for veryn ∈ N∪{0},
we conclude thatlimn→∞ d(xn, yn) = 0.

By takingx = x̂0, the orthogonal element of(X,⊥), andy = f(x̂0), from Step 2, we obtain that

lim
n→∞ d(x̂n, x̂n+1) = 0, (2)

where

x̂1 = fx̂0, x̂2 = f(x̂1) = f2(x̂0), . . . , x̂n+1 = f(x̂n) = fn+1(x̂0)

for all n ∈ N.

Step3 : The sequence{x̂n} is a Cauchy SO-sequence.

Justification of Step 3. By definition of orthogonality we have

(∀y ∈ X, x̂0⊥y) or (∀y ∈ X, y⊥x̂0).

It follows thatx̂0⊥fx̂0 or fx̂0⊥x̂0. It is clear that

(∀n ∈ N, x̂0⊥x̂n) or (∀n ∈ N, x̂n⊥x̂0).

Sincef is⊥-preserving, we see that

(∀n, k ∈ N : x̂k = fk(x̂0)⊥fk(x̂n) = x̂n+k) or (∀n, k ∈ N : x̂n+k = fk(x̂n)⊥fk(x̂0) = x̂k).

This implies that{x̂n} is an SO-sequence.
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Now, we show that{x̂n} is a Cauchy sequence. Suppose that{x̂n} is not a Cauchy sequence.

Then, there existε > 0 and two sequences of positive integers{m(k)} and{n(k)} such that, for all

positive integersk, we have

n(k) > m(k) > k, d(x̂m(k), x̂n(k)) ≥ ε, d(x̂m(k), x̂n(k)−1) < ε. (3)

To prove (3), suppose that

∑
k

= {m ∈ N : ∃m(k) ≥ k , d(x̂m, x̂m(k)) ≥ ε , m > m(k) > k}.

Obviously,
∑

k 6= ∅ and
∑

k ⊆ N. Then by the well-ordering principle, the minimum element of
∑

k exists and denoted byn(k), and clearly (3) holds. Applying (3), we deduce that

ε ≤ d(x̂m(k), x̂n(k)) ≤ d(x̂m(k), x̂n(k)−1) + d(x̂n(k)−1, x̂n(k)) < ε + d(x̂n(k)−1, x̂n(k)).

Let k →∞ and using (2), we have

lim
k→∞

d(x̂n(k), x̂m(k)) = ε. (4)

Triangle inequality implies that

|d(x̂n(k)+1, x̂m(k))− d(x̂m(k), x̂n(k))| ≤ d(x̂n(k)+1, x̂n(k)).

Applying (2) and (4), we have

lim
k→∞

d(x̂n(k)+1, x̂m(k)) = ε.

Similarly,

lim
k→∞

d(x̂n(k), x̂m(k)−1) = ε,

and also

lim
k→∞

d(x̂n(k)+1, x̂m(k)+1) = ε. (5)

Using the above method, we can show that

lim
k→∞

d(x̂n(k)+i, x̂m(k)+i) = ε (6)

for eachi ∈ {2, 3, · · · ,m− 1}. The above equalities assure us that there exitsl ≥ 1 such that

ε ≤ M0(x̂n(k), x̂m(k)) = max
{

d(x̂n(k), x̂m(k)), d(x̂n(k)+1, x̂m(k)+1),

· · · , d(x̂n(k)+m−1, x̂m(k)+m−1)
}

≤ lε
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for all k ∈ N. Also, we can find̂p ∈ N such thatψp̂(lε) < ε
5 . Moreover, by inequality (2), there

existsn0 ∈ N such that for eachn ≥ n0, d(x̂n, x̂n+1) < ε
3p̂m .

Then, fork ∈ N such thatn(k) > n0, we have:

ε ≤ d(x̂n(k), x̂m(k)) ≤ d(x̂n(k), x̂n(k)+p̂m) + d(x̂n(k)+p̂m, x̂m(k)+p̂m) + d(x̂m(k)+p̂m, x̂m(k))

≤
p̂m∑

i=1

d(x̂n(k)+i−1, xn(k)+i) + ψp̂(M0(x̂n(k), x̂m(k))) +
p̂m∑

i=1

d(x̂m(k)+i−1, x̂m(k)+i)

≤ 2ε

3
+

ε

5
=

13ε
15

.

This contradiction closes the justification of the claim.

Since(X,⊥, d) is an SO-complete metric space, Step 3 assures us that there existsx∗ ∈ X such

thatlimn→∞ x̂n = x∗. On the other hand,f is an SO-continuous function, then

f(x∗) = lim
n→∞ f(x̂n) = lim

n→∞ x̂n+1 = x∗,

i.e. x∗ is a fixed point off .

Now, we show thatf is a Picard operator. Letx ∈ X be arbitrary. By our choice of̂x0, we have

x ⊥ x̂0 or x̂0⊥ x,

⊥-preserving off implies that

[∀n ∈ N : x̂n⊥ fn(x)] or [∀n ∈ N : fn(x) ⊥ x̂n].

Now by using Step 2, we havelimn→∞ d(x̂n, fn(x)) = 0. Hence,limn→∞ fn(x) = x∗.

Finally, to prove the uniqueness of fixed point, lety∗ ∈ X be another fixed point off . Then

fn(y∗) = y∗ for all n ∈ N. It follows from f is a Picard operator thatx∗ = y∗. The rest of proof is

obvious. ¤

Corollary 2.2 — [1]. Let (X,⊥, d) be an O-complete metric space(not necessarily a complete

metric space). Let f : X → X be O-continuous and⊥-preserving. Suppose that there exists

0 < λ < 1 such that

d(f(x), f(y)) ≤ λd(x, y)

for each⊥-comparable elementsx, y ∈ X. Thenf has a unique fixed pointx∗ ∈ X. Also, f is a

Picard operator, that is,limn→∞ fn(x) = x∗ for all x ∈ X.
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PROOF : Takeψ(t) = λt for all t ∈ [0,∞). Then all of the conditions of Theorem 2.1 are

satisfied. 2

The following simple examples show that our theorem is a real extension of Theorem 3.11 of [1].

Example2.3 : LetX = [0,+∞) with the Euclidean metricd. Definef : X → X by

f(x) =





1 x > 1,

1
n+1

1
n+1 < x ≤ 1

n , n ∈ N,

0 x = 0.

Suppose that

x ⊥ y ⇐⇒ (x = 0).

It is easy to see that(X,⊥, d) is SO-complete. Moreover,f : X → X is SO-continuous and⊥-

preserving. Also, for each⊥-comparable elementsx, y ∈ X, we have

d(f(x), f(y)) ≤ ψ(d(x, y)), (7)

whereψ : [0,∞) → [0,∞) is defined by

ψ(x) =





1 x > 1,

1
n+1

1
n+1 < x ≤ 1

n , n ∈ N,

0 x = 0.

It is easy to see thatψ is nondecreasing andlimn→∞ ψn(t) = 0 for all t ≥ 0. Therefore by

Theorem 2.1, it has a unique fixed pointx = 0.

Notice that equation (8) is not hold for eachx, y ∈ X. For example, we considerx = 1
2 and

y = 3
2 . Then,23 = d(fx, fy) > 1

2 = ψ(d(x, y)).

In below, we show that the main theorem [1] is not applicable for the mappingf . Let ⊥ ⊆
X×X be an arbitrary orthogonality relation such that(X,⊥, d) is an SO-complete metric space with

orthogonal elementx0 andf is⊥-preserving. The following cases are considered:

Case1 : Let x0 = 0. By definition of orthogonality,x0 andxn are⊥-comparable, wherexn =

1 + 1
n for all n ∈ N. In this case,limn→∞

d(fx0,fxn)
d(x0,xn) = 1.

Case2 : Let x0 ∈ (0, 1). Then, there existsn0 ∈ N such that 1
n0+1 < x0 ≤ 1

n0
. By definition

of orthogonality,x0 andxn are⊥-comparable, wherexn = 1 + 1
n for all n ∈ N. In this case,

limn→∞
d(fx0,fxn)
d(x0,xn) =

1− 1
n0+1

1−x0
> 1.
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Case3 : Let x0 = 1. By definition of orthogonality,x0 andxn are⊥-comparable, wherexn =

1 + 1
n for all n ∈ N. In this case,limn→∞

d(fx0,fxn)
d(x0,xn) = +∞.

Case4 : Letx0 > 1. By definition of orthogonality,x0 and0 are⊥-comparable. Now sincef is

⊥-preserving then1 and0 are⊥-comparable. Repeating this process, we find thatxn = 1
n and0 are

⊥-comparable, for alln ∈ N. In this case,limn→∞
d(f0,fxn)
d(0,xn) = 1.

Thus the main theorem [1] is not applicable for the mappingf in the metric spase.

Example2.4 : LetX = [0, 2] with the Euclidean metricd. Definef : X → X by

f(x) =





1 0 ≤ x ≤ 1,

0 1 < x ≤ 2.

Suppose that

x ⊥ y ⇐⇒ (x = 1).

It is easy to see that(X,⊥, d) is SO-complete. Moreover,f : X → X is SO-continuous and

⊥-preserving. Also, for each⊥-comparable elementsx, y ∈ X, we have

d(f2(x), f2(y)) ≤ 1
2
d(x, y).

Then,f satisfies all the conditions of Theorem 2.1 and has a unique fixed pointx = 1. It can also

be easily seen thatf is discontinuous at the fixed pointx = 1.

In below, we show that the main theorem [1] is not applicable for the mappingf . Let ⊥ ⊆
X×X be an arbitrary orthogonality relation such that(X,⊥, d) is an SO-complete metric space with

orthogonal elementx0 andf is⊥-preserving. The following cases are considered:

Case1 : Let x0 = 0. By definition of orthogonality,x0 andxn are⊥-comparable, wherexn =

1 + 1
n for all n ∈ N. In this case,limn→∞

d(fx0,fxn)
d(x0,xn) = 1.

Case2 : Let x0 ∈ (0, 1]. By definition of orthogonality,x0 andy0 are⊥-comparable, where

y0 = 1 + x0. In this case,d(fx0,fy0)
d(x0,y0) = 1.

Case3 : Let x0 ∈ (1, 2]. By definition of orthogonality,x0 andy0 are⊥-comparable, where

y0 = 1− x0. In this case,d(fx0,fy0)
d(x0,y0) = 1.

Thus the main theorem [1] is not applicable for the mappingf in the metric space.
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3. A REMARK ON AN INCORRECTCLAIM

Our purpose here is to apply Banach’s fixed point theorem to prove the existence of a solution for the

following differential equation:




u′(t) = f(t, u(t)), a.e. t ∈ I = [0, T ]

u(0) = a, a ≥ 1,
(8)

wheref : I × R→ R is an integrable function satisfying the following conditions:

(c1)f(s, x) ≥ 0 for all x ≥ 0 ands ∈ I,

(c2) there existsα ∈ L1(I) such that

|f(s, x)− f(s, y)| ≤ α(s)|x− y|

for all t ∈ I andx, y ≥ 0 with xy ≥ (x ∨ y), wherex ∨ y = x or y.

Theorem3.1— Under above assumptions, the differential equation (8) has unique positive solu-

tion.

PROOF : Let X = {u ∈ C(I,R) : u(t) ≥ 1, ∀t ∈ I}. Let A(t) =
∫ t
0 |α(s)|ds, t ∈ I. Then

A′(t) = |α(t)| for almost everyt ∈ I. Define

‖x‖A := sup
t∈I

e−A(t)|x(t)|, d(x, y) := ‖x− y‖A

for all x, y ∈ X. It is easy to see that(X, d) is a complete metric space.

Define a mappingF : X → X by

Fu(t) := a +
∫ t

0
f(s, u(s))ds.

Note that the fixed points ofF are the solutions of (8). Letx, y ∈ X, then, for eacht ∈ I,

x(t).y(t) ≥ (x(t) ∨ y(t)). Hence, by(c2), we have

e−A(t)|Fx(t)−Fy(t)| ≤ e−A(t)

∫ t

0
|f(s, x(s))− f(s, y(s))|ds

≤ e−A(t)

∫ t

0
|α(s)|eA(s)e−A(s) |x(s)− y(s)|ds

≤ e−A(t)
(∫ t

0
|α(s)|eA(s)ds

)
‖x− y‖A

≤ e−A(t)(eA(t) − 1) ‖x− y‖A

≤ (1− e−‖α‖1) ‖x− y‖A
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and so

‖Fx−Fy‖A ≤ (1− e−‖α‖1) ‖x− y‖A

for eachx, y ∈ X. Since1 − e−‖α‖1 < 1, F satisfies in the Banach contraction principle. Thus,

the operatorF has a unique fixed point inX, which is a unique positive solution of the differential

equation (8). Therefore, the claim that the Banach fixed point theorem is ineffective in this application

is incorrect. 2

4. SELECTION OFMULTIVALUED MAPPINGS IN INCOMPLETEMETRIC SPACES

Let (X, d) be a metric space. We denote byn(X) the family of all nonempty subsets ofX and by

B(X) andCP (X) the collections of all bounded and complete members ofn(X), respectively.

The number

diam(A) := sup{d(a, b) : a, b ∈ A}

is said to be the diameter ofA, whereA ∈ n(X).

Let (X, ‖.‖) and(Y, ‖.‖) be real normed spaces and letK be a nonempty subset ofX. Consider

a multivalued mappingF : K → n(Y ). A functionf : K → Y is called a selection of theF if and

only if f(x) ∈ F (x), x ∈ K. Let

Sel(F ) := {f : K → Y : f(x) ∈ F (x), x ∈ K}.

It is easy to check that if there exists a constantM > 0 such thatdiam(F (x)) ≤ M‖x‖ for all

x ∈ K, then the distance function

d(f, g) = sup
{‖f(x)− g(x)‖

‖x‖ , 0 6= x ∈ K
}

, f, g ∈ Sel(F ),

is a metric inSel(F ). Moreover, ifF (x) is complete for everyx ∈ K, the metric space(Sel(F ), d)

is complete. Obviously, the convergence in the space(Sel(F ), d) implies the point wise convergence

on the setK.

Theorem4.1— Let (X, ‖.‖) and(Y, ‖.‖) be real normed spaces and letK be a nonempty subset

of X such that0 ∈ K. Suppose thatp, q > 0 and α, β ∈ R are fixed and one of the following

conditions holds:

1. |α| < p andK ⊆ pK,

2. |β| < q andK ⊆ qK.
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Consider a multivalued functionF : K → B(Y ) such that0 ∈ F (0) and

diam(F (x)) ≤ M‖x‖, x ∈ K,

for some positive constantM . Also, for eachx ∈ K, there exists⊥x ⊆ F (x) × F (x) such that

(F (x),⊥x, ‖.‖) is an SO-complete metric space with left orthogonal elementx∗. If

αF (x) + βF (y) ⊆ F (px + qy),

α⊥x + β⊥y ⊆ ⊥px+qy,
(9)

wherex, y ∈ K andpx + qy ∈ K, then there exists a unique selectionf : K → Y of multivalued

mappingF such that

αf(x) + βf(y) = f(px + qy), x, y ∈ K, px + qy ∈ K.

PROOF: Assume that|α| < p andK ⊆ pK. SincediamF (0) = 0 and0 ∈ F (0), thenF (0) = 0

and⊥0 = {(0, 0)}. Puttingy = 0 in (10), since⊥0 = {(0, 0)}, we obtain

αF (
x

p
) ⊆ F (x),

α⊥x
p
⊆ ⊥x,

(10)

for eachx ∈ K.

Consider the following orthogonality relation onSel(F ):

f ⊥∗ g ⇐⇒
(
(f(x) ⊥x g(x)), x ∈ K

)
.

Let f∗ : K → Y be defined byf∗(x) = x∗. It is easy to check that(Sel(F ),⊥∗) is an orthogonal

set andf∗ is an orthogonal element of(Sel(F ),⊥∗). Let F(g)(x) := αg(x
p ) for eachx ∈ K and

g ∈ Sel(F ). By (11),F(g) ∈ Sel(F ) andF is⊥∗-preserving. Hence,F : Sel(F ) → Sel(F ) is an

⊥∗-preserving mapping. Moreover, for eachg1, g2 ∈ Sel(F ), we obtain that

d(F(g1),F(g2)) = |α| sup
{‖g1(x

p )− g2(x
p )‖

‖x‖ , 0 6= x ∈ K
}

=
|α|
p

sup
{‖g1(x

p )− g2(x
p )‖

‖x‖
p

, 0 6= x ∈ K
}

≤ |α|
p

d(g1, g2)

= ψ(d(g1, g2)),
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whereψ(t) = |α|
p t, t ∈ [0,∞). Since|α| < p, thenψ ∈ Ψ. Now, according to the assumptions, since

for eachx ∈ K, (F (x),⊥x, ‖.‖) is an SO-complete metric space, then(Sel(F ),⊥∗, d) is an SO-

complete metric space. Therefore by Theorem 2.1, it has a unique fixed pointf andlimn→∞Fn(g) =

f for eachg ∈ Sel(F ). Hencef : K → Y is the unique selection ofF such that

f(x) = αf(
x

p
), x ∈ K.

Fix g ∈ Sel(F ) andx, y ∈ K such thatpx + qy ∈ K. Then x
p , y

p and px+qy
p are belong toK. By

(10),αg(x
p ) + βg(y

p ) andg(px+qy
p ) are elements ofF (px+qy

p ). Hence

‖αg(
x

p
) + βg(

y

p
)− g(

px + qy

p
)‖ ≤ diamF (

px + qy

p
)

≤ M‖px + qy

p
‖.

Thus

‖αF(g)(x) + βF(g)(y)−F(g)(px + qy)‖ ≤ M
|α|
p
‖px + qy‖

for eachx, y ∈ K such thatpx + qy ∈ K. Repeating this process, we get

‖αFn(g)(x) + βFn(g)(y)−Fn(g)(px + qy)‖ ≤ M
( |α|

p

)n
‖px + qy‖

for eachn ∈ N and allx, y ∈ K with px + qy ∈ K. Lettingn →∞, we obtain

αf(x) + βf(y) = f(px + qy), x, y ∈ K, px + qy ∈ K.

¤

Corollary 4.2 — [5]. Let(X, ‖.‖) and(Y, ‖.‖) be real normed spaces and letK be a nonempty

subset ofX such that0 ∈ K. Suppose thatp, q > 0 andα, β ∈ R are fixed and one of the following

conditions holds:

1. |α| < p andK ⊆ pK,

2. |β| < q andK ⊆ qK.

Consider a multivalued mappingF : K → CP (Y ) such that0 ∈ F (0) and

diam(F (x)) ≤ M‖x‖, x ∈ K,

for some positive constantM . If

αF (x) + βF (y) ⊆ F (px + qy),
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wherex, y ∈ K andpx + qy ∈ K, then there exists a unique selectionf : K → Y of multivalued

mappingF such that

αf(x) + βf(y) = f(px + qy), x, y ∈ K, px + qy ∈ K.

Corollary 4.3 — Let(X, ‖.‖) and(Y, ‖.‖) be real normed spaces and letK be a convex cone in

X. Suppose thatp, q > 0 andα, β ∈ R are fixed and one of the following conditions holds:

1. |α| < p andK ⊆ pK,

2. |β| < q andK ⊆ qK.

Consider a multivalued mappingF : K → B(Y ) such that0 ∈ F (0) and

diam(F (x)) ≤ M‖x‖, x ∈ K,

for some positive constantM . Also, for eachx ∈ K, there exists⊥x ⊆ F (x) × F (x) such that

(F (x),⊥x, ‖.‖) is an SO-complete metric space with left orthogonal elementx∗. If

αF (x) + βF (y) ⊆ F (px + qy),

α⊥x + β⊥y ⊆ ⊥px+qy,

wherex, y ∈ K, then there exists a unique selectionf : K → Y of multivalued mappingF such that

αf(x) + βf(y) = f(px + qy), x, y ∈ K.
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