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In this paper, we study the dilation gfframe generators and the dugframe generators for

an abstract wavelet system. By the semi-orthogonality of a special unitary system, we prove the
dualg-frame generators can be dilated to a pair of dlRliesz basis generators for some larger
Hilbert space. We first show the existence of the dpfthme generators with the same structure

of ag-frame generator for a unitary system. We then get a sufficient and necessary condition for
the existing of the dual-frame generators for unitary groups on a subspace.
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1. INTRODUCTION

In the past decades, the wavelet theory and the Gabor analysis have undergone a vast development
and many different aspects of the theory were studied extensively in the literatures and many general-
izations also appeared in frame theory. Frames with special structures are very important since most
of the useful frames in theory and applications are of this kind, such as Gabor frames and wavelet
frames. Recently, many researchers are interested in studying the generalized frames (cf. [19]) or
the operator-valued frames (cf. [16]). A sequekiee € B(H, H;) : i € J}, where] is a finite or

1This work is supported by National Natural Science Foundation of China (Nos. 11671201 and 11771379).
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countable set, is calledgframefor H with respect to a sequengéi; : i € J} of closed subspaces
of a Hilbert space¥, if there exist two positive constanis andb 4 such that for any € H,

aallfIP <Y NASIP < ballfI*.

i€J

Moreover, we call this sequengel; } ;c; anoperator-valued framgf

aal < AFA; < bal,
i€d
where the series converges in the strong operator topology. From the definition, an operator valued
frame is obvious g-frame. In [19], the author proved {fA; € B(H, H;) : i € J} is ag-frame, then
> AfA; is well defined in the strong operator topology. Thuslif C K for anyi € J, where K
Sja Hilbert space, the concepts ofdérame and an operator-valued frame are equivalent. If only the
above right inequalities are satisfied, we dall; € B(H, H;) : i € J} ag-Bessel sequena® an
operator-valued Bessel sequentethe case, we can define tapalysis operatoof { A;};c; as
0:H— & H;, 0f ={Aif}ies,
i€d
where% H; is the orthogonal direct sum Hilbert §#; } ;.
i

A unitary systeni{ is a set of unitary operators acting on a Hilbert spatavhich contains
the identity operatod of H. A complete wandering vector féf is a unit vectorr € H with the
property that/z := {Ux : U € U} is an orthonormal basis faff (cf. [5]). A complete frame
vector forlf is a vectorz € H with the property that/z is a frame forH (see [12]). In [12], the
authors studied the complete frame vectors for a unitary system of a Hilbert space and the results are
extended to projective unitary representations [8-10]. These researchers show that such abstract ways
to study orthogonal wavelets and frames are very feasible and fruitful. In [16], the authors studied
the operator-valued frame generators for unitary groups and operator-valued frames. The author in

[17] studied the operator-valued frame generators for group-like unitary systems and extended some
results in [6, 12].

LetU/ be a unitary system on a Hilbert spafesuch that
U=Uly := {U =UUy: UL ely,Ug € U()},

wherel{; andlf, are two unitary operator groups @h such that/; Ny = {I}. Such a/ will be
calledan abstract wavelet systertf U4 is trivial, i.e.,Ud = Uy, U is calleda trivial abstract wavelet
system
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The dilation property is very important in frame theory. In the paper, we are interested in the
dilations of dual pairs of thg-frame generators for a unitary system, but not egefname generator
for a unitary system has a dual with the same structure, or has a dilation property. We only consider
a special abstract wavelet system.

We first revisit some basic definitions and resultsddrames. In Section 2, we study the ex-
istence of the canonical dugiframe generator, the dilation resultsgframe generators and dual
g-frame generators for a semi-orthogonal wavelet system. In Section 3, we study the case for unitary
groups. We will prove that the dilation of dugdframe generators for a subspace is not true in general,
and also give a result about the existence of the dual Pargérahe generators, which is equivalent
to another case of the dilation.

In this paper,H, K denote separable Hilbert spaces. I#tH, K) denote the set of all the
bounded linear operators frofi to K and write B(H) := B(H,H). An operatorP € B(H)
is said to be grojection(or an oblique projection) iP? = P. LetU, V be closed subspaces Hf.
H=U-+Vdenotestha/ +V = HandUNV ={0}. f H=U® V,wewriteV =HoU.
For an operatorl € B(H), we letker A, ranA denote the null space of and the range space df
respectively. We us& - to denote the orthogonal complement of a closed subdpane .

The followings are some definitions and resultgidfames and)-frame generators for a unitary
systemi/ which were introduced in [15-17, 19].

Definition1.1 — Supposé A; € B(H, H;) : i € J} satisfies
(1) (A7 gi, A3 gs) = 6:i(9i, 95), Vi, j € J,V0i € H;, 0j € Hj.
(2)% 1A fII> = |IF11%,9f € H.

We call{A; € B(H, H;) : i € J} a g-orthonormal basis

In fact, by [18, Corollary 2.13){ A; € B(H, H;) : i € J} is ag-orthonormal basis if and only if
{A; € B(H, H;) : i € J} is ag-frame and 1) holds.

Lemmal.2 — [19]. Suppos€ A; € B(H, H;) : i € J} is ag-frame for H. Then the followings
are equivalent:

(1) {A; € B(H, H;) }ie) is ag-Riesz basis fo .
(2) {A; € B(H, H;)}icy has a unique dua-frame.

(2) There is an invertible operat@r € B(H) such tha{ A,T € B(H, H;) };c; is ag-orthonormal
basis forH.
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(3) The analysis operator §fA; € B(H, H;)};cy is invertible.

Lemmal.3 — [19]. Suppos€§A; € B(H,H;) : i € J} and{B; € B(H,H;) : i € J} are
g-frames forH. Then the followings are equivalent:

(1) There is an invertible operat@r € B(H ) such thatB; = A;T for i € J; in this case, we call
these twag-frames are similar.

(2) The ranges of the analysis operato{df, ¢ B(H, H;)},c; and{B; € B(H, H;)};cj are the
same.

Definition1.4 — We say thafA; € B(H, H;) : i € J} isg-completeif {f: A;f =0:i € J} =

¥, e, span ATK = H.
i€J

Definition1.5 — Let{A; € B(H, H;) : i € I}, {B; € B(H, H;) : i € J} be twog-frames onH

suchthatf = 3~ BfA, f forany f € H. Then{B,},c; is calleda dual g-frameof { 4;};c,.
i€l

In this case, we calf A;};c; and{B; };c; a pair of dual g-frames
Definition1.6 — Supposé/ is a unitary system of/, A € B(H, K).

(1) If AU* = {AU* : U € U} is ag-orthonormal basis fof, A is calleda complete wandering
operatorfor U.

(2) If Au* = {AU* : U € U} is ag-Riesz basis fo#, A is calleda complete g-Riesz basis
generatorfor .

(3) If Au* = {AU* : U € U} is ag-frame for H, A is calleda complete g-frame generatéor
Uu.

4) If Au* = {AU* : U € U} is a Parsevafi-frame for H, A is calleda complete Parseval
g-frame generatofor 4.

(5) If Au* = {AU* : U € U} is ag-Bessel sequence fdf, A is calleda g-Bessel generatdor
Uu.

Moreover, if AU* and BU* are a pair of duag-frames, we also cald and B a pair of dual
g-frame generatorfor .

Let A € B(H, K) be ag-Bessel generator f@¢. For anyf € H, theanalysis operatoof A is
defined as

0o H—PU DK, 0af =) Xu®AU™f,
veu
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where{Xxy : U € U} is the orthonormal basis féf(1/). And theframe operatoof A is defined as

Sa:H—H, Saf =Y UAAU*f.
veld

For an abstract wavelet systéi= L/1U, on H, if M C H is a complete wandering subspace
for Uy, i.e., [Uy M] := span UM = H andU; M LVi M for anyU;, Vi € Uy with Uy # Vi, then

Uyelr
U is calledsemi-orthogonallf A € B(H, K) is ag-frame generator fa¥ and[UyA*K| = M, A is

calleda semi-orthogonal g-frame generatfmr /.
2. DILATIONS OF GG-FRAME GENERATORS FORWAVELET SYSTEMS

Different from theg-frame generators for a unitary operator group, not egeiname generator for

a unitary system has the dilation property. Far-iame generator with respect to a special unitary
system, we have the following result. For aliyc U, wherel{ is an abstract wavelet system, we
denotelU = U, Uy, wherelU; € Uy, Uy € Up.

Proposition2.1 — Leti/ be an abstract wavelet system &h 7' € B(H, K) be a complete
wandering operator fat. If A € B(H, K) is a semi-orthogonal complete Parsaydlame generator
for U4, then there are a Hilbert spaék > H, a wavelet systema (/) =: {oy : U € U} on H, and
a complete wandering operat6f € B(H, K) for o(U), such thatd = CP, U = oy P and H is
o(U)-invariant, whereP is the orthogonal projection frotl onto H.

PrROOF: For anyf € H, we define@Af = > UT*AU*f. Then
Ueu

G\VT' k=Y UATUVI'k=VAk YV eU, keK.
Ueld

Sinced* T*k = A*k, we haveV§*T*k = 0% VT*k. As A € B(H,K) is a semi-orthogonal
g-frame generator, we get
OAVA'k =Y UT*AUVA'k = > VUT AUGVoA'k = V4 Ak
veld Uoelo
Let P4 = 040%. ThenP, is the orthogonal projection frot onto rar 4. Therefore,
PAVT 'k = 0,05VT*k = 0,VO,T*k
= 0AVAk = VOAA |k = VOL04T
= VPAT k.
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Moreover,P{VT*k = VP;T*k. Let B = TP{ € B(H, K). ThenB is ag-Bessel generator
forid. Let H = H @ (ranf4)*. We claim thatd ¢ B is a complete wandering operator fofl/),
whereo(U) := {oy = U & U : U € U} is an abstract wavelet system ahobviously.

In fact,

UA*@UB* =04 UT* @ UPLT* = 04UT* @ PyUT*
= (0% ® Py)(PAUT* @ PyUT™),

% 0 ranP H _ , , .
where : — is unitary sinceA is a complete Parsevgiframe
0 Pi ranP; ranP;

generator.

Because/' U* Py @& TU*Py = TU*P4 + TU*P4 = TU* foranyU € U, we haved @ B is a
complete wandering operator fofl{). O

For an abstract wavelet systéi the dualg-frame generator of a semi-orthogonal complgte
frame generatod € B(H, K) with the same structure exists, but it may not have the semi-orthogonal
property. We give a result about the existence of the gdfedme generator with the same structure.

Theorem2.2— Let/ be an abstract wavelet system Bn A € B(H, K) be a semi-orthogonal
complete g-frame generator fof and M = [y A*K]. Then

(1) the frame operatof 4 satisfiesS},U f = USY, f forany f € M,t € Q.

(2) ASY, is a g-frame generator fai.

(3) A(I — S%)? is a semi-orthogonal g-Bessel generator#6rp € Q, when||S4|| < 1.
PROOF: Let My, = [U1M] = [UiUp A* K| for anyU; € U,. For everyg € My, , we define

SUI’Ag: Z U1UOA*AUgUfg.
UopEUy

SinceM C H is a complete wandering subspacelfor for any f € [U; M], we obtain

Saf =Y UAAU*f= @ Sy, af=Su,af.
Ueu vreth
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For anyk € K,

Su AW Up Ak = > U1 A* AVFUT T UG Ak
Voelo

= Z UrUUg Vo A* AV Ug A* k
Voelo

=y Y VoA*AVy Ak
VoeUy

= UlU()SLAA*/{, VU, € U, Uy € Uy.
On the other hand, fdv, € U,

SraUpA'k = Y VA" AVGU Ak
Vo €Uy

= > UUsVo A" AVy UpA*k
VoEUy

=Us Y VoA AVy Ak
Vo eUy
= U()S[’AA*/{, vV Uy € Up.

Noting thati{, is a unitary group, theS7 4Uyf = Uy Sy af foreveryf € M, Uy € Uy. So for
eachU; € U,

SAULUgA*k = Sy, AU UgA*k = UyUpSt aA*k = U1 S; aUp A*k.
Hence, for anyf € M,
SaULf =UiSpaf, U SAULf = Sraf.
SoU;SLULf = S?Af, t € Q. SincelUyA*k € M for Uy € Uy, we obtain
SWUA*k = U8} \UgA*k = U1U St 4 A%k = USY Ak
Therefore, ASY, is a semi-orthogonal completeframe generator fa/, asS 4 is invertible.
Moreover, for everyf € M, (I — Uy S4UL)f = (I — Sj 4)f. 1T [[Sall < 1, we get
UF(I = SY)PULf = (I = S ).
Becausess f = Sr.af, we have

(I =84 f =T =Sra)f, I=Sy)"f=(I—S S

595
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Then

(I — SYPUA"k = Uy (I — Sb 4 )PUp A*k
= U\Up(I — S 4)P A"k
= U(I - S4)PA*k.

Hence,A(I — S%)? is a semi-orthogonaj-Bessel generator fax.

In the following we will explain the relations betwegpnframe generators fa, on M andg-
frame generators fér on H.

Lemma2.3 — Letl{ be an abstract wavelet system Hn M be a complete wandering subspace
for U,. Supposed € B(H, K) such thafiipA*K] C M. ThenAl{; is ag-Bessel sequence (respec-
tively, g-frame, g-Riesz basisg-orthonormal basis) o/ if and only if AL/* a g-Bessel sequence
(respectivelyg-frame,g-Riesz basisg-orthonormal basis ) of/.

PROOF: For anyf, € [U; M], Uy € Uy, we define

Oainf =Y Xy, ®AUGUY |-
Uo Uy

ForU, € U, let Py, be the orthogonal projection froli onto [U; M]. Let Py, f = U1g1, 91 €
M,V f € H. Then

104f17 =D AU fIP = > > (AU*f,AU*f)

vedd Uy ety UgeUy
=Y > (UATAU*f, f)
Uy el UgeUy
=Y Y (UAAU*U1g1,Uign)
Ui el Ugely
=Y > (DA AUsg1, 1)
Uy ety Ugely
= > D NAGalP = ) l6raal.
Uy el Ugely U el

If AU has an uppeg-Bessel bound 4, we get

> M0ragu P <ba D> gl =ba > [[Uigl?

U, ety Ui ety U, el

=ba Y |[Pu, fIP* = ball£I,

Urelh
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which impliesb4 is an upper bound fadZ/*. Similarly, if Al has a loweg-frame bound: 4, then

aallfIP=aa Y |[PofIP =aa D [[Uige; |

Ui elh Uy elhh
=aa Y gl < D 110r,a901*
Uy el Uielr

It means that.4 is a lower frame bound ofii/*.
The converse is obvious sinég f = 0r 4 f for any f € M, by the semi-orthogonality of.
We only consider the case gfRiesz basis and the other cases are similar.

In fact, for f € H,
0af =D Xu@AUf= > > Xvu, @AUGUT f
vel Urelr UoeUp

= > bau,Pu,f

Uielh

For anylU; € U, there is a unitary operatoy;, : 1?(Uy) — 12(Uildy) such thaty, v, = A\v, Xu,
for eachlUy € Uy. Then we have

XU, U ®I = ()‘U1 ® I)(XUO ®I)'
Hence, for anyf € M, there exists atf; € [U; M] such that/; f = f1, then we have
Ay @ 10a1f = Z X v, QAUGUY fi = 04,0, UL f.

Upely

Thereforef 4 is surjective if and only iB4 ; is surjective.

SupposeBU/* is a dualg-frame of AL/*. For anyf € M, we have

f=Y UB*AU*f= > UyB*AU;f.
veu Uo€Uo
Hence Uy A* K] C [UyB*K]. Itis easy to get that a dugiframe generatoB satisfiesily B* K| C
M if and only if B is semi-orthogonal. And in this case we hgMgA* K| = [UyB*K|. By Theorem
2.2, the canonical dugHrame generaton S, has the property thdtly A* K] = [Uy(AS,)* K].

Lemma2.4 — Let be an abstract wavelet system Bn M be a complete wandering subspace
fori4;. If A, B € B(H, K) areg-Bessel generators fof such thaflly A* K], [UyB*K] C M. Then
A, B € B(H, K) are dualg-frame generators fad on H if and only if A, B € B(H, K) are dual
g-frame generators fd#, on M.
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PROOF: Supposed, B € B(H, K) are duab-frame generators féf, on M. Foreveryf,g € H,
let Py, f = Ui f1, Py,g = Uigi, WwherePy, is the orthogonal projection frorfy onto [U; M| and
fi1,91 € M. We get

(Y UB*AU*f,g) = () _UB*AU*f,Py,g)
Ueu veu

={ Z Z U UgB*AU* f, Uy 1)

Uyely UpeUy

= > ) (/L UA"BUsq)

Ueldy Upely

= > Y (f1,UsA*BUsg1)

Uy ety UpeUp

= Z (f1,91) = Z (Urf1,Uig1)
U, el Uy ey

= Z (Po, [, Po,g) = (£, 9)-
U el

On the other hand, if\, B € B(H, K) are dualg-frame generators fd# on H, for any f €
M, g € H, we obtain

(f.9) =(>_UB*AU*f,qg)

veu

— (Y Y B AUGUL £.9)

Uy el UgUp

= Y (f.UsA"BU;g).
Uop €Uy

Hence,f = ) UyB*AU;f, and soA, B € B(H, K) are dualg-frame generators fa#, on
Uy Uy
M. O

We can also obtain a dilation result of the dgajenerators.

Proposition2.5 — Let/ be an abstract wavelet system &) 7' € B(H, K) be a complete
wandering operator fai/. If A € B(H, K) is a semi-orthogonal completeframe generator for
U, andB € B(H, K) is a dualg-frame generator such th@tyA*K] = [UyB*K] , then there are
a Hilbert spaceHl > H, a wavelet systemr(i/) =: {0y : U € U} on H and dualg-Riesz basis
generators’, D € B(H, K) for o(U), such thatd = CP,B = DP, U = oy P and H is o(U)-
invariant, whereP is the orthogonal projection frol onto H.
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PROOF: For everyf € H andg-Bessel generatdf € B(H, K) for . We define
orf=> UTTU"f.
=
Let Q = [UT*K], M = [UyA*K]| = [UyB*K]. Obviously,2, M are complete wandering
subspaces faw;. For eachl/; € Uy, f € [U; M], we define

Ouaf = > LT AVGU; f.
Vol

SOrangUhA C [UhQY]. SincePy, f € [UiM] for every f € H, whereP;, denotes the orthogonal
projection fromH onto [U; M|, we can easily get
OaPy,f=> VI*AV*Py, f =0y, aPo, f.
veu

We only need to consider the dilation with respecfifo By Lemma 2.4,A, B are dualg-frame
generators fotf, on M. Obviously, we getangl,A, ran9~173 C Q. Let P4, PﬁA, Prp andPﬁB be
the orthogonal projections frofdontoranf; 4, N := QCrand; 4, rand; g andNp := Qorand; g
respectively.

We can directly obtain

P]Aza 15* 1251,45715*
5 -5 —5 s I,A I,A7
1,AS; 3 I1,AS,3 ’

whereSr 4 = 07 401 4 is invertible onM . Moreover, as’r 40r.p = GI,AS;Q, we havePr 4 Pr g is
invertible fromran6; g ontoranfr 4. Hence,PfAPfB is invertible fromNg onto N 4.

Let Hy := M @ Ng, oy, = Uy @ Uy for everylUs € Up. LetC = A @ TPfB. Then
ou,C* = UgA* @ UgPgT* = UyA* ® PEULT™,
asl, is a unitary group. Therefore, for anye M,y € N, we obtain

5[70(56 Dy) = Z U()T*Cdz}o(l’ Dy)
UoEUy

= > UeT*(AUsz + TUo* Py)
UgEUy

= 5[7,4:(}—!- Pé‘y.

LetQ = 07,407 5. ThenQ? = Q by the dualities o4 and B, which means

0= ranév],A —i—NB = rané}’B —|— NA.
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Thusch is invertible from Hy onto §2, which impliesC is ag-Riesz basis generator fef(lf) :=
{O’UO :Up € UQ} on Hy.

Moreover, letoy;, := Uy @ U, for eachU; € U, and
O’(U) = U(Ul)U(U()) = {UU = oy, o, U €Uy, Ug € Z/{()}.

Let H = [0(U)1Ho] and P be the orthogonal projection frof onto H. So H is o (U)-invariant
andC € B(ﬁ,K) is ag-Riesz basis generator fet(i/) on H by Lemma 2.3, adl, is a complete
wandering subspace fot(i/;) andA = C'P.

Let D = B @ TP v andp = Pj-, Pjp, wherer : Ny — Np such that P, Pjp = Pip.
Thenp is invertible fromNpg onto N4. For everyh € Ng, Uy € Uy,

pUoh = P-4 Pi-gUoh = Ugph.

ThusTUyph = Uyth for eachh € N4. And then
ov,D* = UyB* ® Uyt PiT* = UyB* ® TP UT*.

Obviously,TU, P17* is ag-frame for N. Therefore,' P57* is ag-frame generator fa, on N

sincel, is a unitary group.

Foranyz € M,y € Np, we get

Orp(x@y) = Y UoT*Dojy(z@y)
Up €Uy

= ) UT*(BUjz + TPim*Usy)
Upely

= 5],3.% + Pjﬁ'*y.

Similarly, 0; p is invertible fromH, ontoQ by Q = ranf; 5 + N4, which impliesD is ag-Riesz
basis generator far(14) on H,. Moreover,D € B(H, K) is ag-Riesz basis generator forZ{) on
H by Lemma 2.3 and3 = DP.
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Finally, we will show the dualities of’ andD. In fact, for everyr, z1 € M, y,y1 € Hy,

>, {ov,C* Doy (x © y), 21 1)

UpEUp

= Y ((WA* @ PEUCT*)(BUS & TUS PAT*)(w & y), 21 & 1)
UpEUp

= > ((BU; ® TU;Py7*)(z @ y), (AU ® TUS Pg) (w1 © y1))
Up €Uy

= Y (BUjz+TU;Pit*y, AUSz1 + TU; Pgyr)
Up €Uy

= Y (BUjz,AUix1)+ >, (BUix, TU;Psy1)
Upely Uo Uy
+ X (TUGPi7*y, AUGz1) + Y. (TU;Prm*y, TUS Py ).

UoEUy Upelp

= (Opx,0az1) + (Opz, Phy1) + (PAm*y,0az1) + (P7*y, Piy1)
= (z,21) + (Y, 11) = (x Dy, T1 Dy1).

ThenC, D € B(H,, K) are dualg-frame generators for (i) on Hy. Moreover, they are dual
g-frame generators far (/) on H by Lemma 2.3.

3. DILATION OF DUAL G-FRAME GENERATORS FORUNITARY GROUPS

In this section, we study the dilation properties of the dy#fdlame generators fav, wheni/; is
trivial, which impliest/ = Uy is a unitary operator group.

The following is a result similar to Proposition 2.5, but the condition is weaker since it is for a

unitary group.

Proposition3.1 — Leti/ = Uy be a trivial abstract wavelet system éh the followings are
equivalent:

(1) A € B(H, K) is a completeg-frame generator fot/, and B € B(H, K) is a dualg-frame
generator forA.

(2) There are a Hilbert spadAé D H, a unitary operator group(i/) := {oy : U € U} on H
and a pair of duaf)-Riesz basis generatog D < B(f[, K) for o(U), such thatH is o-invariant,
A =CP,B=DPandU = oy P, whereP is the orthogonal projection frol onto H.

PROOF: Let A(Y) := {Ay := \y®Ix € B(P(U)®@K),U € U}, whereA(U) is the left regular

representation df on?(U). For anyf € H, we have

0af = Xu@AU*f =Y AXs QAU f =Y Ay(X; @AU*f).
veu Ueu Ueu
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Similar as Proposition 2.5, we can easily @&t = 045 ,'0%, Pg = 05S5'0%, wherePy, Pp
are respectively the orthogonal projections fréifi/) ® K ontoranf, andranfg. Then we get
P4 Pg is invertible fromranfz ontoranf 4 and P5 Py is invertible from(ranfz)* onto (ranf4)*.

LetH = HO (ranfp)* andoy = U @ Ay for eachU € . Obviously, H is o-invariant.
LetC = A® QrPx, whereQy : I?(U) ® K — K is a complete wandering operator (/) on
I(U) ® K by [17, Proposition 11] for any/ € /. Then

ouC* = UA* & A\yPEQj = UA* & PEAyQ)],

asl{ is a unitary group.

Therefore, forany € H,y € (ran@B)L, we have

bo(z@y) = Z Xy @Cotfr(z ® y)
veu

=Y Xu®(AU*z + Q1A}; Pgy)
Ueu

=0z + Péy.
LetQ = 046%. Then@? = Q by the dualities of4 and B, which means

P(U)® K =ranfy + (ranfp)* = ranfp + (ranf4)*.

Thuséc is invertible fromH ontol?(U) ® K, which impliesC is ag-Riesz basis generator for
o) :={oy : U €U} on H, andA = C'P, whereP is the orthogonal projection frofl onto H.
LetD = B@® Q;Pi7* andp = P4 Px, wherer : (tanf4)* — (ranfp)* such that- P4 P4 =
P&, LetA1(U) = Py Ay Pi, A2(U) = Pg Ay Px. Then for every € (ranfpz)*, we have
pAo(U)u = pPg Ay Psu = Py Pg PaAyPgu
= Ay Py Pgu = PyAyPipu
= A (U)pu.
ThentA1(U)v = Ay(U)Tv for anyv € (ranf4)+. Thus we get

ouD* = UB* & Ay P+ Q; = UB* & 7P+ AyQj.

Obviously,QA(U)P; 7" is ag-frame for(ranf ). Therefore); Pi7* is ag-frame generator
for A(UU) on (ranfp)*.
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Foranyz € H,y € (ranfg)*, we get

Op(z@y) =Y Xu@Doj(z@y)
Ueu

= Y Xu®(BU*z + QrPim"Ay)
veu

=0px + PX‘T*y.

Similarly, 5 is invertible fromH ontol?(U) © K by I2(U) ® K = ranfp + (ranf4)*, which
implies D is ag-Riesz basis generator fo(l{) on H, andB = DP.

Finally, we will show the dualities af' andD. In fact, for everyr, 1 € H andy,y; € (ranfp)=,

> {ouC*Dofra @ y, 21 ® y1)

veu

=Y ((UA* @ PFAuQ})(BU" © QIALPAT ) (z @ y), 21 © 1)
veud

=Y ((BU* @ QAP ™) (x @ y), (AU* ® QA Pg)(x1 © y1))
Ueld

=Y (BU*z + Q/A} Piry, AUy + QiA; Pgyn)
Uveld

=Y (BU*z,AU*z1) + Y _ (BU*x,QiA} Pgus)
Uveu Ueld
+ Y (QIAGPrT Yy, AU 1) + > (QrAFPAT Y, QA Pgy).

veu veud

= (0px,0a71) + (Bpx, Pey1) + (Pi7y,0a11) + (P7"y, PEy1)
= (zr,z1) + (Y, y1) = (B y,x1 B Yy1).

ThenC, D € B(H, K) are dualg-frame generators far(1/) on H.

The converse is obvious sin€e= oy P and H is o-invariant.
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If a complete wandering operator far = U, exists, the dilation of-frame dual generators for a

subspace is not true in general. In the following we will show the dilation of giicldme generators

for a subspace. I’ € B(H, K) is a complete wandering operator {@y for anyg-Bessel generator

T € B(H, K), we defined- as

orf=> UT'TU'f. VY feH.
veud

Proposition3.2 — Letid = U, be a trivial abstract wavelet system 6h 7' € B(H, K) be a
complete wandering operator farand M C H such that/M C M. If A € B(H, K) is ag-frame
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generator fot/ on M, andB € B(H, K) is a dualg-frame generator ol on M. Then the followings
are equivalent:

(1) There exists a pair of dugtRiesz generator€, D € B(H, K) for 4 on H such thatd =
CP, B = DP, whereP is the orthogonal projection frord onto M .

(2) PL ~ Q%, whereQp is the orthogonal projection frorl ontoranfs.

PROOF: For anyg-Bessel generatdr € B(H, K) for 4 on H, by the definition ofir, we have
Or € U'. Hence, there exists a partial isometfy with the initial space{ker@ﬂL and the final space
randp such thatp = VFSE by the polar decomposition 6f. Then we get;- € ¢4’ sincel/’ is a von
Neumann algebra, and*Vr, VrV; are the orthogonal projection frofi ontoranV* andranVr
respectively.

For g-frame generatorsl and B, we can get two partial isometric operatdrs, Vg € U’ such
that
(kerVa)* = (kerfs)* = M = (kerVp)* = (kerfp)*,

and
ranV4 = rarf 4, ranVpg = rardpg.

Therefore,
P = VXVA = VEVBvQA = VAVX,QB = VBVE,

whereP, Q 4, @p are the orthogonal projections frofi onto M, ranf 4, ranfp respectively. Con-
sequencelyP, Q4,Qp € U'.

If PL ~ Q%, we will construct the duag-Riesz basis generators next. In fact, there exists a
partial isometryF € U’ with the initial spacerariz)* and the final spacé/! such thatPt =
FF*, Qﬁ = F*F. LetC = A+ TF* € B(H,K). We claimC is ag-Riesz basis generator fof
onH.

We can easily obtaiffc = 64 + F*. Foranyf € H, since@*Bf € (ker@l)L = M and
0405 = 0504 = Iy = P, we haveds04 (0% ) = 05 f. Thusfs(f — 0405 f) = 0, which means

F—0405f € kerf = (rarfip)* = ranF™.

Hence, there is 8 € M1 such thatf™g = f — 6,0%f.

Leth = g + 0% f. We getdah = 0,40% f, F*h = F*g. Then

Och =04h+ F*h = 0,05f + F*g = f,
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which impliesf is surjective.
LetOof =04f + F*f =0for f € H. Then
OAPf = —F*PLf c (rarfg)" = kerfl’.
Therefore %04 Pf = 0, which meansPf = 0. Thus we obtainF™*PL f = 0. SinceF* is an
isometry onM L, we haveP f = 0. Thenf = 0. Hencef¢ is injective.

ConsequentlyC't{ is ag-Riesz basis oil{. Let D = 0551 € B(H, K), whereS¢ is the frame
operator ofCU. SinceSg1 € U, we getD is the (unigue) canonical dugiframe generator of’ for
UonkH.

Let D = FE+ 7 € B(H,K), whereE € B(M,K), Z € B(M*,K). We need to show
B=FE=DP.

In fact, for anyf € M, g € H, we get

(f.9)=Y_ (UD*CU*f,g) = > (CU*Pf,DU*Pg)

veud veud

=Y (CPU*f,DPU*g) = > (AU*f,EU*g)
veud veud

=Y (UE*AU*f,qg).
Ueld

ThusE, A are duab-frame generators féf on M. On the other hand, &U* f = DPLU*Pf =
DU*PLPf =0foranyf € M, for everyh € H, we have

(f,h) =Y _(UC*DU*f,h) = > (U(A+TF*)*(E+ Z)U*f,h)

Ueu (Ueu
=Y (EU*f, AU*h) + > _ (EU*f, TU*F*h)
Ueld Ueld
+ Y (ZUTf, AU R) + Y (ZU*f, TU*F*h)
veud Ueld
=Y (UA*EU*f,h)+ >  (UT*EU*f, F*h)
veud veud

ThusFlgf = 0,0pf € kerF = rarfg. So there existg € M such thabig f = 059, then

f=040pf="04059=g.
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which meansB = FE.

For the converse, suppose that there exist gtRiesz generator§', D € B(H, K) fort{ on H
such thatd = CP, B = DP, whereP is the orthogonal projection frotf onto M. Let F' = C P+,
Thenbp = 6 — 64 sinceP € U'. SoF is ag-frame generator fd# on M~. Then forf € M+, we
get

0p0rf = 0500 — 04) = POp0cf — 0p04f = 0.

Thus rafy C kerd%, = (rarﬁB)L. Since@c is invertible, for everyf € (rangB)L O rardy, there
exists ag € H such that

0cg =049+ 0pg = f € (rarfp)" .

It follows that

gAg =f- §Fg S (rarﬁB)i.
By the dualities of4 and B, we haveH = rard4 + (rarfz )+, which impliesf 49 = 0, g € kerf4 =
M-=. Hence,f = Org € rardp. Thenf = 0, which shows)p : M+ — (rarﬁB)l is invertible. By
the polar decomposition df-, we haved = VFS? ThenVi € U/, andP+ = ViVi, Qg = ViV,
which impliesP+ ~ Q3.

In general, for a genera-frame, or a general vector-valued frame, there exists another case
of dilation with respect to a projection(idempotent operator) from a larger spacefhnidhich is
equivalent to the existence of a dual Parseyfiame. Next, we will show the equivalence of this
case for thay-frame generators.

Proposition3.3 — Let!d = U be a trivial abstract wavelet system éh If A € B(H,K) is a
completeg-frame generator fax, then the followings are equivalent:

(1) There is a complete Parsegairame generatoB € B(H, K) for U, which is a duaf-frame
generator of4.

(2) Pc < P1 andl < a4, WherePy, Pc are the orthogonal projections fralf(Z/) ontorand 4,
ranfc respectivelyC' € B(H, K) is a Parsevay-frame generator fa on M := ran(I — S ;') and
a4 1s the lower bound ofd.

(3) There is a Hilbert spacé D H, and a unitary operator groupl{) on H such thatH is
o—-invariant,QfI =H, A=TQ" U = oy|gandUQ = Qoy foranyU € U, whereQ@ is a
projection fromH onto H.

PROOF: (1) < (2).



DILATIONS OF DUAL ¢g-FRAME GENERATORS

607
Similar as the proof of Proposition 3.1, l&flf) := {Ay = Ay ® Ix € B(PU)® K),U € U},
where\(U) is the left regular representation@fon 1%(/). By [17, Proposition 11]Qy : 12(U) ®
K — K is a complete wandering operator (/) oni?(U) @ K for U € U.

Foranyf € H andg-Bessel generatdt € B(H, K) for U, by the definition obr, we have

Orf =Y Xu®TU*f =Y Au(x;@TU*f).
veu

veu

SupposeB € B(H, K) is a complete Parsevgiframe generator and is a dugframe generator
of A.

Foranyf € H, we have|f||? = [|0504f|1* < ||0af]|* by the dualities. Sa4 > 1.

LetD = B — AS;1 € B(H, K), whereS, is theg-frame operator forA. ThenD is obvious
a g-Bessel generator fav on H sinceSg1 € U'. Moreover, we get;,0p = I — S;l Thus,

M = ran(I — S;") is a invariant subspace fof. We next show the existence of a Parseyéiame
generator fot/ on M.

1
In fact, by the polar decomposition 6f,, that is,fp = TS}, whereT' € B(M,tanfp) is an
isometry. Since\y0p = OpU for everyU € U, we have

1
AyTSE = TSU =TUS

@w\»—t
o=

Then, for everyf € M, we haveAyTf =TUf. LetC = Q;T € B(H, K). Thus
CU*f = Q/TU* f = QA T,

asU is a group. Hence(' € B(H, K) is a Parsevag-frame generator fot/ on M, 6 = T and
ranfc = ramdp.

Becauseh04 = (0% — S;'0%)04 = 0, we haveranfc L ranfs. Soranfc C (ranfs)*.
Hence,Pc < Py.

For the converse, suppofe < Pi andl < as. Then0 < T —S;'. Letr = (I — S;l)%. Then
€U andM =rtanl — S;') = ranr. We will construct the dual Parsegiframe generator ofl.
We claim there exists a Parsexg@frame generato? € B(M, K) for &/ on M. In fact, let

_1
E = AS ,*? P, whereP is the orthogonal projection frof onto M. Becausé\/ is U-invariant, we
obtainF is a Parsevag-frame generator fay on M.

SincePe < Py andA(U)’ is a von Neumann algebra, there exists a subproje@ieh P4 such
that Po ~ Q. So there exists a partial isometty € A(U)" such thatP = AA*, Q = A*A. Let
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U = Q;A*0c. Then
VU* = QIA*0cU* = QIA*A0c = QrALA* 0.
Hence,V is also a Parseval-frame generator fa# on M and
ranfy = ran@Q C (ranfs)".

Let® = Ur € B(M, K). Thus® is ag-Bessel generator fd¢ on M sincer € U’. For every
f € M,weobtaidg f = Og7f. S00%0sf = 0%0y7f =0.

Let B=® + AS,' € B(H, K). ThenB is ag-Bessel generator fé on M. Thus

0505 = (0o + 045 (0 +045,") =72+ 5,1 =1,
which showsB is a complete Parsevgiframe generator fai on H. On the other hand,
0504 = (00 + 045, ) 04 =1.
Therefore,B € B(H, K) is a dualg-frame generator ofl.
(1) & (3).

SupposeB € B(H, K) is a complete Parsevgiframe generator, a dugtrame generator of
A. By Proposition 3.1 or [15, Theorem 3.10], there exists a Hilber: H & (ranfz)*, a unitary
operator groupr(U) = {oy = U ® Ay, U € U} on H, a complete wandering operatér =
B® QrP} € B(H,K) for o(U) on H such thal/ = oy |7, andH is o-invariant.

LetQ = 0%6r € B(H, H). Foreveryf € H,
Qf =) UATo} f.
Uueu
Sinceoy T*k € H for V € U, for anyk € K, we have
QoyT*k=> UATopoy Tk =VAL.
veu
Specially,
QT k =A"k, VQT 'k =VA'k=Qoy T k.
ThenV@Q = Q oy sinceld is a group. We also g@;ﬁfi C H by the definition ofQ). We will show@
is a projection withran) = H. In fact, for anyf € H,

Qf =Y UATo;Pf=) UA*BUPf = f.

veud veu



DILATIONS OF DUAL ¢g-FRAME GENERATORS 609

Hence,H C QH. We obtainQ? = Q, QH = H.

For the converse, |ed8 = TQP € B(H, K), whereP from H onto H is the orthogonal projec-
tion. For eactU € U, we obtain

BU* = TQPU* = TQo}; P = TU*QP = T o}, PQP = T o}, P.

Therefore,B € B(H,K) is a complete Parsevatframe generator fot/ on H. For every
frg€H,

> (UA*BU*f,g) = > (UA*TQPU*f,qg)

Ueu veu

=Y (UQT*TQPU"f.g)

veu

=Y (QoyT*To}; QPf.g)

veu

=(QQPf,9) = ([, 9)-

ThenB € B(H, K) is a dualg-frame generator ofl. 0
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