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In this paper, we study the dilation ofg-frame generators and the dualg-frame generators for

an abstract wavelet system. By the semi-orthogonality of a special unitary system, we prove the

dualg-frame generators can be dilated to a pair of dualg-Riesz basis generators for some larger

Hilbert space. We first show the existence of the dualg-frame generators with the same structure

of a g-frame generator for a unitary system. We then get a sufficient and necessary condition for

the existing of the dualg-frame generators for unitary groups on a subspace.
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1. INTRODUCTION

In the past decades, the wavelet theory and the Gabor analysis have undergone a vast development

and many different aspects of the theory were studied extensively in the literatures and many general-

izations also appeared in frame theory. Frames with special structures are very important since most

of the useful frames in theory and applications are of this kind, such as Gabor frames and wavelet

frames. Recently, many researchers are interested in studying the generalized frames (cf. [19]) or

the operator-valued frames (cf. [16]). A sequence{Ai ∈ B(H, Hi) : i ∈ J}, whereJ is a finite or

1This work is supported by National Natural Science Foundation of China (Nos. 11671201 and 11771379).
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countable set, is called ag-framefor H with respect to a sequence{Hi : i ∈ J} of closed subspaces

of a Hilbert spaceK, if there exist two positive constantsaA andbA such that for anyf ∈ H,

aA||f ||2 ≤
∑

i∈J
||Aif ||2 ≤ bA||f ||2.

Moreover, we call this sequence{Ai}i∈J anoperator-valued frame, if

aAI ≤
∑

i∈J
A∗i Ai ≤ bAI,

where the series converges in the strong operator topology. From the definition, an operator valued

frame is obvious ag-frame. In [19], the author proved if{Ai ∈ B(H,Hi) : i ∈ J} is ag-frame, then
∑
i∈J

A∗i Ai is well defined in the strong operator topology. Thus, ifHi ⊂ K for any i ∈ J, whereK

is a Hilbert space, the concepts of ag-frame and an operator-valued frame are equivalent. If only the

above right inequalities are satisfied, we call{Ai ∈ B(H,Hi) : i ∈ J} a g-Bessel sequenceor an

operator-valued Bessel sequence. In the case, we can define theanalysis operatorof {Ai}i∈J as

θ : H → ⊕
i∈J

Hi, θf = {Aif}i∈J,

where⊕
i∈J

Hi is the orthogonal direct sum Hilbert of{Hi}i∈J.

A unitary systemU is a set of unitary operators acting on a Hilbert spaceH which contains

the identity operatorI of H. A complete wandering vector forU is a unit vectorx ∈ H with the

property thatUx := {Ux : U ∈ U} is an orthonormal basis forH (cf. [5]). A complete frame

vector forU is a vectorx ∈ H with the property thatUx is a frame forH (see [12]). In [12], the

authors studied the complete frame vectors for a unitary system of a Hilbert space and the results are

extended to projective unitary representations [8-10]. These researchers show that such abstract ways

to study orthogonal wavelets and frames are very feasible and fruitful. In [16], the authors studied

the operator-valued frame generators for unitary groups and operator-valued frames. The author in

[17] studied the operator-valued frame generators for group-like unitary systems and extended some

results in [6, 12].

Let U be a unitary system on a Hilbert spaceH such that

U = U1U0 := {U = U1U0 : U1 ∈ U1, U0 ∈ U0},

whereU1 andU0 are two unitary operator groups onH such thatU1 ∩ U0 = {I}. Such aU will be

calledan abstract wavelet system. If U1 is trivial, i.e.,U = U0, U is calleda trivial abstract wavelet

system.
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The dilation property is very important in frame theory. In the paper, we are interested in the

dilations of dual pairs of theg-frame generators for a unitary system, but not everyg-frame generator

for a unitary system has a dual with the same structure, or has a dilation property. We only consider

a special abstract wavelet system.

We first revisit some basic definitions and results forg-frames. In Section 2, we study the ex-

istence of the canonical dualg-frame generator, the dilation results ofg-frame generators and dual

g-frame generators for a semi-orthogonal wavelet system. In Section 3, we study the case for unitary

groups. We will prove that the dilation of dualg-frame generators for a subspace is not true in general,

and also give a result about the existence of the dual Parsevalg-frame generators, which is equivalent

to another case of the dilation.

In this paper,H,K denote separable Hilbert spaces. LetB(H, K) denote the set of all the

bounded linear operators fromH to K and writeB(H) := B(H, H). An operatorP ∈ B(H)

is said to be aprojection(or an oblique projection) ifP 2 = P . Let U, V be closed subspaces ofH.

H = U u V denotes thatU + V = H andU ∩ V = {0}. If H = U ⊕ V , we writeV = H ª U .

For an operatorA ∈ B(H), we letkerA, ranA denote the null space ofA and the range space ofA

respectively. We useU⊥ to denote the orthogonal complement of a closed subspaceU in H.

The followings are some definitions and results ofg-frames andg-frame generators for a unitary

systemU which were introduced in [15-17, 19].

Definition1.1 — Suppose{Ai ∈ B(H, Hi) : i ∈ J} satisfies

(1) 〈A∗i gi, A
∗
jgj〉 = δij〈gi, gj〉,∀i, j ∈ J, ∀ði ∈ Hi,ðj ∈ Hj.

(2)
∑
i∈J
||Aif ||2 = ||f ||2,∀f ∈ H.

We call{Ai ∈ B(H, Hi) : i ∈ J} a g-orthonormal basis.

In fact, by [18, Corollary 2.13],{Ai ∈ B(H, Hi) : i ∈ J} is ag-orthonormal basis if and only if

{Ai ∈ B(H, Hi) : i ∈ J} is ag-frame and(1) holds.

Lemma1.2 — [19]. Suppose{Ai ∈ B(H,Hi) : i ∈ J} is ag-frame forH. Then the followings

are equivalent:

(1) {Ai ∈ B(H, Hi)}i∈J is ag-Riesz basis forH.

(2) {Ai ∈ B(H, Hi)}i∈J has a unique dualg-frame.

(2) There is an invertible operatorT ∈ B(H) such that{AiT ∈ B(H,Hi)}i∈J is ag-orthonormal

basis forH.
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(3) The analysis operator of{Ai ∈ B(H, Hi)}i∈J is invertible.

Lemma1.3 — [19]. Suppose{Ai ∈ B(H, Hi) : i ∈ J} and{Bi ∈ B(H, Hi) : i ∈ J} are

g-frames forH. Then the followings are equivalent:

(1) There is an invertible operatorT ∈ B(H) such thatBi = AiT for i ∈ J; in this case, we call

these twog-frames are similar.

(2) The ranges of the analysis operator of{Ai ∈ B(H,Hi)}i∈J and{Bi ∈ B(H,Hi)}i∈J are the

same.

Definition1.4 — We say that{Ai ∈ B(H, Hi) : i ∈ J} is g-complete, if {f : Aif = 0 : i ∈ J} =

0, i.e.,span
i∈J

A∗i K = H.

Definition1.5 — Let{Ai ∈ B(H, Hi) : i ∈ J}, {Bi ∈ B(H,Hi) : i ∈ J} be twog-frames onH

such thatf =
∑
i∈J

B∗
i Aif for anyf ∈ H. Then{Bi}i∈J is calleda dual g-frameof {Ai}i∈J.

In this case, we call{Ai}i∈J and{Bi}i∈J a pair of dual g-frames.

Definition1.6 — SupposeU is a unitary system onH, A ∈ B(H,K).

(1) If AU∗ = {AU∗ : U ∈ U} is ag-orthonormal basis forH, A is calleda complete wandering

operatorfor U .

(2) If AU∗ = {AU∗ : U ∈ U} is a g-Riesz basis forH, A is calleda complete g-Riesz basis

generatorfor U .

(3) If AU∗ = {AU∗ : U ∈ U} is ag-frame forH, A is calleda complete g-frame generatorfor

U .

(4) If AU∗ = {AU∗ : U ∈ U} is a Parsevalg-frame forH, A is calleda complete Parseval

g-frame generatorfor U .

(5) If AU∗ = {AU∗ : U ∈ U} is ag-Bessel sequence forH, A is calleda g-Bessel generatorfor

U .

Moreover, if AU∗ andBU∗ are a pair of dualg-frames, we also callA andB a pair of dual

g-frame generatorsfor U .

Let A ∈ B(H, K) be ag-Bessel generator forU . For anyf ∈ H, theanalysis operatorof A is

defined as

θA : H → l2(U)⊗K, θAf =
∑

U∈U
χU ⊗AU∗f,
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where{χU : U ∈ U} is the orthonormal basis forl2(U). And theframe operatorof A is defined as

SA : H → H, SAf =
∑

U∈U
UA∗AU∗f.

For an abstract wavelet systemU = U1U0 on H, if M ⊂ H is a complete wandering subspace

for U1, i.e., [U1M ] := span
U1∈U1

U1M = H andU1M⊥V1M for anyU1, V1 ∈ U1 with U1 6= V1, then

U is calledsemi-orthogonal. If A ∈ B(H,K) is ag-frame generator forU and[U0A
∗K] = M , A is

calleda semi-orthogonal g-frame generatorfor U .

2. DILATIONS OF G-FRAME GENERATORS FORWAVELET SYSTEMS

Different from theg-frame generators for a unitary operator group, not everyg-frame generator for

a unitary system has the dilation property. For ag-frame generator with respect to a special unitary

system, we have the following result. For anyU ∈ U , whereU is an abstract wavelet system, we

denoteU = U1U0, whereU1 ∈ U1, U0 ∈ U0.

Proposition2.1 — LetU be an abstract wavelet system onH, T ∈ B(H, K) be a complete

wandering operator forU . If A ∈ B(H,K) is a semi-orthogonal complete Parsevalg-frame generator

for U , then there are a Hilbert spacẽH ⊃ H, a wavelet systemσ(U) =: {σU : U ∈ U} on H̃, and

a complete wandering operatorC ∈ B(H̃,K) for σ(U), such thatA = CP , U = σU P andH is

σ(U)-invariant, whereP is the orthogonal projection from̃H ontoH.

PROOF : For anyf ∈ H, we definẽθAf =
∑

U∈U
UT ∗AU∗f . Then

θ̃∗AV T ∗k =
∑

U∈U
UA∗TU∗V T ∗k = V A∗k, ∀ V ∈ U , k ∈ K.

Sinceθ̃∗AT ∗k = A∗k, we haveV θ̃∗AT ∗k = θ̃∗AV T ∗k. As A ∈ B(H, K) is a semi-orthogonal

g-frame generator, we get

θ̃AV A∗k =
∑

U∈U
UT ∗AU∗V A∗k =

∑

U0∈U0

V1U0T
∗AU∗

0 V0A
∗k = V θ̃AA∗k.

Let PA = θ̃Aθ̃∗A. ThenPA is the orthogonal projection fromH onto rañθA. Therefore,

PAV T ∗k = θ̃Aθ̃∗AV T ∗k = θ̃AV θ̃∗AT ∗k

= θ̃AV A∗k = V θ̃AA∗k = V θ̃Aθ̃∗AT ∗k

= V PAT ∗k.
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Moreover,P⊥
A V T ∗k = V P⊥

A T ∗k. Let B = TP⊥
A ∈ B(H, K). ThenB is ag-Bessel generator

for U . Let H̃ = H ⊕ (ranθA)⊥. We claim thatA ⊕ B is a complete wandering operator forσ(U),

whereσ(U) := {σU = U ⊕ U : U ∈ U} is an abstract wavelet system oñH obviously.

In fact,

UA∗ ⊕ UB∗ = θ∗AUT ∗ ⊕ UP⊥
A T ∗ = θ∗AUT ∗ ⊕ P⊥

A UT ∗

= (θ∗A ⊕ P⊥
A )(PAUT ∗ ⊕ P⊥

A UT ∗),

where

(
θ∗A 0

0 P⊥
A

)
:

(
ranPA

ranP⊥
A

)
→

(
H

ranP⊥
A

)
is unitary sinceA is a complete Parsevalg-frame

generator.

BecauseTU∗PA ⊕ TU∗P⊥
A = TU∗PA + TU∗P⊥

A = TU∗ for anyU ∈ U , we haveA ⊕ B is a

complete wandering operator forσ(U). 2

For an abstract wavelet systemU , the dualg-frame generator of a semi-orthogonal completeg-

frame generatorA ∈ B(H, K) with the same structure exists, but it may not have the semi-orthogonal

property. We give a result about the existence of the dualg-frame generator with the same structure.

Theorem2.2— LetU be an abstract wavelet system onH, A ∈ B(H, K) be a semi-orthogonal

complete g-frame generator forU andM = [U0A
∗K]. Then

(1) the frame operatorSA satisfiesSt
AUf = USt

Af for anyf ∈ M, t ∈ Q.

(2) ASt
A is a g-frame generator forU .

(3) A(I − St
A)p is a semi-orthogonal g-Bessel generator forU , p ∈ Q, when||SA|| ≤ 1.

PROOF : Let MU1 = [U1M ] = [U1U0A
∗K] for anyU1 ∈ U1. For everyg ∈ MU1 , we define

SU1,Ag =
∑

U0∈U0

U1U0A
∗AU∗

0 U∗
1 g.

SinceM ⊂ H is a complete wandering subspace forU1, for anyf ∈ [U1M ], we obtain

SAf =
∑

U∈U
UA∗AU∗f = ⊕

U1∈U1

SU1,Af = SU1,Af.
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For anyk ∈ K,

SU1,AU1U0A
∗k =

∑

V0∈U0

U1V0A
∗AV ∗

0 U∗
1 U1U0A

∗k

=
∑

V0∈U0

U1U0U
∗
0 V0A

∗AV ∗
0 U0A

∗k

= U1U0

∑

V0∈U0

V0A
∗AV ∗

0 A∗k

= U1U0SI,AA∗k, ∀ U1 ∈ U1, U0 ∈ U0.

On the other hand, forU0 ∈ U0,

SI,AU0A
∗k =

∑

V0∈U0

V0A
∗AV ∗

0 U0A
∗k

=
∑

V0∈U0

U0U
∗
0 V0A

∗AV ∗
0 U0A

∗k

= U0

∑

V0∈U0

V0A
∗AV ∗

0 A∗k

= U0SI,AA∗k, ∀ U0 ∈ U0.

Noting thatU0 is a unitary group, thenSI,AU0f = U0SI,Af for everyf ∈ M , U0 ∈ U0. So for

eachU1 ∈ U1,

SAU1U0A
∗k = SU1,AU1U0A

∗k = U1U0SI,AA∗k = U1SI,AU0A
∗k.

Hence, for anyf ∈ M ,

SAU1f = U1SI,Af, U∗
1 SAU1f = SI,Af.

SoU∗
1 St

AU1f = St
I,Af , t ∈ Q. SinceU0A

∗k ∈ M for U0 ∈ U0, we obtain

St
AUA∗k = U1S

t
I,AU0A

∗k = U1U0S
t
I,AA∗k = USt

AA∗k.

Therefore,ASt
A is a semi-orthogonal completeg-frame generator forU , asSA is invertible.

Moreover, for everyf ∈ M , (I − U∗
1 St

AU1)f = (I − St
I,A)f . If ||SA|| ≤ 1, we get

U∗
1 (I − St

A)pU1f = (I − St
I,A)pf.

BecauseSAf = SI,Af , we have

(I − St
A)f = (I − St

I,A)f, (I − St
A)pf = (I − St

I,A)pf.
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Then

(I − St
A)pUA∗k = U1(I − St

I,A)pU0A
∗k

= U1U0(I − St
I,A)pA∗k

= U(I − St
A)pA∗k.

Hence,A(I − St
A)p is a semi-orthogonalg-Bessel generator forU .

In the following we will explain the relations betweeng-frame generators forU0 on M andg-

frame generators forU onH.

Lemma2.3 — LetU be an abstract wavelet system onH, M be a complete wandering subspace

for U1. SupposeA ∈ B(H, K) such that[U0A
∗K] ⊂ M . ThenAU∗0 is ag-Bessel sequence (respec-

tively, g-frame,g-Riesz basis,g-orthonormal basis) onM if and only if AU∗ a g-Bessel sequence

(respectively,g-frame,g-Riesz basis,g-orthonormal basis ) onH.

PROOF : For anyf1 ∈ [U1M ], U1 ∈ U1, we define

θA,U1f =
∑

U0∈U0

χU1U0 ⊗AU∗
0 U∗

1 f.

For U1 ∈ U1, let PU1 be the orthogonal projection fromH onto [U1M ]. Let PU1f = U1g1, g1 ∈
M, ∀ f ∈ H. Then

||θAf ||2 =
∑

U∈U
||AU∗f ||2 =

∑

U1∈U1

∑

U0∈U0

〈AU∗f,AU∗f〉

=
∑

U1∈U1

∑

U0∈U0

〈UA∗AU∗f, f〉

=
∑

U1∈U1

∑

U0∈U0

〈UA∗AU∗U1g1, U1g1〉

=
∑

U1∈U1

∑

U0∈U0

〈U0A
∗AU∗

0 g1, g1〉

=
∑

U1∈U1

∑

U0∈U0

||AU∗
0 g1||2 =

∑

U1∈U1

||θI,Ag1||2.

If AU∗0 has an upperg-Bessel boundbA, we get

∑

U1∈U1

||θI,AgU1 ||2 ≤ bA

∑

U1∈U1

||g1||2 = bA

∑

U1∈U1

||U1g1||2

= bA

∑

U1∈U1

||PU1f ||2 = bA||f ||2,
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which impliesbA is an upper bound forAU∗. Similarly, if AU∗0 has a lowerg-frame boundaA, then

aA||f ||2 = aA

∑

U1∈U1

||PU1f ||2 = aA

∑

U1∈U1

||U1gU1 ||2

= aA

∑

U1∈U1

||gU1 ||2 ≤
∑

U1∈U1

||θI,AgU1 ||2.

It means thataA is a lower frame bound ofAU∗.

The converse is obvious sinceθAf = θI,Af for anyf ∈ M , by the semi-orthogonality ofA.

We only consider the case ofg-Riesz basis and the other cases are similar.

In fact, forf ∈ H,

θAf =
∑

U∈U
χU ⊗AU∗f =

∑

U1∈U1

∑

U0∈U0

χU1U0 ⊗AU∗
0 U∗

1 f

=
∑

U1∈U1

θA,U1PU1f.

For anyU1 ∈ U1, there is a unitary operatorλU1 : l2(U0) → l2(U1U0) such thatχU1U0 = λU1
χU0

for eachU0 ∈ U0. Then we have

χU1U0 ⊗I = (λU1 ⊗ I)(χU0 ⊗I).

Hence, for anyf ∈ M , there exists anf1 ∈ [U1M ] such thatU1f = f1, then we have

(λU1 ⊗ I)θA,If =
∑

U0∈U0

χU1U0 ⊗AU∗
0 U∗

1 f1 = θA,U1U1f.

Therefore,θA is surjective if and only ifθA,I is surjective.

SupposeBU∗ is a dualg-frame ofAU∗. For anyf ∈ M , we have

f =
∑

U∈U
UB∗AU∗f =

∑

U0∈U0

U0B
∗AU∗

0 f.

Hence,[U0A
∗K] ⊂ [U0B

∗K]. It is easy to get that a dualg-frame generatorB satisfies[U0B
∗K] ⊂

M if and only if B is semi-orthogonal. And in this case we have[U0A
∗K] = [U0B

∗K]. By Theorem

2.2, the canonical dualg-frame generatorAS−1
A has the property that[U0A

∗K] = [U0(AS−1
A )∗K].

Lemma2.4 — LetU be an abstract wavelet system onH, M be a complete wandering subspace

for U1. If A,B ∈ B(H, K) areg-Bessel generators forU such that[U0A
∗K], [U0B

∗K] ⊂ M . Then

A,B ∈ B(H, K) are dualg-frame generators forU on H if and only if A,B ∈ B(H,K) are dual

g-frame generators forU0 onM .
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PROOF: SupposeA,B ∈ B(H, K) are dualg-frame generators forU0 onM . For everyf, g ∈ H,

let PU1f = U1f1, PU1g = U1g1, wherePU1 is the orthogonal projection fromH onto [U1M ] and

f1, g1 ∈ M . We get

〈
∑

U∈U
UB∗AU∗f, g〉 = 〈

∑

U∈U
UB∗AU∗f, PU1g〉

= 〈
∑

U1∈U1

∑

U0∈U0

U1U0B
∗AU∗f, U1g1〉

=
∑

U1∈U1

∑

U0∈U0

〈f, UA∗BU∗
0 g1〉

=
∑

U1∈U1

∑

U0∈U0

〈f1, U0A
∗BU∗

0 g1〉

=
∑

U1∈U1

〈f1, g1〉 =
∑

U1∈U1

〈U1f1, U1g1〉

=
∑

U1∈U1

〈PU1f, PU1g〉 = 〈f, g〉.

On the other hand, ifA,B ∈ B(H,K) are dualg-frame generators forU on H, for anyf ∈
M, g ∈ H, we obtain

〈f, g〉 = 〈
∑

U∈U
UB∗AU∗f, g〉

= 〈
∑

U1∈U1

∑

U0∈U0

U1U0B
∗AU∗

0 U∗
1 f, g〉

=
∑

U0∈U0

〈f, U0A
∗BU∗

0 g〉.

Hence,f =
∑

U0∈U0

U0B
∗AU∗

0 f , and soA,B ∈ B(H, K) are dualg-frame generators forU0 on

M . 2

We can also obtain a dilation result of the dualg-generators.

Proposition2.5 — LetU be an abstract wavelet system onH, T ∈ B(H,K) be a complete

wandering operator forU . If A ∈ B(H,K) is a semi-orthogonal completeg-frame generator for

U , andB ∈ B(H, K) is a dualg-frame generator such that[U0A
∗K] = [U0B

∗K] , then there are

a Hilbert spaceH̃ ⊃ H, a wavelet systemσ(U) =: {σU : U ∈ U} on H̃ and dualg-Riesz basis

generatorsC, D ∈ B(H̃,K) for σ(U), such thatA = CP, B = DP , U = σU P andH is σ(U)-

invariant, whereP is the orthogonal projection from̃H ontoH.
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PROOF : For everyf ∈ H andg-Bessel generatorΓ ∈ B(H, K) for U . We define

θ̃Γf =
∑

U∈U
UT ∗ΓU∗f.

Let Ω = [U0T
∗K], M = [U0A

∗K] = [U0B
∗K]. Obviously,Ω,M are complete wandering

subspaces forU1. For eachU1 ∈ U1, f ∈ [U1M ], we define

θ̃U1,Af =
∑

V0∈U0

U1V0T
∗AV ∗

0 U∗
1 f.

So ranθ̃U1,A ⊂ [U1Ω]. SincePU1f ∈ [U1M ] for everyf ∈ H, wherePU1 denotes the orthogonal

projection fromH onto[U1M ], we can easily get

θ̃APU1f =
∑

V ∈U
V T ∗AV ∗PU1f = θ̃U1,APU1f.

We only need to consider the dilation with respect toM . By Lemma 2.4,A,B are dualg-frame

generators forU0 onM . Obviously, we getranθ̃I,A, ranθ̃I,B ⊂ Ω. Let PI,A, P⊥
I,A, PI,B andP⊥

I,B be

the orthogonal projections fromΩ ontoranθ̃I,A, NA := Ωªranθ̃I,A, ranθ̃I,B andNB := Ωªranθ̃I,B

respectively.

We can directly obtain

PI,A = θ̃
I,AS

− 1
2

I,A

θ̃∗
I,AS

− 1
2

I,A

= θ̃I,AS−1
I,Aθ̃∗I,A,

whereSI,A = θ̃∗I,Aθ̃I,A is invertible onM . Moreover, asPI,Aθ̃I,B = θ̃I,AS−1
I,A, we havePI,API,B is

invertible fromranθ̃I,B ontoranθ̃I,A. Hence,P⊥
I,AP⊥

I,B is invertible fromNB ontoNA.

Let H0 := M ⊕NB, σU0 := U0 ⊕ U0 for everyU0 ∈ U0. Let C = A⊕ TP⊥
I,B. Then

σU0C
∗ = U0A

∗ ⊕ U0P
⊥
B T ∗ = U0A

∗ ⊕ P⊥
B U0T

∗,

asU0 is a unitary group. Therefore, for anyx ∈ M,y ∈ NB, we obtain

θ̃I,C(x⊕ y) =
∑

U0∈U0

U0T
∗Cσ∗U0

(x⊕ y)

=
∑

U0∈U0

U0T
∗(AU∗

0 x + TU0
∗P⊥

B y)

= θ̃I,Ax + P⊥
B y.

Let Q = θ̃I,Aθ̃∗I,B. ThenQ2 = Q by the dualities ofA andB, which means

Ω = ranθ̃I,A u NB = ranθ̃I,B u NA.
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Thusθ̃I,C is invertible fromH0 ontoΩ, which impliesC is ag-Riesz basis generator forσ(U0) :=

{σU0 : U0 ∈ U0} onH0.

Moreover, letσU1 := U1 ⊕ U1 for eachU1 ∈ U1 and

σ(U) = σ(U1)σ(U0) := {σU = σU1σU0 : U1 ∈ U1, U0 ∈ U0}.

Let H̃ = [σ(U)1H0] andP be the orthogonal projection from̃H ontoH. SoH is σ(U)-invariant

andC ∈ B(H̃, K) is ag-Riesz basis generator forσ(U) on H̃ by Lemma 2.3, asH0 is a complete

wandering subspace forσ(U1) andA = CP .

Let D = B ⊕ TP⊥
I,Aτ∗ andρ = P⊥

I,AP⊥
I,B, whereτ : NA → NB such thatτP⊥

I,AP⊥
I,B = P⊥

I,B.

Thenρ is invertible fromNB ontoNA. For everyh ∈ NB, U0 ∈ U0,

ρU0h = P⊥
I,AP⊥

I,BU0h = U0ρh.

ThusτU0h = U0τh for eachh ∈ NA. And then

σU0D
∗ = U0B

∗ ⊕ U0τP⊥
A T ∗ = U0B

∗ ⊕ τP⊥
A U0T

∗.

Obviously,TU0P
⊥
A τ∗ is ag-frame forNB. Therefore,TP⊥

A τ∗ is ag-frame generator forU0 on NB

sinceU0 is a unitary group.

For anyx ∈ M, y ∈ NB, we get

θ̃I,D(x⊕ y) =
∑

U0∈U0

U0T
∗Dσ∗U0

(x⊕ y)

=
∑

U0∈U0

U0T
∗(BU∗

0 x + TP⊥
A τ∗U∗

0 y)

= θ̃I,Bx + P⊥
A τ∗y.

Similarly, θ̃I,D is invertible fromH0 ontoΩ by Ω = ranθ̃I,B uNA, which impliesD is ag-Riesz

basis generator forσ(U0) onH0. Moreover,D ∈ B(H̃,K) is ag-Riesz basis generator forσ(U) on

H̃ by Lemma 2.3 andB = DP .



DILATIONS OF DUAL g-FRAME GENERATORS 601

Finally, we will show the dualities ofC andD. In fact, for everyx, x1 ∈ M,y, y1 ∈ H0,

∑
U0∈U0

〈σU0C
∗Dσ∗U0

(x⊕ y), x1 ⊕ y1〉

=
∑

U0∈U0

〈(U0A
∗ ⊕ P⊥

B U0T
∗)(BU∗

0 ⊕ TU∗
0 P⊥

A τ∗)(x⊕ y), x1 ⊕ y1〉

=
∑

U0∈U0

〈(BU∗
0 ⊕ TU∗

0 P⊥
A τ∗)(x⊕ y), (AU∗

0 ⊕ TU∗
0 P⊥

B )(x1 ⊕ y1)〉

=
∑

U0∈U0

〈BU∗
0 x + TU∗

0 P⊥
A τ∗y, AU∗

0 x1 + TU∗
0 P⊥

B y1〉

=
∑

U0∈U0

〈BU∗
0 x,AU∗

0 x1〉+
∑

U0∈U0

〈BU∗
0 x, TU∗

0 P⊥
B y1〉

+
∑

U0∈U0

〈TU∗
0 P⊥

A τ∗y, AU∗
0 x1〉+

∑
U0∈U0

〈TU∗
0 P⊥

A τ∗y, TU∗
0 P⊥

B y1〉.

= 〈θ̃Bx, θ̃Ax1〉+ 〈θ̃Bx, P⊥
B y1〉+ 〈P⊥

A τ∗y, θ̃Ax1〉+ 〈P⊥
A τ∗y, P⊥

B y1〉
= 〈x, x1〉+ 〈y, y1〉 = 〈x⊕ y, x1 ⊕ y1〉.

ThenC,D ∈ B(H0, K) are dualg-frame generators forσ(U0) on H0. Moreover, they are dual

g-frame generators forσ(U) on H̃ by Lemma 2.3.

3. DILATION OF DUAL G-FRAME GENERATORS FORUNITARY GROUPS

In this section, we study the dilation properties of the dualg-frame generators forU , whenU1 is

trivial, which impliesU = U0 is a unitary operator group.

The following is a result similar to Proposition 2.5, but the condition is weaker since it is for a

unitary group.

Proposition3.1 — LetU = U0 be a trivial abstract wavelet system onH, the followings are

equivalent:

(1) A ∈ B(H,K) is a completeg-frame generator forU , andB ∈ B(H,K) is a dualg-frame

generator forA.

(2) There are a Hilbert spacẽH ⊃ H, a unitary operator groupσ(U) := {σU : U ∈ U} on H̃

and a pair of dualg-Riesz basis generatorsC,D ∈ B(H̃, K) for σ(U), such thatH is σ-invariant,

A = CP,B = DP andU = σU P , whereP is the orthogonal projection from̃H ontoH.

PROOF: Let Λ(U) := {ΛU := λU⊗IK ∈ B(l2(U)⊗K), U ∈ U}, whereλ(U) is the left regular

representation ofU on l2(U). For anyf ∈ H, we have

θAf =
∑

U∈U
χU ⊗AU∗f =

∑

U∈U
λU χI ⊗AU∗f =

∑

U∈U
ΛU (χI ⊗AU∗f).
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Similar as Proposition 2.5, we can easily getPA = θAS−1
A θ∗A, PB = θBS−1

B θ∗B, wherePA, PB

are respectively the orthogonal projections froml2(U) ⊗ K onto ranθA and ranθB. Then we get

PAPB is invertible fromranθB ontoranθA andP⊥
A P⊥

B is invertible from(ranθB)⊥ onto(ranθA)⊥.

Let H̃ = H ⊕ (ranθB)⊥ andσU = U ⊕ ΛU for eachU ∈ U . Obviously,H is σ-invariant.

Let C = A ⊕ QIP
⊥
B , whereQU : l2(U) ⊗K → K is a complete wandering operator forΛ(U) on

l2(U)⊗K by [17, Proposition 11] for anyU ∈ U . Then

σUC∗ = UA∗ ⊕ ΛUP⊥
B Q∗

I = UA∗ ⊕ P⊥
B ΛUQ∗

I ,

asU is a unitary group.

Therefore, for anyx ∈ H, y ∈ (ranθB)⊥, we have

θC(x⊕ y) =
∑

U∈U
χU ⊗Cσ∗U (x⊕ y)

=
∑

U∈U
χU ⊗(AU∗x + QIΛ∗UP⊥

B y)

= θAx + P⊥
B y.

Let Q = θAθ∗B. ThenQ2 = Q by the dualities ofA andB, which means

l2(U)⊗K = ranθA u (ranθB)⊥ = ranθB u (ranθA)⊥.

ThusθC is invertible fromH̃ onto l2(U) ⊗K, which impliesC is ag-Riesz basis generator for

σ(U) := {σU : U ∈ U} on H̃, andA = CP , whereP is the orthogonal projection from̃H ontoH.

Let D = B ⊕QIP
⊥
A τ∗ andρ = P⊥

A P⊥
B , whereτ : (ranθA)⊥ → (ranθB)⊥ such thatτP⊥

A P⊥
B =

P⊥
B . Let Λ1(U) = P⊥

A ΛUP⊥
A , Λ2(U) = P⊥

B ΛUP⊥
B . Then for everyu ∈ (ranθB)⊥, we have

ρΛ2(U)u = ρP⊥
B ΛUP⊥

B u = P⊥
A P⊥

B P⊥
B ΛUP⊥

B u

= ΛUP⊥
A P⊥

B u = P⊥
A ΛUP⊥

A ρu

= Λ1(U)ρu.

ThenτΛ1(U)v = Λ2(U)τv for anyv ∈ (ranθA)⊥. Thus we get

σUD∗ = UB∗ ⊕ ΛUτP⊥
A Q∗

I = UB∗ ⊕ τP⊥
A ΛUQ∗

I .

Obviously,QIΛ(U)P⊥
A τ∗ is ag-frame for(ranθB)⊥. Therefore,QIP

⊥
A τ∗ is ag-frame generator

for Λ(U) on (ranθB)⊥.
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For anyx ∈ H, y ∈ (ranθB)⊥, we get

θD(x⊕ y) =
∑

U∈U
χU ⊗Dσ∗U (x⊕ y)

=
∑

U∈U
χU ⊗(BU∗x + QIP

⊥
A τ∗Λ∗Uy)

= θBx + P⊥
A τ∗y.

Similarly, θD is invertible fromH̃ onto l2(U) ⊗K by l2(U) ⊗K = ranθB u (ranθA)⊥, which

impliesD is ag-Riesz basis generator forσ(U) on H̃, andB = DP .

Finally, we will show the dualities ofC andD. In fact, for everyx, x1 ∈ H andy, y1 ∈ (ranθB)⊥,
∑

U∈U
〈σUC∗Dσ∗Ux⊕ y, x1 ⊕ y1〉

=
∑

U∈U
〈(UA∗ ⊕ P⊥

B ΛUQ∗
I)(BU∗ ⊕QIΛ∗UP⊥

A τ∗)(x⊕ y), x1 ⊕ y1〉

=
∑

U∈U
〈(BU∗ ⊕QIΛ∗UP⊥

A τ∗)(x⊕ y), (AU∗ ⊕QIΛ∗UP⊥
B )(x1 ⊕ y1)〉

=
∑

U∈U
〈BU∗x + QIΛ∗UP⊥

A τ∗y, AU∗x1 + QIΛ∗UP⊥
B y1〉

=
∑

U∈U
〈BU∗x,AU∗x1〉+

∑

U∈U
〈BU∗x,QIΛ∗UP⊥

B y1〉

+
∑

U∈U
〈QIΛ∗UP⊥

A τ∗y, AU∗x1〉+
∑

U∈U
〈QIΛ∗UP⊥

A τ∗y, QIΛ∗UP⊥
B y1〉.

= 〈θBx, θAx1〉+ 〈θBx, P⊥
B y1〉+ 〈P⊥

A τ∗y, θAx1〉+ 〈P⊥
A τ∗y, P⊥

B y1〉
= 〈x, x1〉+ 〈y, y1〉 = 〈x⊕ y, x1 ⊕ y1〉.

ThenC, D ∈ B(H̃,K) are dualg-frame generators forσ(U) on H̃.

The converse is obvious sinceU = σU P andH is σ-invariant.

If a complete wandering operator forU = U0 exists, the dilation ofg-frame dual generators for a

subspace is not true in general. In the following we will show the dilation of dualg-frame generators

for a subspace. IfT ∈ B(H, K) is a complete wandering operator forU , for anyg-Bessel generator

Γ ∈ B(H,K), we definẽθΓ as

θ̃Γf =
∑

U∈U
UT ∗ΓU∗f , ∀ f ∈ H.

Proposition3.2 — LetU = U0 be a trivial abstract wavelet system onH, T ∈ B(H,K) be a

complete wandering operator forU andM ⊂ H such thatUM ⊂ M . If A ∈ B(H, K) is ag-frame
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generator forU onM , andB ∈ B(H, K) is a dualg-frame generator ofA onM . Then the followings

are equivalent:

(1) There exists a pair of dualg-Riesz generatorsC, D ∈ B(H,K) for U on H such thatA =

CP,B = DP , whereP is the orthogonal projection fromH ontoM .

(2) P⊥ ∼ Q⊥
B, whereQB is the orthogonal projection fromH ontoranθ̃B.

PROOF : For anyg-Bessel generatorΓ ∈ B(H, K) for U onH, by the definition of̃θΓ, we have

θ̃Γ ∈ U ′. Hence, there exists a partial isometryVΓ with the initial space(kerθ̃Γ)⊥ and the final space

ranθ̃Γ such that̃θΓ = VΓS
1
2
Γ by the polar decomposition of̃θΓ. Then we getVΓ ∈ U ′ sinceU ′ is a von

Neumann algebra, andV ∗
Γ VΓ, VΓV ∗

Γ are the orthogonal projection fromH onto ranV ∗
Γ andranVΓ

respectively.

For g-frame generatorsA andB, we can get two partial isometric operatorsVA, VB ∈ U ′ such

that

(kerVA)⊥ = (kerθ̃A)⊥ = M = (kerVB)⊥ = (kerθ̃B)⊥,

and

ranVA = rañθA, ranVB = rañθB.

Therefore,

P = V ∗
AVA = V ∗

BVB, QA = VAV ∗
A, QB = VBV ∗

B,

whereP , QA, QB are the orthogonal projections fromH ontoM , ranθ̃A, ranθ̃B respectively. Con-

sequencely,P, QA, QB ∈ U ′.

If P⊥ ∼ Q⊥
B, we will construct the dualg-Riesz basis generators next. In fact, there exists a

partial isometryF ∈ U ′ with the initial space(rañθB)⊥ and the final spaceM⊥ such thatP⊥ =

FF ∗, Q⊥
B = F ∗F . Let C = A + TF ∗ ∈ B(H, K). We claimC is ag-Riesz basis generator forU

onH.

We can easily obtaiñθC = θ̃A + F ∗. For anyf ∈ H, since θ̃∗Bf ∈ (kerθ̃A)⊥ = M and

θ̃∗Aθ̃B = θ̃∗B θ̃A = IM = P , we havẽθ∗B θ̃A(θ̃∗Bf) = θ̃∗Bf . Thusθ̃∗B(f − θ̃Aθ∗Bf) = 0, which means

f − θ̃Aθ̃∗Bf ∈ kerθ̃∗B = (rañθB)⊥ = ranF ∗.

Hence, there is ag ∈ M⊥ such thatF ∗g = f − θ̃Aθ̃∗Bf .

Let h = g + θ̃∗Bf . We getθ̃Ah = θ̃Aθ̃∗Bf, F ∗h = F ∗g. Then

θ̃Ch = θ̃Ah + F ∗h = θ̃Aθ̃∗Bf + F ∗g = f,
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which impliesθ̃C is surjective.

Let θ̃Cf = θ̃Af + F ∗f = 0 for f ∈ H. Then

θ̃APf = −F ∗P⊥f ∈ (rañθB)⊥ = kerθ̃∗B.

Therefore,̃θ∗B θ̃APf = 0, which meansPf = 0. Thus we obtainF ∗P⊥f = 0. SinceF ∗ is an

isometry onM⊥, we haveP⊥f = 0. Thenf = 0. Hence,̃θC is injective.

Consequently,CU is ag-Riesz basis onH. Let D = CS−1
C ∈ B(H, K), whereSC is the frame

operator ofCU . SinceS−1
C ∈ U ′, we getD is the (unique) canonical dualg-frame generator ofC for

U onH.

Let D = E + Z ∈ B(H, K), whereE ∈ B(M, K), Z ∈ B(M⊥,K). We need to show

B = E = DP .

In fact, for anyf ∈ M , g ∈ H, we get

〈f, g〉 =
∑

U∈U
〈UD∗CU∗f, g〉 =

∑

U∈U
〈CU∗Pf,DU∗Pg〉

=
∑

U∈U
〈CPU∗f,DPU∗g〉 =

∑

U∈U
〈AU∗f,EU∗g〉

=
∑

U∈U
〈UE∗AU∗f, g〉.

ThusE,A are dualg-frame generators forU onM . On the other hand, asZU∗f = DP⊥U∗Pf =

DU∗P⊥Pf = 0 for anyf ∈ M , for everyh ∈ H, we have

〈f, h〉 =
∑

U∈U
〈UC∗DU∗f, h〉 =

∑

〈U∈U
〈U(A + TF ∗)∗(E + Z)U∗f, h〉

=
∑

U∈U
〈EU∗f,AU∗h〉+

∑

U∈U
〈EU∗f, TU∗F ∗h〉

+
∑

U∈U
〈ZU∗f,AU∗h〉+

∑

U∈U
〈ZU∗f, TU∗F ∗h〉

=
∑

U∈U
〈UA∗EU∗f, h〉+

∑

U∈U
〈UT ∗EU∗f, F ∗h〉

= 〈f + F θ̃Ef, h〉.

ThusF θ̃Ef = 0, θ̃Ef ∈ kerF = rañθB. So there existsg ∈ M such that̃θEf = θ̃Bg, then

f = θ̃∗Aθ̃Ef = θ̃∗Aθ̃Bg = g.
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which meansB = E.

For the converse, suppose that there exist dualg-Riesz generatorsC,D ∈ B(H,K) for U on H

such thatA = CP, B = DP , whereP is the orthogonal projection fromH ontoM . Let F = CP⊥.

Thenθ̃F = θ̃C − θ̃A sinceP ∈ U ′. SoF is ag-frame generator forU onM⊥. Then forf ∈ M⊥, we

get

θ̃∗B θ̃F f = θ̃∗B(θ̃C − θ̃A) = P θ̃∗Dθ̃Cf − θ̃∗B θ̃Af = 0.

Thus rañθF ⊂ ker̃θ∗B = (rañθB)⊥. Sinceθ̃C is invertible, for everyf ∈ (rañθB)⊥ ª rañθF , there

exists ag ∈ H such that

θ̃Cg = θ̃Ag + θ̃F g = f ∈ (rañθB)⊥.

It follows that

θ̃Ag = f − θ̃F g ∈ (rañθB)⊥.

By the dualities ofA andB, we haveH = rañθA u (rañθB)⊥, which impliesθ̃Ag = 0, g ∈ ker̃θA =

M⊥. Hence,f = θ̃F g ∈ rañθF . Thenf = 0, which shows̃θF : M⊥ → (rañθB)⊥ is invertible. By

the polar decomposition of̃θF , we havẽθF = VF S
1
2
F . ThenVF ∈ U ′, andP⊥ = V ∗

F VF , Q⊥
B = VF V ∗

F ,

which impliesP⊥ ∼ Q⊥
B.

In general, for a generalg-frame, or a general vector-valued frame, there exists another case

of dilation with respect to a projection(idempotent operator) from a larger space ontoH, which is

equivalent to the existence of a dual Parsevalg-frame. Next, we will show the equivalence of this

case for theg-frame generators.

Proposition3.3 — LetU = U0 be a trivial abstract wavelet system onH. If A ∈ B(H, K) is a

completeg-frame generator forU , then the followings are equivalent:

(1) There is a complete Parsevalg-frame generatorB ∈ B(H,K) for U , which is a dualg-frame

generator ofA.

(2) PC ≤ P⊥
A and1 ≤ aA, wherePA, PC are the orthogonal projections froml2(U) ontoranθA,

ranθC respectively,C ∈ B(H, K) is a Parsevalg-frame generator forU onM := ran(I − S−1
A ) and

aA is the lower bound ofA.

(3) There is a Hilbert spacẽH ⊃ H, and a unitary operator groupσ(U) on H̃ such thatH is

σ-invariant,QH̃ = H, A = TQ∗, U = σU |H andUQ = QσU for any U ∈ U , whereQ is a

projection fromH̃ ontoH.

PROOF : (1) ⇔ (2).
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Similar as the proof of Proposition 3.1, letΛ(U) := {ΛU := λU ⊗ IK ∈ B(l2(U)⊗K), U ∈ U},
whereλ(U) is the left regular representation ofU on l2(U). By [17, Proposition 11],QU : l2(U) ⊗
K → K is a complete wandering operator forΛ(U) on l2(U)⊗K for U ∈ U .

For anyf ∈ H andg-Bessel generatorΓ ∈ B(H, K) for U , by the definition ofθΓ, we have

θΓf =
∑

U∈U
χU ⊗ΓU∗f =

∑

U∈U
ΛU (χI ⊗ΓU∗f).

SupposeB ∈ B(H,K) is a complete Parsevalg-frame generator and is a dualg-frame generator

of A.

For anyf ∈ H, we have||f ||2 = ||θ∗BθAf ||2 ≤ ||θAf ||2 by the dualities. SoaA ≥ 1.

Let D = B − AS−1
A ∈ B(H,K), whereSA is theg-frame operator forA. ThenD is obvious

a g-Bessel generator forU on H sinceS−1
A ∈ U ′. Moreover, we getθ∗DθD = I − S−1

A . Thus,

M = ran(I − S−1
A ) is a invariant subspace forU . We next show the existence of a Parsevalg-frame

generator forU onM .

In fact, by the polar decomposition ofθD, that is,θD = TS
1
2
D, whereT ∈ B(M, ranθD) is an

isometry. SinceΛUθD = θDU for everyU ∈ U , we have

ΛUTS
1
2
D = TS

1
2
DU = TUS

1
2
D.

Then, for everyf ∈ M , we haveΛUTf = TUf . Let C = QIT ∈ B(H, K). Thus

CU∗f = QITU∗f = QIΛ∗UTf,

asU is a group. Hence,C ∈ B(H, K) is a Parsevalg-frame generator forU on M , θC = T and

ranθC = ranθD.

Becauseθ∗DθA = (θ∗B − S−1
A θ∗A)θA = 0, we haveranθC ⊥ ranθA. So ranθC ⊂ (ranθA)⊥.

Hence,PC ≤ P⊥
A .

For the converse, supposePC ≤ P⊥
A and1 ≤ aA. Then0 ≤ I−S−1

A . Let τ = (I−S−1
A )

1
2 . Then

τ ∈ U ′ andM = ran(I − S−1
A ) = ranτ . We will construct the dual Parsevalg-frame generator ofA.

We claim there exists a Parsevalg-frame generatorE ∈ B(M, K) for U on M . In fact, let

E = AS
− 1

2
A P , whereP is the orthogonal projection fromH ontoM . BecauseM is U-invariant, we

obtainE is a Parsevalg-frame generator forU onM .

SincePC ≤ P⊥
A andΛ(U)′ is a von Neumann algebra, there exists a subprojectionQ ≤ P⊥

A such

thatPC ∼ Q. So there exists a partial isometry∆ ∈ Λ(U)′ such thatPC = ∆∆∗, Q = ∆∗∆. Let
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Ψ = QI∆∗θC . Then

ΨU∗ = QI∆∗θCU∗ = QI∆∗Λ∗UθC = QIΛ∗U∆∗θC .

Hence,Ψ is also a Parsevalg-frame generator forU onM and

ranθΨ = ranQ ⊂ (ranθA)⊥.

Let Φ = Ψτ ∈ B(M,K). ThusΦ is ag-Bessel generator forU on M sinceτ ∈ U ′. For every

f ∈ M , we obtainθΦf = θΨτf . Soθ∗AθΦf = θ∗AθΨτf = 0.

Let B = Φ + AS−1
A ∈ B(H, K). ThenB is ag-Bessel generator forU onM . Thus

θ∗BθB = (θΦ + θAS−1
A )∗(θΦ + θAS−1

A ) = τ2 + S−1
A = I,

which showsB is a complete Parsevalg-frame generator forU onH. On the other hand,

θ∗BθA = (θΦ + θAS−1
A )∗θA = I.

Therefore,B ∈ B(H, K) is a dualg-frame generator ofA.

(1) ⇔ (3).

SupposeB ∈ B(H, K) is a complete Parsevalg-frame generator, a dualg-frame generator of

A. By Proposition 3.1 or [15, Theorem 3.10], there exists a HilbertH̃ = H ⊕ (ranθB)⊥, a unitary

operator groupσ(U) := {σU = U ⊕ ΛU , U ∈ U} on H̃, a complete wandering operatorT =

B ⊕QIP
⊥
B ∈ B(H̃,K) for σ(U) on H̃ such thatU = σU |H , andH is σ-invariant.

Let Q = θ∗AθT ∈ B(H̃,H). For everyf ∈ H̃,

Qf =
∑

U∈U
UA∗T σ∗Uf.

SinceσV T ∗k ∈ H̃ for V ∈ U , for anyk ∈ K, we have

QσV T ∗k =
∑

U∈U
UA∗T σ∗U σV T ∗k = V A∗k.

Specially,

QT ∗k = A∗k, V QT ∗k = V A∗k = QσV T ∗k.

ThenV Q = QσV sinceU is a group. We also getQH̃ ⊂ H by the definition ofQ. We will showQ

is a projection withranQ = H. In fact, for anyf ∈ H,

Qf =
∑

U∈U
UA∗T σ∗UPf =

∑

U∈U
UA∗BUPf = f.
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Hence,H ⊂ QH̃. We obtainQ2 = Q, QH̃ = H.

For the converse, letB = TQP ∈ B(H, K), whereP from H̃ ontoH is the orthogonal projec-

tion. For eachU ∈ U , we obtain

BU∗ = TQPU∗ = TQ σ∗U P = TU∗QP = T σ∗U PQP = T σ∗U P.

Therefore,B ∈ B(H, K) is a complete Parsevalg-frame generator forU on H. For every

f, g ∈ H,

∑

U∈U
〈UA∗BU∗f, g〉 =

∑

U∈U
〈UA∗TQPU∗f, g〉

=
∑

U∈U
〈UQT ∗TQPU∗f, g〉

=
∑

U∈U
〈QσU T ∗T σ∗U QPf, g〉

= 〈QQPf, g〉 = 〈f, g〉.

ThenB ∈ B(H, K) is a dualg-frame generator ofA. 2
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