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In this paper, we obtain some relations between Noetherian and Artinian BL-algebras. Further,
we derive some theorems and lemmas for composition series, Artinian BL-argebera, as well as the
relations between Noetherian, Artinian and short exact sequences. We further study the Noethe-
rian and Artinian over homomorphism BL-algebras and obtain some new results concerning to
the essential deductive systems of BL-algebras.
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1. INTRODUCTION

BL-algebras are the algebraic structures fajé [3] basic logic in order to investigate many-valued
logic by algebraic means. He provided an algebraic counterpart of a propositional logic, called Ba-
sic Logic, which embodies a fragment common to some of the most important many-valued logics,
namely Lukasiewicz Logic, Gdel Logic and Product Logic [1]. This Basic Logic (BL for short) is
proposed as the most general many-valued logic with truth values in interval [0, 1] and BL-algebras
are the corresponding Lindenbaum Tarski algebras. Also, he provided an algebraic mean to study
continuous t-norms (or triangular norms) in [0, 1], [3]. The language of propositioakHbasic

logic (1998) contains the binary connectiveand=- and the constarit Axioms of BL are given as:

(AD) (p = ¥) = (¥ = w) = (¢ = w)).
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(A2) (poy) = ¢.

(A3) (o)) = (Yop) .

(A4) (o (¢ = ¥)) = (Yo (Y = ).

(A53) (p = (¢ = w)) = ((po)) = w).

(ASD) ((pov)) = w) = (¢ = (¢ = w)).

(AB) (¢ = ¥) = w) = (¥ = ¢) = w) = w).
(A7)0 = w.

Hajek [3] introduced the concepts of filters and prime filters in BL-algebras. From logical point

of view, filters correspond to sets of provable formula. E. Turunen studied some properties of filters
theory, which plays important role in studying logical algebras. He showed how BL-algebras can
be studied by deductive systems. Deductive systems correspond to subsets closed with respect to
Modus Ponens and they are called filters, too. Motamed and Moghaderi [6], introduced the notions
of Noetherian and Artinian on BL-algebras. They obtained some equivalent definitions of Noetherian
and Artinian BL-algebras and proved the Anderson and Cohen Theorems of rings theory in BL-
algebra. The same authors also introduced the short exact sequences in BL-algebras. In this paper,
we obtain some new results following [6].

The structure of the paper is as follows. In Section 2, we recall some definitions and results
about BL-algebras that we will use in the sequel. In Section 3, we define the notion of Noetherian
and Artinian BL-algebras and we drive some results about the relations between Noetherion and
Artinian, composition series, radical of a BL-algebra, finitely generated filters, short exact sequences
and essential deductive systems in BL-algebras.

2. PRELIMINARIES

In this section, we recall and review some definitions and results relevant to Noetherian (Artinian),
composition series, short exact sequence BL-algebra, which will be used throughout of the paper.

An algebra(A, A, V,®,—,0,1) of the type(2,2,2,2,0,0) is called a BL-algebra if for all
a, b, c € A satisfy the following axioms:

(BL1) (A, A,V,0,1) is a bounded lattice.
(BL2) (A, ®,1) is a commutative monoid.

(BL3) ® and— form an adjoint pair, i.eg < a — bifandonly ifa ©® ¢ < b.
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(BL4)aAb=a® (a — b).
(BL5) (a — b))V (b — a) = 1.
We will denotez =z — Oand 2=~ = (z), forallz € A.

Examples of BL-algebras [3] are t-algebrd (], A, vV, ®, —,0,1) where ([0,1]p,V,0,1) is
the usual lattice on [0,1] and, is a continuous t-norm, whereas, is the corresponding residuum.

Throughout of this paper by, we denote the universe of a BL-algebra.

A BL-algebra is nontrivial if0 # 1. For any BL-algebra4, the reductl.(A) = (A, A, V,0,1)
is a bounded distributive lattice. We denote the set of natural numbeksanyd definex’=1 and
a" = a" ' ®a, forn € N\ {0}.

Hajek [3] defined a filter of a BL-algebrd to be a nonempty subsét of A such that(i) if
a,b € F impliesa ®b € F (ii) if a € F, a < bthenb € F. E. Turunen [8] defined a deductive
system of a BL-algebral to be a nonempty subsét of A such that(i) 1€ D and(ii) x € D and
x — y € Dimply y € D. Note that a subsdt of a BL-algebraA is a deductive system of if and
only if F'is a filter of A [8]. Let F’ be a filter of a BL-algebral, thenF is proper filter if I # A.

A proper filter P of A is called a prime filter oA if forall z,y € A, x Vy € P impliesxz € P or
y € P. A proper filterP of A is prime if and only ifP can not be expressed as an intersection of two
filters properly containing® or equivalently, for allz,y € A, eitherr — y € Pory — x € P

[8].

If F', G and P are filters ofA, thenP is a prime filter ofA if and only if (G C P implies
FCPorGCP.

In [8], it can be seen that a proper filtéf of A is a maximal filter ofA if and only if for all
x ¢ M, there exists € N such that{™)~ € M. Every maximal filter ofA is a prime filter ofA [8].

The set of all filters, all prime filters of a BL-algebraand all maximal filters of a BL-algebra
are denote by (A), Spec(A) andMax(A), respectively. The filter oA generated by is denoted
by (X), whereX C A, inwhich(0)={1} and(X) ={a € A: 21022 ®,...,Ox, < a, for some
ne Nandxi,zo,...,x, € X} [5,8].

F € F (A) is called a finitely generated filter, # = (24, ..., z,), for somez; ...,z, € Aand
n € N. ForF € F (A) andz € A\F, defineF (z) = (FU{z}) orequallyF(z) ={a€ A:a>
f ©az™, forsomef € F,andn > 1.}

Remark2.1 : [2]. Let F' andG be two filters ofA such thatF" C G. It is evident that% is a
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filter of % Sinced is a filter, then it can be easily shown thlagte % if and only if ae G. Hence,

F(%) _ {%: He 1 (A), F C H).

Theorem2.2— [8]. Each maximal filterF' of a distributive latticeA is a prime filter.

Definition2.3 — [8]. Let A and B be two BL-algebras. A map : A — B defined on4, is
called a BL-homomorphismif, forall,y € A, f (x — y)=f(z) — f(y), f(x O y) = f ()
f(y)andf (04) = 0p. Also, defineker(f) ={a € A: f(a) =1} andIm(f) = {f(a) : a € A}.

Definition 2.4 — [9]. Let F' be a filter of BL-algebrad. By an F'-chain we mean a sequence
{F;|i=0,1,2,....,n} of filters of A such that

{1}=F0CF1CFQC"'CFn_lCFnZF,

where C is a strict inclusion, and: indicates the length of this chain. AR-chain{F; : i =
0,1,2,...,n}is called a composition series férif F; is covered byF'; 1, forany0 <i <n-—1,in
ordered sefF'(A),C), i.e.,{F; : i =0,1,2,...,n} is a maximalF-chain. We denote the smallest
length of a composition series fét by L (F') and if F has no composition series,(F') = oo . Itis
clear that in any BL-algebrd,({1}) = 0

Theorem2.5— [6]. Let A be an Artinian BL-algebra. TheM ax(A) is a finite set.

Definition 2.6 — [6]. A BL-algebraA is called Noetherian (Artinian), if for every increasing
(decreasing) chain of its filter8y; C F, C ...(F1 2 F» D ...), there exists» € N such that
F;, = F,, foralli > n.

Theorem2.7— [6]. Let A be a BL-algebraA is a Noetherian BL-algebra if and only if every
filter of A is finitely generated.

Lemma2.8 — [9]. Let F andG be two filters ofA such thatF" C G. Then the followings are
equivalent:

() Fis covered byG.
(i) < FU{z} >=G,foranyx € G — F.
(i) <z/F >=G/F,foranyz € G — F.

Proposition2.9 — [9]. Let F’ andG be two filters of BL-algebral such thatF’ C G andG has a
composition series, theh (F) < L (G).

Theorem2.10— [9]. Let F' be a filter ofA such thatL(F') = n, for somen € N. Then length of
any composition series fdr is n.
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Definition2.11 — [2]. The intersection of all maximal filters of a BL-Algebdais called radical
of A and denoted byRad(A).

Definition 2.12 — [6]. LetA;, Ay, A; be BL-algebras. A sequende— A, £, A 2,
A3 — 1 is called a short exact sequence of BL-algebrag; i§ a one to one homomorphism,
Vis an onto homomorphism and Ker= I, (¢). Also, by [9], letA;, Az, A5 be BL-algebras and
p: A1 — Asandy : Ay — As be two homomorphism. By a weak exact sequence of BL-algebra
we mean a sequench A Y, Az of BL-algebras such thater(¢) C Im(yp).

Theorem2.13— [9]. Let A1 A, A5 be BL-algebras andi; —2+ A, —— A be a weak exact
sequence such that is one to one and is onto. ThenA; is Noetherian (Artinian) BL-algebra if
and only ifA; and A3 are Noetherian (Artinian).

, - A .
Lemma2.14 — [6]. LetA be a Noetherian (Artinian) BL-algebra adte F(A). Thenf is a
Noetherian (Artinian) BL-algebra.

Theorem2.15— [6]. Let A be a BL-algebra. Thenl is a Artinian BL-algebra if and only if
every non-empty set of filters dfhas a minimal element.

Definition2.16 — [4]. LetA be a BL-Algebra. A proper deductive systemAis called essential
if DN E # {1}, for any deductive syster®® # {1} of A. In particular, for an essential deductive
systemD, D # {1}.

From [7, 8], for any non-void subsét of a BL-algebrad, aset':B = {x ¢ B | bV z = 1, for
all b € A} is called co-annihilator o8 and if D is an essential deductive system/nfthenlD isa
proper deductive system df. Therefore, by Proposition 20 of [7RN+ D = {1}, hence*D = {1}.

3. NOETHERIAN AND ARTINIAN ON BL-ALGEBRAS

In this section, regarding to the definitions of Noetherian (Artinian), composition series, and short
sequence BL-algebra and using above mentioned theorems, we drive theorems and obtain results of
one to one, onto, and finitely generated BL-algebra, in a short exact sequence of BL-algebras and
obtain the relation between Noetherian, Artinian, composition series, and short exact sequences of
BL-algebras.

Corollary 3.1 — From [6], we conclude that, 1 be a BL-algebra, then the following statements
are equivalent:

(i) A is a Noetherian BL-algebra.

(ii) every collection of filters ofA has a maximal element.
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(iii) every filter of A is finitely generated.

PROOF: (i) = (ii) Let {F;};cn be a collection of filters ofd. If F;, has no maximal element,
hence there exist8;, such thatF;, C F;, and if F;, has no maximal element, so there exiB}s
such that,F;, C Fj,. If we continue this procedure, we g}, C F;, C F;, C ..., whichis a

contradiction, sq F; }, ., has a maximal element.

1€N
(i) = (i) Let every collection of filters oA has a maximal element, and I8t C F» C ... be

an increasing chain of filters of. Let B = {F; : i € N} be a nonempty set of filters of. Since

B has a maximal element likE,,, so for alli > n, F; = F,. HenceA is a Noetherian BL-algebra

(similarly for Artinian BL-algebra).

(i) = (iii) Let A be a Noetherian BL-algebra aitbe a filter ofA which is not finitely generated
anda; € F . If < a; >¢ F, then there existg, € F such thatuy ¢< a1 >, hence< a; >C<
a1, az >. If one continues this procedure, can get; >C< aj,a2 >C< a1, aq,a3 >C ..., then
the above chain is nonstop and this is a contradiction. Therefoiefinitely generated filter ofl.

(iif) = (i) Let F; C F, C --- C F,, C ... be anincreasing chain of filters df soB = U° | F;
is a filter of A. SinceB is finitely generated, we havel_, F; =< a1, as, ..., a; >, whereas, for all
i # j,a; € Fy,aj € Fi,a; € Fp,. Thus, there exisF), such that< ay, as,...,a; >C F, = Fj11.
Therefore, there exista € N and there existay, as, ..., ar € F,,, such thatF,, = F,u1 = ...,
henceA is a Noetherian BL-algebra.

Theorem3.2— Let A be a BL-algebra and be a filter ofA which has a composition series and
L(F) = n, then every strict chain of' has< n terms.

PROOF: Let {1} = Gy c G1 C --- C Gj_1 C Gj, = G, be an strict chain of filters o, then
0=L{1} = L(Gy) C L(G1) C --- C L(Gx_1) C L(Gy) = L(G), henceL(G) > k and if GC F.
Definen < k, by Proposition 2.9, we havie(G) < L(F'), thenk < n, hencek = n.

Theorem3.3— Let A be a BL-algebra and" be a filter ofA which has a composition series and
L(F) = n. Then every strict chain of lengthis a composition series.

PrROOF: Let{1}=FyC F, C --- C F,_; C F; C --- C F,, = F be anF-chain (strict chain)
which is not composition series. This means that, there existi such thatF;_; is not covered by
F;, So there existd(; # {1} such thatF;,_; C K; C F;. Thenwe havgdl} = Fy C F} C -+ C
F,_y1 CK; CF, C---CF,=F,with length equal tdn + 1). This contradicts Theorem 2.7, so
this F-chain is a compositions series.

Proposition3.4 — Let A be a BL-algebra and’ be a filter ofA which has a composition series
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of lengthn. Then every strict chain of filteF' can be extended to a composition series.

PROOF: Let{1} = F, C Fy C F» C ... F,, = F be an strict chain of filteF". If m = n, then
this strict chain is composition series. 11f < n then this chain is not composition series because
by Theorem 2.10, any two compaosition series have the same length. So theré exi$tsuch that,

H; # {1} which,F;_y C H; C F;,hencewe hav¢l} = FyC F, C---C F,_1 CH;C F;, =F,

this chain has lengtlym + 1). By continuing this process, we get a chain and finally by adding
(n —m) new terms, we getn — m) + m = n. Hence this chain has length so by Theorem 3.3, is

a composition series.

Theorem3.5— Let A be a BL-algebra. 1f4 is Noetherian BL-algebra, theA has composition
series.

PROOF: Let A be a BL-algebra and be Noetherion BL-algebra. Léf; be a minimal filter of
be a minimal filter of

F . . A
A, thenF2 is a minimal filter off. So{l} = Fy C F} C F5. Let
1

1 n—1

,hence{l} = FhCc A C F,C---C F,_1 C F, C.... SinceA is Noetherian there exists
-1
nne N such thatF; = F},, for alli > n, so A has a composition series.

Lemma3.6 — Let A be a Artinian BL-algebra. TheRad(A)= ﬂleFi where F; are maximal
filters of A andk € N.

PROOF: Let FiNFyN- - -NF} be anintersection of finitely many minimal of maximal filtersAf
then for every maximal filterd/ of A, we haveFiNFyN---NF,NM = FiNEyN---NFy, soﬂleFi

C M, hence
k

i=1

Lemma3.7 — Let A;, A5 be two subalgebras of BL-algebra dfand A; C A,. ThenA; is

Noetherian (Artinian) if and only ifd; andA—2 are Noetherian (Artinian).
1

; A ) .
PROOF: The sequencé— A; — Ay — A—Q — 1is a short exact sequence, becailise
1

. . . . A
one to one homomorphism, theris an onto homomorphism arfg,i = kerm. Now, if A; andA—2
1
are Noetherian (Artinian), then by Theorem 2.43,is Noetherian (Artininan).

Conversely, letd; be a Noetherian (Artinian). Since the sequehce— A; SN Ay 5
A .
A—2 — 1 is a short exact sequence ahgi = kern then by Theorem 2.134, andA—2 are Noethe-
1 1
rian (Artinian).

Lemma3.8 : LetA be a Noetherian(Artinian) BL-algebra aftlbe a BL-algebra an@: A — B
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be a BL-homomorphism. Thef( A) is a Noetherian(Artinian) BL-algebra.

PrROOF: Let f(F1)C f(F,) € --- C f(F,) C ... be anincreasing chain of filters ¢fA),
where F; are filters of A. Since A is Noetherian BL-algebra anel; € F, C --- C F, C ...
is an increasing chain of filters of, so there exist&s € N such thatF; = F,, for all i > n.
Thenf(F; ) = f(F,), foralli > n, so f(A) is a Noetherian BL-algebra (similarly for Artinian
BL-algebra).

Theorem 3.9 — Let A be an Artinian BL-algebra ang : A — A be a one to one BL-
homomorphism. Thefiis an onto BL-homomorphism.

PROOF: Supposef is not an onto BL-homomorphism, i.e4, O f(A). Sincef is one to one,
so f(A) D f?(A). We also have™~1(A4) > f*(A) for all n > 2. This means thatl > f(4) D
f2(4) o ... D f*(A) D ...Iis a decreasing chain of filters ¢f. This chain is not stationary,
because, if there existsc N such thatf**1(A) = f*(A), then by the injectivity off, there exists
amapg : A — A, g(f(A) = La, thusg(f*1(A4)) = g(F*(A)), ie., f5(A) = f£(A). By
continuing this procedure, we gétA) = A, so which is a contradiction. Therefore, the above chain
is not stationary and hencgis not Artinian BL-algebra. It is a contradiction with hypothesis, hence
A= f(A) andf is an onto BL-homomorphism.

Theorem3.10— Let A and B be two BL-algebras anl : A — B is an onto BL-homomorphism.
If A is an Artinian BL-algebra, the® is an Artinian BL-algebra.

PROOF: First we know that for any filteF of B, h=1(F) is a filter of A, because, let,y €
h=Y(F), thenh(x), h(y) € F. SinceF is a filter of B, soh(x) ® h(y) € F,i.e,h(zx ©®y) € F
and hencez ®y € h™}(F). Letx € h™}(F),y € Aandz < y, thenh(z) € F. By [8, Remark
10] if z,y € A, x < y, thenh(z) < h(y). Sinceh(z) € F, h(y) € B andF is a filter of B, so
h(y) € F,i.e.,x € hY(F). LetF} O F, D ... be a decreasing chain of filters Bf thenh~1(F;),

i > 1 are filters ofA (x). Sinceh is onto,h~'(F}) D h™'(Fy) D ... is a decreasing chain of filters
of A. By the hypothesis4 is Artinian BL-algebra, then there exist& N, h=1(F;) = h=!(F},) for
all n > i. The fact that: is an onto BL-homomorphism, we geth='(F;)) = h(h~1(F},)), for all

n > i. Hence for aln > i, F; = F,,, B is Artinian BL-algebra.

Proposition3.11 — Let A and B be two BL-algebras and : A — B be an onto BL-
homomorphism. IfA is a Noetherian BL-algebra, théhis Noetherian BL-algebra.

PrROOF: Let F; C Fy, C ... be an increasing chain of filters &f, then by &) in the proof of
Theorem 3.10, for any > 1, h~!(F}), is a filter of A, therefore, by the surjectivity df, h=1(Fy) C
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h~1(Fy) C ...is anincreasing chain of filters of. SinceA is a Noetherian BL-algebra, then there
existsi € N, such that for alh > i, h=1(F;) = h=1(F},). h is an onto BL-homomorphism, so we
geth(h='(F})) = h(h~'(Fy,)), for alln. > i. Hence for alln > 4, F; = F,, and B is a Noetherian
BL-algebra.

Lemma3.12 — LetA;, A, and A; be BL-algebras and — A; - A, %5 A3 — lisa
short exact sequence of BL-algebra, if every filtersdgfand A3 are finitely generated, then every
filter of A, is finitely generated.

PROOF: Letl — A; -2 A, 2, A3 — 1 be a short exact sequence of BL-algebra. By
Theorem 2.7, since every filters df; and As is finitely generated, sal; and A3 are Noetherian.
Further by Theorem 2.13, sinch and A3 are Noetherian, theAs is Noetherian BL-algebra. Hence
by Theorem 2.7, every filters ofs is finitely generated.

Definition 3.13 — Let A be a BL-algebra and’; € F (A). A is called finitely embedded, if
any intersection of filters reduces to, finite intersection, {&.; Fi= F;,()...[) F;,, such that

i1,i9s . in € 1.

Propositzifn3.14 — LetA be a BL-algebra.A is an Artinian BL-algebra if and only if for any
F € F(A); ya is a finitely embedded BL-algebra.

PrROOF: Let A be an Artinian BL-algebra. By Theorem 2.14, every quotation filterdas
Artinian too, hence it is sufficient to show thdtis finitely embedded. Lef, J be index sets and
consider the elemerfi),_; F;, where each; is filter of A. Let(),.; F; be a minimal (by Theorem
2.15, one can show that every collection of filtersddias a minimal element) amoﬁqu F;, where
the cardinal of is finite. Puti" = {F;, (... F;,: i, € I}. Nowwe claimthaf,.; F;=;c; Fi.
Lett € I be any element, thef,. ; S,y Fi=(;c; Fi, i.e..(;c; I3 C Fy, s0A s finitely embedded.

Conversely, letty O F, O ... D F, D ..., be a chain ofAd. Then consider tpe1collec—
i T F in T4 TFh 1t Tty TFy,  _Fup. I
tion { z‘eIFi} in Pt Hence(,.; T o N 5 N---N I T
=%=0, SOF, ... N Fi,=ie; Fi, letiy C iy C ... C iy, i€, F;, = ey 5. Since
F;, C Fy,thenF; = F;  ,=..., thusAis Artinian BL-algebra.

By Theorem 2.15, Corollary 3.1, and Proposition 3.14, the following conclusion holds:
Corollary 3.15 — LetA be a BL-algebra. Then the following conditions are equivalent:
(i) Ais an Artinian (Noetherian) BL-algebra.

(ii) Every collection of filters ofA has a minimal (maximal) element.
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(iii) Ais finitely embedded (every filter of is finitely generated).

PrROOF: (i) = (ii) Let A be an Artinian BL-algebra. So, by Theorem 2.15, every Collection of
filters of A has a minimal element.

(i) = (i) Let every Collection of filters oA has a minimal element. Then, by Theorem 2 A5,
is an Artinian BL-algebra.

(iii) = (i) Let A be finitely embedded. Itis clear that for ahye F (A), % is finitely embedded
then, by Proposition 3.14 is an Artinian BL-algebra.

(i) = (iii) Let A be an Artinian BL-algebra. Then by Proposition 3.14, for &hy f (A), I is
finitely embedded. Therefore, by the proof of Proposition 3A.& a finitely embedded BL-algebra.
Similarly, Corollary 3.15, holds for Noetherian BL-algebra according to the Corollary 3.1.

Proposition3.16 — LetA and B be two BL-algebras anfl : A — B be a BL-homomorphism.
If D is an essential deductive systemifthenf~!(D) is an essential deductive systemf

PROOF: Let D be an essential deductive systemiaind M # {1} be any deductive system
of A. If f(M) = {1}, thenM C f~Y(D)andM N f~1(D) # {1}. Otherwise, iff(M) # {1}
thenf(M) N D # {1}. SinceD is an essential deductive systemmfwe havef ~!(f(M)N D) =
M N f~1(D) # {1}. Hencef~!(D) is an essential deductive systemAf

Proposition3.17 — LetA and B be two BL-algebras such that C B and D,, D, be essential
deductive systems of and B respectively. The; N D is an essential deductive systemAh B.

PROOF: Let D # {1} be an essential deductive systemAf B. SinceD, is an essential
deductive system oB, thenD N Dy # {1}. We obtain{1} # D n Dy C D, becausepD- is an
essential deductive system Bfand{1} # D C AN B C B. SinceD; is an essential deductive
system of4, thenD; N (D2 N D) # {1}. Thus(Dy N D2) N D # {1}, henceD; N Dy is an essential
deductive system ofl N B.

Proposition3.18 — LetA;, A; and A3 be BL-algebras such that; C Ay C As. ThenD is an
essential deductive system df if and only if D is an essential deductive systemAf and As.

PROOF: Let D # {1} be an essential deductive systemAf, then for any deductive system
E # {1} of A3, DN E # {1} and for any deductive systetd # {1}, G C Ay C As, we have
D C G # {1}. SoD # {1} is an essential deductive systemAf. Similarly, for any deductive
systemK # {1} of A;, sinced; C As andD N K # {1}, thenD is an essential deductive system
of Aj.
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Conversely, letD # {1} be an essential deductive systemAgfand A,, then for any deductive
systemE # {1} of Ay, DN E # {1}, DN E C D. SinceD is an essential deductive system of
Aj, then for any deductive syste@ # {1} of A}, GN(DNE) = (GND)NE # {1} hence,
G N D # {1}. SinceA; C Ay C A3, and for any deductive systemis# {1}, D # {1}, we obtain
the deductive systensN E # {1} and(G N E) N D # {1}. Therefore,D is an essential deductive
system ofA;.
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