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1. INTRODUCTION

BL-algebras are the algebraic structures for Hájek [3] basic logic in order to investigate many-valued

logic by algebraic means. He provided an algebraic counterpart of a propositional logic, called Ba-

sic Logic, which embodies a fragment common to some of the most important many-valued logics,

namely Lukasiewicz Logic, G̈odel Logic and Product Logic [1]. This Basic Logic (BL for short) is

proposed as the most general many-valued logic with truth values in interval [0, 1] and BL-algebras

are the corresponding Lindenbaum Tarski algebras. Also, he provided an algebraic mean to study

continuous t-norms (or triangular norms) in [0, 1], [3]. The language of propositional Hájek basic

logic (1998) contains the binary connectiveso and⇒ and the constant0. Axioms of BL are given as:

(A1) (ϕ ⇒ ψ) ⇒ ((ψ ⇒ w) ⇒ (ϕ ⇒ w)).
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(A2) (ϕoψ) ⇒ ϕ.

(A3) (ϕoψ) ⇒ (ψoϕ) .

(A4) (ϕo (ϕ ⇒ ψ)) ⇒ (ψo (ψ ⇒ ϕ)).

(A5a) (ϕ ⇒ (ψ ⇒ w)) ⇒ ((ϕoψ) ⇒ w).

(A5b) ((ϕoψ) ⇒ w) ⇒ (ϕ ⇒ (ψ ⇒ w)).

(A6) ((ϕ ⇒ ψ) ⇒ w) ⇒ ((ψ ⇒ ϕ) ⇒ w) ⇒ w).

(A7) 0 ⇒ w.

Hájek [3] introduced the concepts of filters and prime filters in BL-algebras. From logical point

of view, filters correspond to sets of provable formula. E. Turunen studied some properties of filters

theory, which plays important role in studying logical algebras. He showed how BL-algebras can

be studied by deductive systems. Deductive systems correspond to subsets closed with respect to

Modus Ponens and they are called filters, too. Motamed and Moghaderi [6], introduced the notions

of Noetherian and Artinian on BL-algebras. They obtained some equivalent definitions of Noetherian

and Artinian BL-algebras and proved the Anderson and Cohen Theorems of rings theory in BL-

algebra. The same authors also introduced the short exact sequences in BL-algebras. In this paper,

we obtain some new results following [6].

The structure of the paper is as follows. In Section 2, we recall some definitions and results

about BL-algebras that we will use in the sequel. In Section 3, we define the notion of Noetherian

and Artinian BL-algebras and we drive some results about the relations between Noetherion and

Artinian, composition series, radical of a BL-algebra, finitely generated filters, short exact sequences

and essential deductive systems in BL-algebras.

2. PRELIMINARIES

In this section, we recall and review some definitions and results relevant to Noetherian (Artinian),

composition series, short exact sequence BL-algebra, which will be used throughout of the paper.

An algebra(A,∧,∨,¯,−→, 0, 1) of the type(2, 2, 2, 2, 0, 0) is called a BL-algebra if for all

a, b, c ∈ A satisfy the following axioms:

(BL1) (A,∧,∨, 0, 1) is a bounded lattice.

(BL2) (A,¯, 1) is a commutative monoid.

(BL3) ¯ and−→ form an adjoint pair, i.e.,c ≤ a −→ b if and only if a¯ c ≤ b.
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(BL4) a ∧ b = a¯ (a −→ b).

(BL5) (a −→ b) ∨ (b −→ a) = 1.

We will denotex = x −→ 0 and x−− = (x)−, for all x ∈ A.

Examples of BL-algebras [3] are t-algebras ([0, 1] ,∧,∨,¯,−→, 0, 1) where ([0,1],∧,∨, 0, 1) is

the usual lattice on [0,1] and̄, is a continuous t-norm, whereas→, is the corresponding residuum.

Throughout of this paper byA, we denote the universe of a BL-algebra.

A BL-algebra is nontrivial if0 6= 1. For any BL-algebraA, the reductL(A) = (A,∧,∨, 0, 1)

is a bounded distributive lattice. We denote the set of natural numbers byN and definea0=1 and

an = an−1 ¯ a, for n ∈ N\ {0}.

Hájek [3] defined a filter of a BL-algebraA to be a nonempty subsetF of A such that(i) if

a, b ∈ F impliesa ¯ b ∈ F (ii) if a ∈ F, a ≤ b thenb ∈ F . E. Turunen [8] defined a deductive

system of a BL-algebraA to be a nonempty subsetD of A such that(i) 1∈ D and(ii) x ∈ D and

x −→ y ∈ D imply y ∈ D. Note that a subsetF of a BL-algebraA is a deductive system ofA if and

only if F is a filter ofA [8]. Let F be a filter of a BL-algebraA, thenF is proper filter ifF 6= A.

A proper filterP of A is called a prime filter ofA if for all x, y ∈ A, x∨ y ∈ P impliesx ∈ P or

y ∈ P . A proper filterP of A is prime if and only ifP can not be expressed as an intersection of two

filters properly containingP or equivalently, for allx, y ∈ A, eitherx −→ y ∈ P or y −→ x ∈ P

[8].

If F , G andP are filters ofA, thenP is a prime filter ofA if and only if F
⋂

G ⊆ P implies

F ⊆ P or G ⊆ P .

In [8], it can be seen that a proper filterM of A is a maximal filter ofA if and only if for all

x /∈ M, there existsn ∈ N such that (xn)− ∈ M . Every maximal filter ofA is a prime filter ofA [8].

The set of all filters, all prime filters of a BL-algebraA and all maximal filters of a BL-algebraA

are denote byz(A), Spec(A) andMax(A), respectively. The filter ofA generated byX is denoted

by 〈X〉, whereX ⊆ A, in which 〈∅〉={1} and〈X〉 = {a ∈ A : x1 ¯ x2 ¯ , . . . ,¯xn ≤ a, for some

n∈ N andx1, x2, . . . , xn ∈ X} [5,8].

F ∈ z(A) is called a finitely generated filter, ifF = 〈x1, . . . , xn〉, for somex1, . . . , xn ∈ A and

n ∈ N. ForF ∈ F (A) andx ∈ A\F , defineF 〈x〉 = 〈F ∪ {x}〉 or equallyF 〈x〉 = {a ∈ A : a ≥
f ¯ xn, for somef ∈ F , andn ≥ 1.}

Remark2.1 : [2]. LetF andG be two filters ofA such thatF ⊆ G. It is evident that
G

F
is a
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filter of
A

F
. SinceG is a filter, then it can be easily shown that

a

F
∈ G

F
if and only if a∈ G. Hence,

z(
A

F
) = {H

F
: H∈ z(A), F ⊆ H}.

Theorem2.2— [8]. Each maximal filterF of a distributive latticeA is a prime filter.

Definition2.3 — [8]. LetA andB be two BL-algebras. A mapf : A −→ B defined onA, is

called a BL-homomorphism if, for allx, y ∈ A, f (x −→ y) = f (x) −→ f (y) , f (x¯ y) = f (x)¯
f (y) andf (0A) = 0B. Also, defineker(f) = {a ∈ A : f(a) = 1} andIm(f) = {f(a) : a ∈ A}.

Definition 2.4 — [9]. Let F be a filter of BL-algebraA. By anF -chain we mean a sequence

{Fi | i = 0, 1, 2, . . . ., n} of filters ofA such that

{1} = F0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ Fn−1 ⊂ Fn = F,

where⊂ is a strict inclusion, andn indicates the length of this chain. AnF -chain {Fi : i =

0, 1, 2, . . . , n} is called a composition series forF if Fi is covered byF i+1, for any0 ≤ i ≤ n−1, in

ordered set(F (A),⊆), i.e.,{Fi : i = 0, 1, 2, . . . , n} is a maximalF -chain. We denote the smallest

length of a composition series forF by L (F ) and ifF has no composition series,L (F ) = ∞ . It is

clear that in any BL-algebra,L({1}) = 0

Theorem2.5— [6]. Let A be an Artinian BL-algebra. ThenMax(A) is a finite set.

Definition 2.6 — [6]. A BL-algebraA is called Noetherian (Artinian), if for every increasing

(decreasing) chain of its filtersF1 ⊆ F2 ⊆ . . . (F1 ⊇ F2 ⊇ . . . ), there existsn ∈ N such that

Fi = Fn, for all i ≥ n.

Theorem2.7 — [6]. Let A be a BL-algebra,A is a Noetherian BL-algebra if and only if every

filter of A is finitely generated.

Lemma2.8 — [9]. LetF andG be two filters ofA such thatF ⊆ G. Then the followings are

equivalent:

(i) F is covered byG.

(ii) < F ∪ {x} >= G, for anyx ∈ G− F .

(iii) < x/F >= G/F , for anyx ∈ G− F .

Proposition2.9 — [9]. LetF andG be two filters of BL-algebraA such thatF ⊂ G andG has a

composition series, thenL (F ) < L (G).

Theorem2.10— [9]. Let F be a filter ofA such thatL(F ) = n, for somen ∈ N. Then length of

any composition series forF is n.
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Definition2.11 — [2]. The intersection of all maximal filters of a BL-AlgebraA is called radical

of A and denoted byRad(A).

Definition 2.12 — [6]. LetA1, A2, A3 be BL-algebras. A sequence1 −→ A1
ϕ−→ A2

Ψ−→
A3 −→ 1 is called a short exact sequence of BL-algebras, ifϕ is a one to one homomorphism,

Ψis an onto homomorphism and kerΨ = Im (ϕ). Also, by [9], letA1, A2, A3 be BL-algebras and

ϕ : A1 −→ A2 andψ : A2 −→ A3 be two homomorphism. By a weak exact sequence of BL-algebra

we mean a sequenceA1
ϕ−→ A2

Ψ−→ A3 of BL-algebras such thatker(ψ) ⊆ Im(ϕ).

Theorem2.13— [9]. Let A1,A2,A3 be BL-algebras andA1
ϕ−→ A2

Ψ−→ A3 be a weak exact

sequence such thatϕ is one to one andΨ is onto. ThenA2 is Noetherian (Artinian) BL-algebra if

and only ifA1 andA3 are Noetherian (Artinian).

Lemma2.14 — [6]. LetA be a Noetherian (Artinian) BL-algebra andF ∈ F (A). Then
A

F
is a

Noetherian (Artinian) BL-algebra.

Theorem2.15— [6]. Let A be a BL-algebra. ThenA is a Artinian BL-algebra if and only if

every non-empty set of filters ofA has a minimal element.

Definition2.16 — [4]. LetA be a BL-Algebra. A proper deductive system ofA is called essential

if D ∩ E 6= {1}, for any deductive systemE 6= {1} of A. In particular, for an essential deductive

systemD, D 6= {1}.

From [7, 8], for any non-void subsetB of a BL-algebraA, a set⊥B = {x ∈ B | b ∨ x = 1, for

all b ∈ A} is called co-annihilator ofB and ifD is an essential deductive system ofA, then⊥D is a

proper deductive system ofA. Therefore, by Proposition 20 of [7],D∩⊥D = {1}, hence⊥D = {1}.

3. NOETHERIAN AND ARTINIAN ON BL-ALGEBRAS

In this section, regarding to the definitions of Noetherian (Artinian), composition series, and short

sequence BL-algebra and using above mentioned theorems, we drive theorems and obtain results of

one to one, onto, and finitely generated BL-algebra, in a short exact sequence of BL-algebras and

obtain the relation between Noetherian, Artinian, composition series, and short exact sequences of

BL-algebras.

Corollary 3.1 — From [6], we conclude that, ifA be a BL-algebra, then the following statements

are equivalent:

(i) A is a Noetherian BL-algebra.

(ii) every collection of filters ofA has a maximal element.
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(iii) every filter of A is finitely generated.

PROOF : (i) =⇒ (ii) Let {Fi}i∈N be a collection of filters ofA. If Fi1has no maximal element,

hence there existsFi2 such thatFi1 ⊂ Fi2 and if Fi2 has no maximal element, so there existsFi3

such that,Fi2 ⊂ Fi3 . If we continue this procedure, we getFi1 ⊂ Fi2 ⊂ Fi3 ⊂ . . . , which is a

contradiction, so{Fi}i∈N has a maximal element.

(ii) =⇒ (i) Let every collection of filters ofA has a maximal element, and letF1 ⊆ F2 ⊆ . . . be

an increasing chain of filters ofA. Let B = {Fi : i ∈ N} be a nonempty set of filters ofA. Since

B has a maximal element likeFn, so for alli ≥ n, Fi = Fn. HenceA is a Noetherian BL-algebra

(similarly for Artinian BL-algebra).

(i) =⇒ (iii) Let A be a Noetherian BL-algebra andF be a filter ofA which is not finitely generated

anda1 ∈ F . If < a1 >/∈ F , then there existsa2 ∈ F such thata2 /∈< a1 >, hence< a1 >⊂<

a1, a2 >. If one continues this procedure, can get< a1 >⊂< a1, a2 >⊂< a1, a2, a3 >⊂ . . . , then

the above chain is nonstop and this is a contradiction. Therefore,F is finitely generated filter ofA.

(iii) =⇒ (i) Let F1 ⊆ F2 ⊆ · · · ⊆ Fn ⊆ . . . be an increasing chain of filters ofA, soB = ∪∞i=1Fi

is a filter ofA. SinceB is finitely generated, we have∪k
i=1Fi =< a1, a2, . . . , ak >, whereas, for all

i 6= j, ai ∈ Fk, aj ∈ Fk, aj ∈ Fm. Thus, there existFn such that< a1, a2, . . . , ak >⊆ Fn = Fn+1.

Therefore, there existsm ∈ N and there exista1, a2, . . . , ak ∈ Fm, such that,Fm = Fm+1 = . . . ,

henceA is a Noetherian BL-algebra.

Theorem3.2— LetA be a BL-algebra andF be a filter ofA which has a composition series and

L(F ) = n, then every strict chain ofF has≤ n terms.

PROOF : Let {1} = Ǵ0 ⊂ Ǵ1 ⊂ · · · ⊂ Ǵk−1 ⊂ Ǵk = G, be an strict chain of filters ofF , then

0 = L{1} = L(Ǵ0) ⊂ L(Ǵ1) ⊂ · · · ⊂ L( ´Gk−1) ⊂ L(Ǵk) = L(G), henceL(G) ≥ k and if G⊂ F.

Definen ≤ k, by Proposition 2.9, we haveL(G) < L(F ), thenk ≤ n, hencek = n.

Theorem3.3— LetA be a BL-algebra andF be a filter ofA which has a composition series and

L(F ) = n. Then every strict chain of lengthn is a composition series.

PROOF : Let {1}= F0 ⊂ F1 ⊂ · · · ⊂ Fi−1 ⊂ Fi ⊂ · · · ⊂ Fn = F be anF -chain (strict chain)

which is not composition series. This means that, there existsi ∈ N such thatFi−1 is not covered by

Fi, So there existsKi 6= {1} such thatFi−1 ⊂ Ki ⊂ Fi. Then we have{1} = F0 ⊂ F1 ⊂ · · · ⊂
Fi−1 ⊂ Ki ⊂ Fi ⊂ · · · ⊂ Fn = F , with length equal to(n + 1). This contradicts Theorem 2.7, so

thisF -chain is a compositions series.

Proposition3.4 — LetA be a BL-algebra andF be a filter ofA which has a composition series
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of lengthn. Then every strict chain of filterF can be extended to a composition series.

PROOF : Let {1} = F0 ⊂ F1 ⊂ F2 ⊂ . . . Fm = F be an strict chain of filterF . If m = n, then

this strict chain is composition series. Ifm < n then this chain is not composition series because

by Theorem 2.10, any two composition series have the same length. So there existsi ∈ N such that,

Hi 6= {1} which,Fi−1 ⊂ Hi ⊂ Fi, hence we have{1} = F0 ⊂ F1 ⊂ · · · ⊂ Fi−1 ⊂ Hi ⊂ Fi = F ,

this chain has length(m + 1). By continuing this process, we get a chain and finally by adding

(n−m) new terms, we get(n−m) + m = n. Hence this chain has lengthn, so by Theorem 3.3, is

a composition series.

Theorem3.5— LetA be a BL-algebra. IfA is Noetherian BL-algebra, thenA has composition

series.

PROOF : Let A be a BL-algebra andA be Noetherion BL-algebra. LetF1 be a minimal filter of

A, then
F2

F1
is a minimal filter of

A

F1
. So{1} = F0 ⊂ F1 ⊂ F2. Let

F

Fn−1
be a minimal filter of

A

Fn−1
, hence{1} = F0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ Fn−1 ⊂ Fn ⊂ . . . . SinceA is Noetherian there exists

n ∈ N such thatFi = Fn, for all i ≥ n, soA has a composition series.

Lemma3.6 — LetA be a Artinian BL-algebra. ThenRad(A)=
⋂k

i=1Fi whereFi are maximal

filters ofA andk ∈ N.

PROOF: LetF1∩F2∩· · ·∩Fk be an intersection of finitely many minimal of maximal filters ofA,

then for every maximal filtersM of A, we haveF1∩F2∩· · ·∩Fk∩M = F1∩F2∩· · ·∩Fk so
⋂k

i=1Fi

⊆ M , hence

Rad (A) =
⋂k

i=1
Fi.

Lemma3.7 — LetA1, A2 be two subalgebras of BL-algebra ofA andA1 ⊆ A2. ThenA2 is

Noetherian (Artinian) if and only ifA1 and
A2

A1
are Noetherian (Artinian).

PROOF : The sequence1−→ A1
i−→ A2

π−→ A2

A1
−→ 1 is a short exact sequence, becausei is

one to one homomorphism, thenπ is an onto homomorphism andImi = kerπ. Now, if A1 and
A2

A1
are Noetherian (Artinian), then by Theorem 2.13,A2 is Noetherian (Artininan).

Conversely, letA2 be a Noetherian (Artinian). Since the sequence1 −→ A1
i−→ A2

π−→
A2

A1
−→ 1 is a short exact sequence andImi = kerπ then by Theorem 2.13,A1 and

A2

A1
are Noethe-

rian (Artinian).

Lemma3.8 : LetA be a Noetherian(Artinian) BL-algebra andB be a BL-algebra andf :A −→ B
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be a BL-homomorphism. Thenf(A) is a Noetherian(Artinian) BL-algebra.

PROOF : Let f(F1)⊆ f(F 2) ⊆ · · · ⊆ f(Fn) ⊆ . . . be an increasing chain of filters off(A),

whereFi are filters ofA. SinceA is Noetherian BL-algebra andF1 ⊆ F2 ⊆ · · · ⊆ Fn ⊆ . . .

is an increasing chain of filters ofA, so there existsn ∈ N such thatFi = Fn, for all i ≥ n.

Thenf(Fi ) = f(Fn), for all i ≥ n, so f(A) is a Noetherian BL-algebra (similarly for Artinian

BL-algebra).

Theorem3.9 — Let A be an Artinian BL-algebra andf : A −→ A be a one to one BL-

homomorphism. Thenf is an onto BL-homomorphism.

PROOF : Supposef is not an onto BL-homomorphism, i.e.,A ⊃ f(A). Sincef is one to one,

sof(A) ⊃ f2(A). We also havefn−1(A) ⊃ fn(A) for all n ≥ 2. This means thatA ⊃ f(A) ⊃
f2(A) ⊃ . . . ⊃ fn(A) ⊃ . . . is a decreasing chain of filters ofA. This chain is not stationary,

because, if there existsk ∈ N such thatfk+1(A) = fk(A), then by the injectivity off , there exists

a mapg : A −→ A, g(f(A)) = IA, thusg(fk+1(A)) = g(fk(A)), i.e., fk(A) = fk−1(A). By

continuing this procedure, we getf(A) = A, so which is a contradiction. Therefore, the above chain

is not stationary and henceA is not Artinian BL-algebra. It is a contradiction with hypothesis, hence

A = f(A) andf is an onto BL-homomorphism.

Theorem3.10— LetA andB be two BL-algebras andh : A −→ B is an onto BL-homomorphism.

If A is an Artinian BL-algebra, thenB is an Artinian BL-algebra.

PROOF : First we know that for any filterF of B, h−1(F ) is a filter ofA, because, letx, y ∈
h−1(F ), thenh(x), h(y) ∈ F . SinceF is a filter ofB, soh(x) ¯ h(y) ∈ F , i.e., h(x ¯ y) ∈ F

and hence,x ¯ y ∈ h−1(F ). Let x ∈ h−1(F ), y ∈ A andx ≤ y, thenh(x) ∈ F . By [8, Remark

10] if x, y ∈ A, x ≤ y, thenh(x) ≤ h(y). Sinceh(x) ∈ F , h(y) ∈ B andF is a filter ofB, so

h(y) ∈ F , i.e.,x ∈ h−1(F ). Let F1 ⊇ F2 ⊇ . . . be a decreasing chain of filters ofB, thenh−1(Fi),

i ≥ 1 are filters ofA (∗). Sinceh is onto,h−1(F1) ⊇ h−1(F2) ⊇ . . . is a decreasing chain of filters

of A. By the hypothesis,A is Artinian BL-algebra, then there existsi ∈ N, h−1(Fi) = h−1(Fn) for

all n ≥ i. The fact thath is an onto BL-homomorphism, we geth(h−1(Fi)) = h(h−1(Fn)), for all

n ≥ i. Hence for alln ≥ i, Fi = Fn, B is Artinian BL-algebra.

Proposition 3.11 — Let A and B be two BL-algebras andh : A −→ B be an onto BL-

homomorphism. IfA is a Noetherian BL-algebra, thenB is Noetherian BL-algebra.

PROOF : Let F1 ⊆ F2 ⊆ . . . be an increasing chain of filters ofB, then by (∗) in the proof of

Theorem 3.10, for anyi ≥ 1, h−1(Fi), is a filter ofA, therefore, by the surjectivity ofh, h−1(F1) ⊆
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h−1(F2) ⊆ . . . is an increasing chain of filters ofA. SinceA is a Noetherian BL-algebra, then there

existsi ∈ N, such that for alln ≥ i, h−1(Fi) = h−1(Fn). h is an onto BL-homomorphism, so we

geth(h−1(Fi)) = h(h−1(Fn)), for all n ≥ i. Hence for alln ≥ i, Fi = Fn andB is a Noetherian

BL-algebra.

Lemma3.12 — LetA1, A2 andA3 be BL-algebras and1 −→ A1
ϕ−→ A2

Ψ−→ A3 −→ 1 is a

short exact sequence of BL-algebra, if every filters ofA1 andA3 are finitely generated, then every

filter of A2 is finitely generated.

PROOF : Let 1 −→ A1
ϕ−→ A2

Ψ−→ A3 −→ 1 be a short exact sequence of BL-algebra. By

Theorem 2.7, since every filters ofA1 andA3 is finitely generated, soA1 andA3 are Noetherian.

Further by Theorem 2.13, sinceA1 andA3 are Noetherian, thenA2 is Noetherian BL-algebra. Hence

by Theorem 2.7, every filters ofA2 is finitely generated.

Definition 3.13 — LetA be a BL-algebra andF i ∈ z(A). A is called finitely embedded, if

any intersection of filters reduces to, finite intersection, i.e.,
⋂

i∈I Fi= F i1

⋂
. . .

⋂
Fin , such that

i1, i2, . . . , in ∈ I.

Proposition3.14 — LetA be a BL-algebra.A is an Artinian BL-algebra if and only if for any

F ∈ z(A);
A

F
is a finitely embedded BL-algebra.

PROOF : Let A be an Artinian BL-algebra. By Theorem 2.14, every quotation filter ofA is

Artinian too, hence it is sufficient to show thatA is finitely embedded. LetI, J be index sets and

consider the element
⋂

i∈I Fi, where eachFi is filter of A. Let
⋂

i∈J Fi be a minimal (by Theorem

2.15, one can show that every collection of filters ofA has a minimal element) among
⋂

i∈K Fi, where

the cardinal ofK is finite. PutF = {Fi1

⋂
. . .

⋂
Fin : in ∈ I}. Now we claim that

⋂
i∈I Fi=

⋂
i∈J Fi.

Let t ∈ I be any element, then
⋂

i∈J
S{t} Fi=

⋂
i∈J Fi, i.e.,

⋂
i∈J Fi ⊆ Ft, soA is finitely embedded.

Conversely, letF1 ⊇ F2 ⊇ . . . ⊇ Fn ⊇ . . ., be a chain ofA. Then consider the collec-

tion { FiT
i∈I Fi

} in AT
i∈I Fi

. Hence
⋂

i∈I
FiT

i∈I Fi
=

Fi1T
i∈I F1

⋂ Fi2T
i∈I F2

⋂
. . .

⋂ FinT
i∈I Fn

=
Fi1

T
...
T

FinT
i∈I Fi

= 0T
i∈I Fi

=0, soFi1

⋂
. . .

⋂
Fin=

⋂
i∈I Fi, let i1 ⊆ i2 ⊆ . . . ⊆ in, i.e., Fin =

⋂
i∈I Fi. Since

Fin ⊆ Fi, thenFin= F in+1= . . ., thusA is Artinian BL-algebra.

By Theorem 2.15, Corollary 3.1, and Proposition 3.14, the following conclusion holds:

Corollary 3.15 — LetA be a BL-algebra. Then the following conditions are equivalent:

(i) A is an Artinian (Noetherian) BL-algebra.

(ii) Every collection of filters ofA has a minimal (maximal) element.
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(iii) A is finitely embedded (every filter ofA is finitely generated).

PROOF : (i) =⇒ (ii) Let A be an Artinian BL-algebra. So, by Theorem 2.15, every Collection of

filters ofA has a minimal element.

(ii) =⇒ (i) Let every Collection of filters ofA has a minimal element. Then, by Theorem 2.15,A

is an Artinian BL-algebra.

(iii) =⇒ (i) Let A be finitely embedded. It is clear that for anyF ∈ z(A),
A

F
is finitely embedded

then, by Proposition 3.14,A is an Artinian BL-algebra.

(i) =⇒ (iii) Let A be an Artinian BL-algebra. Then by Proposition 3.14, for anyF ∈ z(A),
A

F
is

finitely embedded. Therefore, by the proof of Proposition 3.14,A is a finitely embedded BL-algebra.

Similarly, Corollary 3.15, holds for Noetherian BL-algebra according to the Corollary 3.1.

Proposition3.16 — LetA andB be two BL-algebras andf : A −→ B be a BL-homomorphism.

If D is an essential deductive system ofB, thenf−1(D) is an essential deductive system ofA.

PROOF : Let D be an essential deductive system ofB andM 6= {1} be any deductive system

of A. If f(M) = {1}, thenM ⊆ f−1(D) andM ∩ f−1(D) 6= {1}. Otherwise, iff(M) 6= {1}
thenf(M) ∩D 6= {1}. SinceD is an essential deductive system ofB, we havef−1(f(M) ∩D) =

M ∩ f−1(D) 6= {1}. Hencef−1(D) is an essential deductive system ofA.

Proposition3.17 — LetA andB be two BL-algebras such thatA ⊆ B andD1, D2 be essential

deductive systems ofA andB respectively. ThenD1 ∩D2 is an essential deductive system ofA∩B.

PROOF : Let D 6= {1} be an essential deductive system ofA ∩ B. SinceD2 is an essential

deductive system ofB, thenD ∩ D2 6= {1}. We obtain{1} 6= D ∩ D2 ⊆ D, because,D2 is an

essential deductive system ofB and{1} 6= D ⊆ A ∩ B ⊆ B. SinceD1 is an essential deductive

system ofA, thenD1 ∩ (D2 ∩D) 6= {1}. Thus(D1 ∩D2)∩D 6= {1}, henceD1 ∩D2 is an essential

deductive system ofA ∩B.

Proposition3.18 — LetA1, A2 andA3 be BL-algebras such thatA1 ⊆ A2 ⊆ A3. ThenD is an

essential deductive system ofA3 if and only if D is an essential deductive system ofA1 andA2.

PROOF : Let D 6= {1} be an essential deductive system ofA3, then for any deductive system

E 6= {1} of A3, D ∩ E 6= {1} and for any deductive systemG 6= {1}, G ⊆ A2 ⊆ A3, we have

D ⊆ G 6= {1}. SoD 6= {1} is an essential deductive system ofA2. Similarly, for any deductive

systemK 6= {1} of A1, sinceA1 ⊆ A2 andD ∩K 6= {1}, thenD is an essential deductive system

of A1.



SOME RESULTS ON NOETHERIAN AND ARTINIAN BL-ALGEBRAS 715

Conversely, letD 6= {1} be an essential deductive system ofA1 andA2, then for any deductive

systemE 6= {1} of A2, D ∩ E 6= {1}, D ∩ E ⊆ D. SinceD is an essential deductive system of

A1, then for any deductive systemG 6= {1} of A1, G ∩ (D ∩ E) = (G ∩ D) ∩ E 6= {1} hence,

G ∩D 6= {1}. SinceA1 ⊆ A2 ⊆ A3, and for any deductive systemsE 6= {1}, D 6= {1}, we obtain

the deductive systemsG∩E 6= {1} and(G∩E)∩D 6= {1}. Therefore,D is an essential deductive

system ofA3.
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