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In this paper, we study reiterated homogenization problems for equatiing A(x /e, x /%) Vu.)

= f(z). We introduce auxiliary functions and obtain the representation formula satisfied by
and homogenized solutiafy. Then we utilize this formula in combination with the asymptotic
estimates of Neumann functions for operators and uniform regularity estimates of solutions to
obtain convergence rates itP for solutions as well as gradient error estimates for Neumann
problems.
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1. INTRODUCTION

This paper concerns with the asymptotic behavior of solutions to reiterated homogenization equations
with Neumann boundary conditions. More precisely, given a bourifeddomainQ c R”, we

consider

Leu, = —88 <aij(x/£,x/€2)au5) =f inQ and gug =0 on 09, (1)
T

i Ox; Ve

ou ou o . . .
Wherea—E = niaija—g denotes the conormal derivative with andn(z) is the outward unit normal
Ve T 5

to 0N at the point.

Throughout this paper, the summation convention is used. We assume that the coefficient matrix
Ay, z) = (a;j(y, z)) with 1 <4, j < n is real symmetric and satisfies the ellipticity condition

M €< aii(y, 2)&& < % | €%, fory,z € R” and &= (&) € R, (2)
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where) > 0, and the periodicity condition

Aly+1l,z+h) = A(y,2), fory,z€ R" and [,h € Z". 3

We impose the smoothness condition
| Ay, 2) l[cr.e@rxrr)< A, for some o € (0,1) and A > 0. 4)

Without loss of generality, we also assume the compatibility condition
/ ue(z)do(z) = / f(z)dz = 0. (5)
o0 Q

Error estimates of solutions is one of the main questions in homogenization theory. There are
many papers about convergence of solutions for elliptic homogenization problems. Assume that all
of functions are smooth enough, ttéc) error estimate ir.>° was presented by Bensoussan, Lions
and Papanicolaou [5]. In 1987, Avelcaneda and Lin [3] prol&ctonvergence by the method of
maximum principle. At the same year, they [4] obtaingd error estimate whelf is less regular
than Bensoussan, Lions and Papanicolaou’s. After that, Griso [11, 12] studied interior error estimates
by using the periodic unfolding method. In 2012, Kenig, Lin and Shen [16] obtained convergence
of solutions inL2 and Hz in Lipschitz domains with Dirichlet or Neumann boundary conditions.

In 2014, they [17] have also studied the asymptotic behavior of the Green and Neumann functions
obtaining some error estimates of solutions.

One may consult several outstanding sources [1, 5, 7, 9, 10, 13, 20] for background and overview
of the homogenization theory.

In this work, we study convergence rates of solutions for reiterated homogenization equations with
Neumann boundary conditions. The concept of reiterated homogenization was first introduced by
Bensoussan, Lions, Papanicolaou [5]. The nonlinear case was studied by Bradies and Lukkassen [6]
for elliptic and convex problems. The nonlinear case for periodic monotone operators was obtained
in [19] by using the method of energy and multiscales convergence, see also [2] for this method.
Meunier and Schaftingen [21, 22] studied convergence weal@l’y(}iﬁ for solutions via the periodic
unfolding method. It is important to consider reiterated homogenization problem which has been
found applied to advection and diffusion of passive tracers in fluids.

It should be noted that reiterated homogenization problems are much more difficult to deal with
than homogenization problems, the main reason is that there are two cell problems and we have to
introduce two auxiliary functions in order to get homogenized equation, which causes new difficulties
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in the estimation of the representation formula satisfied bgnd homogenized solutiar,. As the

same time, we consider the Neumann boundary value problem. Unlike Dirichlet problem, Neumann
problem requires more restrictions on the boundary conditions and is more complicated. As it is well
known, the Neumann problem has played a significant role in mathematical physics, for instance,
equilibrium problems concerning beams, columns, or strings and engineering problems such as in
thermodynamics, and hence has attracted the attention of many researchers over the last two decades.
In practice, Neumann boundary conditions are important in applications of homogenization [14, 18,
23].

The procedure we used for obtaining convergence rates estimates is somewhat analogous to the
process Kenig, Lin and Shen [17] used for the most classical homogenization problems. The main
purpose of this paper is to extend their results [17] to the reiterated homogenization problem. This
would be more interesting and technical.

The rest of the paper is organized as follows. Section 2 contains some basic estimates and use-
ful propositions which are very important to obtain error estimates. In section 3, we show that
converges in.?(Q2) to the solutions of the corresponding homogenized problems based on obtaining
estimates for the Neumann functions of operators. In Section 4, we use uniform regularity estimate
to obtain the Lipschitz convergence rate estimate for solutions.

2. PRELIMINARIES
In this section, we show some basic formulas and useful propositions, which are more or less known
(see for example [5]). For the sake of completeness we include them here.

Associated with (1.1), the homogenized problem is

2
_qij% =f inQ and % =0 on 092,

Loug = vy

whereL is a constant coefficient operator which is also called homogenized operator. The constant
matrix is given by

b= [ i) - st 29

YxZ
X’ (y) ax4,(2) X (y)
alk (y7 Z) ayk + a/’Lk (y7 Z) azk ayl ]dydz7
whereY = Z =[0,1)" ~ R"/Z" andgzg = niql-jgz?.
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Functionsy(y) = (x’(y)) andy,(z) = (X?Z(z)) = (x’(y, z)) are solutions of the following two
cell problems,

(

9 axy(2) P

_67% aix(y, ) 921 —a;j(y,2)| =0 in Z,

Xg/(z +h)= Xg/(z) forz e R", heZ",

/ Xé(z)dz =0

Z
and
0 xy(2), . Oi(y) :
_8% /Z(a“(y, z) — air(y, 2) 01 )dz( o —0/)| =0 inY,
X (y+1) =X (y) fory e R, 1 €Z",
/ X’ (y)dy =0,
\ Y

foranyl < j < n, whered! = 1if | = j, otherwiseg] = 0.
Recall that Neumann function. (x, y) in a bounded>!! domain( such that

LENE('ay) = 61/(:’6) in Qa

aNa(vy) 1
=— Q
. o] oo
N:(z,y)do =0,
o0

whered, (x) denotes the Dirac delta function with poleyat

It follows essentially the same steps as [15], we can obtain the estimates of Neumann functions
which are more or less standard. More precisely, assuméltisah bounded”'” domain for some
0 <n<1,thenforanyr,y € Q, x # y andn > 3,
| NE(xay) |§ | r—y ‘n—Q’
C

| ValNe(z,y) |< T
lz—y| (6)

| VyNe(z,9) |<

Proposition2.1 — LetF;;(y) € L?(Y) with 1 < i,j < n. Suppose thaf F;j(y)dy = 0 and
Y

. 0Py
;)%(Fi-(y)) = 0. Then there exist®,;; € H'(Y) such thatF;; = ay’: and®y;; = — Dy
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PROOF: This proposition had been proved by Kenig, Lin and Shen [16]. O

Proposition2.2 — LetF;;(y, z) € L*(Y x Z) with 1 < i, j < n. Suppose thaf /Fij(y, z)dydz =
YxZ

0 b .
0, I </ Fz’jd2> =0 and—a (Fij) = 0. Then there exis¥y,;; € H'(Y x Z) and®y,;; € H(Y)
Yi Z 2
such that , ;
;i Ui

PROOF: From Proposition 2.1, we find that there exists functidn; such that/ Fijdz =
z

OBy
and®y;; = —®;y;. It follows that/ <F, — '”) dz = 0.
z

Oy Oy
LetW;; = F;; — ———. This gives [ W;;dz = 0 and—— (W;;) = 0. Using Proposition 2.1,
OYk z 0z
. . . OV,
we obtain that there exists functidn,;; such thatV;; = 87]” andV¥,;; = —¥;,;. Hence
2k
Py = 0Prij  OVpij
ayk 8Zk
wheredy;;, Wy, satisfy®y;; = —®;,; and¥y,;; = —,;;. This completes the proof. a
Remark2.3 : Let
O (2) O’ (y) Ay (2) X9 (y)
Bi; = qij — aij(y, ik (Y - ik (Y — aik(y, - - (7
](y7’z) q] a](y Z)+ak(y Z) 8Zk +ak(y Z) ayk a’k(y Z) 8Zk 8yl ( )
0 0
Note that Bii(y, z)dydz = 0, — Bjjdz | = 0 and—— (B;;) = 0. It follows from
0yi \Jz 0z;
YxZ

Proposition 2.1 that there exist two functiobg;; (y) andWy;;(y, z) such thatb;; = —®;p;5, Ypi5 =

*‘ljikj and

0Prij(y)  OViij(y, 2
Bij(y,z) = gy]k()Jr kajz(k )

(8)

Remark2.4 : Under the assumptiofi(y, z) € C1¥(R" xR"), itis known thatyx (y) € CH*(Y)
andv/x,(z) € C*(Z). This implies thaty®(y) € CL*(Y) andsy¥(z) € C1*(Z). In particular,
I @) lw2.eo vy + 11X () lwree () + @i (W) LLoo (v + 1 Whij (2) [l oo (2) < C, )

where constant’ depends only om, o, A, A.

Proposition2.5 — Suppose that. € H'(Q), ug € H*(Q) and L. (u:) = Lo(ug) in §2. Let

u , k
we(@) = ue () — uo(x) + exux/s)ng T (/) (a - ayamk) .
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Then
Le(we) = Ei[a. 5laj J_end uo +(@..+5qj.,)ﬂ
e\We) = O ik Xya X Xyl 8:pj8mk k:zg' kij 9 jaxk (10)
o owodow oy o ou
ik Xy YOy, Oz ik dyy, Ox;j ik dyi Oy Oxj~
PrROOF: Note that
”awe B "Gue "Ouo Ox? Ouyg . 9%y Oxy Oug
Yoz, ~ “og, a”axﬁ Y g 0y X om0z 0,
- 0% 83 0%u 3X8J6u
2 0 2 19X 0o y OX° JUo
TNy Gy By~ By, D00, Oz Oy Ox;
, 02 XJ Guo 8)(3 Oug oxt 0x7 dug

kay@ylayk ox; ek ayk 81'] etk 8yk dy, Oz

This together withl. (u.) = Lo(uop), gives

_ 0 0 o X, 0x, 0 Oug

Le(ws) = Ox; [(qu @i Tk Oz, Tk Oy, F oz oy O
—e—ai (X +exi —¢ LX) Do — aipx! Do
0x; ik | X Xy Xy 8yl al‘jaﬂfk yaylayk ax]

Ox? Oug Ixt Ox7 dug

+ Qip e — A,
Moye 0z; oy Oy O ,
0 Oug 0 1 OX? 0“ug l 0%x? Ouyg
- __Z Bi‘i ; _ .
am< I B > g Lk <X Xy~ exy 8yl> 02,00, ‘"9 9y0y, oz;
0)(7 8u0 Ix! Ox? dug

+a — g e 0
ayk &L‘J Oyk oy 81:]}

Oz; oxy, Oz ) Ox;j
—€ 0 [a- j+a — € 8XJ 82u0 — QL l o X] Ouo
oz; ik \ X Xy Xy Oy ) Ox;0xy, y@ylayk 8:1:]

s oy 200 N0 O,

ﬁyk Bx] 8yk oy, Ba:]

where we have used (2.2) and (2.3). From the antisymmetdy.gfandV,;;, we obtain (2.5). O
Next proposition we shall establish the conormal derivative With

Proposition2.6 — Suppose that. € H*(Q) andug € H*(Q). Let

K
we () = ue(x) — up(x) + e (x/e) +5 23 (x/€?) <a$] _ > '
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Then

Qo _ Ou Dw s 00N (y dw
ov.  Ov. Oy 2\ 'Oz k(‘)xi kij Ox;

2 (0 9 (g, Ouw
2 \oxy Fow )\ oxy;

, OX A 85“0 an dug
—eny; [aik(EXyT - Xj o EX;) 0x;0xy, B 8yk 6.75]
d%ug N 9*x) Oug Ox' Ox? dug

B Upoi) — D O .
+ ( Py + eWhiy) O0x;0xy, kX Y0y, 0y, &E] o Oyk Oy 0"

wheren; 9 -n
Oxr "oz

PROOF: A direct computation shows that

is a tangential derivative far < i,k < n.

na($/€)%: na%—na%+nak%%+€n k%%
B 8xj B 8xj B (%cj e 8yk (%cj o 0 ke al'j
U OOz fidi Oz \Oz; Oy 8:ck i Ay, Oy, Oz

9 j 62u0 1 ?xt ouy  oxt 0%

+e niaikx T A
y 8xj(9mk € 0y;0y Ox; Oy 0x 0y, '

Oou: Oug Oug 0%ug O’ Oug ox' 0x7 dug

— _%0 B, g 2 ZAT TR0
av. ow | "iox; L emiaa’ 5 xR gy oz, MR By Dy Oz,
42 j 0%ug 1 ?x! Oug 6)(’ 9%ug

nia; 0 _TA
ik Xy &’cjaxk e 0y;0y Ox; Oy Ox 0z,

Ou.  Oug 0 Jug O’ Oug
= —_ i @ ) \II '3 1,
. oy Mom, [( kig € ’“)aj T e B,
9%up Ox" Ox’ Ouyg

en; (Prij + eVhij) =——=— 9 uo +e £
e, g . n i Wi’y St
i \PEij kij Oz 6 i sz Oz kaxj iQik Byx Our al‘j
9 f 0%y 1 GQXZ oug  Ox' 0%uy
+e niaik Xy, -_— - = .
&Ejamk € 0y;jOyy, Oz Oy; Ox0xy,

This gets the desired result. O
3. CONVERGENCERATES IN L”

The goal of this section is to establish error estimateswf — ug ||1»(q) foranyl < p < co. In the
rest of this paper, we set

D, = D,(x9) = By(z9) N Q and T', =T (z9) = By(xg) N O,

for somezg € Q and0 < r < ro, whereB,.(zg) is the open ball of radius centered at andrg is
a constant.
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Lemma3.1 — Suppose that. satisfies

Ug
Ve

L.(u:) =0 in Dy, and =0 onIy,.

Then
I e [l zoe (D)< Cr™ 79 || e || asta-1) (D)

if ¢ > n, whereC depends om, o, A\, n, A, and(.
PrROOF: This estimate had been proved by Kenig, Lin and Shen [15]. O
Next we establish an>® estimate for local solutions.

Lemma3.2 — Letu. € H'(Dy,) andug € W24(Dy,) for somen < ¢ < co. Suppose that

Le(ue) = Lo(up) in Dy, and gzz = gzg on 4.

Then

| ue — ug [lzoo(p,y < Celn[(r/e) + 2] || Vuo |p(py,) +Cer' ™9 || 72uo || ra(pay) (11)

+Cr" 1m0/ |y — ug | Larta=1) (D)
whereC depends only o\, n, ¢, a, A.
PROOF: Note that if L. (u:) = f, thenL,,.(v) = f, wherev(z) = r2u.(rz) and f = f(rz).

Thus by scaling we may assume that 1. Let

; ou ; ou ox* ou .
we(z) = ue(z) — up(x) + exj(x/z—:)%? +e?x) (x/e%) <0 - XO) in Ds.
j

In view of Proposition 2.5 and Proposition 2.6, we obtain

0 o’ . ~ 0%ug 0%ug
L = e—1Ja; LZA  F oy i Upii) ————
e(we) 6(3331- @ik <5Xy oy X 5Xy> 0,01y, + (Prij '+ eWpij) ;0
oyt X Ouo O Ouy X O Oug
Y 9y, 0yy, O " Oyy, Ox; " Oyr, Oy Oz

Owe _ Oue Ouwg e (0 0 (g Ouo
ov.  Ov. Oy 2\ 'Oz kaxi kij Ox;j

L0 N[, u
2 ! al’k k 8a:i Fij 8x]~

Y , N\ 0%ug dx’ dug
englaig (5Xy By X €Xy> OO0y, ik Oyp Oxj
;0% dug ox' Ox? dug

0
+ (®hij + W) Oz 0y, XY Gy, dw; oy, Dy Ou;
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Next letw, = w§ ) (2) + wé ) + w§4), where
( (1) 9 ! axj o 82uO 82ug
L. _ . X _i—ed Proo oW, ) 2 40
Cagt X o S %%%1 in Ds
i Y 0y, 01, OZUJ ayk 03;] ayk dy, Oz; ’ (12)
Our” = —engla, (¢ 10X Loy g . axj%+(q)u+5\p..)%
L O T v e r;0ry oy, 0wy | F9 TR o oy
0%\I 0u Ox! Ox? Ou
l 0 X OX 0
. TUO | gy SX X TUO D
+aZkXy0y18yk ox; ta 8yk oy 83:]] on 9D,
Lo(w®) =0 in Ds,
e/ d ) dug (13)
S O A A B Sl D
O, 2\ Ox "k 0x; kij oz on 9D,
Lew®) =0 in Dj,
a2/ 9 B dug (14)
=—(niz— -1k | | Yrij5— Ds,
ove 2 (n Oxy, ”’“axi) ( kj@a:J) on 9Ds
and
Le(w®) =0 in D,
8w§ ) _ Oue — % on 0D 4o
.  Ov. O 5

To estimateuél), we use the Neumann functions representation
@ 1< C [ 19,80 10 7001+ 7o D,
Whereﬁa(a:, y) denotes the Neumann functions for in Ds. By Hélder inequality, this gives
| w8 | oo (0 < Ce(ll Vw0 l|La(ps) + | Vo | Lapy)); (16)

whereq > n.

The existence of the solution of equations (3.3) and (3.4) is according to the compatibility condi-
tion as well as the antisymmetry &f,;; from Proposition 2.2.

To estimateu§2), it follows from (3.3) that

(2) :_5/ (.a_ a)ﬁ @8% .
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Then for anyz € D3, chooser € 9D3 such thatl © — z |= dist(x,0D3). Hence for any

N N 0
yedDs, |T—y|<|lz—y|+|ZT—z|<2|x—y]| IfwesetR(y) = (Rki(y)) = <Dkij8l;’ then
J
(2) _5/ <'0_ a)ﬁ JR(Z) — R(y)d
wy (x = n; n -(z, T o
| we™ () | 2 Jopy \" 0y ko (Ne(z,y)) - [R(Z) — R(y)]do(y)
< Cs/ —’ Rg\x) _ Iz(_yl) ‘da(y).
dD3 ’ r—y |
Since
| R lleo(ps) < C'll Vo [lLe(ps)s
| R(Z) — R(y) | < C(]| vuo [[coa(pyy +e || Vuo [[ze(ps)) [ T —y |7,
this implies that
(@) | < Ce | Vo =iy [ L doly)
aD5\B.(b) | T — Yy |" ,
+ el VU oo ————do(y
|70 llz2= (D) aDsNB.(b) | T —1 y [nime () a7
+ Ce || Vuo [|co.e(ps) do(y)

oDsnB.(b) | T —y P71
< Celn[l/e + 2] || Vuo l|oo(pg) +C** || Vo lcoa(py) -

) (4)

The estimate abou&§3 is similar t0w§2). Finally to estimatev: , it follows from Lemma 3.1

and (3.5) that

I Nz < C 1wt a1 (py)
<C H Ue — UQ HLQ/(qfl)(DQ) +Ce H Vuo HLOO(DQ)
+C | w® [ zoo (Do) +C || wl® oo (D) +C || w® | 2oe (D2) -

This together with (3.6), (3.7) and imbedding theorem, gives (3.1). This completes the groof.

The next Lemma is exactly same with result due to Pastukhova in [24], which was used to estab-
lish the asymptotic behavior of Neumann functions.

Lemma3.3 — Suppose that ¢ L?(Q). Letu. € H'(Q) be a solution of

Oug

Le(us) = f inQ and o

=0 on 0f2.

Then

| ue —uo |2 < Ce || f [lL2(e):
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whereC depends only o\, n, ¢, a, A andQ.

PrROOF: The proof of Lemma 3.3 follows the same line of argument as Lemma 3.2. Let
we() = ue(x) — uo() +ex’ (x/e) 5~
Then

82u0
Bl‘j 8xk

Uo

9 tage zaij_ J_
Ox? Jug

dx;
| 9% 8uo Cw
8y18yk 8.75] i Oyy, Ox;

+a7,kXy
Ous  Oug 8 6
o, aTﬁ ( m )(‘b
2 8u0
kzy a
_Enz[azk <€Xy 8 X Xy) ax aik
J
2up N 0%y Oug

€
0z ;0xy, + kX Y 0y 0y 8%

Le(ws)= ¢

+ (Prij + €Whij)
oxt Ox7 dug

® oy oy oy
8UO

)

*ii

Owe
ove

+ 2
8xj 8U0
8yk 81’j

8)( Ix? Oug

6yk ayl (93?]

+ (Prij + eWhij)

Next letw, = wé ) (2) + wé ) + w§4), where

0 o’
;0?7 Oy B
ik Xy Oy 0y 833]

la g
—engla sxya— -
0%x? Oug
l
ta ZkXy@y;@yk ox;

/ wildy =0,
Q

_|_

8w§1)
ov.

X .
T[aik <€X§/8 D

2“0

Oz 0z,

8211,0
8.Tj8xk
n

ex’ )
BXJ Oug
8yk Oz §

62UO

J _ ond
5Xy> al']axk

6yk Oy Oz

(‘I’kij + eWij)

ayk Oy Ox;

0 X O
i 8yk 8.%'j

82'LL0
a:(}j 8.%'k

+ (Prij + Whij)

on 0,
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in €,
(3)

g2 0 0 Ouyg
81/6 = ? <nla[]jk — nkaxl> <\Ijk”8(£j) on GQ,

and

1
wt) = 997 o (we — wM)do.

From the usual energy estimate, we have
I |l z2() < Ce [l uo [lr2(e) (18)

Next, we use a duality argument to estimaﬂé@). Assume thatF; is a solution to Neumann
problem

L(F;)=0 in 9,
F,
OF =g on 01,
ov.

F.do =0, F.ec HY(Q),
0N

whereg € H?() and [,,, gdo = 0. It follows from integration by parts that

2
/ wf)gdo’ = ;- Owe do
P o9 Ove
€ 0 d duyg
< = L p . il
—2 /89 (maxk " 5%‘) Fe - Priy 8961‘)

< Ce || VE: |l200)ll Vo llz20) -

In view of the estimatdl 7. [|12(00)< C || g ||z2(a0) @nd the square function estimate for the
L? Neumann problem [16], we obtain

| w® N2 < Ce || vuo |l 2200 - (19)
Similar, we obtain

| W |2 < Ce? || Vo || z2(00) - (20)
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Finally to estimateu§4), we note that

L@ |< c/m Lo | do + cs/m | Yuo | do < Ce || uo az(ey - 21)

This together with estimates wﬁl), w!? W and the well-known inequalityf uo || g2y < C ||
f |20, completes the proof of Lemma 3.3.

Now, we obtain the convergence rate of Neumann functions from the following theorem.

Theorem3.4 — Suppose thaiV, (z,y) ,No(x,y) denotes Neumann functions for operatdrs
L, in Q respectively. Then for any, y € €,

Celn(e ™!z —y|+2)
|z —y [

| Ne(,y) — No(z,y) |< (22)

)

whereC' depends om, A, a, A and (2.

PROOF: By scaling we may assume théum(Q2) = 1. Fix zg, yo € Q and letr =| o —yo | /4.
We only need to prove < r, since the case > r is trivial and follows from the estimate of (2.1).
Let f € C5°(D,(y0)) and [, ue = 0. It follows from the Neumann functions representation that

us(x)Z/Dr(yo) Ne(w,y)f(y)dy and  uo(x) =/ No(z,y) f(y)dy- (23)

D'r‘(y())
SinceQ is C1, we have the following estimates [8],

{ I 7%u0 lLa@)< C Nl f LoDy yo))» for any 1 < ¢ < o0,

| vuo |l < Cr ™| f lLa(py(yoy, forany g >n.
It follows from Lemma 3.2, Lemma 3.3 and duality theory that
| Ne(zo,y) — No(z0,y) | Lara—1 (D, (o))< C€nl(r/e) + 2t /e,

whereq > n.

. . ON,(x, ONy(x, 1
Since L. (N:(x0,v)) = Lo(No(xo,y)) = 0in D,(yo) and S(Va v) = ggjo y) = “Taq]

on 99). It follows from Lemma 3.2 that

| Ne(wo,90) = No(wo.30) | < Celnl(r/e) +2] | v, No(w0,9) Il (D, )
+Cert ™4 || 72 No(20, ) || La(Dy (o))
+Cr™ I || Ne = No || parta-v(py(
< Celn|(r/e) + 2Jr' 7,

Y0))
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where we have used (2.1). This completes the proof.

As an application of Theorem 3.4, we obtain error estimatéisiof— ug || z» () foranyl < p <

Theorem3.5— Assume that. € H'(Q2) and f € L4(f2). Suppose that. is the solution of

Neumann problem
Oug

v,

Le(us) = f inQ and =0 on 0f.

Then these estimates

(e — g |0y < Celln(d/e + 227" || £ |ln(q), where d = diam(S),
| e — o || (@< Celn(d/e + 2)] | f l|pn-s(),  forn/(n—238)+8=2,if 0<5<n/2,
| e — uo ||z (@) < Celln(d/e + 2)] || £ l|zo(e), if ¢>n,

1l ue = uo || o) < Celn(d/e +2)] || £ o) forl/p=1/q—1/n, if 1<qg<n

hold, whereC' depends om, ¢, o, A, A and (2.
PROOF: In view of (2.1) and (3.12), we obtain the convergence rates for Neumann functions

Celn(e ™! |z —y|+2)

| No(z,y) — No(z,y) |< and | Ne(z,y) — No(z,y) |<

e EETIG
By the Neumann functions representation &hélder’s inequality, it gives
| f(y) | = | f(y) |
us(x) — up(x <C ——"—dy + Celn(d/c + 2 — 2 —dy
| ue(®) @) | Do) | T —y "2 (d/ ) O\D.(z) | T—y "1

<Cell f +Celln(d/e +2))* 7V | f (7))
< Celln(d/e + 22" || f |l pn(a)s

whered = diam(€2). This gets the first estimate.

The second estimate is the same as the first estimate.

| f(y) |
Do) | T —y "2
< Cem=2)/(=0) || f || s

+Ce =2V =N In(dfe + 2] || f || pn-s(q
< CePlin(d/e +2)] || £ llpn-s0s

| uc(z) —up(z) | <C dy+051n(£i/e+2)/ Md@,

o\D.(z) | T —y "1

wheren/(n —¢) + f=2and0 < ¢ < n/2.

The third estimate follows fronif older’s inequality directly.
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The last inequality follows from Hardy-Littlewood-Sobolev theorem of fractional integration
(Chapter 5, Theorem 1 in [25]). This completes the proof. O

4. GRADIENT ERRORESTIMATE

In this section, we consider the gradient error estimate for solutions. This can be obtained via the
uniform regularity estimate.

We introduce a boundary correction functiogne H'(Q2), which is the solution to

L.(&)=0 in Q,
0&. 0 0 € g2 Oug
=—|ni—— —Dpii + — Vi | =— Q.
ov, <n oxy, nk@m) [(2 kij + 2 I”) Ox;j on 9
e 0 0 ox* o
. jO% | 2 j (%Y OX Ouo 24
We = ue —ug +ex o, +E7Xy <8x] dy; a.l‘k) + & (24)

It follows from Proposition 2.5 and Proposition 2.6 that

a a J . . 82u 82’&
LW, = 887[6% <5X§/6X ) 5x{,> 0 4 (Prij +eWhij) :

8xj6xk 8$]a$k
va szé 9%xI Oug _aik%% i It Ox7 dug
0y10Yk 81’] Oyy, Ox; 8yk By, 8% (25)
ow. ' 1 OX? j j g BXJ Oug
v, —enilai <5Xy8yl X TEX > 8xj8xk. ayk (%UJ
+(‘I)kij+€\1’kij)782uo 1 O°X) Oug %%%

Oz 0z, T aikXy Oy Oyp 83@ ta 0yk dy, Oz

Lemmad.1 — Assume thaf is a bounded”"! domain. Let matrix A satisfy (1.2) (1.3) and
(1.4). Suppose that. ¢ H'(Q) is a solution of the Neumann problem

L.(u.) = div(A(z/e,x/e?)F)  in Q,

(26)
gus = —n-Alz/e,x/e*)F  on 09,
Ve

whereF € C%(Q). Thenyyu. € L>(9), and

| Ve oo < C |l F [l cor(e),

whereC depends only o\, p, a, A, n, andQ.

PROOF: In view of (4.3) and the Neumann functions representation, we obtain

a (2,y)) aij(y/e,y/”) F;(y)dy.
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It follows that for anyx € €,

Tusle) == [ S (a N ) 02,0/ V)~ a0/ )y
—ay(e/ea/ By a) | nie) 7 Ne(eg)doty)
— | (TaNeo )i/, /) F )~ Fy@)ldy (27)
~Fa) [ 5= (7aNeo ) ew 0/, /%) - a0/ dy

—ay(o/ea/ By a) [ nie) 7 N g)do(y).
Note that if Fj(x) = —0,, thenu.(x) = xy, is a solution of (4.3). In view of (4.4), we obtain

Vo) =65 /Q afﬁmzvg(x,y))[amy/a,y/e%—az-m/e,x/a?)]dy

(28)
ralafe ol [ i) e Nela)do()
It follows from (4.4) and (4.5) that
0
Vue(z) + Fj(2) v (25) = — /Q Fy(vaa(z,y))aij(y/s,y/EQ)[ﬂ(y) — Fj(z)]dy.
Hence,
| Guela) | < C I F oy +C | F ooty |
WV Ue = L= () Cor(Q) Q | T —y ‘nfp
<C| Flcor) -
This completes the proof. O
As an application of Lemma 4.3, we obtain an error estimat¢ of[u. — uop + exj%
J
. Ou Ix* ou
e (52 — D) £ (0.

Y 81']' 6yj 8.%%
Theorem4.2 — Assume that. € H'(Q). Let f € C%?(Q) for some0d < p < 1/2. Suppose
thatu,. is the solution of Neumann problem

Oug

= Q.
ar. 0 on O

L.(u;) = f inQ and

Then the estimate

k
HV {u gt ey 20 N <3uo _ 3><8uo> +§€]

Uy _
- S Ce' | f lleon)  (29)
J

Leo(Q)
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holds, where depends only on, o, n, A andf.
PrROOF: In view of (4.1) (4.2) and Lemma 4.1, we obtain

| VWe(z) | < Ce A(l’/&iﬁ/fiz) HCOvP(Q)” v uo Hcovn(n)
< Ce" | f oo -

This completes the proof. a
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