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In this paper, we study reiterated homogenization problems for equations−div(A(x/ε, x/ε2)∇uε)

= f(x). We introduce auxiliary functions and obtain the representation formula satisfied byuε

and homogenized solutionu0. Then we utilize this formula in combination with the asymptotic

estimates of Neumann functions for operators and uniform regularity estimates of solutions to

obtain convergence rates inLp for solutions as well as gradient error estimates for Neumann

problems.
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1. INTRODUCTION

This paper concerns with the asymptotic behavior of solutions to reiterated homogenization equations

with Neumann boundary conditions. More precisely, given a boundedC1,1 domainΩ ⊂ Rn, we

consider

Lεuε = − ∂

∂xi

(
aij(x/ε, x/ε2)

∂uε

∂xj

)
= f in Ω and

∂uε

∂νε
= 0 on ∂Ω, (1)

where
∂uε

∂νε
= niaij

∂uε

∂xj
denotes the conormal derivative withLε andn(x) is the outward unit normal

to ∂Ω at the pointx.

Throughout this paper, the summation convention is used. We assume that the coefficient matrix

A(y, z) = (aij(y, z)) with 1 ≤ i, j ≤ n is real symmetric and satisfies the ellipticity condition

λ | ξ |2≤ aij(y, z)ξiξj ≤ 1
λ
| ξ |2, for y, z ∈ Rn and ξ = (ξi) ∈ Rn, (2)
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whereλ > 0, and the periodicity condition

A(y + l, z + h) = A(y, z), for y, z ∈ Rn and l, h ∈ Zn. (3)

We impose the smoothness condition

‖ A(y, z) ‖C1,α(Rn×Rn)≤ Λ, for some α ∈ (0, 1) and Λ > 0. (4)

Without loss of generality, we also assume the compatibility condition
∫

∂Ω
uε(x)dσ(x) =

∫

Ω
f(x)dx = 0. (5)

Error estimates of solutions is one of the main questions in homogenization theory. There are

many papers about convergence of solutions for elliptic homogenization problems. Assume that all

of functions are smooth enough, theO(ε) error estimate inL∞ was presented by Bensoussan, Lions

and Papanicolaou [5]. In 1987, Avelcaneda and Lin [3] provedLp convergence by the method of

maximum principle. At the same year, they [4] obtainedL∞ error estimate whenf is less regular

than Bensoussan, Lions and Papanicolaou’s. After that, Griso [11, 12] studied interior error estimates

by using the periodic unfolding method. In 2012, Kenig, Lin and Shen [16] obtained convergence

of solutions inL2 andH
1
2 in Lipschitz domains with Dirichlet or Neumann boundary conditions.

In 2014, they [17] have also studied the asymptotic behavior of the Green and Neumann functions

obtaining some error estimates of solutions.

One may consult several outstanding sources [1, 5, 7, 9, 10, 13, 20] for background and overview

of the homogenization theory.

In this work, we study convergence rates of solutions for reiterated homogenization equations with

Neumann boundary conditions. The concept of reiterated homogenization was first introduced by

Bensoussan, Lions, Papanicolaou [5]. The nonlinear case was studied by Bradies and Lukkassen [6]

for elliptic and convex problems. The nonlinear case for periodic monotone operators was obtained

in [19] by using the method of energy and multiscales convergence, see also [2] for this method.

Meunier and Schaftingen [21, 22] studied convergence weakly inW 1,p
0 for solutions via the periodic

unfolding method. It is important to consider reiterated homogenization problem which has been

found applied to advection and diffusion of passive tracers in fluids.

It should be noted that reiterated homogenization problems are much more difficult to deal with

than homogenization problems, the main reason is that there are two cell problems and we have to

introduce two auxiliary functions in order to get homogenized equation, which causes new difficulties
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in the estimation of the representation formula satisfied byuε and homogenized solutionu0. As the

same time, we consider the Neumann boundary value problem. Unlike Dirichlet problem, Neumann

problem requires more restrictions on the boundary conditions and is more complicated. As it is well

known, the Neumann problem has played a significant role in mathematical physics, for instance,

equilibrium problems concerning beams, columns, or strings and engineering problems such as in

thermodynamics, and hence has attracted the attention of many researchers over the last two decades.

In practice, Neumann boundary conditions are important in applications of homogenization [14, 18,

23].

The procedure we used for obtaining convergence rates estimates is somewhat analogous to the

process Kenig, Lin and Shen [17] used for the most classical homogenization problems. The main

purpose of this paper is to extend their results [17] to the reiterated homogenization problem. This

would be more interesting and technical.

The rest of the paper is organized as follows. Section 2 contains some basic estimates and use-

ful propositions which are very important to obtain error estimates. In section 3, we show thatuε

converges inLp(Ω) to the solutions of the corresponding homogenized problems based on obtaining

estimates for the Neumann functions of operators. In Section 4, we use uniform regularity estimate

to obtain the Lipschitz convergence rate estimate for solutions.

2. PRELIMINARIES

In this section, we show some basic formulas and useful propositions, which are more or less known

(see for example [5]). For the sake of completeness we include them here.

Associated with (1.1), the homogenized problem is

L0u0 = −qij
∂2u0

∂xi∂xj
= f in Ω and

∂u0

∂ν0
= 0 on ∂Ω,

whereL0 is a constant coefficient operator which is also called homogenized operator. The constant

matrix is given by

qij =
∫ ∫

Y×Z

[aij(y, z)− aik(y, z)
∂χj

y(z)
∂zk

−aik(y, z)
∂χj(y)

∂yk
+ aik(y, z)

∂χl
y(z)

∂zk

∂χj(y)
∂yl

]dydz,

whereY = Z = [0, 1)n ' Rn/Zn and
∂u0

∂ν0
= niqij

∂u0

∂xj
.
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Functionsχ(y) = (χj(y)) andχy(z) = (χj
y(z)) = (χj(y, z)) are solutions of the following two

cell problems,




− ∂

∂zi

[
aik(y, z)

∂χj
y(z)

∂zk
− aij(y, z)

]
= 0 in Z,

χj
y(z + h) = χj

y(z) for z ∈ Rn, h ∈ Zn,∫

Z
χj

y(z)dz = 0

and 



− ∂

∂yi

[∫

Z
(ail(y, z)− aik(y, z)

∂χl
y(z)

∂zk
)dz(

∂χj(y)
∂yl

− δj
l )

]
= 0 in Y,

χj(y + l) = χj(y) for y ∈ Rn, l ∈ Zn,∫

Y
χj(y)dy = 0,

for any1 ≤ j ≤ n, whereδj
l = 1 if l = j, otherwise,δj

l = 0.

Recall that Neumann functionsNε(x, y) in a boundedC1,1 domainΩ such that




LεNε(·, y) = δy(x) in Ω,

∂Nε(·, y)
∂νε

= − 1
| ∂Ω | on ∂Ω,

∫

∂Ω
Nε(x, y)dσ = 0,

whereδy(x) denotes the Dirac delta function with pole aty.

It follows essentially the same steps as [15], we can obtain the estimates of Neumann functions

which are more or less standard. More precisely, assume thatΩ is a boundedC1,η domain for some

0 < η < 1, then for anyx, y ∈ Ω, x 6= y andn ≥ 3,




| Nε(x, y) |≤ C

| x− y |n−2
,

| 5xNε(x, y) |≤ C

| x− y |n−1
,

| 5yNε(x, y) |≤ C

| x− y |n−1
,

| 5x 5y Nε(x, y) |≤ C

| x− y |n .

(6)

Proposition2.1 — LetFij(y) ∈ L2(Y ) with 1 ≤ i, j ≤ n. Suppose that
∫

Y
Fij(y)dy = 0 and

∂

∂yi
(Fij(y)) = 0. Then there existsΦkij ∈ H1(Y ) such thatFij =

∂Φkij

∂yk
andΦkij = −Φikj .
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PROOF : This proposition had been proved by Kenig, Lin and Shen [16]. 2

Proposition2.2 — LetFij(y, z) ∈ L2(Y×Z) with 1 ≤ i, j ≤ n. Suppose that
∫ ∫

Y×Z

Fij(y, z)dydz =

0,
∂

∂yi

(∫

Z
Fijdz

)
= 0 and

∂

∂zi
(Fij) = 0. Then there existΨkij ∈ H1(Y ×Z) andΦkij ∈ H1(Y )

such that

Ψkij = −Ψikj , Φkij = −Φikj and Fij =
∂Φkij

∂yk
+

∂Ψkij

∂zk
.

PROOF : From Proposition 2.1, we find that there exists functionΦkij such that
∫

Z
Fijdz =

∂Φkij

∂yk
andΦkij = −Φikj . It follows that

∫

Z

(
Fij − ∂Φkij

∂yk

)
dz = 0.

Let Wij = Fij − ∂Φkij

∂yk
. This gives

∫

Z
Wijdz = 0 and

∂

∂zi
(Wij) = 0. Using Proposition 2.1,

we obtain that there exists functionΨkij such thatWij =
∂Ψkij

∂zk
andΨkij = −Ψikj . Hence

Fij =
∂Φkij

∂yk
+

∂Ψkij

∂zk
,

whereΦkij , Ψkij satisfyΦkij = −Φikj andΨkij = −Ψikj . This completes the proof. 2

Remark2.3 : Let

Bij(y, z) = qij − aij(y, z) + aik(y, z)
∂χj

y(z)
∂zk

+ aik(y, z)
∂χj(y)

∂yk
− aik(y, z)

∂χl
y(z)

∂zk

∂χj(y)
∂yl

. (7)

Note that
∫ ∫

Y×Z

Bij(y, z)dydz = 0,
∂

∂yi

(∫

Z
Bijdz

)
= 0 and

∂

∂zi
(Bij) = 0. It follows from

Proposition 2.1 that there exist two functionsΦkij(y) andΨkij(y, z) such thatΦkij = −Φikj , Ψkij =

−Ψikj and

Bij(y, z) =
∂Φkij(y)

∂yk
+

∂Ψkij(y, z)
∂zk

. (8)

Remark2.4 : Under the assumptionA(y, z) ∈ C1,α(Rn×Rn), it is known that5χ(y) ∈ C1,α(Y )

and5χy(z) ∈ C1,α(Z). This implies that5Φ(y) ∈ C1,α(Y ) and5Ψ(z) ∈ C1,α(Z). In particular,

‖χj(y)‖W 2,∞(Y ) + ‖χj
y(z)‖W 1,∞(Z) + ‖Φkij(y)‖L∞(Y ) + ‖Ψkij(z)‖L∞(Z) ≤ C, (9)

where constantC depends only onn, α, λ,Λ.

Proposition2.5 — Suppose thatuε ∈ H1(Ω), u0 ∈ H2(Ω) andLε(uε) = L0(u0) in Ω. Let

ωε(x) = uε(x)− u0(x) + εχj(x/ε)
∂u0

∂xj
+ ε2χj

y(x/ε2)
(

∂u0

∂xj
− ∂χk

∂yj

∂u0

∂xk

)
.
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Then

Lε(ωε) = ε
∂

∂xi
[aik

(
εχl

y

∂χj

∂yl
− χj − εχj

y

)
∂2u0

∂xj∂xk
+ (Φkij + εΨkij)

∂2u0

∂xj∂xk

+ aikχ
l
y

∂2χj

∂yl∂yk

∂u0

∂xj
− aik

∂χj

∂yk

∂u0

∂xj
+ aik

∂χl

∂yk

∂χj

∂yl

∂u0

∂xj
].

(10)

PROOF : Note that

aij
∂ωε

∂xj
= aij

∂uε

∂xj
− aij

∂u0

∂xj
+ aik

∂χj

∂yk

∂u0

∂xj
+ εaikχ

j ∂2u0

∂xj∂xk
+ aik

∂χj
y

∂zk

∂u0

∂xj

+ε2aikχ
j
y

∂2u0

∂xj∂xk
− ε2aikχ

l
y

∂χj

∂yl

∂2u0

∂xj∂xk
− aik

∂χl
y

∂zk

∂χj

∂yl

∂u0

∂xj

−εaikχ
l
y

∂2χj

∂yl∂yk

∂u0

∂xj
+ εaik

∂χj

∂yk

∂u0

∂xj
− εaik

∂χl

∂yk

∂χj

∂yl

∂u0

∂xj
.

This together withLε(uε) = L0(u0), gives

Lε(ωε) = − ∂

∂xi

[(
qij − aij + aik

∂χj
y

∂zk
+ aik

∂χj

∂yk
− aik

∂χl
y

∂zk

∂χj

∂yl

)
∂u0

∂xj

]

−ε
∂

∂xi
[aik

(
χj + εχj

y − εχl
y

∂χj

∂yl

)
∂2u0

∂xj∂xk
− aikχ

l
y

∂2χj

∂yl∂yk

∂u0

∂xj

+ aik
∂χj

∂yk

∂u0

∂xj
− aik

∂χl

∂yk

∂χj

∂yl

∂u0

∂xj
]

= − ∂

∂xi

(
Bij

∂u0

∂xj

)
− ε

∂

∂xi
[aik

(
χj + εχj

y − εχl
y

∂χj

∂yl

)
∂2u0

∂xj∂xk
− aikχ

l
y

∂2χj

∂yl∂yk

∂u0

∂xj

+ aik
∂χj

∂yk

∂u0

∂xj
− aik

∂χl

∂yk

∂χj

∂yl

∂u0

∂xj
]

= − ∂

∂xi

[(
ε
∂Φkij

∂xk
+ ε2 ∂Ψkij

∂xk

)
∂u0

∂xj

]

−ε
∂

∂xi
[aik

(
χj + εχj

y − εχl
y

∂χj

∂yl

)
∂2u0

∂xj∂xk
− aikχ

l
y

∂2χj

∂yl∂yk

∂u0

∂xj

+ aik
∂χj

∂yk

∂u0

∂xj
− aik

∂χl

∂yk

∂χj

∂yl

∂u0

∂xj
],

where we have used (2.2) and (2.3). From the antisymmetry ofΦkij andΨkij , we obtain (2.5). 2

Next proposition we shall establish the conormal derivative withLε.

Proposition2.6 — Suppose thatuε ∈ H1(Ω) andu0 ∈ H2(Ω). Let

ωε(x) = uε(x)− u0(x) + εχj(x/ε)
∂u0

∂xj
+ ε2χj

y(x/ε2)
(

∂u0

∂xj
− ∂χk

∂yj

∂u0

∂xk

)
.
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Then

∂ωε

∂νε
=

∂uε

∂νε
− ∂u0

∂ν0
+

ε

2

(
ni

∂

∂xk
− nk

∂

∂xi

)(
Φkij

∂u0

∂xj

)

+
ε2

2

(
ni

∂

∂xk
− nk

∂

∂xi

)(
Ψkij

∂u0

∂xj

)

−εni[aik(εχl
y

∂χj

∂yl
− χj − εχj

y)
∂2u0

∂xj∂xk
− aik

∂χj

∂yk

∂u0

∂xj

+(Φkij + εΨkij)
∂2u0

∂xj∂xk
+ aikχ

l
y

∂2χj

∂yl∂yk

∂u0

∂xj
+ aik

∂χl

∂yk

∂χj

∂yl

∂u0

∂xj
],

whereni
∂

∂xk
− nk

∂

∂xi
is a tangential derivative for1 ≤ i, k ≤ n.

PROOF : A direct computation shows that

niaij(x/ε)
∂ωε

∂xj
= niaij

∂uε

∂xj
− niaij

∂u0

∂xj
+ niaik

∂χj

∂yk

∂u0

∂xj
+ εniaik

∂χj

∂yk

∂u0

∂xj

+εniaikχ
j ∂2u0

∂xk∂xj
niail

∂χj
y

∂zl

(
∂u0

∂xj
− ∂χk

∂yj

∂u0

∂xk

)
− εniaik

∂χl

∂yk

∂χj

∂yl

∂u0

∂xj

+ε2niaikχ
j
y

(
∂2u0

∂xj∂xk
− 1

ε

∂2χl

∂yj∂yk

∂u0

∂xl
− ∂χl

∂yj

∂2u0

∂xl∂xk

)

=
∂uε

∂νε
− ∂u0

∂ν0
+ niBij

∂u0

∂xj
+ εniaikχ

j ∂2u0

∂xk∂xj
+ εniaik

∂χj

∂yk

∂u0

∂xj
− εniaik

∂χl

∂yk

∂χj

∂yl

∂u0

∂xj

+ε2niaikχ
j
y

(
∂2u0

∂xj∂xk
− 1

ε

∂2χl

∂yj∂yk

∂u0

∂xl
− ∂χl

∂yj

∂2u0

∂xl∂xk

)

=
∂uε

∂νε
− ∂u0

∂ν0
+ εni

∂

∂xk

[
(Φkij + εΨkij)

∂u0

∂xj

]
+ εniaik

∂χj

∂yk

∂u0

∂xj

−εni (Φkij + εΨkij)
∂2u0

∂xj∂xk
+ εniaikχ

j ∂2u0

∂xk∂xj
− εniaik

∂χl

∂yk

∂χj

∂yl

∂u0

∂xj

+ε2niaikχ
j
y

(
∂2u0

∂xj∂xk
− 1

ε

∂2χl

∂yj∂yk

∂u0

∂xl
− ∂χl

∂yj

∂2u0

∂xl∂xk

)
.

This gets the desired result. 2

3. CONVERGENCERATES IN LP

The goal of this section is to establish error estimates of‖ uε − u0 ‖Lp(Ω) for any1 < p ≤ ∞. In the

rest of this paper, we set

Dr = Dr(x0) = Br(x0) ∩ Ω and Γr = Γr(x0) = Br(x0) ∩ ∂Ω,

for somex0 ∈ Ω and0 < r < r0, whereBr(x0) is the open ball of radiusr centered atx0 andr0 is

a constant.
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Lemma3.1 — Suppose thatuε satisfies

Lε(uε) = 0 in D2r and
∂uε

∂νε
= 0 on Γ2r.

Then

‖ uε ‖L∞(Dr)≤ Crn(1−q)/q ‖ uε ‖Lq/(q−1)(D2r),

if q > n, whereC depends onq, α, λ, n,Λ, andΩ.

PROOF : This estimate had been proved by Kenig, Lin and Shen [15]. 2

Next we establish anL∞ estimate for local solutions.

Lemma3.2 — Letuε ∈ H1(D4r) andu0 ∈ W 2,q(D4r) for somen < q ≤ ∞. Suppose that

Lε(uε) = L0(u0) in D4r and
∂uε

∂νε
=

∂u0

∂ν0
on Γ4r.

Then

‖ uε − u0 ‖L∞(Dr) ≤ Cε ln[(r/ε) + 2] ‖ 5u0 ‖L∞(D4r) +Cεr1−n/q ‖ 52u0 ‖Lq(D4r)

+Crn(1−q)/q ‖ uε − u0 ‖Lq/(q−1)(D4r),
(11)

whereC depends only onΛ, n, q, α, λ.

PROOF : Note that ifLε(uε) = f , thenLε/r(v) = f̃ , wherev(x) = r−2uε(rx) andf̃ = f(rx).

Thus by scaling we may assume thatr = 1. Let

ωε(x) = uε(x)− u0(x) + εχj(x/ε)
∂u0

∂xj
+ ε2χj

y(x/ε2)
(

∂u0

∂xj
− ∂χk

∂yj

∂u0

∂xk

)
in D3.

In view of Proposition 2.5 and Proposition 2.6, we obtain

Lε(ωε) = ε
∂

∂xi
[aik

(
εχl

y

∂χj

∂yl
− χj − εχj

y

)
∂2u0

∂xj∂xk
+ (Φkij + εΨkij)

∂2u0

∂xj∂xk

+ aikχ
l
y

∂2χj

∂yl∂yk

∂u0

∂xj
− aik

∂χj

∂yk

∂u0

∂xj
+ aik

∂χl

∂yk

∂χj

∂yl

∂u0

∂xj
],

∂ωε

∂νε
=

∂uε

∂νε
− ∂u0

∂ν0
+

ε

2

(
ni

∂

∂xk
− nk

∂

∂xi

)(
Φkij

∂u0

∂xj

)

+
ε2

2

(
ni

∂

∂xk
− nk

∂

∂xi

)(
Ψkij

∂u0

∂xj

)

−εni[aik

(
εχl

y

∂χj

∂yl
− χj − εχj

y

)
∂2u0

∂xj∂xk
− aik

∂χj

∂yk

∂u0

∂xj

+(Φkij + εΨkij)
∂2u0

∂xj∂xk
+ aikχ

l
y

∂2χj

∂yl∂yk

∂u0

∂xj
+ aik

∂χl

∂yk

∂χj

∂yl

∂u0

∂xj
].



SOLUTIONS FOR ELLIPTIC REITERATED HOMOGENIZATION PROBLEMS 847

Next letωε
.= ω

(1)
ε + ω

(2)
ε + ω

(3)
ε + ω

(4)
ε , where





Lε(ω
(1)
ε ) = ε

∂

∂xi
[aik

(
εχl

y

∂χj

∂yl
− χj − εχj

y

)
∂2u0

∂xj∂xk
+ (Φkij + εΨkij)

∂2u0

∂xj∂xk

+ aikχ
l
y

∂2χj

∂yl∂yk

∂u0

∂xj
− aik

∂χj

∂yk

∂u0

∂xj
+ aik

∂χl

∂yk

∂χj

∂yl

∂u0

∂xj
] in D3,

∂ω
(1)
ε

∂νε
= −εni[aik

(
εχl

y

∂χj

∂yl
− χj − εχj

y

)
∂2u0

∂xj∂xk
− aik

∂χj

∂yk

∂u0

∂xj
+ (Φkij + εΨkij)

∂2u0

∂xj∂xk

+ aikχ
l
y

∂2χj

∂yl∂yk

∂u0

∂xj
+ aik

∂χl

∂yk

∂χj

∂yl

∂u0

∂xj
] on ∂D3,

(12)





Lε(ω(2)
ε ) = 0 in D3,

∂ω
(2)
ε

∂νε
=

ε

2

(
ni

∂

∂xk
− nk

∂

∂xi

)(
Φkij

∂u0

∂xj

)
on ∂D3,

(13)





Lε(ω(3)
ε ) = 0 in D3,

∂ω
(3)
ε

∂νε
=

ε2

2

(
ni

∂

∂xk
− nk

∂

∂xi

)(
Ψkij

∂u0

∂xj

)
on ∂D3,

(14)

and




Lε(ω(4)
ε ) = 0 in D3,

∂ω
(4)
ε

∂νε
=

∂uε

∂νε
− ∂u0

∂ν0
on ∂D3.

(15)

To estimateω(1)
ε , we use the Neumann functions representation

| ω(1)
ε (x) |≤ Cε

∫

D3

| 5yN̂ε(x, y) | (| 52u0 | + | 5u0 |)dy,

whereN̂ε(x, y) denotes the Neumann functions forLε in D3. By Hölder inequality, this gives

‖ ω(1)
ε ‖L∞(D2)≤ Cε(‖ 52u0 ‖Lq(D3) + ‖ 5u0 ‖Lq(D3)), (16)

whereq > n.

The existence of the solution of equations (3.3) and (3.4) is according to the compatibility condi-

tion as well as the antisymmetry ofΦkij from Proposition 2.2.

To estimateω(2)
ε , it follows from (3.3) that

ω(2)
ε (x) = −ε

2

∫

∂D3

(
ni

∂

∂yk
− nk

∂

∂yi

)
(N̂ε(x, y)) · Φkij

∂u0

∂yj
dσ(y).
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Then for anyx ∈ D3, choosêx ∈ ∂D3 such that| x − x̂ |= dist(x, ∂D3). Hence for any

y ∈ ∂D3, | x̂− y |≤| x− y | + | x̂− x |≤ 2 | x− y |. If we setR(y) = (Rki(y)) = Φkij
∂u0

∂yj
, then

| ω(2)
ε (x) | =

∣∣∣∣
ε

2

∫

∂D3

(
ni

∂

∂yk
− nk

∂

∂yi

)
(N̂ε(x, y)) · [R(x̂)−R(y)]dσ(y)

∣∣∣∣
≤ Cε

∫

∂D3

| R(x̂)−R(y) |
| x̂− y |n−1

dσ(y).

Since

‖ R ‖L∞(D3) ≤ C ‖ 5u0 ‖L∞(D3),

| R(x̂)−R(y) | ≤ C(‖ 5u0 ‖C0,α(D3) +ε−α ‖ 5u0 ‖L∞(D3)) | x̂− y |α,

this implies that

| ω(2)
ε (x) | ≤ Cε ‖ 5u0 ‖L∞(D3)

∫

∂D3\Bε(bx)

1
| x̂− y |n−1

dσ(y)

+ Cε1−α ‖ 5u0 ‖L∞(D3)

∫

∂D3∩Bε(bx)

1
| x̂− y |n−1−α

dσ(y)

+ Cε ‖ 5u0 ‖C0,α(D3)

∫

∂D3∩Bε(bx)

1
| x̂− y |n−1−α

dσ(y)

≤ Cε ln[1/ε + 2] ‖ 5u0 ‖L∞(D3) +Cε1+α ‖ 5u0 ‖C0,α(D3) .

(17)

The estimate aboutω(3)
ε is similar toω

(2)
ε . Finally to estimateω(4)

ε , it follows from Lemma 3.1

and (3.5) that

‖ ω(4)
ε ‖L∞(D1) ≤ C ‖ ω(4)

ε ‖Lq/(q−1)(D2)

≤ C ‖ uε − u0 ‖Lq/(q−1)(D2) +Cε ‖ 5u0 ‖L∞(D2)

+ C ‖ ω(1)
ε ‖L∞(D2) +C ‖ ω(2)

ε ‖L∞(D2) +C ‖ ω(3)
ε ‖L∞(D2) .

This together with (3.6), (3.7) and imbedding theorem, gives (3.1). This completes the proof.2

The next Lemma is exactly same with result due to Pastukhova in [24], which was used to estab-

lish the asymptotic behavior of Neumann functions.

Lemma3.3 — Suppose thatf ∈ L2(Ω). Let uε ∈ H1(Ω) be a solution of

Lε(uε) = f in Ω and
∂uε

∂νε
= 0 on ∂Ω.

Then

‖ uε − u0 ‖L2(Ω)≤ Cε ‖ f ‖L2(Ω),
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whereC depends only onΛ, n, q, α, λ andΩ.

PROOF : The proof of Lemma 3.3 follows the same line of argument as Lemma 3.2. Let

ωε(x) = uε(x)− u0(x) + εχj(x/ε)
∂u0

∂xj
+ ε2χj

y(x/ε2)
(

∂u0

∂xj
− ∂χk

∂yj

∂u0

∂xk

)
.

Then

Lε(ωε) = ε
∂

∂xi
[aik

(
εχl

y

∂χj

∂yl
− χj − εχj

y

)
∂2u0

∂xj∂xk
+ (Φkij + εΨkij)

∂2u0

∂xj∂xk

+ aikχ
l
y

∂2χj

∂yl∂yk

∂u0

∂xj
− aik

∂χj

∂yk

∂u0

∂xj
+ aik

∂χl

∂yk

∂χj

∂yl

∂u0

∂xj
],

∂ωε

∂νε
=

∂uε

∂νε
− ∂u0

∂ν0
+

ε

2

(
ni

∂

∂xk
− nk

∂

∂xi

)(
Φkij

∂u0

∂xj

)

+
ε2

2

(
ni

∂

∂xk
− nk

∂

∂xi

)(
Ψkij

∂u0

∂xj

)

−εni[aik

(
εχl

y

∂χj

∂yl
− χj − εχj

y

)
∂2u0

∂xj∂xk
− aik

∂χj

∂yk

∂u0

∂xj

+ (Φkij + εΨkij)
∂2u0

∂xj∂xk
+ aikχ

l
y

∂2χj

∂yl∂yk

∂u0

∂xj
+ aik

∂χl

∂yk

∂χj

∂yl

∂u0

∂xj
].

Next letωε
.= ω

(1)
ε + ω

(2)
ε + ω

(3)
ε + ω

(4)
ε , where





Lε(ω
(1)
ε ) = ε

∂

∂xi
[aik

(
εχl

y

∂χj

∂yl
− χj − εχj

y

)
∂2u0

∂xj∂xk
+ (Φkij + εΨkij)

∂2u0

∂xj∂xk

+ aikχ
l
y

∂2χj

∂yl∂yk

∂u0

∂xj
− aik

∂χj

∂yk

∂u0

∂xj
+ aik

∂χl

∂yk

∂χj

∂yl

∂u0

∂xj
] in Ω,

∂ω
(1)
ε

∂νε
= −εni[aik

(
εχl

y

∂χj

∂yl
− χj − εχj

y

)
∂2u0

∂xj∂xk
− aik

∂χj

∂yk

∂u0

∂xj
+ (Φkij + εΨkij)

∂2u0

∂xj∂xk

+ aikχ
l
y

∂2χj

∂yl∂yk

∂u0

∂xj
+ aik

∂χl

∂yk

∂χj

∂yl

∂u0

∂xj
] on ∂Ω,

∫

Ω
ω(1)

ε dy = 0,





Lε(ω(2)
ε ) = 0 in Ω,

∂ω
(2)
ε

∂νε
=

ε

2

(
ni

∂

∂xk
− nk

∂

∂xi

)(
Φkij

∂u0

∂xj

)
on ∂Ω,

∫

∂Ω
ω(2)

ε dσ = 0,
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



Lε(ω(3)
ε ) = 0 in Ω,

∂ω
(3)
ε

∂νε
=

ε2

2

(
ni

∂

∂xk
− nk

∂

∂xi

)(
Ψkij

∂u0

∂xj

)
on ∂Ω,

∫

∂Ω
ω(3)

ε dσ = 0,

and

ω(4)
ε =

1
| ∂Ω |

∫

∂Ω
(ωε − ω(1)

ε )dσ.

From the usual energy estimate, we have

‖ ω(1)
ε ‖L2(Ω)≤ Cε ‖ u0 ‖H2(Ω) . (18)

Next, we use a duality argument to estimateω
(2)
ε . Assume thatFε is a solution to Neumann

problem





Lε(Fε) = 0 in Ω,

∂Fε

∂νε
= g on ∂Ω,∫

∂Ω
Fεdσ = 0, Fε ∈ H1(Ω),

whereg ∈ H2(Ω) and
∫
∂Ω gdσ = 0. It follows from integration by parts that

∣∣∣∣
∫

∂Ω
ω(2)

ε gdσ

∣∣∣∣ =

∣∣∣∣∣
∫

∂Ω
Fε · ∂ω

(2)
ε

∂νε
dσ

∣∣∣∣∣
≤ ε

2

∣∣∣∣
∫

∂Ω

(
ni

∂

∂xk
− nk

∂

∂xi

)
Fε · Φkij

∂u0

∂xj
)
∣∣∣∣

≤ Cε ‖ 5Fε ‖L2(∂Ω)‖ 5u0 ‖L2(∂Ω) .

In view of the estimate‖ 5Fε ‖L2(∂Ω)≤ C ‖ g ‖L2(∂Ω) and the square function estimate for the

L2 Neumann problem [16], we obtain

‖ ω(2)
ε ‖L2(Ω)≤ Cε ‖ 5u0 ‖L2(∂Ω) . (19)

Similar, we obtain

‖ ω(3)
ε ‖L2(Ω)≤ Cε2 ‖ 5u0 ‖L2(∂Ω) . (20)
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Finally to estimateω(4)
ε , we note that

| ω(4)
ε |≤ C

∫

∂Ω
| ω(1)

ε | dσ + Cε

∫

∂Ω
| 5u0 | dσ ≤ Cε ‖ u0 ‖H2(Ω) . (21)

This together with estimates ofω
(1)
ε , ω

(2)
ε , ω

(3)
ε and the well-known inequality‖ u0 ‖H2(Ω)≤ C ‖

f ‖L2(Ω), completes the proof of Lemma 3.3.

Now, we obtain the convergence rate of Neumann functions from the following theorem.

Theorem3.4 — Suppose thatNε(x, y) ,N0(x, y) denotes Neumann functions for operatorsLε,

Lo in Ω respectively. Then for anyx, y ∈ Ω,

| Nε(x, y)−N0(x, y) |≤ Cε ln(ε−1 | x− y | +2)
| x− y |n−1

, (22)

whereC depends onn,Λ, α, λ andΩ.

PROOF: By scaling we may assume thatdiam(Ω) = 1. Fix x0, y0 ∈ Ω and letr =| x0−y0 | /4.

We only need to proveε ≤ r, since the caseε > r is trivial and follows from the estimate of (2.1).

Let f ∈ C∞
0 (Dr(y0)) and

∫
∂Ω uε = 0. It follows from the Neumann functions representation that

uε(x) =
∫

Dr(y0)
Nε(x, y)f(y)dy and u0(x) =

∫

Dr(y0)
N0(x, y)f(y)dy. (23)

SinceΩ is C1,1, we have the following estimates [8],



‖ 52u0 ‖Lq(Ω)≤ C ‖ f ‖Lq(Dr(y0)), for any 1 < q < ∞,

‖ 5u0 ‖L∞(Ω)≤ Cr1−n/q ‖ f ‖Lq(Dr(y0)), for any q > n.

It follows from Lemma 3.2, Lemma 3.3 and duality theory that

‖ Nε(x0, y)−N0(x0, y) ‖Lq/(q−1)(Dr(y0))≤ Cε ln[(r/ε) + 2]r1−n/q,

whereq > n.

SinceLε(Nε(x0, y)) = L0(N0(x0, y)) = 0 in Dr(y0) and
∂Nε(x, y)

∂νε
=

∂N0(x, y)
∂ν0

= − 1
| ∂Ω |

on∂Ω. It follows from Lemma 3.2 that

| Nε(x0, y0)−N0(x0, y0) | ≤ Cε ln[(r/ε) + 2] ‖ 5yN0(x0, y) ‖L∞(Dr(y0))

+Cεr1−n/q ‖ 52
yN0(x0, y) ‖Lq(Dr(y0))

+Crn/q−n ‖ Nε −N0 ‖Lq/(q−1)(Dr(y0))

≤ Cε ln[(r/ε) + 2]r1−n,
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where we have used (2.1). This completes the proof.

As an application of Theorem 3.4, we obtain error estimates of‖ uε− u0 ‖Lp(Ω) for any1 < p ≤
∞.

Theorem3.5 — Assume thatuε ∈ H1(Ω) and f ∈ Lq(Ω). Suppose thatuε is the solution of

Neumann problem

Lε(uε) = f in Ω and
∂uε

∂νε
= 0 on ∂Ω.

Then these estimates




‖ uε − u0 ‖L∞(Ω)≤ Cε[ln(d̃/ε + 2)]2−1/n ‖ f ‖Ln(Ω), where d̃ = diam(Ω),

‖ uε − u0 ‖L∞(Ω)≤ Cεβ[ln(d̃/ε + 2)] ‖ f ‖Ln−δ(Ω), for n/(n− δ) + β = 2, if 0 < δ < n/2,

‖ uε − u0 ‖L∞(Ω)≤ Cε[ln(d̃/ε + 2)] ‖ f ‖Lq(Ω), if q > n,

‖ uε − u0 ‖Lp(Ω)≤ Cε[ln(d̃/ε + 2)] ‖ f ‖Lq(Ω), for 1/p = 1/q − 1/n, if 1 < q < n

hold, whereC depends onn, q, α,Λ, λ andΩ.

PROOF : In view of (2.1) and (3.12), we obtain the convergence rates for Neumann functions

| Nε(x, y)−N0(x, y) |≤ C

| x− y |n−2
and | Nε(x, y)−N0(x, y) |≤ Cε ln(ε−1 | x− y | +2)

| x− y |n−1
.

By the Neumann functions representation andHölder′s inequality, it gives

| uε(x)− u0(x) | ≤ C

∫

Dε(x)

| f(y) |
| x− y |n−2

dy + Cε ln(d̃/ε + 2)
∫

Ω\Dε(x)

| f(y) |
| x− y |n−1

dy

≤ Cε ‖ f ‖Ln(Ω) +Cε[ln(d̃/ε + 2)]2−1/n ‖ f ‖Ln(Ω)

≤ Cε[ln(d̃/ε + 2)]2−1/n ‖ f ‖Ln(Ω),

whered̃ = diam(Ω). This gets the first estimate.

The second estimate is the same as the first estimate.

| uε(x)− u0(x) | ≤ C

∫

Dε(x)

| f(y) |
| x− y |n−2

dy + Cε ln(d̃/ε + 2)
∫

Ω\Dε(x)

| f(y) |
| x− y |n−1

dy

≤ Cε(n−2δ)/(n−δ) ‖ f ‖Ln−δ(Ω)

+Cε(n−2δ)/(n−δ)[ln(d̃/ε + 2)] ‖ f ‖Ln−δ(Ω)

≤ Cεβ[ln(d̃/ε + 2)] ‖ f ‖Ln−δ(Ω),

wheren/(n− δ) + β = 2 and0 < δ < n/2.

The third estimate follows fromHölder′s inequality directly.
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The last inequality follows from Hardy-Littlewood-Sobolev theorem of fractional integration

(Chapter 5, Theorem 1 in [25]). This completes the proof. 2

4. GRADIENT ERRORESTIMATE

In this section, we consider the gradient error estimate for solutions. This can be obtained via the

uniform regularity estimate.

We introduce a boundary correction functionξε ∈ H1(Ω), which is the solution to




Lε(ξε) = 0 in Ω,

∂ξε

∂νε
= −

(
ni

∂

∂xk
− nk

∂

∂xi

)[(
ε

2
Φkij +

ε2

2
Ψkij

)
∂u0

∂xj

]
on ∂Ω.

Let

Wε = uε − u0 + εχj ∂u0

∂xj
+ ε2χj

y

(
∂u0

∂xj
− ∂χk

∂yj

∂u0

∂xk

)
+ ξε. (24)

It follows from Proposition 2.5 and Proposition 2.6 that

LεWε = ε
∂

∂xi
[aik

(
εχl

y

∂χj

∂yl
− χj − εχj

y

)
∂2u0

∂xj∂xk
+ (Φkij + εΨkij)

∂2u0

∂xj∂xk

+aikχ
l
y

∂2χj

∂yl∂yk

∂u0

∂xj
− aik

∂χj

∂yk

∂u0

∂xj
+ aik

∂χl

∂yk

∂χj

∂yl

∂u0

∂xj
],

∂Wε

∂νε
= −εni[aik

(
εχl

y

∂χj

∂yl
− χj − εχj

y

)
∂2u0

∂xj∂xk
− aik

∂χj

∂yk

∂u0

∂xj

+(Φkij + εΨkij)
∂2u0

∂xj∂xk
+ aikχ

l
y

∂2χj

∂yl∂yk

∂u0

∂xj
+ aik

∂χl

∂yk

∂χj

∂yl

∂u0

∂xj
].

(25)

Lemma4.1 — Assume thatΩ is a boundedC1,1 domain. Let matrix A satisfy (1.2) (1.3) and

(1.4). Suppose thatuε ∈ H1(Ω) is a solution of the Neumann problem




Lε(uε) = div(A(x/ε, x/ε2)F ) in Ω,

∂uε

∂νε
= −n ·A(x/ε, x/ε2)F on ∂Ω,

(26)

whereF ∈ C0,ρ(Ω). Then5uε ∈ L∞(Ω), and

‖ 5uε ‖L∞(Ω)≤ C ‖ F ‖C0,ρ(Ω),

whereC depends only onλ, ρ, α,Λ, n, andΩ.

PROOF : In view of (4.3) and the Neumann functions representation, we obtain

uε(x) = −
∫

Ω

∂

∂yi
(Nε(x, y)) aij(y/ε, y/ε2)Fj(y)dy.
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It follows that for anyx ∈ Ω,

5uε(x) = −
∫

Ω

∂

∂yi
(5xNε(x, y))[aij(y/ε, y/ε2)Fj(y)− aij(x/ε, x/ε2)Fj(x)]dy

−aij(x/ε, x/ε2)Fj(x)
∫

∂Ω
ni(y)5x Nε(x, y)dσ(y)

= −
∫

Ω

∂

∂yi
(5xNε(x, y))aij(y/ε, y/ε2)[Fj(y)− Fj(x)]dy

−Fj(x)
∫

Ω

∂

∂yi
(5xNε(x, y))[aij(y/ε, y/ε2)− aij(x/ε, x/ε2)]dy

−aij(x/ε, x/ε2)Fj(x)
∫

∂Ω
ni(y)5x Nε(x, y)dσ(y).

(27)

Note that ifFj(x) = −δjk, thenuε(x) = xk is a solution of (4.3). In view of (4.4), we obtain

5(xk) = δjk

∫

Ω

∂

∂yi
(5xNε(x, y))[aij(y/ε, y/ε2)− aij(x/ε, x/ε2)]dy

+aij(x/ε, x/ε2)δjk

∫

∂Ω
ni(y)5x Nε(x, y)dσ(y).

(28)

It follows from (4.4) and (4.5) that

5uε(x) + Fj(x)5 (xj) = −
∫

Ω

∂

∂yi
(5xNε(x, y))aij(y/ε, y/ε2)[Fj(y)− Fj(x)]dy.

Hence,

| 5uε(x) | ≤ C ‖ F ‖L∞(Ω) +C ‖ F ‖C0,ρ(Ω)

∫

Ω

dy

| x− y |n−ρ

≤ C ‖ F ‖C0,ρ(Ω) .

This completes the proof. 2

As an application of Lemma 4.3, we obtain an error estimate of‖ 5[uε − u0 + εχj ∂u0

∂xj
+

ε2χj
y(

∂u0

∂xj
− ∂χk

∂yj

∂u0

∂xk
) + ξε] ‖L∞(Ω).

Theorem4.2 — Assume thatuε ∈ H1(Ω). Let f ∈ C0,ρ(Ω) for some0 < ρ < 1/2. Suppose

thatuε is the solution of Neumann problem

Lε(uε) = f in Ω and
∂uε

∂νε
= 0 on ∂Ω.

Then the estimate
∥∥∥∥5

[
uε − u0 + εχj ∂u0

∂xj
+ ε2χj

y

(
∂u0

∂xj
− ∂χk

∂yj

∂u0

∂xk

)
+ ξε

]∥∥∥∥
L∞(Ω)

≤ Cε1−2ρ ‖ f ‖C0,ρ(Ω) (29)
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holds, whereC depends only onλ, α, n, Λ andΩ.

PROOF : In view of (4.1) (4.2) and Lemma 4.1, we obtain

| 5Wε(x) | ≤ Cε ‖ A(x/ε, x/ε2) ‖C0,ρ(Ω)‖ 52u0 ‖C0,ρ(Ω)

≤ Cε1−2ρ ‖ f ‖C0,ρ(Ω) .

This completes the proof. 2
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