Indian J. Pure Appl. Math51(3): 869-878, September 2020
© Indian National Science Academy DOI: 10.1007/s13226-020-0437-1

SPLITTING OF THE PULLBACK OF Tps ON AN ELLIPTIC CURVE

Amit Kumar Singh

Department of Mathematics, Indian Institute of Technology-Madras,
Chennai, India
e-mail: amitks.math@gmail.com

(Received .6 April 2019;accepted® May 2019)

We study the splitting of the pullback of the tangent burii}e on an elliptic curve under the
morphism given by a line bundle of degree less or equal to 5.
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1. INTRODUCTION

Let X be a smooth complex projective variety aldbe a very ample divisor oX. Let £ be a
semistable (see section 2 for definition) vector bundleXowith respect ta. WhenC' is a general
smooth complete intersection curve of sufficiently high degre&in Mehta and Ramanathan proved
that | is semistable [10]. WheX is projective space, it is well known that the tangent bundle on

X is semistable with respect to the canonical polarization [9]: i§ a smooth complete intersection
curve of two nonlinear hypersurfacesIi, it was shown by Biswas, Chaput and Mourougane that
Tps|c is semistable [4, Theorem 5]. In the case, wiiers a rational curve iP? and if C lies on

the quadric surfac®' x P!, the explicit description of the pullback of the tangent burifiie on

P! via the normalization map was given by Ascenzi, moreover she also indicated that the nature of
singularities of a curve determine the splitting of the restriction of tangent bundle on the curve [7,
Theorem 0.2]. Further whefi' is an elliptic curve embedded into a projective space by a complete
linear system, Brenner and Hein showed that the restriction of the tangent bundle of the projective
space to the elliptic curve is stable [3, Theorem 1.3]. Motivated by Ascenzi and Brenner-Hein’s result,
one can ask the following question:
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Question: What is the explicit description af*Tps, whereC' is an elliptic curve ang : ¢ — P3
is a morphism given by a sublinear system of a complete linear syéteaf a degreel line bundle
L?

In this paper we give a complete answer of the above question, whers. See Theorem 3.1
and Theorem 3.2.

2. PRELIMINARIES

Let X be a smooth complex projective variety of dimensionLet £ be a vector bundle (= locally
free sheaf) oveX. A subbundlef’ is a subsheaf of a locally free she@fsuch thate'/ F' is torsion
free. A subbundlé” of E is proper if0 < rk(F) < rk(E), whererk(F') denotes the rank af'. Let
H be a very ample line bundle oXi. The degree a vector bundiewith respect tad is defined as

degy (FE) = c1(E).H" 1,

wherec, (E) is the first Chern class df. The slope of is defined as

pw(E) = diil({é?)

E'is said to be (semi) stable with respeciHoif for every proper subbundl€ of F,
pr(F)(S) < pu(E).

E on X is said to be decomposable, if there is a proper subbufdié E, the following exact
sequence
0—-F—F—E/F—0

splits. The vector bundI& on X is indecomposable, if it is not decomposable. Every vector bundle
onP! of rankr > 2 is decomposable. Any stable vector bundle¥ois indecomposable.

Let £(r, d) denotes the set of isomorphic classes of indecomposable vector bundles ofrahk
degreel on X.

2.1 Vector bundles on Elliptic Curve

Let C be an elliptic curve ove€. For a fixed positive integet, there is a unique indecomposable
vector bundleF,. of rankr and degree zero ofi with H°(F,) # 0 and for anyE € £(r,0), there is
a line bundleL of degree zero such that

E=F QL.
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Moreover there is a exact sequence
00— F. —F,_1—0 (2.2)

whereOq denotes the trivial line bundle afi.

Letr andd be positive integers. By fixing a line bundfeon C of degree one, there is a bijection
arq:E(h,0) — E(r,d)

whereh = (r,d) (See [6, Theorem 6]). Let, 4(F},) = E4(r,d). Callit the Atiyah bundleF 4 (r, d)
of rankr and degree@ based atd. For E € £(r, d), there a line bundlé on C' of degree zero such
that

E=EFEs(r,d®L

Following two fundamental results relate between semi-stable and indecomposable vector bundles
onC.

Lemma2.1 — [5, Lemma 29]. For any positive integerandd, the Atiyah bundleF 4(r, d) on
elliptic curveC is semistable.

Lemma2.2 — [5, Lemma 30]. The Atiyah bundB4(r, d) is stable if and only ifr, d) = 1.
3. SPLITTING TYPES OFTHE PULLBACK OF TANGENT BUNDLE

A morphismy : C' — Tps is said to be non-degeneratesifC') is not contained in any hyperplanes.

We shall assume that the underlying field is the complex numbers. In this section, we obtain the
splitting types of the pullback of the tangent bundle via the morphisms> : C — P3 having a
property thatdeg(¢*(Ops(1))) = 5, whenC'is an elliptic curve. Further, any rank three and degree
five vector bundlg” over an elliptic curve of which the splitting type is given in Theorem 3.1, there

is non-degenerate morphism: C' — P2 such thatp*Tps (—1) = F.

Lemma3.1 — LetC be a smooth projective curve and: C' — P™ be any morphism of degree
s. Let H = Opn (1) be the hyperplane bundle @%. Thendeg(y*Opn (1)) = deg(p) deg(¢(C)).

PROOF: [2, Lemma 2.1]. a

Proposition3.1 — LetC be a smooth projective curve. Let: C — P! be a morphism with a
property thatdeg(¢*(Opn-1(1))) = d.

Then the following are equivalent:
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(@) deg(p(C)) =1

(b) o*Tpn-1=L1 &+ DB Lp_o® L1 and(deg L1, ...,deg L,,—o2,deg L,,—1) = (d, ..., d, 2d).

PROOF: (a) = (b). Let Tpn—1 denotes the tangent bundle on the projective- 1) spaceP™ !,
We denotep* (Opn-1(1)) by L. Consider the Euler exact sequence

0 — Opn-1 — Opn-1(1)" — Tpn-1 — 0. (3.1)

Suppose thaleg(p(C)) = 1. Thenp(C) = PL. One can easily observe that

Ton—1]p(cy = Op1 (1) & Op1(2) (3.2)

By taking the pullback of the equation (3.2) yiawe get
O Ton-1 = L2 g [2,

(b) = (a). Suppose that*Tpn-1(—1) = L1®- - -®Ly—o®L,—1 and(deg L1, ..., deg L,,—o,deg L,,—1)
= (0,...,0,d). SinceL;'s are globally generated (by (3.10°(C, L;) # 0. Sincedeg L; = 0 and
HO(C,L;) #0,foralli =1,2,....n -2, L; =2 O¢, foralli = 1,2,....n — 2 ([8, Lemma IV.1.2]).
Then we have

0L Son L0 e L, —0. (3.3)

By taking the determinant of the above equation, we get
L, 1=L.
The mapn induces the map
H°(C,0%) — HY(C,00)*"=2 ¢ H(C, L)
defined by

e1 — (a1, a12,a13, -*-val(n—2)751)

ez — (a1, a2, a23, ., Ag(n—2), 52)

en = (an1, Gn2, an3, - An(n—2); 5n)
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where{e;|i = 1,2,...,n} is the standard basis of thedimensionalC-vector spacel®(C, O%),
wheres, s2, 53, ..., s, are global sections df onC, a;; € C but not all zero, sincg is onto. Let

arl a2 ai3 T a1(n—2) S1
a1 a22 as3 s a2(n—2) 52
A=
An-1)1 Gn-1)2 4n-1)3 " Qn-1)(n-2) Sn—1
Qan1 an2 Gn3 T Qn(n—2) Sn

Let A; be the(n — 1) x (n — 1) matrix obtained by omitting th&” row of the matrixA. Let X;
denoteslet(A;).

Letz € C. We denote(a;1, a2, a;3; -, @i(n—2), 5i) bY w;. Sincen is onto, the se{(w;).|i =
1,2,...,n} generates the vector spa(:%)"_2 & mfzz. And so the one dimensional vector space
A" ((82)" @ 7L1-) generated by

Mgy

{@i)a A @ig)a Ao A (Wi 1)l S it < ov <1 S}

Note that{w;, Awi, A - Aw;, |1 < i3 < -+ < ipo1 < n} = {X1,Xo,..., X }. Therefore,
{X1, Xo,..., X, } is base point free. Thus we get a morphism

7:C — Pt
defined by the equation
x— [ Xi(x): Xo(z) -+ 0 Xp(2)]
Without loss of generality, we may assume that= a;2 = -+ = a;(,—9) = 0, fori =n —1,n
and for alli < n — 2, a;; not all zero, since) is onto. ThenX3 = X, = --- = X,, = 0. Therefore
7(C) = P. Sinceyp andr are dual to each othep(C) = P*. O

Proposition3.2 — LetC be an elliptic curve. Lep : C — P2 be a non degenerate morphism
having a property thateg(¢*(Ops(1))) = 4. Thenyp*Tps is stable.

PROOF: [3, Theorem 1.3]. O

Lemma3.2 — Let £’ be a semistable vector bundle over an elliptic cutvef positive degree.
Thendim H°(C, E) = d.

PROOF: Let K denotes the canonical bundle 6h C being an elliptic curve X = O¢. By
Serre’s duality we computéf}(C, E) = H(C,E* ® K) = H°(C, E*) = 0, since a semi-stable
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vector bundle of negative degree has no non-zero global sections. By applying Riemann-Roch Theo-
rem for vector bundle on a curve, we get

dim H°(C, E) = d.

A vector bundleF on a curveC' is said to be globally generated if the natural map
H°(C,E)® O¢ — E

is onto.

LemmaB.3 — A rankn and degree indecomposable vector bundteon an elliptic curve” can
not be globally generated.

PrROOF: Any indecomposable vector bundle on elliptic curve is semistable (see [5, Lemma 29]),
hence by Lemma 3.2 we hadém H°(C, E) = n. Suppose thaE is generated by global sections.
i.e., there is a natural onto morphism

04 — E.

Therefore, being the morphism onto and both sides of vector bundles have same rank, the vector
bundles O and E are isomorphic that yields a contraction of the assumption thats
indecomposabile. O

Theorem3.1— Let C be an elliptic curve. Lep : C — P3 be a non-degenerate morphism with
a property thatdeg(¢*(Op3(1))) = 5. Then one of the following holds:

1. p*Tps(—1) is stable

2. *Tps(—1) = M @ E, whereM is a line bundle of degre2and £ is an indecomposable rank
two vector bundle od’ of degrees.

PROOF: Let Tps denotes the tangent bundle Bh Consider the Euler exact sequence

0 — Ops — Ops(1)* — Tps — 0. (3.4)

Sincey is non-degenerateleg(¢) # 1 (Lemma 3.1). By the universal property of the normal-
ization of the curvep(C), C'is the de-singularization @f(C).
Taking the pullback of the equation (3.4) viawe have

0— Oc — ¢*(Op3(1))* = ©*Tps — 0. (3.5)
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By twisting the equation (3.5) with*Ops (—1),

0 — ©*Ops(—1) = Of — @*Tps(—1) — 0. (3.6)

Then de@y*Tps(—1)) = 5.

In the case, whep*Tps(—1) is indecomposable vector bundle on the elliptic cutydy Lemma
2.1, 0*Tp3(—1) is semistable. Moreover it is a stable bundle, since rank and degrgel/pf(—1)
are co-prime (Lemma 2.2).

Let us analyse the case, whetilps (—1) is not indecomposable. Then it arises the two cases

(A) ¢*"Tps(—1) = L1 & Ly & Las,
whereL;’s are line bundles of’. By the equation (3.6), the degreeslgfs are nonnegative.

(B) ¢ Tps(—1) = M & E,
where M is a line bundle o' of non-negative degree ardis an indecomposable rank two
vector bundle o’ of non-negative degree.

Case (A): Suppose thap*Tps(—1) = L, & Ly & Ls. Here we list the all possibilities of the
triple:
(i) (dedL;,degly,degLs) = (0,0,5)
(i) (degL,,deglo,degls) = (1,0,4)
(ii) (degL;,degLy,degls) = (0,2,3)
(iv) (degL;,deglLs,dedls) = (1,1,3)
(v) (degLq,deglq,dedls) = (1,2,2)

The casdi), (dedgL:, degls, degls) = (0,0, 5) is not possible, sincg is non-degenerate (by the
Proposition 3.1)

The case (ii), (iv) and (v) are not possible because in this cdseis, a globally generated line
bundle on the elliptic curvé’ of degree one (by (3.6)), it yields a contradiction of the fact that a line
bundle over an elliptic curve of degree one can not be globally generated.

Now suppose thatdegl, degl,, degls) = (0,2, 3). SinceHO(C,Ll) # 0 anddeg(L;) = 0,
L1 2 O¢. Therefore the equation (3.6) is

0— ¢*(Ops(—1)) = O L Oc ® Ly @ Lz — 0 (3.7)
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The mapn induces the map
H(C,0%) — H°(C,0c) & H"(C, L) ® H°(C, Ls)
defined by

e1 — (a1, s1,t1)
2,52,12)
as, s3,13)
as,S4,t4)
where{ei, e2, e3, e4} is the standard basis of the four dimensic@ialector spacéi®(C, OF,), where
s1, S2, 83, 84 are global sections df, andt, ¢, t3, t4 are global sections df; onC. a; € C but not

all zero, since is onto. Without loss of generality, we may assume that 1,a2 = a3 = a4 =0,
sincen is onto. Consider the set

S =A{Y = sotg — sgte, Z = soty — Sata, W = s3ty — sat3}

By the same argument as in Proposition 3.1, one can check that thiésdedse point free. Then,
we get the morphism
7:C —P3

defined by
—[0:Y(z): Z(x): W(z)]

Thereforer in not non-degenerate. Thysis not non-degenerate, singeand are dual to each
other.

Case (B). Whenyp*Tps = M @& E, where)M is a line bundle o and £ is an indecomposable
rank two vector bundle o@'.

We list all the possibilities of the paid\/, E) in terms of their degrees :
(i) (degM,degE) = (0,5)
(i) (degM,degf) = (1,4)
(iii) (degM,degl) = (2,3)
(iv) (degM,degk) = (3,2)
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(V) (degVl,degF) = (4,1)
(vi) (degV,degF) = (5,0)

In the casqi) and (vi), ¢ is not non-degenerate morphism. In the césg by the (3.6) the
line bundleM is globally generated line bundle on the elliptic cuWeof degree one that yield a
contradiction of the fact that says a line bundle of degree one over a elliptic curve can not be globally
generated. The cageév) is also not possible, by Lemma 3.3. In the césg we have a globally
generated line bundiéet(E) on elliptic curveC of degree one. O

Recall: Let X be a variety over a fieldf. Letr be a fixed positive integer. A vector bundie

over X is said to be generated by sections, if there is an onto morphism of vector bundtes on

O — E.

Theorem3.2— LetC be an elliptic curve. LeE’ be a rank three vector bundle ovérof degree
5 which is one of the form given in Theorem 3.1. Tle&is generated by sections. Moreover there is
a non-degenerate morphism: C — P3 such thatF' = ¢*Tps(—1).

PROOF: When F is semistable, by Lemma 3.2imH°(C, F) =5. WhenF = M @ E where
M is a line bundle of degree 2 ardlis a rank two indecomposable vector bundle of degree 3. Again
by applying Lemma 3.2, we géim H°(C, E) = 3. Thereforelim H°(C, F) = 5.

Therefore in both casesim H'(C, F) = 5. By suitably choosing four linearly independents
global sections, we get an onto morphism

O — F.
Equivalently, we get a morphism
¢:C — Gr(3,Ct) =P3.
@ is a required morphism (see [1, Theorem 2.4]).
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