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Let § denote a class of groups. A maximal subgraupof G is called§-abnormal provided
G/Mqg ¢ §. We say that( K, H) is an§-abnormal pair ofG' provided K is a maximalg-
abnormal subgroup df. LetY = {Gy < G; < Gy < --- < G, } be a subgroup series 6f. A
subgroupH of GG is said to beZ-§F-embedded it if H either covers or avoids evegrabnormal
pair (K, H) such that;_; < K < H < G, forsome: € {0,1,--- ,n}. In this paper, some
new characterizations gfsupersoluble ang-soluble are given by discussing the properties of
3-§-embedded of subgroups.
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1. INTRODUCTION

Throughout this paper, all groups considered are fiditglways denotes a group apddenotes a
prime. LetG, denote the Sylow-subgroup ofG and7(G) denote the set of all prime divisors of
Gl

A class of groupsy is called a formation if it is closed under taking homomorphic images and
subdirect products. A formatiofi is called saturated (resp. solubly saturatedy iE § whenever
G/®(G) € § (resp. G/P(N) € § for a soluble normal subgrouly’ of G). We useil andS,, to
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denote the classes of all supersoluble groupszaadiuble groups, respectively. It is well known
thatil and&,, are all s-closed saturated formations. All unexplained notation and terminology are
standard, as in [1-3] if necessary.

Let A be asubgroupaff, K < H < Gand¥ = {Gy < G; < G < --- < G} some subgroup
series ofG. Then we say: (i covers the paifK, H) if AK = AH; (i) A aviods the pai{K, H)
if ANK = AN H,; (iii) AisX-embedded irG [4] if A either covers or avoids every maximal pair
(K, H) suchthat;_ < K < H < G; for some; (iv) A is ¥,-embedded- [4] if A either covers
or avoids every maximal paitK, H) such thatG,_; < K < H < G, for somei andp divides
|G; : Gi—1
calledg-abnormal provided: /M ¢ §. We say that K, H) is ang-abnormal pair of7 provided X’

, wherep is a prime. Let§ denote a class of groups. A maximal subgradpof G is

is a maximalg-abnormal subgroup aff. This observation leads us to the following generalization
of theX-embedded (resp.,-embedded) subgroups.

Definition1.1 — Let§ be a formation and = {Gy < G; < Gy < ---G,} some subgroup
series ofGG. A subgroupH of G is said to be-F-embedded ir; if H either covers or avoids every
§-abnormal paif K, H) such thalG,_; < K < H < G, for somei.

Definition 1.2 — Let§ be a formationp a prime and~ = {Gy < G; < G2 < --- G} some
subgroup series afi. A subgroupH of G is said to beX,-F-embedded it if H either covers or
avoids everyg-abnormal pair K, H) such thatG;,_, < K < H < G, for somei andp divides
|G1 : Gi,1|.

In this paper, we use the propertiesX{§-embedded (respX,-g-embedded) of subgroups to

characterize the structure of finite group.

2. PRELIMINARIES

Lemma2.1 — LetE be{A < G}-F-embedded i, A <V < G andN <G.
(1) ThenENVis{ANV < V}-§-embedded irV.
(2) ThenEN/N is {AN/N < G/N }-§-embedded iz /N.

PROOF: (1) Let (K, H) be ang-abnormal pair suchthat NV < K < H < V. Then clearly,
(K, H) is ang-abnormal pair such that < K < H < G. ThusE either covers or avoid&gd, K).
If E'covers(K,H),then(ENV)K =EKNV =EHNV = (ENV)H. If E avoids(K, H), then
clearly,(ENV)N K = (ENV)nN H. Itfollows thatE NV either covers or avoidds, H). Hence
EnVis{ANV < V}-F-embedded V.
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(2) Let (K/N, H/N) be ang-abnormal pair such thdeN/N < K/N < H/N < G/N. Then
H/Ky = (H/N)/(Ku/N) = (H/N)/(K/N)@/n) ¢ §- It follows that(K, H) is ang-abnormal
pair such thatdA < AN < K < H < G. HenceF either covers or avoid6K, H). If E covers
(K,H), thenKEN = HEN and so(K/N)(EN/N) = (H/N)(EN/N). Now assume thak
avoids(K, H), then(K/N)N (EN/N) = (KN E)N/N = (HNE)N/N = (H/N)N (EN/N).
ThusEN/N either covers or avoidsX /N, H/N) . ConsequentlyE N/N is {AN/N < G/N}-§-
embedded iz /N.

Lemma2.2 — [4, Lemma 2.4]. Lel and B be proper subgroups ¢f such thatz = AB. Then
G = AB* andG # AA*forall z € G.

Let ¥ be a formation. A subgrouff of G is said to b&§-subnormal (in the sense of Kegel [5]) or
K-3-subnormal in [6, p. 236] if eitherH = G or there is a chain of subgroups
H=Hy<H < <H,=G
such that;_; is normal inH; or H;/(H;_1)u, € §foralli =0,1,2,--- ,n.

Lemma2.3 — LetH < G. If every Sylow subgroup of7 is { H < G}-F-embedded iz. Then
H is K-g-subnormal inG.

PrROOF: If H = @, itis clear. Assume thatl # G. Let M be a maximal subgroup aF
containingd andp any prime divisor offM/|. Then for every Sylow-subgroup)M,, of M, there
exists a Sylowp-subgroup’,, of G such thatM/, = M N G,,. By Lemma 2.1(1)M,, is {H < M }-
F-embedded inV/. By induction,H is K-g-subnormal in}/.

If G/M¢g € §, thenH is K-§F-subnormal inG. Now, assume that' /Mg ¢ §. Then(M, G) is
an g-abnormal pair. Lep dividing |G : M| andG, be a Sylowp-subgroup ofG. ThenG, £ M.
By hypothesis(z = M G,. Letq be any prime divisor ofG| such thaiy # p andG, be any Sylow
g-subgroup of7. Itis easy to see tha&f\/*, G) is ang-abnormal pair for any: € G. If G, £ M* for
somez € G, thenG = G,M* and soG, < M*™, wherey € G. SinceG = G,M, by Lemma 2.2,
it is impossible. Hencé&', < Mg and soOP(G) < Mg. It follows thatG /M is ap-group. Hence
M is normal inG. ConsequentlyH is K-g-subnormal inG.

Lemma2.4 — [7, Theorem 2.1.6]. I¢+ is ap-supersoluble group ard,, (G) = 1, thenp is the
largest prime dividingG| andG is supersoluble.

Lemma2.5 —[7, Theorem 3.2.28]. Let the grotp= AB be the product of an abelian subgroup
A and a nilpotent subgroup. ThenAF(G) is a normal subgroup af.

Lemma2.6 — Every{1 < G}-§-embedded subgroup 6f is K-§-subnormal inG.
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PROOF: Suppose that the result is false anddebe a counterexample of minimal order. Let

E be a{l < G}-F-embedded subgroup 6. If E = G, itis evident. Assume thal # G. Then
there exists a maximal subgroug of G such thate' < M. Let (K, H) be anyg-abnormal pair
such thatl < K < H < M. Clearly,(K, H) is ang-abnormal pair such that< K < H < G.
HenceEF either covers or avoid&X, H). By induction,F is K-§-subnormal inM. If G/M¢g € §,
thenE is K-§-subnormal inG. Now assume that’ /Mg ¢ . Itis easy to see thdt\/*, ) is an
F-abnormal pair of for anyz € G. Suppose thakl £ M* for somex € G, thenG = EM?,
which is impossible by Lemma 2.2. Henge< M. By a similar discussion as above, we have that
E'is K-F-subnormal inM by induction. Consequently, is K-g-subnormal inG. O

Lemma2.7 — [8, Lemma 2.14]. LefF be a saturated (solubly saturated) formation &nthe
canonical local (the canonical composition, respectively) satellige bkt £ be a normap-subgroup
of G. ThenE < Zg(G) ifand only if G/Cq(E) € F(p).

Lemma2.8 — [9, Chapter VI, Theorem 4.8]. L& = GG1G4, whereGG; andG» are two nilpotent
subgroups of=. If G is soluble andH; and H, aren-Hall subgroups of7; and G, respectively,
thenH = H,H, is ar-Hall subgroup of.

Lemma2.9 — [7, Chapter 1, Theorem 1.1.9]. Ldtand B be two subgroups of; such that
ABY = BIA for everyg € G. If X andY are two subsets af, then[(A¥X), (BY)] is a subnormal
subgroup of5.

Lemma2.10 — [1, Lemma 3.8.8]. I&7 is a soluble group and> : No(G,)| = ¢° > 1, thenG
has ag-subgroup® # 1 such thatz,,Q is a normal subgroup af'.

Lemma2.11 —[1, Theorem 1.8.6]. The following conditions on a gr@éupre equivalent:

(1) G is p-nilpotent.

(2) G is p-soluble and every maximal subgroup with index a powes sfnormal inG.
Lemma2.12 — LetE < G andE beX,-§-embedded itz for some composition seriesof G.
(1) If V <G, thenENVis{XNV},-§-embedded ir/.

(2) If N < EandN is normal inG, thenE /N is (XN/N),-§-embedded iz /N .

PrROOF: (1) LetX = {1 = Gy < G1 < --- < G, } be a composition series 6f such thatt
is X,-F-embedded irG. ThenX NV ={1=GonV <G NV <..- <G, NV}isasubgroup
series ofV. Let (K, H) be ang-abnormal pair suchth&t, 1NV < K < H < G; NV for somei,
wherep divides|G; N'V/G;—1 N'V|. We show that N V' either covers or avoid&x, H).
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SinceG, NV/G,-1 NV = Gi1(G;NV)/Gi—1 < Gi/Gi—1, p divides|G;/Gi—1|. If Gi—1 N
H ¢ K,thenH = K(HNG;—1) < K(VNG;_1) < K, acontradiction. Hencé N G;_; =
K N G;_1. Now, we consider that the subgroup seligs; < KG;_1 < HG;—1 < G;. Assume
thatKG;,1 <T < HG,_;. ThenT = G, 1(TNH)andK <TnNH < H.If K =TnNH,then
T = KG;—1. Assume that{ = T'n H, thenT = HG,;_,. Hence(KG;_1, HG;_1) is a maximal
pair. Obviously,K NG;-1 < Ky andKyG,—1 < (KGi-1)ug, ,- Since(KGi-1)ug, ,/Gi-1 <
(KGi—1/Gi)ng;_ )6y = (K/KNGi-1)gyane,_, = (K/KNGi-1)g/kng,_, = Ku/(Ku N
Gi—1) = KpyGi—1/Gi—1, (KGi—1)ua,_, < KuGi—1. SO(KG;_1)nc,_, = KyG;_1. It follows
that HG;,_1 /(KGi-1)nag, , = HGi-1/KuGi—1 = H/Kg(HNG;—1) = H/Ky ¢ §. Hence
(KG;-1, HG;_1) is ang-abnormal pair. By hypothesig; either covers or avoidX G;_1, HG;_1).
If E covers(KG;_1,HG;_1),then(ENV)K = (ENV)(VNKGi—1) = VNEKG;_1 =
VNEHG;-1 =VN(ENV)(HGi—1) = (ENV)H. Assume thatr avoids(KGi_1, HG;_1).
Then(ENV)NK = (ENV)NKG,-1NV =ENKG,.1NV =ENHG;_ 1NV =(ENV)NH.
It follows that £ N V' either covers or avoid&s, H). ThereforeE NV is {¥ N V' },-§-embedded in
V.

(2) LetY = {1 = Gp < G1 < --- < Gy} be a composition series 6f such thatF is ¥,-3-
embedded irG. ThenXN/N = {GoN/N < G;N/N < --- < G,N/N} is a subgroup series of
G/N. Let(K/N,H/N) be ang-abnormal pair such that,_;N/N < K/N < H/N < G;N/N
for somei, wherep divides|G; N/G;_1N|. Clearly,1 # G;N/G;_1N = G;/G;_1. Thusp divides
|G;/Gi-1|. Now, we consider that the subgroup sekigs; < K NG; < HNG; < G;. We show
that(K N G;, H N G;) is ang-abnormal pair.

Itis easyto seethat = N(K NG;) = Ky(KNG;),H=NHNG;) = Ky(HNG;)and
Ky NG; < (KNGi)ung,- Hence(K NGi)ung, /Ku NG = (KN Gi/ Ky NGi) g,/ kpna; =
(K NG)Ky/Ku)anc)ku/ky = (K/Kn)pa/k, = 1 and so(K N Gi)ung; = Ku N Gi.
ThenH N G;/(K N Gi)ung, = HNG/(KuNG;) = (HNG)Ky/Ky = H/ Ky ¢ §. Let
KNG; <L<HNG; ThenN(KNG;) < NL < NHNG,), thatis, K < NL < H. If
K = NL,thenK NG, = NLNG; = L(N NnG;) = L. Assume that{ = NL, we have that
HNG; = NLNG; = L(NNG;) = L. Hence(K N G;, H N G;) is ang-abnormal pair. By
hypothesisF either covers or avoidds NG;, HNG;). If E covers(K NG;, HNG;), thenE covers
(N(KNG;),N(HNG;)) = (K,H). Assume thatZ avoids(K N G;, H N G;). SinceN < E,
ENH=ENNHNG)=NENHNG;) =NENKNG;)) =ENNKNG;)) =ENK.
ThusE avoids(K, H). It follows that E/N either covers or avoid&K'/N, H/N). ThereforeE /N
is (XN/N),-F-embedded irz /N .
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3. MAIN RESULTS

Theorem3.1— Letp be a prime. Suppose that = AB, whereA and B are p-nilpotent and every
Sylow subgroup off is { A N B < G}-i-embedded id7. ThenG is p-supersoluble.

Proof: Suppose that the result is false anddebe a counterexample of minimal order. Clearly,

a{An B < G}-U-embedded subgroup is alsd 4 < G}-ii-embedded subgroup and & < G}-
$l-embedded subgroup. By Lemma 2.3, we have thaind B are K-il-subnormal inG. Clearly,
G # A andG # B. HenceG has a proper subgroufi; such thatA < H; and H; is normal inG
orG/(H;)qg € Y. Meanwhile,GG has a proper subgroug, different fromH; such thatB < H, and
H, is normal inG or G/(Hz)¢ € 4. Let My and M5 be two distinct maximal subgroups 6fsuch
thatH, < M; andHy < M. Itis obvious that # (H;)g < (M;)g andl # (Ha)g < (Ma2)g. We
proceed the proof via the following steps:

(1) Oy (G) = 1, G has a unique minimal normal subgrofjpandG /N is p-supersoluble.

Let L be any normal subgroup @F. By Lemma 2.1(2),G/L satisfies the hypothesis of the
theorem. The choice @¥ implies thatG'/ L is p-supersoluble. It implies tha?,/ (G) = 1 andG has
a unigue minimal normal subgrouy.

(2) M; and M, arep-supersoluble.

Let P be a Sylowp-subgroup ofM;, wherep is any prime divisor of M;|. Then there exists a
Sylow p-subgroupG,, of G such thatP = M; N G),. By Lemma 2.1(1),P is {AN B < M; }-U-
embedded i/, . The choice of5 implies that)M; is p-supersoluble. Similarly}/; is p-supersoluble.

(3) G is p-soluble and~ has a maximal subgroul such thatG = N x M andN = O,(G) =
Ca(N) = F(G).

If H,is normalinG ,thenG/H, = H,B/H, is p-soluble and s@ is p-soluble by (2). Assume
thatG/(Hy)g € . Clearly by (2),G is p-soluble too. Hence by (1), we know thatis an abelian
p-group andN £ @(G). ThereforeG has a maximal subgroup/ such thatG = N x M and
N = 0,(G) = Cg(N).

(4) Oy (M1) = Oy (M) = 1, My and M, are supersoluble andis the largest prime divisor of
| M| and|My|.

SinceN < My, [N, Oy (My)] =1 and saO, (M;) = 1 by (3). By (2) and Lemma 2.4, we have
thatp is the largest prime dividing)/; | and M is supersoluble. Similarlyp,, (M2) = 1, p is the
largest prime dividingM>| and M is supersoluble.
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B5)ANB £ M.

Assume thatd N B < M. Obviously,(M, G) is atl-abnormal pair. By hypothesis, every Sylow
subgroup ofG either covers or avoid6§M, G). Suppose that for any prime divisgr# p of |G|,
there exists a Sylow-subgroupG, of G such thatG, <« M, thenG = G,M, which contradicts
|G : M| is a power ofp by (3). HenceM contains all Sylow;-subgroups of7. It follows from (1)
that N < OP(G) < M, which is impossible. Hencd N B £ M.

Final contradiction

It is obvious from (4) thatV is the Sylowp-subgroup of M) and(Maz) . We will draw contradic-
tions according to the following cases:

() G/(H:)e € Y andG/(Ha)¢ € Sl

Obviously,G/(M;)q € YandG/(Msz)q € . HencelG : M| and|G : M| are prime numbers.
Firstly, assume thalG : M;| = |G : M,| = p. By considering the permutation representation
of G/(M;i)a on the right coset of\/; /(M ), we can see thatr /(M) is isomorphic to some
subgroup of the symmetric grouf of degreep. Hence the order of Syloy-subgroup o7 /(M1)a
is p. ThenM; /(M;)q is ap’-group. It implies thatV is the Sylowp-subgroup of\/;. Similarly, N
is also the Sylowp-subgroup of\l,. SinceG/N = (AN/N)(BN/N) = (M;/N)(M2/N), N is the
Sylow p-subgroup of&, which contradict$G : M| = |G : M| = p.

Secondly, assume thgF : M| = pand|G : M| = gor |G : M| = gand|G : Ma| = p,
whereq # p. Without loss of generality, we may assume tj@t: M;| = p and|G : M| = q.
Then M, contains a Sylow-subgroupG,, of G. With a same discussion as above, we have that
N is the Sylowp-subgroup ofM;. SinceM; is supersoluble)] is nilpotent, which implies by
(4) thatM] < F(M;) = N. HencelM;/N is abelian. It is obvious thatr = M;G, and so
G/N = (M;/N)(G,/N). By Lemma 2.5, we have thai\/; /N)F(G/N) is normal inG/N. If
(My/N)F(G/N) = M;/N, then)M; is normal inG. This implies thatM; N Ms is normal inG.
Hence|G/ (M1 N Ms)| = pgq. By (4), we have thag is the smallest prime divisor o€ /(M1 N Ma)|.
Since|G/ (M1 N Mz) : Ma/(MiNMs)| = q, Ma/ (M1 N Ms) is normal inG /(M N Ma) and soM,
is normal inG. By (4), we have thaf7, = N is normal inG, which is impossible fofG : M;| = p.
Therefore assume thab/, /N)F(G/N) = G/N. ThenG,/N < F(G/N) because\/;/N is a
p’-group, and therebgs, = N is normal inG, a contradiction too.

Finally, we suppose thaty : M;| = q and|G : M| = r, whereq,r # p. Then there exists
Sylow p-subgroups), and G, of G such thatz;, < M; andG; < M, for somex € G. By (4),
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My < Ng(Gp) andMs < Ng(Gy). Assume thaty), is normal inG. ThenG, = N is the Sylow
p-subgroups of\/; andM,. By (4), we know that\/; /N andM,/N are abelian. Henc&l, N M, is
normal inG.

We show that4 and B are nilpotent. IfANN = 1, thenA = AN/N < M;/N is abelian
and A is ap’-group. HenceB N N # 1. SinceB is p-nilpotent andB N N is a normalp-subgroup
of B, B/Cp(B N N) is ap-group by Frobenius Theorem [10, Chapter 7, Theorem 4.5]. It follows
from Lemma 2.7 thaBN N < Z..(B). BecauseB/B N N < My /N is abelian, sd3 is nilpotent.
Assume thatd N N # 1. By a similar argument as above, we know tHais nilpotent. In this case,
whetherBN N = 1or BN N # 1, which is easy to derive tha is nilpotent.

If Ais ap-group, thenM, contains a Sylow-subgroup ofG, which contradictsG : Ms| = r.
HenceA is not ap-group. With a same argumerd, is not ap-group. Therefore, ledl,, and B, be
p’-Hall subgroups ofd and B, respectively. Sinc&' = ABY for anyg € G by Lemma 2.2Ap/B;j, is
ap’-Hall subgroup of7 by Lemma 2.8. It follows from Lemma 2.9 thit,,/, Bg,] is subnormal irG.
Thus by (1),[4,/, By] < Oy (G) = 1. This implies thaB§ < Ca(Ay). Similarly, AS < Ca(By).
HenceN < Cg(Ay) N Cq(By). Clearly, N < Cg(Ap) N Cq(B,), whereA, and B, are Sylow
p-subgroups ofd and B, respectively. Therefor® < Z(G). SinceAN/N andBN/N are nilpotent,
AN andBN are nilpotent. Ify = r, thenG/(M; N Ms) is an abelian group of order f. Hencel/;
andM, are normal i, and scAN andBN are subnormal id-. It derived thatd < N andB < N,
a contradiction. Thereby # r, without loss of generality, we assume tlas the smallest prime
dividing |G/(Mi N Ma)|. Since|G/(M; N Ms)| = qr and|G/(M; N Mz) : My /(M N Ms)| = q,
M is normal inG. It follows that AN is subnormal inG. ThenA < N, which is impossible.
ThereforeG), is not normal inG. Consequently)s = Ng(Gy) = (Na(Gp))* = (M1)*, which is a
contradiction by Lemma 2.2.

(i) G/(Hy)g € handHs is normal inG or Hy is normal inG andG/(Hs)q € L.

Without loss of generality, we assume tt@f(H;)c € 4 and Hs is normal inG. Clearly,
G/(Mi)g € andHy < (Ma)g. SinceH, is normal inG, G/Hy = (G/N)/(H2/N) =
(AN/N)(H2/N)/(H2/N) is supersoluble by (4), which is the same case as ().

(i) H; andH5 are normal inG.
By (i) and (ii), it is easy to derive a contradiction. The theorem is thus proved.

Theorem3.2 — Let p be a prime. Suppose th&t = AB, where A is p-nilpotent, B is p-
supersoluble and3 has a maximal series all members of which §te < G}-U-embedded irG.
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Thend is p-supersoluble.

PROOF: Suppose that the result is false anddébe a counterexample of minimal order. Let
1=DBy< By < By <--- < By_1 < By = B be amaximal subgroup series Bfand all members
of which are{1 < G}-U-embedded irG. Then by Lemma 2.6B is K-4-subnormal inG. Since
B # G, there exists a proper subgrofipof G such thatB < H andH is normal inG or G/Hg € L.
Let M, and M5 be two maximal subgroups @f such thatd < M; andA < M,. We proceed the
proof via the following steps:

(1) Oy (G) = 1, G has a unique minimal normal subgrofpandG /N is p-supersoluble.

Let L be any normal subgroup @. Clearly,1 = ByL/L < BiL/L < ByL/L < --- <
B, 2L/L < B,L/L = BL/L is a subgroup series ddL/L. Suppose thaB;L/L < M/L <
Biy1L/L (i = 0,1,2---t). ThenB; < M N Biy1 < Biy1. If B; = M N By, thenM/L
M/LN By L/L = (MNBiy)L/L = B;L/L. Assume thaBB;,.; < M. ThenB;1L/L = M/L.
Thusl = ByL/L < BiL/L < BsL/L < --- < B;1L/L < B;L/L = BL/L is a maximal
subgroup series aBL/L. SinceB; is {1 < G}-U-embedded inG, by Lemma 2.1(2)B;L/L is
{1 < G/L}-y-embedded iri7/ L for everyi. The choice of implies thatG /L is p-supersoluble. It
implies thatO,, (G) = 1 andG has a unique minimal normal subgroiyp

(2) M, is p-supersolublei? is p-soluble and= has a maximal subgrould such thatz = N x M
andN = 0,(G) = Cg(N).

Clearly, M; = B(A N M;). By Lemma 2.1(1) M satisfies the hypothesis of the theorem. The
choice of G implies that); is p-supersoluble and sH is p-supersoluble. I{7/Hg € 4, thenG
is p-soluble. Assume thal/ is normal inG. SinceG/H = AH/H is p-nilpotent,G is p-soluble.
Hence by (1) has a maximal subgroulf such thalG = N x M andN = O,(G) = Cg(N).

(3) Oy (M7) = 1, pis the largest prime divisor df\/; | and M is supersoluble.

Because eitheH is normal inG or G/Hg € 4, we haveN < H < M;. Since[N, Oy (M;)] =
1,0, (M) < Cg(N) = Oy(G). Itfollows thatO,, (M;) = 1. By (2) and Lemma 2.4, we know that
p is the largest prime divisor df\/;| and M, is supersoluble.

(4) B < M.

Assume thaB « M. Clearly, by (1) and (2)&/M¢ ¢ 4. Hence(M, G) is ail-abnormal pair.
Leti be the smallest integer such that £ M, wherei € {1,2,--- ,t}. ThenB,_1 < M NB; < B;
and soB;_; = M N B,. By hypothesis(G = B; M. It follows by (2) that| N| = |G : M| = |B; :
Bi_1| = p becauseB is supersoluble. By (1), we have th@tis p-supersoluble, a contradiction.
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HenceB < M.
(5) If G/(M2)a ¢ Y or My is normal inG, thenM; is p-supersoluble.

We show that the subgroup series

1=ByNMy< B NMy<ByNMy<---<Bi_1NMy< B NMy=BnN M, (%)
is a maximal subgroup series BfN M,. Clearly, B £ M. Leti be the smallest integer such that
B; £ M,, wherei € {1,2,---,t}. ThenB; < M, forj = 0,1,---,i — 1. If G/(Ma)c ¢ 4,
then (M, G) is ail-abnormal pair, by hypothesi& = B; M. Assume thatV/, is normal inG.
Obviously,G = B;Ms. HenceB; 1 = B;(B;+1 N M) and soB; 1 N My : B;N\Ms| = |Bj+1 : B
is a prime. This implies thaB; N M, is a maximal subgroup oB;.1 N Ms fori = 0,1,--- ,t.
Therefore thex) series is a maximal subgroup series®f M,. Let (K, H) be atl-abnormal pair
such thatl < K < H < M,. By hypothesis,B; either covers or avoidéK, H) for everyi. If
B,K = B;H, then(B; N M2)K = B;K N My = B;H N My = (B; N M3)H. For the latter case,
(B; N M) N K = (B; N My) N H. Hencel;, satisfies the hypothesis of the theorem. The choice of
G implies that)M, is p-supersoluble.

(6) If N < A, thenA is ap-group.

Let A, be a normap-complement ofd. Then[N, A,y] = 1. Hence by (2)A4,, < Cg(N) =
Op(G). It follows thatA,, = 1 and soA is ap-group.

(7)G/Hg ¢ sl

Assume thatz/Hg € 4. Clearly, G is soluble andH # 1. ThenHg < (M;)c and so
G/(Mi)c € . Hence|G : M| is a prime.

Firstly, we suppose thdtG : M;| = p. By considering the permutation representation of
G/(Mi)q on the right coset ol / (M), we can see that'/ (M, )¢ is isomorphic to some sub-
group of the symmetric grouf, of degreep. Hence the order of Sylow-subgroup ofG/(M)g is
p. Itimplies thatM; /(M;)q is ap’-group. Since M )¢ is supersoluble) is the Sylowp-subgroup
of (M;)¢, and therebyV is the Sylowp-subgroup of\/;. This follows from (4) thatB is ap’-group.
HenceA contains a Sylow-subgroupG,, of G. ThenN < A and soN < (M;)g. By (6), Ais a
p-group and sdd = G,,. If G/(Ms)e ¢ 4, then by (5),M> is p-supersoluble. Clearly3 £ M.
Therefore we may suppose thias the smallest integer such thaf £ M, wherei € {1,2,--- ,t}.
ThenB,;_; < M>NB; < B;and soB;_; = MsNB;. Since(Mas, ) is atl-abnormal pair, by hypoth-
esis,G = B; M. This implies thatG : Ms| = |B; : B;_1] is a prime. Assume thak/(Ms)q € 4.
Then|G : M,| is a prime. Sinc&r, < M, we may assume thatr : Ms| = ¢, wherep # q. By (3),
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we haveF'(M;) = N. SinceM; is supersoluble}/] is nilpotent and sd//; < N. It follows that
M, /N is abelian. Sinc&'/N = (G,/N)(M;/N), by Lemma 2.5(M;/N)F(G/N) is normal in
G/N.If (M;/N)F(G/N) = M;/N, thenM; is normal inG. Because&s/N = (M;/N)(Mz/N),
soM; N My is normal inG. It is easy to see tha€ /(M N Msy)| = pg andq is the smallest prime
divisor of G/(M; N Ms). Since|G /(M N Ms) : Ma/(M; N Ms)| = q, M is normal inG. By (5),
M, is p-supersoluble. Appling using a similar argument as in (3), we haveptisahe largest prime
dividing | M>| and M is supersoluble. Henag,, is normal in)» and soG, = N is normal inG.
This contradicts withG : M;| = p. Therefore M, /N)F(G/N) = G/N. ThenG,/N < F(G/N).
HenceG), = N is normal inG, which is impossible too foiG : M| = p.

Secondly, suppose thgdr : M| = ¢, whereq # p is a prime divisor of|G|. Let G, be a
Sylow p-subgroup ofG contained inM;. By (3), G, is normal inM; and soM; < Ng(G)p). If
N¢(Gp) = G, thenG, is normal inG. SoN = G,,. This follows from by (4) thatB is ap’-group.
ThusN < A. By (6),A = N, and therebyW/ = B < M; by (2) and (4), which is impossible. Hence
N¢(Gp) = M,;. By Lemma 2.10( has ag-subgroup® # 1 such that,() is a normal subgroup
of G. Let G, be a Sylowg-subgroup of containing@. ThenG,QG, = G,G, is a subgroup ofs.
By (3), we know thap is the largest prime divisor a¥/;. If p is the largest prime divisor a¥, then
it is easy to see that,G, : G,G, N M| = |GpGq : Gp(Gy N My)| = |G, : G4 N M| = g. Since
q is the smallest prime divisor ¢&,G,|, G,G, N M, is normal inG,G,. Becauses,G, N M; is
supersoluble, we have that, is normal inG,G, N M; and soG,, is normal inG,G,. ThenG), is
normal inG,Q. ThusG, is normal inG, this is impossible as above. Thereferés not the largest
prime divisor ofG, theng is the largest prime divisor a@. Since|G : M| = q, |G4| = ¢, whereG,
is the Sylowg-subgroup ofG. ThusG,Q = G,G, is a normal subgroup aF. It follows from (1)
that (G,N/N)(G,/N) is supersoluble. Heno&,N/N < (G,N/N)(G,/N) and therebyG,N is
normal inG. By (2), without loss of generality, we may assume tat< M. ThenG, = M NG,N
is normal inM. HenceB < M < Ng(G,). Obviously, there exists somee A such tha‘Gg <A
becausg ¢ m(B). Itimplies thatGS = G < Ag. This shows thatl # 1 and soN < Ag by (1).
By (6), we have tha#l is ap-group, which is impossible. Consequently, H¢; is not supersoluble.

Final contradiction

By (7), we know thatH is normal inG. Let P be a Sylowp-subgroup off. SinceH is supersoluble
by (3), P is normal inG and soP = N. By (4), we haveB N N = 1. It implies thatB is
a p’-group. Henced contains a Sylow-subgroupG, of G and soN < A. By (6), A = G.
HenceG/H = AH/H = A/A N H is p-nilpotent. It follows thatG /N is p-nilpotent because
(G/N)/(H/N) =2 G/H. Since|G/N : Mi/N| = |(G,/N)(Mi/N) : M;/N|is a power ofp, by
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Lemma 2.11(1) is normal it¥. Hence|G/M;| = p. By using a similar discussion as in (7), we can
derive a final contradiction. The theorem is thus proved.

Theorem3.3 — Let p be a prime andP a Sylowp-subgroup ofG. The following assertions
holds:

(a) If every maximal subgroup @ is ¥,-&,-embedded itz for some composition series of
G, thenG is p-soluble.

(b) If pis a prime divisor of G| and P is ¥,-&,-embedded itz for some composition seriés
of G, thenG is p-soluble.

(c) If every non-supersoluble Schmidt subgroujg:aé ¥,,-&,-embedded itz for some compo-
sition seriest of GG, thenG is p-soluble.

PROOF: (a) Suppose that the result is false andIdte a counterexample of minimal order.

Let H be any normal subgroup @f. Clearly, by Lemma 2.12(2);/H satisfies the hypothesis
of theorem. The choice & implies thatG'/H is p-soluble. Hence&,,(G) = 1, G has the unique
non-abelian minimal normal subgrodyp andp divides|N|. ThenN = N; x Ny X --- x N, where
N; (i = 1,2,--- ,t) are isomorphic non-abelian simple groups. EeK G, whereP andG,, are
the Sylowp-subgroups ofV andG, respectively. ObviouslyNq(P) # G. Therefore there exists a
maximal subgroug/ of G such thatNg(P) < M. By hypothesis) is £,-&,-embedded itz for
some composition seriesof G.

Let L be a minimal subnormal subgroup@f If N 0L = 1, thenL = NL/N is p-soluble.
It follows that O,/ (L) # 1 or O,(L) # 1, which is impossible. Hencé < N. Without loss of
generality, we may assume thaf is {1 < N;}-&,-embedded irG for somei. By Lemma 2.1(1),
M; = M N N;is {1 < N;}-6,-embedded inV;. Hence by Lemma 2.6)/; is K-&,-subnormal
in ;. It follows that M; = 1 or M; = N;. By Frattini argument(G = NNg(P) = NM. If
M; = N;, thenN¢ = NM < Mg. ThusN < M, a contradiction. Hence assume tidf = 1.
Clearly,G, < Ng(P). Let P, = N; N P. ThenP; < Gy < M", for somex € G, n € N. Hence
(Pl-)”_1 < M. SinceN; is normal inN, (PZ-)”_1 < N;. This implies tha(Pi)”_1 < MnNN; =M,
a contradiction. Therefore (a) holds.

(b) Suppose that the result is false andddbe a counterexample of minimal order. Let
I'={1=Go<G1 <Gy<--<Gp1 <G, =G} (%)
be a composition series 6f such thatP is ,-&,,-embedded ird.

Sinced is notp-soluble, there exists a composition factey/ G, such thatz; /G, is a non-
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abelian simple group ang divides|G;/G;_1|. HenceG; # G;_1(G; N P) # G;_1. ThenP is

{Gi-1 < G;}-6,-embedded it7. By Lemma 2.1(1); N Pis {G;—1 < G;}-Sp-embedded irt;.

Therefore by Lemma 2.1(2); N P)G;—1/Gi—1is{1 < G;/G;_1}-&p-embedded ir7; /G;_1. It

follows from Lemma 2.6 thatG; N P)G;_1/G;—1 is K-&p-subnormal in7; /G;_1. It is impossible
becausé&r;/G;_; is a non-abelian simple group. Hence (b) holds.

(c) Suppose that the result is false anddebe a counterexample of minimal order. Lstbe
any non-supersoluble Schmidt subgroug-band M/ a maximal subgroup af. By Lemma 2.12(1),
M N K is {¥ N M},-&,-embedded inV/. The choice ofG implies that)/ is p-soluble. Hence
every subgroup of7 is p-soluble. Lety be a smallest prime dividing7|. It is obvious thatG is not
g-nilpotent. By [9, Chapter IV, Theorem 5.4F has ag-closed Schmidt subgroufd. Clearly, H is
not supersoluble and # G. By hypothesisH is ¥,-&,-embedded irG. If G is a simple group,
then{l < G} is a unique composition series 6t By Lemma 2.6,/ is K-G,-subnormal inG, a
contradiction. Hencé/ is not simple.

Let L be any proper subnormal subgroup®and N a normal subgroup af such thatz /N is a
non-abelian simple group apdlivides|G/N|. If L £ N, thenG = N L is p-soluble, a contradiction.
HenceL < N. If N £ ®(G), then there exists a maximal subgradmf G such thaiG = AN is
p-soluble, which is impossible. ThuS < &(G). Clearly,®(G) < N and soN = ®(G). Since
H # G, G has a maximal subgroup/ such thatd < M. Itis easy to see that/; = ®(G).
HenceG /Mg ¢ &,. Therefore(M,G) is anS,-abnormal pair. SincéV contains every proper
subnormal subgroups @f, N = Mg = ®(G) andp divides|G/N|, H covers or avoid§M, G).

If H £ M~ for somez € G, thenG = HM* = MM?¥, which contradicts Lemma 2.2. Hence
H < Mg = ®(G) < F(G), a contradiction. O
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