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Let F denote a class of groups. A maximal subgroupM of G is calledF-abnormal provided

G/MG /∈ F. We say that(K, H) is an F-abnormal pair ofG providedK is a maximalF-

abnormal subgroup ofH. Let Σ = {G0 ≤ G1 ≤ G2 ≤ · · · ≤ Gn} be a subgroup series ofG. A

subgroupH of G is said to beΣ-F-embedded inG if H either covers or avoids everyF-abnormal

pair (K,H) such thatGi−1 ≤ K < H ≤ Gi for somei ∈ {0, 1, · · · , n}. In this paper, some

new characterizations ofp-supersoluble andp-soluble are given by discussing the properties of

Σ-F-embedded of subgroups.
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1. INTRODUCTION

Throughout this paper, all groups considered are finite,G always denotes a group andp denotes a

prime. LetGp denote the Sylowp-subgroup ofG andπ(G) denote the set of all prime divisors of

|G|.

A class of groupsF is called a formation if it is closed under taking homomorphic images and

subdirect products. A formationF is called saturated (resp. solubly saturated) ifG ∈ F whenever

G/Φ(G) ∈ F (resp. G/Φ(N) ∈ F for a soluble normal subgroupN of G). We useU andSp to

1Research was supported by the NNSF of China (11901364) and applied basic research program project in Shanxi

Province of China (201901D211439).
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denote the classes of all supersoluble groups andp-soluble groups, respectively. It is well known

that U andSp are all s-closed saturated formations. All unexplained notation and terminology are

standard, as in [1-3] if necessary.

Let A be a subgroup ofG, K ≤ H ≤ G andΣ = {G0 ≤ G1 ≤ G2 ≤ · · · ≤ Gn} some subgroup

series ofG. Then we say: (i)A covers the pair(K, H) if AK = AH; (ii) A aviods the pair(K, H)

if A ∩K = A ∩H; (iii) A is Σ-embedded inG [4] if A either covers or avoids every maximal pair

(K, H) such thatGi−1 ≤ K < H ≤ Gi for somei; (iv) A is Σp-embeddedG [4] if A either covers

or avoids every maximal pair(K, H) such thatGi−1 ≤ K < H ≤ Gi for somei andp divides

|Gi : Gi−1|, wherep is a prime. LetF denote a class of groups. A maximal subgroupM of G is

calledF-abnormal providedG/MG /∈ F. We say that(K, H) is anF-abnormal pair ofG providedK

is a maximalF-abnormal subgroup ofH. This observation leads us to the following generalization

of theΣ-embedded (resp.Σp-embedded) subgroups.

Definition 1.1 — LetF be a formation andΣ = {G0 ≤ G1 ≤ G2 ≤ · · ·Gn} some subgroup

series ofG. A subgroupH of G is said to beΣ-F-embedded inG if H either covers or avoids every

F-abnormal pair(K, H) such thatGi−1 ≤ K < H ≤ Gi for somei.

Definition1.2 — LetF be a formation,p a prime andΣ = {G0 ≤ G1 ≤ G2 ≤ · · ·Gn} some

subgroup series ofG. A subgroupH of G is said to beΣp-F-embedded inG if H either covers or

avoids everyF-abnormal pair(K, H) such thatGi−1 ≤ K < H ≤ Gi for somei andp divides

|Gi : Gi−1|.

In this paper, we use the properties ofΣ-F-embedded (resp.Σp-F-embedded) of subgroups to

characterize the structure of finite group.

2. PRELIMINARIES

Lemma2.1 — LetE be{A ≤ G}-F-embedded inG, A ≤ V ≤ G andN £ G.

(1) ThenE ∩ V is {A ∩ V ≤ V }-F-embedded inV .

(2) ThenEN/N is {AN/N ≤ G/N}-F-embedded inG/N .

PROOF : (1) Let (K,H) be anF-abnormal pair such thatA ∩ V ≤ K < H ≤ V . Then clearly,

(K, H) is anF-abnormal pair such thatA ≤ K < H ≤ G. ThusE either covers or avoids(H, K).

If E covers(K, H), then(E ∩V )K = EK ∩V = EH ∩V = (E ∩V )H. If E avoids(K, H), then

clearly,(E ∩ V ) ∩K = (E ∩ V ) ∩H. It follows thatE ∩ V either covers or avoids(K, H). Hence

E ∩ V is {A ∩ V ≤ V }-F-embedded inV .
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(2) Let (K/N,H/N) be anF-abnormal pair such thatAN/N ≤ K/N < H/N ≤ G/N . Then

H/KH
∼= (H/N)/(KH/N) = (H/N)/(K/N)(H/N) /∈ F. It follows that(K, H) is anF-abnormal

pair such thatA ≤ AN ≤ K < H ≤ G. HenceE either covers or avoids(K, H). If E covers

(K,H), thenKEN = HEN and so(K/N)(EN/N) = (H/N)(EN/N). Now assume thatE

avoids(K, H), then(K/N) ∩ (EN/N) = (K ∩ E)N/N = (H ∩ E)N/N = (H/N) ∩ (EN/N).

ThusEN/N either covers or avoids(K/N,H/N) . Consequently,EN/N is {AN/N ≤ G/N}-F-

embedded inG/N .

Lemma2.2 — [4, Lemma 2.4]. LetA andB be proper subgroups ofG such thatG = AB. Then

G = ABx andG 6= AAx for all x ∈ G.

Let F be a formation. A subgroupH of G is said to beF-subnormal (in the sense of Kegel [5]) or

K-F-subnormal inG [6, p. 236] if eitherH = G or there is a chain of subgroups

H = H0 ≤ H1 ≤ · · · ≤ Hn = G

such thatHi−1 is normal inHi or Hi/(Hi−1)Hi ∈ F for all i = 0, 1, 2, · · · , n.

Lemma2.3 — LetH ≤ G. If every Sylow subgroup ofG is {H ≤ G}-F-embedded inG. Then

H is K-F-subnormal inG.

PROOF : If H = G, it is clear. Assume thatH 6= G. Let M be a maximal subgroup ofG

containingH andp any prime divisor of|M |. Then for every Sylowp-subgroupMp of M , there

exists a Sylowp-subgroupGp of G such thatMp = M ∩Gp. By Lemma 2.1(1),Mp is {H ≤ M}-
F-embedded inM . By induction,H is K-F-subnormal inM .

If G/MG ∈ F, thenH is K-F-subnormal inG. Now, assume thatG/MG /∈ F. Then(M, G) is

anF-abnormal pair. Letp dividing |G : M | andGp be a Sylowp-subgroup ofG. ThenGp � M .

By hypothesis,G = MGp. Let q be any prime divisor of|G| such thatq 6= p andGq be any Sylow

q-subgroup ofG. It is easy to see that(Mx, G) is anF-abnormal pair for anyx ∈ G. If Gq �Mx for

somex ∈ G, thenG = GqM
x and soGp ≤ Mxy, wherey ∈ G. SinceG = GpM , by Lemma 2.2,

it is impossible. HenceGq ≤ MG and soOp(G) ≤ MG. It follows thatG/MG is ap-group. Hence

M is normal inG. Consequently,H is K-F-subnormal inG.

Lemma2.4 — [7, Theorem 2.1.6]. IfG is ap-supersoluble group andOp′(G) = 1, thenp is the

largest prime dividing|G| andG is supersoluble.

Lemma2.5 — [7, Theorem 3.2.28]. Let the groupG = AB be the product of an abelian subgroup

A and a nilpotent subgroupB. ThenAF (G) is a normal subgroup ofG.

Lemma2.6 — Every{1 ≤ G}-F-embedded subgroup ofG is K-F-subnormal inG.
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PROOF : Suppose that the result is false and letG be a counterexample of minimal order. Let

E be a{1 ≤ G}-F-embedded subgroup ofG. If E = G, it is evident. Assume thatE 6= G. Then

there exists a maximal subgroupM of G such thatE ≤ M . Let (K, H) be anyF-abnormal pair

such that1 ≤ K < H ≤ M . Clearly,(K, H) is anF-abnormal pair such that1 ≤ K < H ≤ G.

HenceE either covers or avoids(K, H). By induction,E is K-F-subnormal inM . If G/MG ∈ F,

thenE is K-F-subnormal inG. Now assume thatG/MG /∈ F. It is easy to see that(Mx, G) is an

F-abnormal pair ofG for anyx ∈ G. Suppose thatE � Mx for somex ∈ G, thenG = EMx,

which is impossible by Lemma 2.2. HenceE ≤ MG. By a similar discussion as above, we have that

E is K-F-subnormal inMG by induction. Consequently,E is K-F-subnormal inG. 2

Lemma2.7 — [8, Lemma 2.14]. LetF be a saturated (solubly saturated) formation andF the

canonical local (the canonical composition, respectively) satellite ofF. LetE be a normalp-subgroup

of G. ThenE ≤ ZF(G) if and only if G/CG(E) ∈ F (p).

Lemma2.8 — [9, Chapter VI, Theorem 4.8]. LetG = G1G2, whereG1 andG2 are two nilpotent

subgroups ofG. If G is soluble andH1 andH2 areπ-Hall subgroups ofG1 andG2, respectively,

thenH = H1H2 is aπ-Hall subgroup ofG.

Lemma2.9 — [7, Chapter 1, Theorem 1.1.9]. LetA andB be two subgroups ofG such that

ABg = BgA for everyg ∈ G. If X andY are two subsets ofG, then[〈AX〉, 〈BY 〉] is a subnormal

subgroup ofG.

Lemma2.10 — [1, Lemma 3.8.8]. IfG is a soluble group and|G : NG(Gp)| = qβ > 1, thenG

has aq-subgroupQ 6= 1 such thatGpQ is a normal subgroup ofG.

Lemma2.11 — [1, Theorem 1.8.6]. The following conditions on a groupG are equivalent:

(1) G is p-nilpotent.

(2) G is p-soluble and every maximal subgroup with index a power ofp is normal inG.

Lemma2.12 — LetE ≤ G andE beΣp-F-embedded inG for some composition seriesΣ of G.

(1) If V ≤ G, thenE ∩ V is {Σ ∩ V }p-F-embedded inV .

(2) If N ≤ E andN is normal inG, thenE/N is (ΣN/N)p-F-embedded inG/N .

PROOF : (1) Let Σ = {1 = G0 < G1 < · · · < Gn} be a composition series ofG such thatE

is Σp-F-embedded inG. ThenΣ ∩ V = {1 = G0 ∩ V ≤ G1 ∩ V ≤ · · · ≤ Gn ∩ V } is a subgroup

series ofV . Let (K,H) be anF-abnormal pair such thatGi−1 ∩ V ≤ K < H ≤ Gi ∩ V for somei,

wherep divides|Gi ∩ V/Gi−1 ∩ V |. We show thatE ∩ V either covers or avoids(K, H).
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SinceGi ∩ V/Gi−1 ∩ V ∼= Gi−1(Gi ∩ V )/Gi−1 ≤ Gi/Gi−1, p divides|Gi/Gi−1|. If Gi−1 ∩
H � K, thenH = K(H ∩ Gi−1) ≤ K(V ∩ Gi−1) ≤ K, a contradiction. HenceH ∩ Gi−1 =

K ∩ Gi−1. Now, we consider that the subgroup seriesGi−1 ≤ KGi−1 ≤ HGi−1 ≤ Gi. Assume

thatKGi−1 ≤ T ≤ HGi−1. ThenT = Gi−1(T ∩H) andK ≤ T ∩H ≤ H. If K = T ∩H, then

T = KGi−1. Assume thatH = T ∩H, thenT = HGi−1. Hence(KGi−1,HGi−1) is a maximal

pair. Obviously,K ∩Gi−1 ≤ KH andKHGi−1 ≤ (KGi−1)HGi−1 . Since(KGi−1)HGi−1/Gi−1 ≤
(KGi−1/Gi−1)HGi−1/Gi−1

∼= (K/K ∩Gi−1)H/H∩Gi−1
= (K/K ∩Gi−1)H/K∩Gi−1

= KH/(KH ∩
Gi−1) = KHGi−1/Gi−1, (KGi−1)HGi−1 ≤ KHGi−1. So(KGi−1)HGi−1 = KHGi−1. It follows

that HGi−1/(KGi−1)HGi−1 = HGi−1/KHGi−1
∼= H/KH(H ∩ Gi−1) = H/KH /∈ F. Hence

(KGi−1,HGi−1) is anF-abnormal pair. By hypothesis,E either covers or avoids(KGi−1,HGi−1).

If E covers(KGi−1,HGi−1), then (E ∩ V )K = (E ∩ V )(V ∩ KGi−1) = V ∩ EKGi−1 =

V ∩ EHGi−1 = V ∩ (E ∩ V )(HGi−1) = (E ∩ V )H. Assume thatE avoids(KGi−1,HGi−1).

Then(E∩V )∩K = (E∩V )∩KGi−1∩V = E∩KGi−1∩V = E∩HGi−1∩V = (E∩V )∩H.

It follows thatE ∩ V either covers or avoids(K, H). ThereforeE ∩ V is {Σ ∩ V }p-F-embedded in

V .

(2) Let Σ = {1 = G0 < G1 < · · · < Gn} be a composition series ofG such thatE is Σp-F-

embedded inG. ThenΣN/N = {G0N/N ≤ G1N/N ≤ · · · ≤ GnN/N} is a subgroup series of

G/N . Let (K/N, H/N) be anF-abnormal pair such thatGi−1N/N ≤ K/N < H/N ≤ GiN/N

for somei, wherep divides|GiN/Gi−1N |. Clearly,1 6= GiN/Gi−1N ∼= Gi/Gi−1. Thusp divides

|Gi/Gi−1|. Now, we consider that the subgroup seriesGi−1 ≤ K ∩ Gi < H ∩ Gi ≤ Gi. We show

that(K ∩Gi,H ∩Gi) is anF-abnormal pair.

It is easy to see thatK = N(K ∩ Gi) = KH(K ∩ Gi), H = N(H ∩ Gi) = KH(H ∩ Gi) and

KH ∩Gi ≤ (K ∩Gi)H∩Gi . Hence(K ∩Gi)H∩Gi/KH ∩Gi
∼= (K ∩Gi/KH ∩Gi)H∩Gi/KH∩Gi

∼=
((K ∩ Gi)KH/KH)(H∩Gi)KH/KH

= (K/KH)H/KH
= 1 and so(K ∩ Gi)H∩Gi = KH ∩ Gi.

ThenH ∩ Gi/(K ∩ Gi)H∩Gi = H ∩ Gi/(KH ∩ Gi) ∼= (H ∩ Gi)KH/KH = H/KH /∈ F. Let

K ∩ Gi ≤ L ≤ H ∩ Gi. ThenN(K ∩ Gi) ≤ NL ≤ N(H ∩ Gi), that is,K ≤ NL ≤ H. If

K = NL, thenK ∩ Gi = NL ∩ Gi = L(N ∩ Gi) = L. Assume thatH = NL, we have that

H ∩ Gi = NL ∩ Gi = L(N ∩ Gi) = L. Hence(K ∩ Gi, H ∩ Gi) is anF-abnormal pair. By

hypothesis,E either covers or avoids(K∩Gi,H∩Gi). If E covers(K∩Gi,H∩Gi), thenE covers

(N(K ∩ Gi), N(H ∩ Gi)) = (K, H). Assume thatE avoids(K ∩ Gi,H ∩ Gi). SinceN ≤ E,

E ∩H = E ∩N(H ∩ Gi) = N(E ∩H ∩ Gi) = N(E ∩K ∩ Gi) = E ∩N(K ∩ Gi) = E ∩K.

ThusE avoids(K, H). It follows thatE/N either covers or avoids(K/N, H/N). ThereforeE/N

is (ΣN/N)p-F-embedded inG/N .
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3. MAIN RESULTS

Theorem3.1— Letp be a prime. Suppose thatG = AB, whereA andB arep-nilpotent and every

Sylow subgroup ofG is {A ∩B ≤ G}-U-embedded inG. ThenG is p-supersoluble.

Proof : Suppose that the result is false and letG be a counterexample of minimal order. Clearly,

a {A ∩ B ≤ G}-U-embedded subgroup is also a{A ≤ G}-U-embedded subgroup and a{B ≤ G}-
U-embedded subgroup. By Lemma 2.3, we have thatA andB areK-U-subnormal inG. Clearly,

G 6= A andG 6= B. HenceG has a proper subgroupH1 such thatA ≤ H1 andH1 is normal inG

or G/(H1)G ∈ U. Meanwhile,G has a proper subgroupH2 different fromH1 such thatB ≤ H2 and

H2 is normal inG or G/(H2)G ∈ U. Let M1 andM2 be two distinct maximal subgroups ofG such

thatH1 ≤ M1 andH2 ≤ M2. It is obvious that1 6= (H1)G ≤ (M1)G and1 6= (H2)G ≤ (M2)G. We

proceed the proof via the following steps:

(1) Op′(G) = 1, G has a unique minimal normal subgroupN andG/N is p-supersoluble.

Let L be any normal subgroup ofG. By Lemma 2.1(2),G/L satisfies the hypothesis of the

theorem. The choice ofG implies thatG/L is p-supersoluble. It implies thatOp′(G) = 1 andG has

a unique minimal normal subgroupN .

(2) M1 andM2 arep-supersoluble.

Let P be a Sylowp-subgroup ofM1, wherep is any prime divisor of|M1|. Then there exists a

Sylow p-subgroupGp of G such thatP = M1 ∩ Gp. By Lemma 2.1(1),P is {A ∩ B ≤ M1}-U-

embedded inM1. The choice ofG implies thatM1 isp-supersoluble. Similarly,M2 isp-supersoluble.

(3) G is p-soluble andG has a maximal subgroupM such thatG = N oM andN = Op(G) =

CG(N) = F (G).

If H1 is normal inG , thenG/H1 = H1B/H1 is p-soluble and soG is p-soluble by (2). Assume

thatG/(H1)G ∈ U. Clearly by (2),G is p-soluble too. Hence by (1), we know thatN is an abelian

p-group andN � Φ(G). ThereforeG has a maximal subgroupM such thatG = N o M and

N = Op(G) = CG(N).

(4) Op′(M1) = Op′(M2) = 1, M1 andM2 are supersoluble andp is the largest prime divisor of

|M1| and|M2|.

SinceN ≤ M1, [N, Op′(M1)] = 1 and soOp′(M1) = 1 by (3). By (2) and Lemma 2.4, we have

thatp is the largest prime dividing|M1| andM1 is supersoluble. Similarly,Op′(M2) = 1, p is the

largest prime dividing|M2| andM2 is supersoluble.
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(5) A ∩B �M .

Assume thatA ∩B ≤ M . Obviously,(M, G) is aU-abnormal pair. By hypothesis, every Sylow

subgroup ofG either covers or avoids(M, G). Suppose that for any prime divisorq 6= p of |G|,
there exists a Sylowq-subgroupGq of G such thatGq � M , thenG = GqM , which contradicts

|G : M | is a power ofp by (3). HenceM contains all Sylowq-subgroups ofG. It follows from (1)

thatN ≤ Op(G) ≤ M , which is impossible. HenceA ∩B �M .

Final contradiction

It is obvious from (4) thatN is the Sylowp-subgroup of(M1)G and(M2)G. We will draw contradic-

tions according to the following cases:

(i) G/(H1)G ∈ U andG/(H2)G ∈ U.

Obviously,G/(M1)G ∈ U andG/(M2)G ∈ U. Hence|G : M1| and|G : M2| are prime numbers.

Firstly, assume that|G : M1| = |G : M2| = p. By considering the permutation representation

of G/(M1)G on the right coset ofM1/(M1)G, we can see thatG/(M1)G is isomorphic to some

subgroup of the symmetric groupSp of degreep. Hence the order of Sylowp-subgroup ofG/(M1)G

is p. ThenM1/(M1)G is ap′-group. It implies thatN is the Sylowp-subgroup ofM1. Similarly, N

is also the Sylowp-subgroup ofM2. SinceG/N = (AN/N)(BN/N) = (M1/N)(M2/N), N is the

Sylowp-subgroup ofG, which contradicts|G : M1| = |G : M2| = p.

Secondly, assume that|G : M1| = p and |G : M2| = q or |G : M1| = q and |G : M2| = p,

whereq 6= p. Without loss of generality, we may assume that|G : M1| = p and |G : M2| = q.

ThenM2 contains a Sylowp-subgroupGp of G. With a same discussion as above, we have that

N is the Sylowp-subgroup ofM1. SinceM1 is supersoluble,M ′
1 is nilpotent, which implies by

(4) that M ′
1 ≤ F (M1) = N . HenceM1/N is abelian. It is obvious thatG = M1Gp and so

G/N = (M1/N)(Gp/N). By Lemma 2.5, we have that(M1/N)F (G/N) is normal inG/N . If

(M1/N)F (G/N) = M1/N , thenM1 is normal inG. This implies thatM1 ∩ M2 is normal inG.

Hence|G/(M1 ∩M2)| = pq. By (4), we have thatq is the smallest prime divisor of|G/(M1 ∩M2)|.
Since|G/(M1∩M2) : M2/(M1∩M2)| = q, M2/(M1∩M2) is normal inG/(M1∩M2) and soM2

is normal inG. By (4), we have thatGp = N is normal inG, which is impossible for|G : M1| = p.

Therefore assume that(M1/N)F (G/N) = G/N . ThenGp/N ≤ F (G/N) becauseM1/N is a

p′-group, and therebyGp = N is normal inG, a contradiction too.

Finally, we suppose that|G : M1| = q and |G : M2| = r, whereq, r 6= p. Then there exists

Sylow p-subgroupsGp andGx
p of G such thatGp ≤ M1 andGx

p ≤ M2 for somex ∈ G. By (4),
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M1 ≤ NG(Gp) andM2 ≤ NG(Gx
p). Assume thatGp is normal inG. ThenGp = N is the Sylow

p-subgroups ofM1 andM2. By (4), we know thatM1/N andM2/N are abelian. HenceM1 ∩M2 is

normal inG.

We show thatA andB are nilpotent. IfA ∩ N = 1, thenA ∼= AN/N ≤ M1/N is abelian

andA is ap′-group. HenceB ∩ N 6= 1. SinceB is p-nilpotent andB ∩ N is a normalp-subgroup

of B, B/CB(B ∩ N) is ap-group by Frobenius Theorem [10, Chapter 7, Theorem 4.5]. It follows

from Lemma 2.7 thatB ∩N ≤ Z∞(B). BecauseB/B ∩N ≤ M2/N is abelian, soB is nilpotent.

Assume thatA ∩N 6= 1. By a similar argument as above, we know thatA is nilpotent. In this case,

whetherB ∩N = 1 or B ∩N 6= 1, which is easy to derive thatB is nilpotent.

If A is ap-group, thenM2 contains a Sylowr-subgroup ofG, which contradicts|G : M2| = r.

HenceA is not ap-group. With a same argument,B is not ap-group. Therefore, letAp′ andBp′ be

p′-Hall subgroups ofA andB, respectively. SinceG = ABg for anyg ∈ G by Lemma 2.2,Ap′B
g
p′ is

ap′-Hall subgroup ofG by Lemma 2.8. It follows from Lemma 2.9 that[Ap′ , B
g
p′ ] is subnormal inG.

Thus by (1),[Ap′ , B
g
p′ ] ≤ Op′(G) = 1. This implies thatBG

p′ ≤ CG(Ap′). Similarly,AG
p′ ≤ CG(Bp′).

HenceN ≤ CG(Ap′) ∩ CG(Bp′). Clearly,N ≤ CG(Ap) ∩ CG(Bp), whereAp andBp are Sylow

p-subgroups ofA andB, respectively. ThereforeN ≤ Z(G). SinceAN/N andBN/N are nilpotent,

AN andBN are nilpotent. Ifq = r, thenG/(M1∩M2) is an abelian group of order ofq2. HenceM1

andM2 are normal inG, and soAN andBN are subnormal inG. It derived thatA ≤ N andB ≤ N ,

a contradiction. Therebyq 6= r, without loss of generality, we assume thatq is the smallest prime

dividing |G/(M1 ∩M2)|. Since|G/(M1 ∩M2)| = qr and|G/(M1 ∩M2) : M1/(M1 ∩M2)| = q,

M1 is normal inG. It follows that AN is subnormal inG. ThenA ≤ N , which is impossible.

ThereforeGp is not normal inG. Consequently,M2 = NG(Gx
p) = (NG(Gp))x = (M1)x, which is a

contradiction by Lemma 2.2.

(ii) G/(H1)G ∈ U andH2 is normal inG or H1 is normal inG andG/(H2)G ∈ U.

Without loss of generality, we assume thatG/(H1)G ∈ U and H2 is normal inG. Clearly,

G/(M1)G ∈ U and H2 ≤ (M2)G. SinceH2 is normal inG, G/H2
∼= (G/N)/(H2/N) =

(AN/N)(H2/N)/(H2/N) is supersoluble by (4), which is the same case as (i).

(iii) H1 andH2 are normal inG.

By (i) and (ii), it is easy to derive a contradiction. The theorem is thus proved.

Theorem3.2 — Let p be a prime. Suppose thatG = AB, whereA is p-nilpotent, B is p-

supersoluble andB has a maximal series all members of which are{1 ≤ G}-U-embedded inG.
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ThenG is p-supersoluble.

PROOF : Suppose that the result is false and letG be a counterexample of minimal order. Let

1 = B0 < B1 < B2 < · · · < Bt−1 < Bt = B be a maximal subgroup series ofB and all members

of which are{1 ≤ G}-U-embedded inG. Then by Lemma 2.6,B is K-U-subnormal inG. Since

B 6= G, there exists a proper subgroupH of G such thatB ≤ H andH is normal inG or G/HG ∈ U.

Let M1 andM2 be two maximal subgroups ofG such thatH ≤ M1 andA ≤ M2. We proceed the

proof via the following steps:

(1) Op′(G) = 1, G has a unique minimal normal subgroupN andG/N is p-supersoluble.

Let L be any normal subgroup ofG. Clearly, 1 = B0L/L ≤ B1L/L ≤ B2L/L ≤ · · · ≤
Bt−1L/L ≤ BtL/L = BL/L is a subgroup series ofBL/L. Suppose thatBiL/L ≤ M/L ≤
Bi+1L/L (i = 0, 1, 2 · · · t). ThenBi ≤ M ∩ Bi+1 ≤ Bi+1. If Bi = M ∩ Bi+1, thenM/L =

M/L∩Bi+1L/L = (M ∩Bi+1)L/L = BiL/L. Assume thatBi+1 ≤ M . ThenBi+1L/L = M/L.

Thus1 = B0L/L < B1L/L < B2L/L < · · · < Bt−1L/L < BtL/L = BL/L is a maximal

subgroup series ofBL/L. SinceBi is {1 ≤ G}-U-embedded inG, by Lemma 2.1(2),BiL/L is

{1 ≤ G/L}-U-embedded inG/L for everyi. The choice ofG implies thatG/L is p-supersoluble. It

implies thatOp′(G) = 1 andG has a unique minimal normal subgroupN .

(2) M1 is p-supersoluble,G is p-soluble andG has a maximal subgroupM such thatG = NoM

andN = Op(G) = CG(N).

Clearly,M1 = B(A ∩M1). By Lemma 2.1(1),M1 satisfies the hypothesis of the theorem. The

choice ofG implies thatM1 is p-supersoluble and soH is p-supersoluble. IfG/HG ∈ U, thenG

is p-soluble. Assume thatH is normal inG. SinceG/H = AH/H is p-nilpotent,G is p-soluble.

Hence by (1),G has a maximal subgroupM such thatG = N oM andN = Op(G) = CG(N).

(3) Op′(M1) = 1, p is the largest prime divisor of|M1| andM1 is supersoluble.

Because eitherH is normal inG or G/HG ∈ U, we haveN ≤ H ≤ M1. Since[N,Op′(M1)] =

1, Op′(M1) ≤ CG(N) = Op(G). It follows thatOp′(M1) = 1. By (2) and Lemma 2.4, we know that

p is the largest prime divisor of|M1| andM1 is supersoluble.

(4) B ≤ M .

Assume thatB � M . Clearly, by (1) and (2),G/MG /∈ U. Hence(M,G) is aU-abnormal pair.

Let i be the smallest integer such thatBi � M , wherei ∈ {1, 2, · · · , t}. ThenBi−1 ≤ M ∩Bi ≤ Bi

and soBi−1 = M ∩ Bi. By hypothesis,G = BiM . It follows by (2) that|N | = |G : M | = |Bi :

Bi−1| = p becauseB is supersoluble. By (1), we have thatG is p-supersoluble, a contradiction.
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HenceB ≤ M .

(5) If G/(M2)G /∈ U or M2 is normal inG, thenM2 is p-supersoluble.

We show that the subgroup series

1 = B0 ∩M2 < B1 ∩M2 < B2 ∩M2 < · · · < Bt−1 ∩M2 < Bt ∩M2 = B ∩M2 (∗)
is a maximal subgroup series ofB ∩M2. Clearly,B � M2. Let i be the smallest integer such that

Bi � M2, wherei ∈ {1, 2, · · · , t}. ThenBj ≤ M2 for j = 0, 1, · · · , i − 1. If G/(M2)G /∈ U,

then(M2, G) is a U-abnormal pair, by hypothesis,G = BiM2. Assume thatM2 is normal inG.

Obviously,G = BiM2. HenceBi+1 = Bi(Bi+1∩M2) and so|Bi+1∩M2 : Bi∩M2| = |Bi+1 : Bi|
is a prime. This implies thatBi ∩ M2 is a maximal subgroup ofBi+1 ∩ M2 for i = 0, 1, · · · , t.

Therefore the (∗) series is a maximal subgroup series ofB ∩M2. Let (K, H) be aU-abnormal pair

such that1 ≤ K < H ≤ M2. By hypothesis,Bi either covers or avoids(K,H) for every i. If

BiK = BiH, then(Bi ∩M2)K = BiK ∩M2 = BiH ∩M2 = (Bi ∩M2)H. For the latter case,

(Bi ∩M2) ∩K = (Bi ∩M2) ∩H. HenceM2 satisfies the hypothesis of the theorem. The choice of

G implies thatM2 is p-supersoluble.

(6) If N ≤ A, thenA is ap-group.

Let Ap′ be a normalp-complement ofA. Then[N, Ap′ ] = 1. Hence by (2),Ap′ ≤ CG(N) =

Op(G). It follows thatAp′ = 1 and soA is ap-group.

(7) G/HG /∈ U.

Assume thatG/HG ∈ U. Clearly, G is soluble andHG 6= 1. ThenHG ≤ (M1)G and so

G/(M1)G ∈ U. Hence|G : M1| is a prime.

Firstly, we suppose that|G : M1| = p. By considering the permutation representation of

G/(M1)G on the right coset ofM1/(M1)G, we can see thatG/(M1)G is isomorphic to some sub-

group of the symmetric groupSp of degreep. Hence the order of Sylowp-subgroup ofG/(M1)G is

p. It implies thatM1/(M1)G is ap′-group. Since(M1)G is supersoluble,N is the Sylowp-subgroup

of (M1)G, and therebyN is the Sylowp-subgroup ofM1. This follows from (4) thatB is ap′-group.

HenceA contains a Sylowp-subgroupGp of G. ThenN ≤ A and soN ≤ (M2)G. By (6), A is a

p-group and soA = Gp. If G/(M2)G /∈ U, then by (5),M2 is p-supersoluble. Clearly,B � M2.

Therefore we may suppose thati is the smallest integer such thatBi � M2, wherei ∈ {1, 2, · · · , t}.
ThenBi−1 ≤ M2∩Bi ≤ Bi and soBi−1 = M2∩Bi. Since(M2, G) is aU-abnormal pair, by hypoth-

esis,G = BiM2. This implies that|G : M2| = |Bi : Bi−1| is a prime. Assume thatG/(M2)G ∈ U.

Then|G : M2| is a prime. SinceGp ≤ M2, we may assume that|G : M2| = q, wherep 6= q. By (3),



FINITE GROUPS WITH SYSTEMS OFΣ-F-EMBEDDED SUBGROUPS 911

we haveF (M1) = N . SinceM1 is supersoluble,M ′
1 is nilpotent and soM ′

1 ≤ N . It follows that

M1/N is abelian. SinceG/N = (Gp/N)(M1/N), by Lemma 2.5,(M1/N)F (G/N) is normal in

G/N . If (M1/N)F (G/N) = M1/N , thenM1 is normal inG. BecauseG/N = (M1/N)(M2/N),

soM1 ∩M2 is normal inG. It is easy to see that|G/(M1 ∩M2)| = pq andq is the smallest prime

divisor ofG/(M1 ∩M2). Since|G/(M1 ∩M2) : M2/(M1 ∩M2)| = q, M2 is normal inG. By (5),

M2 is p-supersoluble. Appling using a similar argument as in (3), we have thatp is the largest prime

dividing |M2| andM2 is supersoluble. HenceGp is normal inM2 and soGp = N is normal inG.

This contradicts with|G : M1| = p. Therefore(M1/N)F (G/N) = G/N . ThenGp/N ≤ F (G/N).

HenceGp = N is normal inG, which is impossible too for|G : M1| = p.

Secondly, suppose that|G : M1| = q, whereq 6= p is a prime divisor of|G|. Let Gp be a

Sylow p-subgroup ofG contained inM1. By (3), Gp is normal inM1 and soM1 ≤ NG(Gp). If

NG(Gp) = G, thenGp is normal inG. SoN = Gp. This follows from by (4) thatB is ap′-group.

ThusN ≤ A. By (6),A = N , and therebyM = B ≤ M1 by (2) and (4), which is impossible. Hence

NG(Gp) = M1. By Lemma 2.10,G has aq-subgroupQ 6= 1 such thatGpQ is a normal subgroup

of G. Let Gq be a Sylowq-subgroup ofG containingQ. ThenGpQGq = GpGq is a subgroup ofG.

By (3), we know thatp is the largest prime divisor ofM1. If p is the largest prime divisor ofG, then

it is easy to see that|GpGq : GpGq ∩M1| = |GpGq : Gp(Gq ∩M1)| = |Gq : Gq ∩M1| = q. Since

q is the smallest prime divisor of|GpGq|, GpGq ∩M1 is normal inGpGq. BecauseGpGq ∩M1 is

supersoluble, we have thatGp is normal inGpGq ∩M1 and soGp is normal inGpGq. ThenGp is

normal inGpQ. ThusGp is normal inG, this is impossible as above. Thereforep is not the largest

prime divisor ofG, thenq is the largest prime divisor ofG. Since|G : M1| = q, |Gq| = q, whereGq

is the Sylowq-subgroup ofG. ThusGpQ = GpGq is a normal subgroup ofG. It follows from (1)

that (GqN/N)(Gp/N) is supersoluble. HenceGqN/N E (GqN/N)(Gp/N) and therebyGqN is

normal inG. By (2), without loss of generality, we may assume thatGq ≤ M . ThenGq = M ∩GqN

is normal inM . HenceB ≤ M ≤ NG(Gq). Obviously, there exists somex ∈ A such thatGx
q ≤ A

becauseq /∈ π(B). It implies thatGG
q = GA

q ≤ AG. This shows thatAG 6= 1 and soN ≤ AG by (1).

By (6), we have thatA is ap-group, which is impossible. Consequently,G/HG is not supersoluble.

Final contradiction

By (7), we know thatH is normal inG. Let P be a Sylowp-subgroup ofH. SinceH is supersoluble

by (3), P is normal inG and soP = N . By (4), we haveB ∩ N = 1. It implies thatB is

a p′-group. HenceA contains a Sylowp-subgroupGp of G and soN ≤ A. By (6), A = Gp.

HenceG/H = AH/H ∼= A/A ∩ H is p-nilpotent. It follows thatG/N is p-nilpotent because

(G/N)/(H/N) ∼= G/H. Since|G/N : M1/N | = |(Gp/N)(M1/N) : M1/N | is a power ofp, by
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Lemma 2.11(1) is normal inG. Hence|G/M1| = p. By using a similar discussion as in (7), we can

derive a final contradiction. The theorem is thus proved.

Theorem3.3 — Let p be a prime andP a Sylowp-subgroup ofG. The following assertions

holds:

(a) If every maximal subgroup ofG is Σp-Sp-embedded inG for some composition seriesΣ of

G, thenG is p-soluble.

(b) If p is a prime divisor of|G| andP is Σp-Sp-embedded inG for some composition seriesΣ

of G, thenG is p-soluble.

(c) If every non-supersoluble Schmidt subgroup ofG is Σp-Sp-embedded inG for some compo-

sition seriesΣ of G, thenG is p-soluble.

PROOF : (a) Suppose that the result is false and letG be a counterexample of minimal order.

Let H be any normal subgroup ofG. Clearly, by Lemma 2.12(2),G/H satisfies the hypothesis

of theorem. The choice ofG implies thatG/H is p-soluble. HenceOp′(G) = 1, G has the unique

non-abelian minimal normal subgroupN andp divides|N |. ThenN = N1 ×N2 × · · · ×Nt, where

Ni (i = 1, 2, · · · , t) are isomorphic non-abelian simple groups. LetP ≤ Gp, whereP andGp are

the Sylowp-subgroups ofN andG, respectively. Obviously,NG(P ) 6= G. Therefore there exists a

maximal subgroupM of G such thatNG(P ) ≤ M . By hypothesis,M is Σp-Sp-embedded inG for

some composition seriesΣ of G.

Let L be a minimal subnormal subgroup ofG. If N ∩ L = 1, thenL ∼= NL/N is p-soluble.

It follows that Op′(L) 6= 1 or Op(L) 6= 1, which is impossible. HenceL ≤ N . Without loss of

generality, we may assume thatM is {1 ≤ Ni}-Sp-embedded inG for somei. By Lemma 2.1(1),

Mi = M ∩ Ni is {1 ≤ Ni}-Sp-embedded inNi. Hence by Lemma 2.6,Mi is K-Sp-subnormal

in Ni. It follows that Mi = 1 or Mi = Ni. By Frattini argument,G = NNG(P ) = NM . If

Mi = Ni, thenNG
i = NM

i ≤ MG. ThusN ≤ M , a contradiction. Hence assume thatMi = 1.

Clearly,Gp ≤ NG(P ). Let Pi = Ni ∩ P . ThenPi ≤ Gx
p ≤ Mn, for somex ∈ G, n ∈ N . Hence

(Pi)n−1 ≤ M . SinceNi is normal inN , (Pi)n−1 ≤ Ni. This implies that(Pi)n−1 ≤ M ∩Ni = Mi,

a contradiction. Therefore (a) holds.

(b) Suppose that the result is false and letG be a counterexample of minimal order. Let

Γp = {1 = G0 < G1 < G2 < · · · < Gn−1 < Gn = G} (∗)
be a composition series ofG such thatP is Σp-Sp-embedded inG.

SinceG is notp-soluble, there exists a composition factorGi/Gi−1 such thatGi/Gi−1 is a non-
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abelian simple group andp divides |Gi/Gi−1|. HenceGi 6= Gi−1(Gi ∩ P ) 6= Gi−1. ThenP is

{Gi−1 ≤ Gi}-Sp-embedded inG. By Lemma 2.1(1),Gi ∩ P is {Gi−1 ≤ Gi}-Sp-embedded inGi.

Therefore by Lemma 2.1(2),(Gi ∩ P )Gi−1/Gi−1 is {1 ≤ Gi/Gi−1}-Sp-embedded inGi/Gi−1. It

follows from Lemma 2.6 that(Gi ∩ P )Gi−1/Gi−1 is K-Sp-subnormal inGi/Gi−1. It is impossible

becauseGi/Gi−1 is a non-abelian simple group. Hence (b) holds.

(c) Suppose that the result is false and letG be a counterexample of minimal order. LetK be

any non-supersoluble Schmidt subgroup ofG andM a maximal subgroup ofG. By Lemma 2.12(1),

M ∩ K is {Σ ∩ M}p-Sp-embedded inM . The choice ofG implies thatM is p-soluble. Hence

every subgroup ofG is p-soluble. Letq be a smallest prime dividing|G|. It is obvious thatG is not

q-nilpotent. By [9, Chapter IV, Theorem 5.4],G has aq-closed Schmidt subgroupH. Clearly,H is

not supersoluble andH 6= G. By hypothesis,H is Σp-Sp-embedded inG. If G is a simple group,

then{1 ≤ G} is a unique composition series ofG. By Lemma 2.6,H is K-Sp-subnormal inG, a

contradiction. HenceG is not simple.

Let L be any proper subnormal subgroup ofG andN a normal subgroup ofG such thatG/N is a

non-abelian simple group andp divides|G/N |. If L � N , thenG = NL isp-soluble, a contradiction.

HenceL ≤ N . If N � Φ(G), then there exists a maximal subgroupA of G such thatG = AN is

p-soluble, which is impossible. ThusN ≤ Φ(G). Clearly,Φ(G) ≤ N and soN = Φ(G). Since

H 6= G, G has a maximal subgroupM such thatH ≤ M . It is easy to see thatMG = Φ(G).

HenceG/MG /∈ Sp. Therefore(M, G) is anSp-abnormal pair. SinceN contains every proper

subnormal subgroups ofG, N = MG = Φ(G) andp divides |G/N |, H covers or avoids(M, G).

If H � Mx for somex ∈ G, thenG = HMx = MMx, which contradicts Lemma 2.2. Hence

H ≤ MG = Φ(G) ≤ F (G), a contradiction. 2
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