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1. INTRODUCTION

The study of differential equations with abrupt and instantaneous impulse (processes which at certain
instants change their state rapidly) has been a subject of great interest due to its wide applications
in physics, economics, population dynamics, control theory etc. There exists extensive literature
on the existence and qualitative properties of solutions for differential equations with instantaneous
impulses. For developments in the study of mild solutions and its qualitative properties to instanta-
neous impulsive differential equations, we refer the readers to [3, 6, 21, 26, 30] and the references
therein. However, the action of instantaneous impulses does not describe dynamics of some physical
processes. For example, the introduction of drugs in the bloodstream and the consequent absorption
for the body, which are gradual and continuous processes, is not appropriately explained by instanta-
neous impulses. In fact this situation should be characterized by a new idea of impulsive action, which
starts at a certain point and the action continues for some finite intervalahtden and O’Regan [13]
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initiated the study of this new class of abstract semilinear impulsive differential equations with non-
instantaneous impulse in a PC-normed space of the following form:

2'(t) = Ax(t)+ f(t,z(t)),t € (si,tit1),5=0,1,..., N, (1.1)
x(t) = gi(t,z(t)),t € (t;,si],i=1,2,..., N, (1.2)

whereA : D(A) ¢ X — X is a densely defined closed linear operator on a Banach spacel

0=s0 <t <s <ty <ty < sy < tyy1 = T is a partition of the intervall = [0, 71,

the functionsg; € C((t;,si] x X, X) foreachi = 1,2,...Nandf : [0,7] x X — X is a suit-

able function. Pierret al. [23] studied the existence and uniqueness of (1.1)-(1.3) in the fractional
power space using the theory of analytic semigroups. Yu and Wang [32] investigated the existence
of solution with non-instantaneous impulses on Banach spaces by using the theory of semigroup and
fixed point methods. Chest al. [8] obtained the existence of PC-mild solution for the initial value
problem to a class of semilinear evolution equations with a non-instantaneous conditions in ordered
Banach spaces. On the other hand, the derivative of non-integer order, popularly known as fractional
calculus, can be effectively used to describe the hereditary properties of various materials and mem-
ory processes. Being an alternative model for nonlinear differential equations, fractional differential
equations have recently been recognized to be a strong tool in the mathematical modelling of many
phenomena in physics, biology, mechanics, etc. For details, one can refer to [15, 19, 25] etc. In
[2], Agarwalet al. have highlighted some basic points in introducing non-instantaneous impulses in
Caputo fractional differential equations. Borah and Bora [7] recently studied the existence of mild so-
lution of non-instantaneous impulsive fractional evolution equation involving Volterra-Fredholm type
integral operators. More works on non-instantaneous impulsive differential equations in fractional
setup can be found in [10, 11, 16, 17, 31].

Da Prato and Sinestrari [20] initiated the study of evolution equations with a non-densely defined
linear operator. It was shown that the density condition was not necessary to deal with partial func-
tional differential equations. The main method used in their work was based on integrated semigroup
theory. Some results on existence of integral solution of non-densely defined evolution equation
(1.1)-(2.3) without impulse have been proved under suitable hypotheses, fof-aajued continu-
ous functionf and anyzy € D(A). For more details and examples on non-densely defined operators
and the concept of integrated semigroup, we refer the readers to [1, 5, 9]. Thieme [27] showed that

the integral solution reduced to the mild solution whfea D(A). Zhang and Liu [33] corrected the
error in the formulation of integral solution for non-densely defined fractional differential equation
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with impulsive effects that was observed in some past works, e.g., [4, 22]. The solution was obtained
by integrated semigroup theory and some probability densities.

Motivated by the above discussion, we consider the semilinear impulsive Cauchy problem with
not instantaneous impulses in the following form:

CDx(t) = Ax(t) + f(t,z(t)), a.e. t € (sitiy1],i=0,1,...,N, (1.4)
x(t) = gi(t,z(t)),t € (ti,si],i=1,2,..., N, (1.5)

with0 < a < 1; A: D(A) C X — X not necessarily a densely defined closed linear operator on the

Banach spacgX,, ||.||); f : JxX — X agiven functiony; € (C((t;, s;]xX,D(A)),i =1,2,...,N.

Denote byC(J, X) the Banach space of continuous functions frgninto X with the norm
zllcrx) = supiesllz(t)|,z € C(J,X) and B(X) be the space of all bounded linear operators
from X to X with norm||Q|| p(x) = sup{[|Q ()| : [|z]| = 1},Q € B(X),z € X.

To deal with impulsive conditions, we consider the spat@(X), consisting of all functions
z : [0,7] — X such thatz(.) is continuous at # t;,z(t;) = z(t;) andz(t;") exists for all
i = 1,2,..., N endowed with the uniform norm o, 7] denoted byl|z||pc(x). For a function
x € PC(X)andi=0,1,..., N, we introduce the function; € C([t;, t;+1], X) given by

f(t) — Hf(t), te (ti7ti+1]7
Z x(tj)a t=1t;.

Let B C PC(X) and we define3; = {#; : € B}.

Lemmal.l — A setB C PC(X) is relatively compact inPC/(X) iff the set B; is relatively
compact inC'([t;, ti+1], X).

We use contraction mapping principle and Krasnoselskii's fixed point theorem to prove the exis-
tence of the integral solution of problefh.4)-(1.6).

The rest of this paper is organized as follows. In Section 2 we give some basic definition of
fractional calculus, definitions of the integral solution and recall some known results on non-densely
defined operator. In Section 3, we study the existence and the uniqueness of the integral solution for
the fractional semilinear differential equatioh.4)-(1.6). An example is provided in Section 4 to
illustrate our results.



1068 JAYANTA BORAH AND SWAROOP NANDAN BORA

2. PRELIMINARIES

In this section, we recall some basic notations, definitions and fundamental results which will be
used throughout this article. First, we introduce some basic definitions and properties of fractional
calculus.

Definition2.1 — The Riemann-Liouville fractional integral of order> 0 for a functionf € C,,

is defined as .
1 _
w/ (t — S)(a 1)f(8)d87 t > a,

provided the right side is point-wise defined [anb.

IFf(t) =

Definition 2.2 — The Riemann-Liouville fractional derivative of order > 0 for a function
feCll,neN,isdefined as

1 ar

“DEF(0) = D" D) = £y i

t
/ (t—s)" 1 f(s)ds,t >a,n—1<a<n.

Definition2.3 — The Caputo fractional derivative of order> 0 for a functionf € C?,n € N,
is defined as

“Dyf(t)=D* "D"f(t) = ! ] /t(t — 5" (§)ds, t > a,n—1 < a <n.

I'n—«

If fis an abstract function with values i, then the integrals which appear in the above defini-
tions are taken in Bochner sense.

Lemma2.4 — (Bochner Theorem). A measurable function J — X is Bochner’s integrable if
||F|| is Lebesgue integrable.

Lemma2.5 — (Holder's inequality). Assume that ¢ > 1, and% +% =1.1f feLP(J, X),g€
L9(J, X), then forl < p < oo,

fge L'(J.X) and [[fall,., < Ifllsll9l 0

Lemma2.6 — (Arzela-Ascoli's theorem). If a familh = {f(¢)} in C(J, X) is uniformly
bounded and equicontinuous dnand for anyt* € J,{f(t*)} is relatively compact, theA has a
uniformly convergent subsequengg, (¢)}5°

n=1"

Let Xy = D(A) and Ay be the part ofA in D(A) defined by

D(Ag) = {z1 € D(A) : Azy € D(A)}, Ao(z1) = A(z1).
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Throughout our analysis, the following hypotheses will be considered:

(H1) A: D(A) Cc X — X satisfies the Hille-Yosida condition, that is, there exist two constants
w € RandM, > 0 such thaf{w, co) C p(A) and

n My
(H2) The part4y of A generates a compact-semigroup{(Q(¢)}+>o in Xy which is uniformly
bounded, that is, there exist$ > 1 such thatup,c(y )| Q(t)[| < M.

Let (S(¢)):>0 be the integrated semigroup generatedhylt is to be noted thatS’(¢)):>¢ is a
Co-semigroup onD(A) generated byd, and ||S’(t)|| < Me*!,t > 0, M andw are the constants
used in the Hille-Yosida condition.

Let By = AR(\, A) := A(\I — A)~L. Then for allz; € Xg, Bxz1 — 21 as\ — oo. Also from
Hille-Yosida condition, it is clear thaimy . || Bx|| < M.

Lemma2.8 — By the integral solution:(¢) of the non-homogenous fractional order evolution

system (with continuous sourg@

D a(t) = Az(t)+ f(t),t€J=(0,d], (2.1)
l‘(O) = 1z € Xo, (22)
we mean a continuous functian: J — X which satisfies the following conditions:
(i) I§ x(t) € Xo fortc Jand
(i) =(t) =z0 + Alg, z(t) + I§, f(1), teJ
Lemma2.9 — [12]. If = is an integral solution of (2.1)-(2.2), then for alke J, z(t) € Xo. In
particular,z(0) = zo € Xo.

Definition2.10 — [18]. The Wright function\/,,(9) is defined by

My (0) = i( (.9)71_1 0<a<1,0€eC.

It has the following property:

I'(1+6)

T +ag) 0020

/ 0° M, (0)do =
0
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Lemma2.11 —[12]. The integral solution(t) = xo+ Ao, x(t)+ 15, f(t), fort € J,zg € Xo
of the auxiliary problem

‘D a(t) = Aox(t)+ f(t),t € (0,al, (2.3)
z(0) = o, (2.4)

can be expressed as
o0

x(t) = Salt)xo + Ali_)n;o ; K, (t — s)Bxf(s)ds,

where,

Salt) = [T Ka(t), Ka(t) = * ' Pa(t), Pa(t) = / " aBM(0)Q(t°6)db.
0

Lemma2.12 — [34]. P,(t) is continuous in the uniform operator topology for 0.

Lemma2.13 — [35]. For any fixed > 0, K,(t) andS,(t) are linear operators, and for any
xr1 € X(),
a—1

Mt
[ Ko@)z < W\ll‘lll and|[Sa(t)z1 ]| < M.

Lemma2.14 — [35]. { K4 (t) }+>0 and{ S, (t) }+>0 are strongly continuous.

Theorem2.15— [12]. z(t) is an integral solution of (2.1)-(2.2) if and only if

[e.e]

x(t) = Sa(t)xo + lim Ko(t —s)Byf(s)ds, forte Jandzy € Xo.

A—o0 Jo

Definition2.16 — [12]. The operator defined by

o0 [e.9]

¢o(t)ry = lim K, (t — s)Byx1ds = lim K,(s)Byxids forz; € X andt > 0

A—o0 Jo A—o0 Jo

exist as a bounded linear operator foe X andt > 0.

Remark: [12]. We say that A generates the operafor, (¢) }:>0. Whena = 1, {¢a(t)}i>0
degenerates intpS(t) }+>0, which is the integrated semigroup generateddtin [14].

Lemma2.17 — (Krasnoselskii's fixed point theorem). LBtbe a closed, convex and nonempty
subset of a Banach spag&e. Let ()1 and(@- be two operators such that

e (Q1x1 + Q229 € B wheneverr, zs € B;
e ()1 is a contraction mapping;

e ()5 is compact and continuous.
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Then there exists € B such that = Q1z + Q2.

3. INTEGRAL SOLUTION TO A NONLINEAR CAUCHY PROBLEM

Here we take: = 2=L € (—1,0).

a1
Motivated by the theorer.13 of [12], we adopt the following concept of integral solution of our
problem:

Definition3.1 — A functionz € PC(X) is said to be an integral solution of the Cauchy problem
(1.4)-(1.6) if it satisfies(0) = zp € Xo, x(t) = gi(t,z(t)) forallt € (¢;,s;], i =1,2,...,N:

t

x(t) = Sa(t)zo+ )\lim Ko(t—s)Bxf(s,x(s))ds, te][0,t;]and
—oo Jo
t
x(t) = Salt —si)gi(si,x(s;)) + /\lim Ko(t —s)Baf(s,xz(s))ds, t€[sitit1], i=1,2,...,N.

To study the existence and uniqueness of the integral solution of impulsive factional evolution
equation, we need the following assumptions:

(H3) f : J x X — X is continuous and there exists a constante (0,«) and a function
1
p € Lo (J,R™) such that

|\ f(t,z1) — f(t, x2)|| < p(t)||z1 — 22 forall z;,z2 € X and almost alt € J.

(H4) The functionsg; € C((t;,s;] x X, Xo) and there are positive constantg, such that
Hgi(t,xl) — gi(t,xg)H < Lginl — 5[52” for all r1,To € X,te (ti, Si], 7= 1, 2, ooy N.
Theorem3.2— Assume the hypotheses (H1)-(H4) to hold and

MMy (tiyq — ;)00
I'(a) (14a)'™™ el o (gsiiga)) g5

k = max{ max {MLgi—l-
1<i<N

M My t,(1+a)(1-a1)
F(a) (1 +a)1—a1 HNHL‘H([O,tl]) < 1.

Then there exists a unique integral solutionfdd’(.X') of the problem (1.4)-(1.6) provided,
Xo.

ProOF: Define the operatof’ : PC(X) — PC(X) by Fz(0) = zo, Fx(t) = ¢i(t,x(t)) for
t € (t;, s;) and

¢
Fx(t) = Sa(t — si)gi(si,x(s;)) + Allr)go K, (t—s)Bxf(s,z(s))ds,t € [si, tit1], i > 0.

Si
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By the hypothesi$H3) and Hblder’s inequality, the operatdr is well-defined.
Letz,y € PC(X). Fort € [s;,ti+1],i = 1,2,..., N, we get

[Fzt) — Fy)ll < [1Sa(t — s:)gi(si, 2(si)) — Sa(t — si)gi(si, y(s:)) ||
+  lim / | Ka(t — 8)Brf(s,z(s)) — Kot — s)Baf(s,y(s))|lds

A—00
MM, [t _
< Miylo—ylec+ o [ (69 u(edsle — vl
L(a) J,
MMQ t . 1 1—oa1
< MLZIE—yP0+|:/ t—35)% 1a1d8:|
gl | o) |/, (t—=s)""")
H/"’”Lal([si,ti+1]) ”‘T - yHPC
MMy (tip1 — S.)(H-a)(l—al)
< [MLgi + = : ||M||L“1([si,ti+1]) lz —yllpc-

I(a) 1+a)'™™

Fort € [0, 4],

M My t, (1) (A-a1)
(@) (14+a)'™™

[Fz(t) = Fy@)] < [ ||N||La1([0,t1},R+)] Iz —yllpc-

Fort € (t;,s:],i =1,2,..., N, we have
[Fa(t) — Fy@)|| < L[|z — yllpc < MLg,||z — yllpc-
From above, we observe that
|1F(z) = F(y)llpc < kllz —yllpc,
which implies thatF'(.) is a contraction and there exists a unique integral solutiqn.aj-(1.6).
To prove the next theorem , we add the following assumptions:
Forr > 0, let B, be a closed ball ilPC'(X') with radiusr and center at 0, that is,
B, ={x € PC(J,Xy) : ||z||pc < 7}

ThenB, is a closed, convex and bounded sefi'( X ).

(H5) For eacht € J, the functionf(¢,.) : X — X is continuous and for eacly € X, the
function f(.,z1) : J — X is strongly measurable.
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(H6) There exists a constant € (0, «) and a functionm € Li(J, R™) such that

IIf(t,x)| < m(t)forall z € B, and almost alt € J.O

Theorem3.3— Assume that the conditions (H1)-(H6) are satisfied with the exception of condition

(H3), the functiongy;(., 0) are bounded and
k=(M+1)L, <1, Vi=12,...,N.

Then there exists at least one integral solutiorBinof the problem (1.4)-(1.6).

PROOF: Letr > 1 and0 < n < 1 be such that

Mifzoll + (1+ M) _max Jgi(-0)lee,ex) < (=07,

1=1,4,...,

1 MMy (tig — s;) o0
1+ M)Ly, + - - S
i:{r’lf%’]v {( t Mo+ v [(a)(1+ a)t=o ”mHL(Tll([SivtiH]) =mr=n
1 MMOtgwa)(lfal)
- < >r.
v T(a)(1+a)l— ”mHL?ll([07t1D mov=r

For anyx € B,, we define the operatdr as follows

m m
1=0 1=0

where
gi(t,x(t)), t e (tz‘,SZ‘], 1>1,
(F;l.%')(t) _ Sa(t - Si)gi(Si,.’E(Si)), te (Siati+1]7 1> ]-7
07 t ¢ (tiati—‘rl]a 1 Z 07
Sa(t)xo, t e [O,tl],

hm)\—wo fstz Ka(t - S)B)\f(sa :E(S))d‘S’ te (SiatiJrl]a 120,
0, otherwise

(Fa)(t) = {

We claim that the map’ is a x-contraction map fronB,. into B,.. This consists of the following

steps.

Stepl : To show thatF'(B,) C B,.
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Letz € B,. Fori > 1, andt € (t;,t;i+1],

I(Ez) ()] < Ly, llx@)| + llg: (¢, 0) ]| + M (Lg, l|(&)]] + [lgi(Z, O) 1) +
lim [ Ku(t—s)Bxf(s,z(s))ds||

A—00 si

MMO ! a—1
< (M+ 1)Lgi7“ + (L + M)lgi(., O)HC((U.SJ,X) + I'(a) A(t —s) m(s)ds

MMO /t a—1 :|10¢1
<(M+1)Lgr+ (1—n)r+=——| [ (t—s)>1ds il
<( ) 9i ( n) I'(«) |: Si( ) | HL‘}l([SntiH])

MMo(ti_H — Si)(1+a)(1_al)

< (M+1)Ly, 1-
f( + ) gzr"i'( 77)7"+ F(a)(l—i—a)l—al ||m”LD%1([si,ti+1]

<X =mr+agr

=r.
Therefore,
HFxHC((tiytiJrl],X) <r foralli>1.
Fort € [0, 1],

I(Ez) (O < |1Sa(t)zoll + HAILHSO/O Kot — s)Brf(s, z(s))ds|

MMotgl—Hl)(l_al)
T+ M2 o

< Mjzoll +

<r.

Therefore,
IFz][cqj0,],x) < 7

Thus it follows that| F'x|| pc < r andF' mapsB, into B,..
By the same line of argument, one can show that foranyc B,, F'z + F%y € B,.
Stepll : To show that the mag™* = S | F! is a contraction orB, .

Letx,y € B, t € (ti,ti+1],’i: 1,2,...,N. Then

I(E ) (#) = (Fly) Ol < (M + D)L, |z = yllo )%
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Therefore,
N N
1Y Fle =" Flyllpe) < sle—yllpo)
=0 =0

andF'! is a contraction o1B,..

Steplll : To show that fori = 0,1,..., N and for anys; < s < t < t;4+1, the setV(u) =
Uuels, ﬂ{(F2 )(u) : x € B} is relatively compact inX. ForVe € (s;,s) andd > 0, we define an
operator(Ff)e,(; on B, by the formula

((F?)es7)(u hm a/ / — )2 ML (0)Q((u — 5)0) By f(s, z(s))dsdf

= ae®) hm / / —8)* ML (0)Q((u — 5)*0 — €*8) By f (s, z(s))dsdb.

From the compactness @f(¢*§), (e*§ > 0), we obtain that the sat; 5(u) = {((F?)es2)(u) :
x € B, } is relatively compact inX for Ve € (s;, s) andd > 0. Moreover, for any: € B,, we have

I(F22) () = ((F2)es) )] <l fim [ / — ) M (0)Q((u — $)°0) B (s, x(s))dsdo]
rafin | [ 70— MOQ(w— 0BT (s.a(s) st
< aMM, / (u — 5)° lm(s)ds/oéeMa(H)dG
+ oM My /:(u — 5)* lim(s)ds /OOO OM,,(0)d6o

(u . Si)(aJrl)(l*al) 6
< oMM, = ml / OM,,(0)do
(a+ 1) * L°1 [s5,t41] Jo

aM M, el+a)(l—a1)
I'(1+a) (1+ a)l_al HmHLO‘%[SMiH]

— 0 ase 0 — 0.

Hence the seV’(u) is arbitrarily close to the relatively compact Séts(u) and subsequently
V(u) is relatively compact inX .

SteplV : We prove that the set of functioerfNBr]i, i =20,..., N, is an equicontinuous subset
of C([ti, ti+1], X)

Let, 1,15 € [Siat’H—l]v s;<li<ls andx € B,.
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We have

l2
I(F)z(l2) — (F)a(h)]| = I Jim / (I = 5)* ' Pa(lz — 5)Bxf (s, z(s))ds

I
— lim (I — 8)2 1P, (Iy — s) By f (s, z(s))ds||

A—00 s
lo
= lim [ (ly—s)* " Po(la — 5)Brf(s,z(s))ds
A—00 I
I
+ Ha}\lim (Iy — 8)* ' P,(ly — s)Bxf(s,x(s))ds

Si

Al
— lim (I — 8)* 1 Py(lo — 8) B f (s, z(s))ds||

A—00 s

1

+ || lim (I — 8)* 1P, (Io — s)Brf (s, z(s))ds

A—o0 Jg
l1
—«a lim (Iy — 8)* 1P, ((Iy — 5)Bxf(s,z(s))ds||

A—00 s

:II+I2+13a

where
M M, /12 .
I, = lo — 8)* "m(s)ds|,
1 o) |, (o —s) (s)
_ MMO ¢ _ a—1 _ a—1
I, = @) /SZ [(I1 — s) (Iy — s) ")m(s)ds,
l1—e
L = MO/ (I — ) Y| Pa(ls — 8) — Pl — 5)|m(s)ds.
Now,

aq

1—oan 1
M My [/12 a-1 } /2 1
I < lo —s)t—1ds m(s)|*1ds

P( ) I ( ) ( I ’ ( )’ )

MMO (lQ — ll)(lJra)(l*al)
—= F(Oé) (1 + a)l—al

—0 as Iy — 1.

Ml Lo (14 0),RH)
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Also,

1—aq

MM, h _ PP
< o[ = - )
: 1—aq

M M, h a a
S (U R A S T

a a a l-a
Iy — 1) = ((la = s)™™ = (1= s)]"™) " Il o (s 1.04)

I'(a) (T2 = 1) Iml| ot (s .RH)

—0 as Iy — 1.

Fore > 0 small enough,

l1—e
Is = Mo/ (Iy = 8)27 Y| Py(ly — 5) — Po(ly — 5)||m(s)ds

Si

I
+ Mo/l (I — )Y Pa(ls — 5) — Pa(ls — s)||m(s)ds

1—€

l1—e¢
[ -9t tmsds sw [Pt = s) - Palts - )]

Si SE[Si,llfd

IN

5
+ / (Iy — ) Y| Po(ly — 5) — Pa(ly — 5)||m(s)ds

Si

l1—e¢
- / (lh — s)a_1||Pa(l2 —38) — Po(l1 — s)||m(s)ds

l1—e
< Mo/ (=) 'm(s)ds  sup ||Pallz —5) = Pa(ly = s)|
S; se[si,hfe]
QM()Oé h a—1 hie a—1
+ W[/ (I — ) m(s)ds — / (I — 5)°Lm(s)ds]
l1—e¢
< / (I — 8)* Im(s)ds  sup ||Pa(la — ) — Pa(ly — s)||
S; SG[Si,ll—e}
2MOM1 h a—1 fi=e a—1
+ o) [/SZ (lh —s)* " m(s)ds /SZ (Iy —e—8)*""m(s)ds]

MM, [he o o
F(Oa)l/& (1 —e—$)* " = (11 — 8)* m(s)ds

= 131+ I32 + I33.

(3.1)

1077
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SinceP,(t),t > 0 is continuous in the uniform operator topology,5¢ — 0 as Iz — I;.

As in the proof ofIy and I3, I3s — 0, I33 — 0 ase — 0, and thereforg|(77z)(l2) —
(F2z)(l1)|| — 0 independent of: € B, (0, PC(X)) asly — ;.
Similarly the casé; = s; can also be verified.
Thus,[FfNBr]i is an equicontinuous subset©f[t;, t;+1], X).

StepV : To establish thaf™? is continuous inB,.
Let {z,,} be a sequence of functions B such that:,, — = € B,.. By (H3), we have
ft,zn(t)) — f(t,z(t)) asn — oo.
For eacht € J, we obtain
(t =) f(s,n(s)) = fs,2())] < 2(t = 5)* 'm(s) ae. € [si,1).

By Holder’s inequality, the RHS of the above inequality is integrablesfar [s;,t),,s; <t <
t;11, and hence by Lebesegue dominated convergence theorem, we obtain

/ (6= ) (s, (s)) — (s, 2(s))llds — 0 asn — oo.

Thus, fort; < t < t;41, we obtain

I(F?z0)(t) = (F22)(@)]] < || lim tKa(t—S)BAf(S’:En(S))—f(s,fv(S))dSII

A—00 Jg,
T [ (1 55 20(5)) — S, 26D — 0 25n — o
(@) Js,
Therefore F2x,, — F2z is pointwise ont;, ;1] asn — co. Hence it follows from step IV that
Fzx, — Fz uniformly on(¢;,t;11] asn — oco. and SoF' is continuous.
From the above discussiof? is a completely continuous operator. Then Krasnoselskii’s fixed
point theorem ensures thAthas a fixed point which gives rise to a mild solution.

4. APPLICATIONS

As an application of our results, we consider the following fractional time partial differential equation:
92 N
CDfx(t, z) = 530(t2) + F(t,a(t, 2)), ace. (t,2) € Ulsistina] x [0,7],0 < <1, (4.2)
z
i=1

x(t,z) = Gi(t,x(t, 2)), 2z € [0,7],t € (t;,8],i=1,2,..., N, (4.2)
z(t,0) = z(t,7) = 0,t € [0,T (4.3)
2(0,2) = zo(2),2 € [0, 7], (4.4)
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where0 =ty = sp < t1 < 81 < ... < ty < sy < ty41 = T are fixed real numbersF ¢
C([0,7] x R,R) andg; € C((t;,s;] x R,R) foralli =1,...,N.

Let
z(t)z = xz(t,2),t€[0,T],z € [0,n],
ft,x)(z) = F(t,x(t,2)),t€[0,T],z € [0,n],
gi(t,z)(z) = Gi(t,z(t,2)),z € [0,7],t € (ti,si], 1=1,2,...,N.

We chooseX = C([0,n],R) endowed with the uniform topology and consider the operator
A:D(A) C z — X defined by

D(A) = {z € C*([0,7],R) : 2(0) = (7)) = 0}, Az = 2.

This shows that the problem (1.4)-(1.6) is an abstract formulation of the problem (4.1)-(4.4).
From [20],p(A) = (0,00) and forA > 0, | R(A, 4)|| < ; and
D(A) ={zr e X :2(0)=xz(r) =0} # X.
This implies thatA satisfieg H1) with M, = 1. Since itis well known thatl generates a compact
Co-semigroup{(Q(t)) }+>0 on Xy such that|Q(¢)|| < 1, hence(H?2) is satisfied with\/ = 1.

For the validation of Theorem 3.2, let us take,

s = oo () e

et + et \ 1+ |z(t,2)]
cost|x(t, z)]
51+ [a(t, 2)])

gi(t,x) e (tiys)],i=1,.,NxeX zel0,n]
Then clearlyf : [0,7] x X — X is a continuous function and

—t

||f(t,x)—f(t,y)\| < _tHx—yH,forallx,yeX.

el +e

_ 1
And if we let u(t) = -5, it follows thaty € L1 ([0, 7], RT). Alsog; : (t;, 5] x X — X are

6i+67t I

continuous functions such that

llg(t,x) — gi(t,yll) < Lg,|lz —yll,

with L, = % Thus the functiong’ andyg; satisfied the hypothesé€#/3) and (H4) respectively.
We deduce that that the system (4.1)-(4.4) has unique integral solution.
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On the other hand, for the validation of Theorem 3.3, let us talee,%, and

flta(t) = tisina(t),
_ cost|x(t, 2)| o
gi(t,x) = S0t |x(t,z)\)’t € (ti,si],i=1,...,N,x € X,z € [0, 7).
Choosem(t) = t~1. Then the functiory; satisfies(H4) and f satisfies the assumptio&/5)
and(H6). Thus the problem (4.1)-(4.4) has a solution.

5. CONCLUSION

The main purpose of this paper is to extend the existence results of the non-instantaneous impulsive
evolution equations to the case when the operator A is not dense and satisfies a Hille-Yosida condition.
Under a set of sufficient conditions, the existence of integral solutions are obtained. The result is
supported by a suitable example.
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