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A decomposition of Multiple Zeta Values has been derived in terms of Riemann Zeta Values,
thereby obtaining a formula of Multiple Zeta Values given by T. Arakawa and M. Kaneko.
Further, using the decomposition formula, some of the identities arising from Multiple Zeta
Values have been reestablished in a larger domain.
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1. INTRODUCTION

Fors € C with Re(s) > 1, the Riemann Zeta function is defined by

)=

n=1

This function keeps many mysteries. The most famous of them is the Riemann Hypothesis which
states that all the non-trivial zeros ¢fs) lie on Re(s) = 1/2 and the Hypothesis is still an open
problem. Among other mysteries, an interesting and still unsolved problem is the problem of deter-
mining polynomial relations over Q for the numbers), s = 2,3,4,..... The first breakthrough
in this direction is due to Euler, who showed tija2k) is always a rational multiple of2*. Euler
(1735 proved that

20E) = (-1 Emt g )
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where By, are rational numbers, called Bernoulli numbers, defined by the power series expansion
o0 k
t t
Z BkH T o1
k=0

Very less is known about the valuéés) at odd positive integers. The study of such values of
Riemann Zeta function has motivated the study of multiple zeta vdM&¥'’s ) defined as

1
sz ) = 3

oy~
niy>ng>...>n>1 1772

wheres; are integers fot <i <r,s; > 2ands; > 1for2 <i <r. The sums; + s3 + .... + s, iS
called the weight of (s1, s2, ...., s,) andr is called its length.

The study of multiple zeta values has been a topic of interest to many mathematicians for the
last few decades due to its applications in many branches of mathematics and physics, such as knot
theory, quantum field theory etc. An overview of multiple zeta values has been provided in [4].

Some of the results related to Multiple Zeta Values with all the arguments same are:

7r2n
C(2,2,,2) = m
C4em)t (1
C(4’ 47 ....’4) —_— m <2)
_ 6.(2m)%"
C(6767..-.76) —_— m

In fact, a general formula for such Multiple Zeta Values has been derived by T. Arakawa and M.

Kaneko [1], which is as follows: Fot,n € N

k) (2mi)E
2k 2k %) = O ?)

n

whereC" is defined by the following recurrence relations:

1 & 2nk
¥ =1, cp) = 5 2 (1) ( g > BanCyy 3
=1
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The idea to decompose Multiple Zeta Valugs, s, ..., s) with s any integer greater thah has
motivated the work of this article.

2. DECOMPOSITION OFMULTIPLE ZETA VALUES

The double sum

can be written as

o0 o0

1 1 1 1 1 1
)3 i T > T > g

ni,na=lni>ng 1 ni,n2=1lne>n; nina=lyng=na 1 2

that is,
((s1)C(s2) = C(s1,82) + C(s2,51) + ((s1 + 52). 4)
In a similar manner, it is not difficult to see that
C(81, 82, 8:)C(8) = (8, 81,82,y Sp) + C(51, 8,82, ey 8r) + oo + (81, 82, oy Spy S)+
C(s+ 81,82,y Sr) + C(81,8 + 82, ey Sp) + oo + (81,52, .., S + Sp) (5)

Using this fact, one can easily prove the following lemma.

Lemma2.1 — For any integes > 1 andn € N,

C(8,8y.y8) = %{C(s,s,....,s){(s)fC(s,s,....,s)C(Qs)
n n—1 n—2

Hoe+ (D)2 (8)C((n = 1)s) + (=1)" ¢ (ns)}

PROOF: Using (5), we first obtain the product§(s, s, ...., s)((rs) for r = 1,2,3...,n — 1, as
N——

follows:

n—1 n n—1 n—1 n—1
C(87 87""78)C(2S) = C(28787 78) —"_C(S? 287 73) + """ +<(87 87 72S> +
——
n—2 n—1 n—1 n—1
C(3s,8,...,8) + ((8,38, ..., 8) + ..... +((s,s,...,39)
————
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C(s,8,.....,8)C(3s) = ((3s,58,...,8) + (8,38, ....,8) + ... +{(s,8,...,35) +
n—3 n—2 n—2 n—2
C(4s,8,...,8) +((s,48,....;8) + .... + ((s, 8, ..., 45)
n—3 n—3 n—3
C(s,8)C((mn—2)s) = (((n—2)s,8,8)+((s,(n—2)s,5)+((s,s,(n—2)s)+
C((n—1)s,s) +((s,(n—1)s)

((s)C((n=1)s) = ((s,(n—1)s) +(((n—1)s,s) + ((ns)

Adding all the above equations with alternate signs, the desired result will be obtained. O

In order to derive our decomposition formula, we define: #on € N,

L?:(Tf(s)l), (n>1)

1§ = —{L3¢() ~ o)} (n>2)

L§ = L {IB(s) — IC(25) +C3)}, (n > 3)

Ingeneral, forl <m <n —1,

LD = — (L% 1C(5) = L oG(28) + LBy _5C(38) — e+ (1) L¢(ms)}.

n—m

and form = n,
Ly =A{Ln_1C(s) = Lp_5¢(25) + Lyp_3¢(3s) — ... 4 (=1)" "¢ (ns)}.

With this, we prove the next lemma.

Lemma2.2 — Given a positive integet,

SRR L Lns
Lt = T((5) e 1{(25) + p— 2{(35) — e
B Lnfm+2 B C(ms)
m—2 m—1
) (= 1))+ (1)

holds for allm < n.

PrRooOF: The lemma will be proved using induction en

1 ¢(s)
Form=1, L™ = .



A SIMPLE OBSERVATION ON DECOMPOSITION OF MULTIPLE ZETA VALUES

Form =2, LT = %{L?HC(S) —¢(2s)}

n —

- e - e}

n—1 n

Ly L
= () - )

1273

Thus lemma holds fomn = 1, 2. Assume thatn < n and the lemma holds for all positive integers

< m. Now,

(n— m)LZ;Srl1

Therefore,

n+1
Lm+1

L (s) — ng_llg@s) F e + (—1)m_1L’f+1C(m5)
+(=1)"¢((m +1)s)

1

{L%«s) ~Ing4s (—1>m—1<(ms)} ((s)

n n — n—m+1

n n—1 N s
_ {Lm%(s) - Lmi’c(zs) + ot (—1)’”—27«(7” 1 )}

n n — n—m-+42

C(28) + v + (—1)™ 2 {Ifg(s) - CQS)} C((m—1)s) +

n—1

S En 1¢(s) = L aC(28) + e+ (1) 2LRC((m — 1)s)

HEnmems)y - B e - e+
1

...... + (=12 ((m = 1)8) } + e +
+(=1D)"¢((m + 1)s)

n — mLZzC(S) — ?;__TanﬂlC@s) + ...+ (—1)m—1n i;’i :
LY (ms) + (=1)™C((m + 1)s).
" Ln—l Ln—m—l—l

= “2((s) - nnfiC(Qs) + ..+ (*1)m_1n—17m+1<(m8)
FERS(GESID)

n—m
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Thus lemma holds fom + 1 and hence for alin < n. O

Now, we are in a position to prove the following Decomposition Theorem for the Multiple Zeta
Values:

Theorem2.1—Forn > 1, s > 1,

Ln
C(8,8y.ys) = —2,
N—— n
whereLy = Y (=1)"'Ly_((1s).

N
Il
—

PrRoOOF: The theorem will be proved using induction en Forn = 1, it is clearly true. For

n =2,

L3

C5,5) = FHC(5)(5) — C(2)} = TAC(s) — (29} = 2.

Thus the result holds fot = 1,2. Assume that it holds for ak (2 < n < m). We will prove
that it is true form + 1. By Lemma2.1 and induction hypothesis,

m e
m m—1 s
= Lms:b(s) . Lm,n_LlC(lz ) 4o + (—1)m*1§(s)§(ms) + (_1)mg((m+ 1)8)

pel)

{L7=3¢(s) — LIZ3¢(2s) + L' 1¢(38) — oo + (=1)™72¢((m — 1)s) } ;(%9)1

= {Lm_1¢(s) — L _9¢(2s) + Lin_3¢(3s) — ... + (=1)" ¢ (ms)

S + (=)™ (s)¢(ms) + (=1)™C((m + 1)s).
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Arranging appropriately and using Lemra2,

m s m=1r9g
(m+1)C(s,8,...,8) = {Lm;f( ) —me2f(12)+ ..... +(—1)m—1¢(ms)}g(s)_
m+1

m m—1
i, s

m m—1

= LMH(s) — LMHIC(28) 4 oo + (= 1)™C((m 4 1)5)

m+1
L1

Hence the theorem. O

We conclude this section by deriving formul2) from Theoren®.1 as follows: Letn,m € N.

For a fixedk € N, define

i1
_ 1 B
Ir—— 1
= sy Y
— 1 — Bor  Buyg
no_ _ n _ 9
2 2(n—2){ 1 (2k)! (4k)!}’ (n>2)
Ingeneral, forl < m <n —1,
— 1 —7— Bor  —— Bu m—1 Bamk
Im——— — IIn B e I S |
m = T3 —m) { m-1{gpy ~ Lm-2 gy T T D) (ka)!}

and

— 1 f—— Bokr  —— Bu n—1 Bonk
In=——<¢L"  — — L7 — 4 ... -1
" { 11~ Laee gy o H D (an)!}

It can be easily verified that, when= 2k,

o
Lt = Ln (2mi)?™* for0 <m <n

m

andn C%) = TI7r (2nk)!
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Hence,
TZ -\ 2nk
C(2k,2k,.....2k) = —2(2mi)
N —— ——— n
C ok
pu— 2 ) n
@ni ™)

3. SERIESARISING FROMMZV' s

In this section, we reestablish the Propositions 2.2, 3.1 and3.2 of [3] in a larger domain, viz. for
any integer greater than At this point, we need to introduce the Hurwitz zeta function and multiple
Hurwitz zeta function. The Hurwitz zeta function is a generalization of Riemann zeta function and is

defined as

=1
((s;a) = Z m, wheres > 1 anda € R\Z;
i=0

and the multiple Hurwitz zeta function is defined as

1

C(s1,82, .0y 89301, G2, ..., Gy) = Z . 7
1 S92 Sr
n>ne>..>ne>1 (n1 4 a1)%(n2 + a2)®2....(n, + a,)
wheres; > 1, 51 + s2 > 2,.....81 + 2 + ... + s, > randay,as, .....,a, € R\Z.

Thei'" generalized harmonic number of ordee N is defined as

Forn € N, we also define

Further, consider the sum

n
n _ Hz,m
mk T E L
=1 t

(wherem € N, k € N\{1}), which is clearly the:* partial sum of the classical linear Euler sum [2]

= Hi,m
Sm’k - Z ik

=1
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Asin (4), itis easy to see that

C(s13a)((s2;a) = ((s1,82;a,a) + ((s2,s1;a,a) + ((s1 + s2;a)
1 1 2
+—-C(s23a) + —((s150) — ——.
a a a

and also
C(Sly §2,.,8r;Q,Q, .., CL)C(S, a‘) = EC(Sly §2,.,Sr;Q,Q, .., CL) + C(Sa 51,82, .., 8r50,0,a,.., CL)

+C(81, 8,82, ., S5 Ay Ay ..y @) + ... + (81,82, Sy 830, Ay @)+
C(s+ s1,82,..,8r;a,a,..,a) + (51,5 + S2,.., Sp;a,a, ..,a) + ...+

C(sla 82,..,8+ sp;a,a, .., CL)

Hence, we can state the following lemma, the proof of which is similar to that of LeEnma

Lemma3.1 — For any integes > 1, n € N anda € R\Z,

1 1
C(s,s,..,8a,a,..,a) = - C(s,8,..,8a,a,..,a) <C(s,a)—(ﬁ>—{(s,s, y S Ay Qy ...y @)
n n n—1 n—1 n—2 n—2

(csi) = ) + ot (12 (Gls50) -

(6t = si) = b ) + 0 (i) = 1)

1277

By appropriate arrangements of the terms in the respective $edehl of them being absolutely

convergentthe following three lemmas can be proved.

Lemma3.2 — Form,n > 1,

(i) = _ i C(?Z;i)
=1 =1

(1) > Man = ¢(n,m) + C(m + ).
=1

(ZZZ) Z 21 ,n 2—m§ C(m’lfé)
( (2 1)m e
Lemma3.3 — Form,n, k > 1,

§ Lo (k3 ).

) 542 e

]:

o 2j 1,n OOH/ 1,n . 1
()227, 1k2231 =27 2211’"( ji— ).

1= 1
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00 7 H X gi )
k3 g 3 e = 3 e,
=1 j=1 t=1 i=1

The next four identitiegPropositions3.1, 3.2, 3.3 and 3.4) are respectively the analogues of
Proposition2.1, 2.2, 3.1 and3.2 of [3].

Proposition3.1 — For any integeg > 1,

24(;2’)

= (L) + C(29)).

PROOF: By Lemma3.2(i¢) and Theoren?.1,

ZC(?) = ((s,5) +¢(29) (takingm =n = s)
=1

7

- e

= SIA(s) +¢29)) 0

PROPOSITION3.2 — For any integes > 1,

[e.e]

ST (55i) = L{IBG(s) + C(29) + (35
1=1
PrROOF: We have,
C(sr5,8) = FULAC(S) — LEC(29) + C(39)} ©
Again,
1 = 1 1
((s;s,8) = ZZ: 2 e
=1 Jj=i+1 k=j+1
SN R |
= 25 2 5 -Hy)
i=1 " j=i+1l
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= S L o)t = Ho — 3 T 5
1:171 j=1 J =1 Vi
O P ) PR S GE) I Sl o
i=1 v = J im1 1 ot J
G CINE DS I
=1 i=1 j=1 J

Therefore,

Using Propositior.1, Lemma3.3(:) and equatiori6),

o0

> TECsi) = L) — LAC8) + C(B5)} + 20() SERC(s) + ((25))

i=1
~(¢(9))°
= %{Lg’é‘(S) — Li¢(2s) + ((35) + 3(¢(5))” + 3¢(s)¢(25) — 3(¢(5))%}

= %{ng(s) — L3((2s) + ((35) + 6L7¢(2s)}

_ %{qus) +5L3C(25) +((35)}.0

Proposition3.3 — For any integes > 1,

i=1
PROOF:
ias;z’—%) RS i 1
(20— 1) Q-1+ )
o o
1 1
B 282(21' — 1)L (2j + 20— 1)°
i=1 =0\
— S 25
21(21 nz t ;(Zi )7 ;1(2] 1)

1279



1280 NITA TAMANG

Using Lemma3.2(ii7), we have

iC((;; i__l);s) — 951 { (1 - 215>2 L2¢(s) + (1 - 2;) g(zs)} _

Proposition3.4 — For any integes > 1,

H,

i . s 3 2
Z(Qi Z—_lf)ssC <S?i - ;) - 23 [(1 - ;) L3¢(s) + <1 - 21> (5 + 21> L3¢(25)+
=1

(2) ]

PrRooOF: We have

N R YR — 1 o~ Haj1s o~ Mo
Z(Zz’— 1)52(2]' —1) Z(zz‘— 1)s {jzl(zj —1)p Z (2j — 1)8}

- a =1 j=i+1
_ —s . 1 C(Svj %) _ > 1 o 1
= 2 ;(2@' — e (25 - 1) ;(22 1) ;1 =1
{;(zt —1)s N t;rl (2t —1)° }
— 2= <1 - 1) C(s)iC(s,j —3) <1 _ 1>3C(3)3 + <1 B 1> o)
= 28 = (2j _ 1)3 95 95
S M, 1 S 1 S 1
;(Zi —1)s + ;(22 - 1)szi_:|_1(2j _ l)st%-:m 2t — 1)
-7 <1 a 213> Q(S)ZC((ZJ_ 1)25) - <1 - 218> C(s)> +
j=1
—3s ._1 _1 _1
273 C(s,s,s; 5 5 2)

Using Propositior3.3, Lemma3.3(z7) and Lemmas.1,
o0 Héi—l,s . 1 o s 1 1 2 1
T (si-3) = 2 [(1 = C<8>{(1 ~ g ) cer (1- ) <<28>}
1\° 1 1\?3 1
- <1_25> C(3)3+6{(1—28> C(8)3—3(1—28>
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1 1
(1 - 225> C(s)C(2s) +2 <1 - 238> C(SS)H
s 3
-z [(1 — ) cora(i- 1) (1- 55 ) ctoetes)
1
w1 )<t
2z _2 - L 3 L3¢(s)+2(1— 1y C(s)¢(28)+
6 2 ) 2 25
1 1 1
3 (15 ) (1 g ) stz 2 (1 g5 ) ctos)
i 3 2
= % <1 — 21$> L3C(s) + <1 - 215> (5 + ;) L3¢(25)+
Before concluding the article, we prove the next identity, followed by a corollary.
Proposition3.5 — For any integeg > 1,
Z > ¢ = %{Léé(s) + 11L5¢(2s) + Li¢(3s) + ((45) + 6(C(25))*}
=1
PROOF: We have,
C(s,5,5,5) = JIEAC(s) — LAC(2s) + LAC(3s) — C(as)). ™

Let A = 1(L3¢(s) + ¢(2s)) andB = ${L3((s) + 5L3((2s) + ((3s)}. Now,

1 1 1 1
(sisisi8) = DD =D 5 D 1
— 15—~ 9 — 1 k
i=1 =it Y b=l k=tt1
o0 (o) o0
1 1 1
EESED SRS SRR
P R e

= 1 — Hy s 4 s) — Hy s
_ Zzs Z Z)tsJ_Z(C()tSJ

= j= z+1 t=1 t=1

1281
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z:li j—z+1j t=1 t j=i+1
2 2 a1 1 H " Hj,
= ((¢()? - 4) +Zis[ DI S (ORE DR >]
i=1 j=17 t=1 j=1
— (P~ AP 4 2BG() — (G(s)PA =D 1 Yo H o
i=1 j=1" =1
Therefore,

1~ 1 Hi s )
Do E e = () = AP+ 2BC) — ()P A= ((s,5,5,9)
=1 j=17 t=1

Thus, using Propositiorts1 and3.2, Lemma3.4 and equatior7),

o s

S22 (si) = ((C(5)) — A+ 2BE(s) — (C(3)PA~ C(s,5,5,5)
i=1
= (o)~ BC)PA+ A 4 2BE(5) — C5,5,5,9)
= ()~ SN L) +C28) + 3 (TRC(s) +C(29))°
F2C()IRC(S) + BLIC(2s) +C(39))

3
_i{ng(s) — L3¢(25) + Li¢(3s) — C(4s)}

= %{L‘éC(S) +11L5¢(2s) + L1¢(3s) + ((45) + 6(¢(25))%}.

Corollary 3.1 — Fork € N,

e}

i2k 8

_o( By \*> B .1/ Bo \*
D <2(2215)!> (4;:;! + (=¥ 45 (2(221:)!> ]

PROOF: Takings = 2k in Proposition3.5 and using'1), we get the result.

(8k)! 3(2k)!(6k)!

=1

> S%k,zkc(%;i) _ Cem® [(1)4k—138k 4 (—1)t2 2Bay, Bk, (o)t <2
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We conclude by stating the following result which can be easily proved by using the techniques
of the proof of Lemm&8.4 and Propositior3.4:

Proposition3.6 — If

n /
HQi 1,m

S/Q’I’L—l — —4,
m.k ; (2 — 1)k’
then

(1) Form,n,k > 1

(i7) For any integes > 1,

Eaot) - Th6 At
(1- g5 ) o669 + (1= 55 ) <o
+2 (1 - 21)2 <1 — ;) C(5)%¢(28)+

4
(1 5) <o
o0 12¢—1

S (i) - [ (o) w0 (o)

(1= 5) sttt = (1 3) (atn)
(o) () (85
(_1)?:%_4 (1 a 2;)4 <2f221§)!)4] '
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