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Let H be a Hilbert space, and It (H) be theC*-algebra of compact operators 66 In

this paper, we present some characterizations of the norm-parallelism for elements of a Hilbert
K (H)-module by employing the Birkhoff-James orthogonality. Among other things, we present
a characterization of transitive relation of the norm-parallelism for elements in a certain Hilbert
K (H)-module. We also give some characterizations of the Schatterms and the operator
norm-parallelism for matrices.
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1. INTRODUCTION AND PRELIMINARIES

Throughout the paper, 1é#, |-, -|) be a Hilbert space. LeB(H) and K (H) denote the”*-algebras
of all bounded linear operators and compact linear operatats, sespectively. The numerical range
of an operatofl” € B(H) is defined byW (T') = {[T€,&]: £ € H, ||| = 1}. Using the Gelfand-
Naimark theorem, we identify any*-algebra4 as aC*-subalgebra oB(H) for some Hilbert space
H. An (left) inner product4-module is a left4-module& equipped with and-valued inner product
(-,+), which is linear in the first variable and conjugate linear in the second and satisfiesi(j)> 0
and(z,z) = 0ifand only ifx = 0, (ii) (azx,y) = a(x,y), (i) (z,y)* = (y,z) forallz,y € £, a €
A. If £ is complete with respect to the norm defined|lyj = \|<x,x>H%, then& is called a Hilbert
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A-module. Obviously, every Hilbert space is a Hilb€module. Further, everg*-algebraA4 can
be regarded as a Hilbeft*-module over itself under the inner prodyat b)) = ab*. More details on
the theory of Hilbert_*-modules can be found, for example, in [11].

A projection E € B(H) is minimal if EB(H)E = CE. For{,n € H, let{ ® n denote the

corresponding elementary operafgr® n)(¢) = [¢,n]¢. Itis easy to see thalf ® n|| = ||£]/|9]]-

If £ € H is a unit vector, theg ® ¢ is a minimal projection. Conversely, any minimal projection is
of this form. The set of all minimal projections i () is denoted byP,,. A system{z,}q.ca In

a Hilbert K (H)-module€ is orthonormal if (i) ||z, || = 1 for all « € A, (i) (zq,2z5) = 0 for all

a # 3, (iii) (zq,zq) is @ minimal projection for all € A. An orthonormal system is said to be an
orthonormal basis fo€ if it generates a dense submodulefof The orthogonal dimension &f is
defined as the cardinal number of any of its orthonormal bases; see [2, 6, 13].

Let (X, | - ||) be a complex normed space, anddet € X. We say that: is orthogonal tay in
the Birkhoff-James sense, denotediby 5 y, if

lz]| < ||z +ay|| for al «eC.

It is easy to see that the Birkhoff-James orthogonality is equivalent to the usual orthogonality in the
case whenX is an inner product space. For other definitions and more properties of the Birkhoff-
James orthogonality in Hilbeft*-modules; see [1, 3-5, 7-9, 15].

Letz,y € X, we say that: is norm-parallel ta;, denoted byt ||y, if
|z + Ay|| = ||z|]| + |ly]] for some AeT={acC:|al=1}.

For more details one can see [14, 18].

Clearly, two elements of a Hilbert space are norm-parallel if they are linearly dependent. In the
case of normed linear spaces, two linearly dependent vectors are norm-parallel, but the converse is
false in general. Notice that the norm parallelism is symmetricRdmdmogenous, but not transitive
(i.e., z||ly andy]|z do not implyx||z in general; see [19, Example 2.7], unlesss smooth at; see
[16, Theorem 3.1]). Some characterizations of the norm-parallelism for operators and elements of
Hilbert C*-modules were given in [16-19].

Some characterizations of the norm-parallelism for elements of a H&bEHt)-module are given
in Section 2. LetF be a HilbertC*-module, and lek, y € F. Zamani and Moslehian [19, Theorem
2.3] proved that:||y if and only if there exist a sequence of unit vectgfsn a Hilbert spacé{ and
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A € T such that
Tim Re((z, Ady)&n, &l = llz] 1yl -

Suppose thaf is a Hilbert K (H)-module, thatr,y € £, and that(x, z) is a minimal projection
in P,,. We show that:||y if and only if there exists a unit vectgre H such that

[z, )8, €]l = Nlwll-

Bakic and Gulj& [2] proved that every Hilberk (H)-module& has an orthonormal basis. More-
over there exists an orthonormal basis, } nca for € such thatz,, z,) = E for all o € A and for
some minimal projectiory € P,,; see [2, Remark 4]. In the rest of papéma}ge\ denotes the
orthonormal basis of such thatz,, z,) = F = {¢®¢ forall o« € A and for some unit vect@ € H.
We show that there is no eleméht~ « € £ such that:||z,, forall o € A.

In Section 3, we use some techniques of [12] to characterize matrix pairs which are norm-
parallelism with respect to the Schattemorms. Let|| - ||, be an operator norm aMm,,«,, induced
by the vector norm on M,,»,,. In [3], Bhatia, andSemrl conjectured that fod, B € M, if
A 1lp Bin| - |, thenAy Lp By for some unit vectoy € M, with v(y) = 1 such that
v(Ay) = ||A]|,. Li and Schneider in [12] proved that above conclusion is not true in general.

We show that ifAy|| By in v(-) for some unit vectoy € M, with v(y) = 1 such thav(Ay) =
|All., thenA||Bin || - ||, but by [12, Proposition 4.2 and Example 4.3], the converse is not true in
general.

2. NORM-PARALLELISM IN HILBERT K(H)-MODULES

Throughout,£ denotes a Hilberf<(H)-module. We begin with a characterization of the norm-
parallelism for elements &. Let F be a HilbertC*-module and let, y € F. Zamani and Moslehian
[19, Theorem 2.3] proved that|y if and only if there exist a sequence of unit vectgysn a Hilbert
spaceH and\ € T such that

Jim Re[(z, \y)&n, &l = [l [lyll-

Now suppose that,y € £. Following we show that||y if and only if there exists a unit vector
¢ € M such thai[(z, x) (z, y)&, €] = [|z]*[ly]|-

Theorem2.1— Letz, y € £. Then the following statements are equivalent:
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(i) zly.

(i) There exists a unit vectg € H such that

[, 2)(w, )€, €] = [l lyll.

PROOF (i) = (ii): Letz||y. We may assume that=# 0. From [18, Theorem 4.7z, x)||(x, y)
and||(z,y)|| = ||z||||y||. Theorem 2.4 of [19] states that there exists T such that

(@,2) Lp [[{z,)ll{z,z) + Alz|*(z,y).

By the proof of [17, Theorem 2.10], there exists a unit vegtor H such that||(z, z)¢|| =
[[{z, z)|| and

Iz, )z, z) + All*(z, ) )€, (@, 2)€| = 0.
(

Thus|[(z, z)(z, y)&, €]l = =]z, )]l = =] [lyl.

(ii) = (i): Suppose thatii) holds. Then there exists a unit vectoe H such that
1P llyll = [[{z, 2) (e, )&, < Nzl o)) < [l [yl
Hence|(z, )| = ||| ||| and
[z, 2}z, )&, €l = l2ll{z, )|l = Iz, ) {z, ).

By [17, Theorem 2.10], we have, x)||(x, y). Then [18, Theorem 4.7] implies thajy.
Lemma2.2 —[19, Corollary 2.5]. Let:,y € £. If x||y, then there existd € T such that

z Lp (lyll{z, z)x + M|z|[(y, z)x) andy Lg (||lz][{y, v)y + A|y[l(y, 2)y).

Now, we apply Lemma 2.2 to obtain the following characterization of the norm-parallelism for
elements of a Hilberk (H)-module.

Corollary 2.3 — Letz,y € £ and (x,z) be idempotent. Then the following statements are
equivalent:

@) z|ly;

(i) = Lp (lyll{z, z)z + Al|z||(y, z)x) andy Lp (=], »)y + Myl (v, 2)y)
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for someX € T.
(i) = (4¢): This implication follows immediately from Lemma 2.2.

(7) = (i): Suppose thatii) holds. By [1, Lemma 2.1 part(5)], we have
(.2} La (Iyl@,2)2 + Nalliz, 23z, )
By [17, Theorem 2.10], there exists a vecgan H such that
[UM®JV+XMW%®@w0&®wﬁ]=O

and

Iz, 2)éll = N>,

Since(x, =) is idempotent, we reach

[z, )z, )€, €]l = |z [yl

From(ii) = (i) of Theorem 2.1, we obtain||y. O

Recall that ifz is an element of such thatx, z) is a minimal projection, thefw, =)z = z; see
[2]. Letx,y € E. If there exist a unit vectaf € H and\ € T such thaRe[(x, A\y)¢, €] = ||z]|||y
then [19, Theorem 2.3] implies thafly. The question is under which conditions the converse is true.
When(z, z) is a minimal projection, by using Theorem 2.1, we gy, if and only if there exists a
unit vectoré € ‘H such tha4 [(z,y)€, 5]‘ = ||ly||. Now we prove it by a different approach.

Theorem2.4— Letx,y € . If (z, x) is a minimal projection, them||y if and only if there exists

a unit vector§ € ‘H such that
[z, 9)¢,€]] =yl
PROOF: Let z|y. By Lemma 2.2, there exists a scalain T such that
2 Ly (Il 2)z + ullz) (g, 2)z).

Since(x, z) is a minimal projection, by [1, Proposition 2.4], we have

(@) (Ilylfz. )z + iy 2)z) .2 ) =0,
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and so

yll{z, z) + plz, z)(y, z)(z,z) = 0.

Hence
<x,x>(w,y><x,x> = —ﬁllyH(x,x> (2.1)

Now, by knowing the fact thaltr, z) = £ ®¢ for some unit vectog € H, sincet @ &(z, y) Q€& =
[z, y)€, )€ ® €, we obtain

1z )¢, €| le @ €1l = Nyl @ €I,
whence
1z, w)¢.€1] =yl

(13) = (4): Let ‘[<:r, y>§,£]‘ = |ly||. Then there exista € T such that
Re[(z, Ay)€, €] = [|lz]| 1yl -

From [19, Theorem 2.3], we get|y. O

In the following theorem we use some ideas of [19].
Theorem2.5— Let{xa}iEA be an orthonormal basis f& such that as a Hilbert module is not
of dimension one. Then there is no nonzero element such thatz||z,, for all o € A.

PROOF: Let there be a nonzero element £ such thate||z, for all « € A. By [19, Corollary
2.5], there exists a sequengk, } in T such that

Zo L5 ([l2]l(@a, a)Ta + Aalwa, 2)a) (@ € A). (2.2)
TakingE = (x4, x4), SinCeEz, = F, equation (2.1) implies that
(0, 2)E = E{zq,2)E = — A ||z||E (a0 € A).
Hence

(20 2)E)* (X0, ) E) = Adal2PE? = l2|2E (23)
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or equivalently

E(x,20) (0, 2)E = |z||?E  (a € A).

Therefore(z, 24)(xq, )¢, €] = ||z||* and

[, 2)€8) = [ S (2, 70 (wa, 2}, 6] = D >

aceA acA
Thus
> el = [, 2)6,€] = |[{z, 2)¢, €| < Iz, 2)¢] - gl < ),
a€EA
which implies thatc = 0, that is a contradiction. O

Now we have the following characterization of the transitive relation for elements of a certain
Hilbert K (H)-module.

Corollary 2.6 — Letx,y,2z € £ be such that as a Hilbert module is of dimension one with
orthonormal basigy }¢. If z||y andy||z, thenz || 2.

PROOF : Let z||y andy||z. By [19, Corollary 2.5], there exisk, x € T such thaty Lp

(lzl[{y, »yy+Allyll{y, z)y) andy Lp (|2|I{y, v)y+wllyll(z, y)y). Taking E = (y, y). Equation (2.1)
ensures thatl(z,y) = —\||z||E and(y, 2)E = —f|z||[E. ThenE(z,y){(y, 2)E = A\ ||z|| | z|| E.
Therefore

[tz 2)¢. 61| = [z 9)w. 2)8.€)| = Il 2]

That isx||z.

Example2.7 : Suppose that is an infinite dimensional Hilbert space. Thehequipped with
(z,y) = z ® y is a Hilbert K (H)-module and|z||?> = ||z ® z|| is the original norm ort. We can
assume that each unit vectpe H gives an orthonormal bas{g }¥ for H. Therefore the dimension
of H as a Hilbert module is equal to one. Finally, from Corollary 2.6, we see thgyifindy||z, for
some unit vectoy, then

12, 299, 91| = =1l

Thereforez||z.
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3. NORM-PARALLELISM IN MATRICES

Let M, be the space of x n complex matrices, letl, B € M., and let| - || be any norm on
M, «n. We say thatd is norm-parallel ta3 if

A+ AB[| = [[A]l + [ Bl

for someX € T. We also consider the inner produet, B) = tr(AB*). The dual norm of| - || is
defined by

1|17 = max{|(4, B)| : | B|| <1}.

The singular values ofi € M,,,,, which are the square roots of the eigenvalues of the matrix
A* A, are denoted by, (4) > --- > s,(A) and the Schattep-norm of A is defined by

4], = {gw}

if 1 <p<ooandifp=o0, |[A|,=max{s;j(A): 1<j<n} seel[l2]. IfA e M,yy,,then
for a positive integet < k < n, the Ky-Fank-norm is defined by

Al =D si(A),
j=1

wheres;(A) > -+ > s,(A) > 0, are the singular values of. The cases wheh = 1 andk = n
correspond to the operator notm ||, and the trace norr- ||1, respectively. we have the following
result.

Proposition3.1 — LetA, B € M,,«,. Then the following statement are equivalent:
(&) AlB,in || [c.

(i) There exist unit vectors € M,,; andy € M, 1 such that| Al = z*Ay and|z*By| =
1B oo-

(4i7) For anyU € M., with orthonormal columns that form a basis for the eigenspacéAf

corresponding to the largest eigenvalue &ne- mA*U € M, xn, it holds that

—||Bllsc € W(AU*BV)

for some\ € T.
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PROOF: (i) = (i7): Let A||B. Thus
A Lp (|[BllcA+ AllAl| B)
for some\ € T. By [12, Theorem 3.1], there exist unit vectars M.,,«1 andy € M,,«1 such that
|Alloo = x* Ay andz™(|| Bl|co A + A||A||coB)y = 0. Thus we getz*By| = || B||oo-
(13) = (4): Itis obvious.
(1) = (i1i): If A||B, then
A Lp (| BllocA + Al Allo B)

for some\ € T. By [12, Theorem 3.1], for an{/ € M,,«,, with orthonormal columns that form
a basis for the eigenspace afA* corresponding to the largest eigenvalue &nhd= WA*U €

M, «n, We have

0€ WU ([ BlloA + AAlc B)V) = W([| Bl oo||[ Al o V*V + Al| Al cU*BV)
= W(||BllsolAllscI + Al AllocU*BV).

Thus there exists a unit vectore M,, 1 such that (|| B||eoI + A|| Al ocU*BV)(, ) = 0 or

(AU*BV(,¢) = —{3=. Hence

~||Blloc € W(AU*BV)
for some\ € T.
(731) = (7): Itis obvious. O

Remark3.1 — By the equivalence @ (ii) of Proposition 3.1 A|| B, in|| - ||« if and only if there
exist unit vectorse € M,,,»; andy € M, such that|A||. = z*Ay and|z*By| = || B||c, this
condition is equivalent to the fact that there is a unit vegter M,,.; such that|A||.. = (Ay, Ay)é
and|(Ay, By)| = [|Allco[| B[ co-

Remark3.2 : Suppose thal, B € M,x,,. If A[[Bin || -/, thenA Lp (||B|wA +
Al All(xyB)- So, by [10, Remark 1], there exists a matkixc M, x,, such that| || < 1, [[F; <

k, tr(F*A) = ||All g andtr(F*(HBH(k)AJr/\\A\\(k)B)> = 0. HenceA| B in || - [| () if and only
if there exists a matri¥’ € M, such that|Fl|l < 1, [[F|y <k, tr(F*A) = [|A] ) and
[tr(FB)| = [|All k-

Now by [12, Theorem 3.2], we obtain the following result.
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Corollary 3.2 — Letl < p < o0 and A, B € M,,xn, WhereA = DC for some positive

matricesD € M,,xm andC € My, With CC* = I,,. ThenA|B, in | - ||, if and only if
_ IBlIDI5

(P e Be)| =
PROOF: Let A||B. Thus
A Lp (|BllpA + AlAll,B)
for some\ € T. By [12, Theorem 3.2Jr(DP~*C(|| B||,A + A||Al|,B)*) = 0.
Thus|tr(DP~1CB*)| = W. The converse is obvious. O
As a consequence of [12, Theorem 3.3], we have the following result.

Remark3.3 : LetA,B € M,x, andA|B in || - ||;. By a similar computation as previous
theorem, we deduce that there existse M,,,, such that||F||.c < 1, tr(AF*) = ||Al; and
tr(BF*)| = [|B]1.

Letv be anorm onM,,«1, and let| - ||, be the operator norm ai,, .., induced byv defined by

|All, = max{v(Az) : ¢ € Mpx1,v(z) < 1}

The dual norm of’ is defined by
vP(2) = max{[(z, )| : y € Mnxa,v(y) < 1}
and the dual norm df - ||, is defined as

1Ay = max{|(4, B)| : B € Muxn, [ Bll» < 1}.

We sayl' € M,,«,, is an extreme point of the unit norm ball 8f,, ., if only if
() p=1andF = zy* for some unit vectors € M,,»; andy € N,,x1,
(i) 1 <p<ooand||F|,=1,
(i) p=occandFF* = I,.
We have the following characterization of the norm parallelism for operator norrhs,ip,, .

Proposition3.3 — Let|| - ||, be an operator norm oM, «,, induced by the vector norm on
My xn. Let A, B € M,,«,,. Denote by and&? the set of extreme points of the unit norm balls of
v andv?, respectively. If

V(A) ={zy* :xc &P ye & (A zy*) =||A|.},
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then A||B in || - ||, if and only if there existt extreme pointsciyy, ..., zxy; With & < 3 in the
complex case and < 2 in the real case, and positive numbers . ., tp with¢; + - - - + ¢, = 1 such
that

k
1> (B, i) = |IB],.
j=1

PROOF: Let A||B. Then
A Lp (IBll,A+ AlAllB)

for some\ € T. So by [12, Proposition 4.2], there exisextreme points1y;, ..., zxy; With & < 3
in the complex case arid< 2 in the real case, and positive numbeérs . ., t, witht1 +-- -+t =1
such that

k
> ti((IBllvA + A Al B), z;y5) = 0.
j=1

Thus]| Z?:l tj(B,z;y;)| = || B||». The converse is obvious. O
Remark3.4 : Suppose that is a norm onM,,»; and that|| - ||, is the corresponding operator
norm onM,, .. GivenA, B € M, «,. If there exists a vectay € M,,«; with v(y) = 1 such that

v(Ay) = ||A]l, andu(Ay + u(v(By)Ay + AV(Ay)By)) > v(Ay) for all 4 € C, that is,Ay|| By.
Then

A+ p(|BllvA + M| All,B) |l > V(Ay + u(v(By)Ay + AV(Ay)By)) > v(Ay) = ||All,

for all for all u € C; henceA||B. On the other hand [12, Proposation 4.2 and Example 4.3] show that
the converse of the above result is not true, in general.
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