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Conservative difference scheme for the nonlinear dispersive generalized regularized long-wave
(GRLW) equation is proposed. Existence of its difference solutions has been shown. It is proved
by the discrete energy method that the difference scheme is uniquely solvable, unconditionally
stable and the convergence is of second-order in the maximum norm. The particular case known
as the modified regularized long-wave (MRLW) equation is also discussed numerically in details.
Furthemore, three invariants of motion are evaluated to determine the conservation properties of
the problem. Interaction of two and three solitary waves are shown. Some numerical examples
are given in order to validate the theoretical results.
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1. INTRODUCTION

One of the most famous model for the nonlinear partial differential equations which is called the
regularized long-wave (RLW) equation

Up — PlUggr + Uz + Juu, = 0, (1.1)

wherep, andéd are positive constants, was originally introduced to describe the behavior of the un-
dular bore by Peregrine [1], and later by Benjareinal. [2]. This equation is very important in
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physics media since it describes a phenomenon with weak nonlinearity and dispersion waves, includ-
ing nonlinear transverse waves in shallow water, ionacoustic and magneto hydrodynamic waves in
plasma and phonon packets in nonlinear crystals. The RLW equation is solved by various methods
such as finite difference methods, finite element methods including collocation method with quadratic

B-splines, cubic B-splines and recently septic splines, meshless method, (see [3-20]). In addition, the
RLW equation is a special case of the generalized long-wave (GRLW) equation

U — Pzt + Ug + Ou Uy = 0, (1.2)

wherem is a positive integer. The GRLW Eq(1.2) was first put forward as a model for small-
amplitude long-waves on the surface of water in a channel by Peregrine [2], and later by Ben-
jamin et al. [2]. In physical situations such as unidirectional waves propagating in a water chan-
nel, long crested waves in near-shore zones, and many other, the generalized regularized long-wave
(GRLW) equation serves an alternative model to the KdV equation. The GRLW equation is stud-
ied by few authors, Zhang [21] with linearized difference scheme. Mokhtari and Mohammadi used
Sinc-collocation [22], Kaya used a numerical simulation of solitary wave solutions [23], El-[2anaf

al. used Adomian decomposition method (ADM) [24], Roshan used a Petrov-Galerkin method [25],
Mohammadi and Mokhtari used the basis of a reproducing kernel space [26].

In this paper, we establish a conservative difference scheme for a model of nonlinear dispersive
GRLW equation and prove that the scheme is unconditionally stable and convergent with the con-
vergence oD(h? + k?) in the discretel.>°-norm. We assume that we are interested in solutions of
(1.2) that, for the range of time under consideration, are negligible outside an intervat < L.

Such solutions include the solitary waves of GRLW equation on the real line and by products of their
interactions. Hence, by taking the inter¥al= [0, L] large enough in each numerical experiment,

so that the solution remains sufficiently small at the endpoints, we can approximate in a satisfactory
manner the generation and interaction of real line solitary waves for finite time intervals.

We consider the initial-value anbl-periodic boundary-value problems for the GRLW equation,
thus we seek a real-valued functiofe, t), L-periodic inz, that satisfies

Up — MUgpt + Uy + U uy =0, (z,t) € Q x [0,T], (1.3)
u(z,0) = up(z), x €, (1.4)
uw(z,t) =u(z+ L,t), te][0,T], (1.5)

whereuy is a givenL-periodic real function/. is the period an® < T < ~c.
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In this article, we establish a nonlinear conservative difference scheme for the GRLW equation
and prove that the scheme is unconditionally stable and convergent with the convergéxibé of
k:2) in the discretel.>°°-norm. The remainder of the article is arranged as follows: In section 2, a
nonlinear conservative difference scheme is derived. Conservations of discrete mass and discrete
energy are discussed in section 3, the priori estimations for numerical solutions are studied in section
4. Existence of approximate solution is derived in section 5. Convergence, stability and uniqueness
are proved in section 6. In the last section, some numerical experiments are presented to support our
theoretical results. In addition an application for the MRLW equation is presented to test our scheme.

Throughout this articleC' denote a generic positive constant which is independent of the dis-
cretization parametersandk, but may have different values at different places.

2. A NONLINEAR CONSERVATIVE DIFFERENCESCHEME

Itis easy to check that the problgh3) — (1.5) satisfies the following energy conservative property.

Theoreml — Suppose thaty € H'.,.[0, L], then the solution of1.3) — (1.5) satisfies the energy

per

conservation law:
L L L L
B(t) :/ uQ(m,t)d:U—l—u/ ui(x,t)dx:/ u2($,0)d:1:+,u/ W2 (z,0)dz = B(0),
0 0 0 0

foranyt € [0, 7.

PROOF: Using the integration par part, artl5) we obtain,

L I L L
/ UpUptdT = [uuxt} — / UlgprdT = / Ul gz dT.
0 0 0 0

It follows from the above equality and (1.5) that

dE(t)

L L L
—t = 2/ uugdr + 2u/ UpUgrdr = 2/ u(up — pgyt)de.
dt 0 0 0

From(1.3) we get

_ m
Ut — Mgt = —Ugp — OU " Ug.
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Therefore

L
2/ u(uy + ou"uy)dx
0

L
2/ uugzdr — 25/ Tlugdz.
0

=[] - el

Therefore,E(t) is a constant function, that is
L L
E(t) = / u?(x, t)dx + u/ u(z,t)dx = F(0). O
0 0

In this section, we propose a two-level nonlinear Crank-Nicolson finite difference scheme for the
problem (1.3)-(1.5). For convenience, the following notations are used. For a positive iNtelgtr
time-stepk = & , t, =nk,n=0,1,..., N. Letspace-step = %, z; = jh, j =0,...,J, and let

per {V ( j)jez/‘/jERand‘/j+J:‘/j’ jEZ}

For a functionV/”™ € R/

per

Vn

define the difference operators as:

yn yn _yn Vn

n 1 n -1 n 17 Vi

(V )e = %’ (V] ) = %, (VJ )s = J+27hj’
th vty (V?”%) _ Vit 4ve, vty V= vl yn
J 2 7 4h ’ ! ko

For any function/”™, W € R/

per?

we introduce the discret&? inner product wiRpeT

J
(VW) = hy VIWY,
j=1

and Sobolev norms (or seminorms)

J
2V

n n
Ve = e V7|

J

v = IVl =[P _(VME, (VA=
j=1

Denote ad{)? .(£2) the periodic Sobolev space of order The essential of our difference scheme

per

is that the nonlinear term of (1.3) is rewritten and discretized as

[ + ] & S [+ (7)),

ou"u, =
u e m+ 2
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and which is a second-order approximation arotnd= jh, t, = nk). Therefore, we discretize the
problem(1.1) — (1.3) by the following Cranck-Nicolson type finite difference scheme. We approxi-
mateu? € RY, ul i= u(x;,t"), by Ui e R/

per? j per
(U]T‘)tf,u(UJ’-’)mt+(Uf+%)i+¢(U;+%,Uf+%) =0, j=1,....J, n=0,...,N—1,(21)
Ur=Ur, j=1,....J, n=0,..,N, (2.2)
U =uo(zj), j=1,....J, (2.3)
where

n+l oyl J ntiimnts ntgy\m+1
go(Uj Q,Uj 2):m[(Uj %) (Uj 2)£+[(Uj 2) +}}

Next, we need the following lemma, which is a consequence of the well-known formulas of
summations by parts and related periodicity conditions.

Lemmal — For any grid functiond, W € ]Rge,, we have
(Va, W) = —(V,W3). (2.5)

Then, one has,

(Vaz, V) = —[IVal[?, (2.6)
(Va, V) =0, (2.7)
(p(V,V),V) =0. (2.8)

Lemma2 — For any discrete functioll € R’_, we have

per?

1Val? < Vel (2.9)

PROOF: ForV € R’ _, we have

per?

1Val[? = [1Vall*. (2.10)
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By Cauchy Schwartz inequality, we obtain fére R

per

<Vj+1 — ijl>2

2h

M~

1Vall* = h

.
Il
—_

R

h

(e )

.

.Mk ﬂl

IN
V)

3 () s (Mg

1 1
= iHVmW + iHVJ:W-

1

Therefore, the inequalit{2.9) can be easily proved from (2.10). O

3. DISCRETECONSERVATIVE LAWS

We show here that the difference scheme (2.1)-(2.3) has the property of conservation of mass and
energy.

Theorem2 — The difference schenge.1) — (2.3) is conservative in the sense

Q"=Q" = =0Q" (3.1)
E'"=F"1=...= E° (3.2)
J
whereQ™ = 1) U7 andE™ = ||U||? + pl|U2(|* for n = 0,1,...,N, andQ" is the discrete
j=1

mass and&™ is the discrete energy.
PrRoOOF: Multiplying (2.1) by A and summing up from = 1 to J we obtain

hi(Uf)t—uhi<U;‘> +h§:(U]’7+2) +h24p oty —o. (3.3)
j j=1 j=1

xTt
J=1

In view of difference proprieties and the boundary conditions

Ll A e S SN G RN A
Yy (U] >m =5 2 (UL —UT ) =5 ) Uy =5 Ui =0 (34)
j=1 j=1 j=1 j=1

Similarly to the above equation, we have

S s = (S ) ), Sy <o e
j=1 ‘

Mk‘
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Noting that

J h J
ONCHIRSI NS EUARS

Tt
J=1

It follows from the boundary condition (2.2) that

J 7 S p
(7)) = o [ S U YU U S U )+ (O -] =0,
J=1 7=1 j=1

J=1 J=1

In addition, we have

J h J
Ry (up) = %Z (Ut~ o) (3.7)

j=1

Substituting(3.4) — (3.7) into (3.3), we have
h
EZ Ut —up) =o. (3.8)
Multiplying (3.8) by k, the conservation of mass (3.1) can be easily proved.
Taking the inner product g2.1) with 2U™ 2 we have
2(UF, U5 ) = (U™ )z, UTHE ) 4+ 2 (UFh);, UTHE) 4 2( (U4, Um45), U3 ) = 0,

By (2.7) and(2.8) we get

1

<(U”+%)ﬁ, U”+%> —0 <¢(U“+%,U"+%),U"+a> —0. (3.10)
It follows from (3.9), (3.10) and2.6) that
2<Ut”, U”+%> + 2M<(U”)zt, Ut > —0.
This yields to
%<U”+1 — U, U U”> + %<Ug+1 —ur,untt 4 Ug> =0

then
1 %
- n+1112 _ n||2 L n+1)12 _ n2\ —
(R o) + £ (e - o) =o



1324 A. ROUATBI, M. LABIDI AND K. OMRANI

Finally we obtain
IO+ pllOZ 12 = 102 + pl| U2

Therefore(3.2) holds.
4. A PRIORI ESTIMATES

Theorem3 — Suppose thaty € H!. (), then the solution of the intial-value problem (1.3)-(1.5)

per

satisfies
lullz2) < Cs luzlz2) <O, lullp=@) < C. (4.1)

PROOF: By assumptionu is a positive constant, it follows from Theorem 1 that
ullz2() < Cs luzlz20) < C- (4.2)
According to Sobolev inequality, we have

]| oo () < C.

Lemma2 — (Discrete Sobolev’s inequality [27]). There exist two constantandCs such that
U™ [loo < C1I[U™[] + Col[UZ]]-

Theorem4 — Suppose thaty € H..,.(2). Then, the solution of the difference scheme (2.1)-(2.3)

per

is estimated as follows
1U™|e < C. (4.3)

PROOF: By assumptionu is a positive constant, it follows from (3.2) that
i< e, Uzl < C. (4.4)
According to the Lemma 3 and.4), the Theorem follows. O
5. EXISTENCE

In order to show the existence of the approximate solutibnl/?, . .., U™ for the difference scheme
(2.1) — (2.3), we shall use the following Brower fixed point Theorem [28].

Lemma4 — Let H be a finite dimensional Hilbert space with inner prod(ct.) and induced
norm||.||;. Further, lety be a continuous mapping frof to it self and be such thady(x), x) > 0
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for all x € H with ||x||z = a > 0. Then, there exists an elemeyit € H such thay(x*) = 0 and

X[l < o
Theorem5 — The approximate solution of the difference schéme) — (2.3) exists.

PROOF: For a fixedn, we rewrite(2.1) in the form of

n+i n n+i n n+i n+ i nt+i
2U; 72 = UP) = 2u(U; 2 = U )az + K(U; " 2)z + ko(U; 2,U; %) = 0.
Letg : RJ,, — R/, defined by:
g(V) =2(V =U") = 2u(V = U")uz + kVi + kepo(V, V). (5.1)

Therefore, the map acts on a finite dimensional space and each of its components is quadratic
in the components of VK(is fixed). Thusg is continuous.

Taking the inner product gf.1) with V' and using the Lemma 1 we obtain:

(g(V), V) = 2|V + 2u|[V||* — 2(V,U") — 20V}, U )
> 2| VI[P 4 2ul[Val® = (1™ + IVIP) = (U P + 1 Val?)
> VI + pl| Vel = (UM + wl|UF?)
> VI = (UM + wllUHP).

Hence for||[V[|? = ||U"||? + p||UZ||? + 1, then we havég(V), V) > 0and from Lemma 4 we
deduce the existence bf* ¢ R/, such thaty(V*) = 0. Itis easily seen thay"*+! = 2V* — U

per

satisfies the difference scheme (2.1)-(2.3). O

6. CONVERGENCE STABILITY AND UNIQUENESS

6.1 Convergence

Below the following Lemma will be needed in order to show convergence and unigueness of approx-
imate solutions (2.1)-(2.3).

Lemmab — (Discrete Gronwall inequality [27]). AsSurjé&™ /n > 0} is non-negative sequences
and satisfies

n—1
G'<A, G'<A+BEkY G n=12-,
=0
whereA and B are non negative constants. Th@rsatisfies

G" < AeP™* n=0,1,2,--- .
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We are going to show that the approximate solutiof2of) — (2.3) converges to the exact solution
u™ of (1.3) — (1.5).

Theorem6 — Suppose that the solution of continuous problem, ¢) Ci‘:f’([O,L] x [0,T7),
then the solution of the difference scheme (2.1)-(2.3) converges to the solution if the problem (1.3)-
(1.5) with the convergence order Of h? + k?) in the discretel.>-norm.

PROOF: Letr" € RY

per

be consistency error of the difference schgthé) — (2.3)

1

+3 +3 n+i .
r?:(u?)t_u(u?)xft+(u7 2)95_‘_@(“7 27“? 2)7 ]Zlvajv nZO?aN_l (61)

From Taylor expansion we have

max |r7| < C(h? + k). (6.2)

»n

Lete} = uj — U}, then it follows from(6.1) and(2.1) that

(€)= 1@ )ase + (€] s+ (a uy D) = ()2, U7 T =, 63
j:17...’€]7 n:()’...’N_l’
and
ej =€l j=1--,J, n=0,1,--- N, (6.4)
e)=0, j=1,---,J (6.5)
Taking the inner product af.3) with 2¢"+2, we obtain from Lemma 1
€117 + mlleRll? + 2ot 2, um2) — (U2, U™ 2), e 2) =27, e"F2). (6.6)

In view of difference properties, the boundary conditi¢2®) and Lemma 1, we have

(p(umt 2, umt2) — (U2, U™ 1), 2em T 2)
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m+ 2 " J J
j=1

20h J n—&—% m n—&-% n—&—% 20h J n-‘,—% iy n—i—% m—1—i n-‘,—% i n+% n+%

- m+2 Z(Uj ) (ej )5”6]' + m+ 2 Z[ej (uj ) (Uj ) ](uj )iej
j=1 j=1 i=0
J m
20h n+3 n+3\m—i rts n+i
R—— Do D )T e s

7j=1 1=0

It follows from (4.1), (4.3) and Cauchy-Schwarz inequality that

1

(2, b 2) — (U2, UmF2),2e™2)| < O(le™ 2 ]” + (7T 2)al?). (6.7)
Applying Lemma2 with (6.5) — (6.6), we obtain
€™ |7 + ullez ]I} < C[IIG”“HQ +{lem ] + lleg ™12 + Heﬁllz] + | (6.8)
Let A" = |[e"||? + u|le?||? and summing u6.8) from O ton — 1, we have
n ) ) n—1 ‘
AT < A Ok Y (1P + b l?) + R D 1™ (6.9)
=0 1=0
By assumption is positive constant, thus
colle"]* + [lez?) < A™, (6.10)
wherecy = min(1, ) is positive constant. By6.5) and(6.9) — (6.10), we obtain
n ' ' n—1 ‘
le™ 1 + llez1* < Ck D _(lle'|* + lekl*) + Ck Y [Ir]?, (6.11)

=0 1=0
whereC is constant dependent ap. Letting nowG™ = ||e|> + ||e?||, then (6.11) can be rewritten
as follows X
G"<CkY G+ CkY |r'|>
=0 1=0
Using(6.2), we have

G"<CkY G'+Cnk ,dnax Ir* < Ck G+ CT (W + k?)*.
1=0 - 1=0

Hence,

n—1
(1-CK)G"<CkY G +C(h* + k),
=0
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from which, fork sufficiently small such thatl — Ck) > 0, then

n—1
G"<CkY G +C(h + k) (6.12)
=0

It follows from Lemma 5 that
an < C(h2 —|—k2)2€CT < C(h2 —|—l€2)2.

Consequently,

le™| < C(h* +k?), leill < C(h* + k?). (6.13)
According to Lemma 3, we have
le™loo < C(R* + k).

This completes the proof. O
6.2 Stability
We now show that the difference schefel) — (2.3) is stable.

Theorem7 — Assume thati(z) € H,,,.(Q2) andk is small enough, then the difference scheme
(2.1) — (2.3) is stable for the initial value by.>° discrete norm.

PROOF: Suppose there are solutiobi$ € Rger and(?j’? € R;{er, which satisfy both the nonlinear
finite difference schemg.1) such that/? = ug(z;), UY = dig(z;). Set

er=uUr-v?*, 4j=1,---,J, n=0,---,N. (6.14)
Similarly to the proof of Theorem 6, for smdl| we have
e lloe < Clle°)loo- (6.15)

This completes the proof. O
6.3 Uniqueness
Theorem8 — For £ sufficiently small, the approximate solutioit of (2.1) — (2.3) is unique.

PROOF: Let W™ = U™ — V™. Assume that/" andV" both satisfy the schem@.1) — (2.3),
then we obtain
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" n n+1 n+t o ntl n+i on+i
(W) = V7 aze + (W52 )a + [p(U; 72, U577) —o(Vy 72,V )] =0, (6.16)
j=1...,J, n=0,...,N—1,
Wr=Wr,, j=1...J, n=0,.. N, (6.17)
wWo=0, j=1,...,J. (6.18)

Taking in (6.16) the inner product Wit/ "2 and using(2.7) — (2.8). In the same way as
Theorem 6, we have

(W12 + s IWRIR)e < CUW™ 31 + W2 2)
Applying Lemma5 and (6.18), we obtain fdt small enough
W™+ ul[WE? = 0.
This completes the proof of uniqueness. O
7. NUMERICAL EXPERIMENTS

In this section, we give some numerical experiments to verify our theoretical results which are givenin
the previous sections. For that purpose, we consider the particular case known as the MRLW equation
to show error estimates, order of convergence and discrete conservation laws of the difference scheme
(2.1)—(2.3). The computer application program Matlab was used to execute the algorithms that were

used with the numerical examples.
7.1 Order of convergence
7.1.1 Examplel : We consider the following initial value MRLW equation

Up — Upgt + Uy + wPuy = 0, (z,t) € [a,b] x [0,T], (7.1)

u(z,0) = up(x), x € [a,b], (7.2)

The problem(7.1) — (7.2) has the exact solution

u(z,t) = \/&sech( (x—(c+ 1)t — xo)),

C
(c+1)
wherec, ¢ are arbitrary constants. We choogg= 40 andc = 0.1. We discretize the previous
problem by the following nonlinear finite difference scheme
1

U)e = U et + U] 20+ 2 [0 220 2 + (075, =0, (73)
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UJO = uo(xj). (7.4)

We assume that we are interested in solutions of (7.1) that, for the range of time under consid-
eration, are negligible outside an intervak = < b. (Note that the MRLW equation has solutions
u(z, t) that decrease exponentially @$ — oc). Then

U =Ur=U7,=U"=0 (7.4)

are suitable boundary conditions f@f.3). The situation is not greatly altered if periodic boundary
conditions(2.2) rather than(7.4) are considered. In order to compare the numerical scheme more
qualitatively, we define the maximum norm errors of the numerical solution

eco(h, k) = Jmax |lu" — U™ co-

Denote
eco(2h, 2k)>
eoo(h7 k) ’

as the rate of convergence when bbtandk are sufficiently small.

Order = log, (

From Table 1, we see that finite difference scheme (7.3)-(7.4) is convergent with the convergence
of two both in space and in time. This is in accordance with theoretical analysis.

h=k eco(h, k) Order
0.4 | 106853 x 1073 -
0.2 | 2.6572 x 10~* | 2.0076
0.1 | 6.6174 x 107> | 2.0056
0.05 | 1.6527 x 1075 | 2.0014

Table 1. Errors estimates and order of convergence for the sctiefije— (7.4) to the MRLW equatior(7.1) — (7.2) whenh = k,

T =2, ¢=0.1,z9 = 40 andz € [0, 100].

7.1.2 Example2 : Consider the following periodic initial value problem for the inhomogeneous
GRLW equation
Up — Uggs + Ug + vuy = g(x,t), (z,t) € [0,1] x [0,1], (7.5)

with the initial data

u(z,0) = sin (27737). (7.6)

where

g(x,t) = —exp(—t) sin(2rz)[1 + 47%] + 27 exp(—t) cos(2mx)[1 + exp(—2t) sin®(27z)]. (7.7)
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The exact solution of the problef.5) — (7.7) is
u(z,t) = e 'sin <27m:).

Some numerical results are presented in Table 2.

h=k eco(h, k) Order
1/20 | 5.4329 x 1073 -

1/40 | 1.3739 x 1073 | 1.9834
1/80 | 3.4314 x 10~ | 2.0013
1/160 | 8.5765 x 107° | 2.0003
1/320 | 2.1440 x 10~ | 2.0000

Table 2. Error estimates and order of convergencéfer k andT = 1.

as the rate of convergence when batandk are sufficiently small.
From Table 2, we see that finite difference scheme is convergent with the convergence of two both in
space and in time. This is in accordance with theoretical analysis.

7.2 Results of conservation

As it is shown in [29], the MRLW equation has three conservation laws which can be expressed in
the form:

b
L, = /uda:,

b
I, = /(uz—I—ui)d:r,

b
I3 = /(u46u§)daz.

We are going to test our numerical method via these invariants. For that we present some numeri-

\

cal experiments to assign the numerical solution of single solitary wave, in addition we determine the
conservations laws for the solution of two and three interactions at different time levels.

7.2.1 Single solitary waves

To illustrate the validity of our scheme in case of a singleton soliton, we measure the qudntifies
and/s. For the single solitary waves we consider two cases in each one we choose different values of
¢, h andk.
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Time

I

I

I3

0.0
1.0
20
3.0
4.0
5.0
6.0
7.0
8.0
9.0
10

8.07083822001519
8.07083822001519
8.07083821745811
8.07083821344423
8.07083820826139¢
8.07083820219938]
8.070838195509554
8.07083818839298
8.07083818100282
8.07083817345292]
8.070838165827131

D 4.100503142518573
D 4.10050314251857
D 4.10050314955604¢
D 4.10050315995963]
3 4.100503172377464
| 4.10050318567998
D 4.10050319909901]
D 4.10050321218640]
D) 4.10050322471422
[ 4.10050323658745]
? 4.10050324778489:

? 0.86865954823724¢
? 0.86865950115114
3 0.86865936655212]
f 0.86865916133930
1 0.86865890601082]
3 0.86865861908828
/ 0.86865831470549
| 0.86865800262057
3 0.86865768919386
B 0.86865737843299]
1 0.86865707279959¢

\>SJ Lol \> S A\~ A= o Lol A o S O

Table 3. Invariants for single solitary wave:y = 40, h = k = 0.1,¢ = 0.1,z € [0, 80].

Table 4. Invariants for single solitary wave with scheme in [29]:= 40, h = k = 0.1,¢ = 0.1,z € [0, 80].

For the first case, we choosg = 40, h = k = 0.1,¢ = 0.1 andz € [0, 80]. The simulations are done up
tot = 10. The invariants/;, I, and I3 are changed by less than—¢, 10~% and10~° percent, respectively,
Our results are recorded in Tatdeand the motion of the solitary wave is plotted at different levels in Figure
1. In the second case, we choase 0.03 , h = 0.2, k = 0.025, o = 0 andz € [—40, 60]. The simulations
are also done up tb= 10. The variation of the invariants, I, and; are all changed less than—5 percent.
The results for the second case are shown numerically in Tabfe graphically in Figuré to illustrate the
motion of the solitary wave at different time levels.

Time I I, I3

0.0 | 8.07084| 4.1005| 0.868660
1.0 | 8.07083| 4.1005| 0.868661
2.0 | 8.07082| 4.1005| 0.868659
3.0 | 8.07081| 4.1005| 0.868659
4.0 | 8.07078| 4.1005| 0.868659
5.0 | 8.07074| 4.1005| 0.868659
6.0 | 8.07068| 4.1005| 0.868660
7.0 | 8.07059| 4.1005| 0.868660
8.0 | 8.07047| 4.1005| 0.868660
9.0 | 8.07029| 4.1005| 0.868660
10 | 8.07004| 4.1005| 0.868659
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Time

I

I

I3

0.0
1.0
20
3.0
4.0
5.0
6.0
7.0
8.0
9.0
10

7.804215913258071
7.80421591327013]
7.80421591295513]
7.804215912956964
7.804215912461224
7.80421591178876¢

7.804215910944756 2.129875607299324 0.130304805002401
7.804215908754416 2.129875608937994 0.130304765455231
7.80421590742582% 2.129875609897376 0.13030474185602¢
7.804215905947061 2.129875610934696 0.130304715939641
7.804215904324714 2.129875612038237 0.13030468791935]

B 2.12987560553369]
[ 2.12987560552422%
[ 2.12987560575578]
1 2.12987560575444¢
1 2.12987560613330
5 2.12987560665184

3 0.130304848275567
5 0.130304846482890
3 0.130304841134546
5 0.130304841188457
3 0.130304832408943
f 0.13030482029064%
3
3
)
3
3

Table 5. Invariants for single solitary wavey = 0, ¢ = 0.03,h = 0.2, k = 0.025, = € [—40, 60].

Table 6. Invariants for single solitary wave with scheme in [29]:= 0,¢ = 0.03,h = 0.2, k = 0.025, = € [—40, 60].

Time I Iy I3

0.0 | 7.80421| 2.12988| 0.130304
1.0 | 7.80513| 2.12988| 0.130307
2.0 | 7.80592| 2.12988| 0.130309
3.0 | 7.80660| 2.12988| 0.130311
4.0 | 7.80720| 2.12988| 0.130312
5.0 | 7.80771| 2.12988| 0.130313
6.0 | 7.80816| 2.12988| 0.130314
7.0 | 7.80854| 2.12988| 0.130314
8.0 | 7.80886| 2.12988| 0.130315
9.0 | 7.80912| 2.12988| 0.130315
10 | 7.80923| 2.12988| 0.130315

1333

As we can see in comparing our numerical results with those found in [29], for the numerical values of the

laws Iy, I, and3 we can see that our scheme provides more stable results in both cases.

7.2.2 Interaction of two solitary waves

We consider in this case, the MRLW equation with initial conditions given by the linear sum of two well

separated solitary waves of various amplitudes

u(z,0) = zj: Ve sech (ki(x - xi)),

wherek; = L, ¢; andz; are constantsg,= 1, 2.
c; + 1
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For this section we have chosen= 2, ¢ = 0.5, 1 = 15, 2o = 35 andh = k£ = 0.1 with interval
[0,250]. The results of the conservation of the three laws for two solitary waves are given in7Tahtein

A. ROUATBI, M. LABIDI AND K. OMRANI

Figure3, the interactions of these solitary waves are plotted at different time levels.

Time

I

I

I3

0.0
5
10
15
20
25
30

22.75338437364966
22.75333058792327
22.75264314833900
22.75331972097422
22.75339055908861
22.75336028592591
22.75334580500456

b 47.45213006505462
B47.45272559144625
1 47.45882046223448
b 47.45262290951311
5 47.45242168923715
1 47.45255553657026
D 47.45260342090422

5 209.9640040124943
B 209.9208206560400
5209.0070165394541
¥ 209.8413114880513
b 209.9449720868477
5 209.9422333882808
5209.9405644127809

Table 7. Invariants for interactions of two solitary waves with = 15, zo = 35,h =k = 0.1, ¢ = 2, c2 = 0.5,z € [0, 100].

Time I I, I3
0.0 | 22.7534| 47.4521| 209.964
5 22.7539| 47.5119| 210.453
10 22.7505| 47.1418| 210.706
15 | 22.7536| 47.4993| 210.340
20 | 22.7540| 47.5217| 210.511
25 | 22.7546| 47.5206| 210.509
30 | 22.7544| 47.5200| 210.508

Table 8. Invariants for interactions of two solitary waves with scheme in [29] with= 15, o = 35,

h=k=0.1,c1 =2, c2 =05,z € [0,100].

It is seen that the obtained values of the invariants, by our scheme are more stable than the values obtained
in [29] (Table 8).

7.2.3 Interaction of three solitary waves

We consider the MRLW equation with initial conditions given by the linear sum of three well separated solitary
waves of various amplitudes

u(x,0) = 23: V6¢; sech (k)l(l‘ — xi)>,

wherek; = , /L, ¢; andz; are constantg,= 1,2, 3.
C; =+ ].

We choose:; = 2, co = 0.75, ¢c5 = 0.2, 21 = 10, 29 = 45, x3 = 65, h = k = 0.1 with interval[0, 250].
Figure 4 shows the plot of these solitary interaction waves at different time levels. In Table 9 we report the three
invariants for MRLW equation. Numerical checks on the conservation hassomentum/s, and energys
show that the three quantities remain reasonably constant as the solitary waves evolve in time. By comparing
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these results with those found in [29] (Table 10) calculated under the same initial conditions we can also say
that numerical results by our scheme are relatively more stable.

Time I I, I3
0 31.935836692358894 57.8373566224084438 228.3938414699506
10 | 31.935769256372038 57.837975975080575 228.3601778665868
20 | 31.935511489058182 57.839256082438681 228.2469894220832
30 | 31.934874094559728 57.843827916852000 227.7021891619049
40 | 31.935783227158971 57.83791811622234Y 228.3459762915063
1l
1
D

50 | 31.935835447591472 57.83778161272101Y 228.3607291085764
60 | 31.935823498634271 57.837802653375022 228.360991239097]
70 | 31.935812261995626 57.837818609793530 228.360523919350

Table 9. Invariants for interactions of three solitary waves with= 10, zo = 45, x3 = 65,

h=k=01,c1 =2, ca=0.75,c3 =02,z € [0,250).

Time I, I I3
0 31.9358| 57.8374| 228.394
10 31.9510| 57.9028| 228.924
20 31.9592| 57.8440| 228.592
30 | 31.9621| 57.7630| 228.119
40 | 31.9675| 57.8983| 228.879
50 31.9716| 57.9040| 228.898
60 31.9764| 57.9040| 228.899
70 | 31.9659| 57.9038| 228.899

Table 10. Invariants for interactions of three solitary waves for scheme in [29]awith 10, o = 45, x3 = 65,

h=k=0.1,c1 =2, co=0.75, cs = 0.2, z € [0, 250].

7.2.4 The maxwellian initial condition

Consider the following MRLW equation
Uy — [MUggt + Uy + uPuy =0, a <z <b. (7.8)
wherep is a real. As a last problem, we consider the equatio®) with the following Maxwallian condition.
u(z,0) = exp[—(z — 40)?].

In this case, the behavior of the solution depends on the values of the parametderefore the values
u = 0.05, p = 0.01 andp = 0.004 are picked. The numerical computations are done up te 12. The
values of the three invariants of motion for differgnare presented in Tabld). These three invariants remain
relatively more stable by our scheme than the scheme in [29], as it shown inlTal\éso Figuresi(a) — (c¢)
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illustrate the development of the maxwellian condition into solitary waves. In Figlrg for . = 0.05 a
single stable solution has appeared, wher- 0.01 two stable solitary waves occurred in Figuig) and
finally for © = 0.004 three solitary waves are shown in Figuie). So we can figure out from these Figures

that, as the value qof decreases, the number of the stable solitaty waves increases.

1 Time I I I3
0.05 4 1.772541188604176 1.315064412578247 0.520350044979594
8 1.772473727139606 1.315172532526903 0.516980951601557
12 | 1.772437630575408 1.315211183569450 0.515388464305743
0.01 4 1.774194084124291 1.263014369222264 0.960016191143626
8 1.774544007896905 1.262651090496481 0.985831050587402
12 | 1.774542673254300 1.262638717985662 0.986993332215430
0.004| 4 1.775738947125951 1.254847110855574 1.153766090018281
8 1.776433331177086 1.254463916243288 1.193976394010478
12 | 1.776568530702599 1.254424052827068 1.198848010749434

Table 11. Invariants of MRLW equation using the Maxwellian initial condition .

pw | Time I I I3
0.05 4 1.77290| 1.31677| 0.521201
8 1.77266| 1.31621| 0.518514
12 | 1.77253| 1.31593| 0.517189
0.01 1.78150| 1.29806| 1.011870
8 1.78317| 1.30336| 1.044710
12 | 1.78323| 1.30355| 1.046000
0.004| 4 1.79303| 1.33791| 1.39875
8 1.79710| 1.34971| 1.46035
12 | 1.79803| 1.35219| 1.480062

Table 12. Invariants of MRLW equation using the Maxwellian initial condition provided by the scheme in [29].

8. CONCLUSION

In this paper, a nonlinear Crank-Nicolson finite difference scheme has been presented to solving a model of
nonlinear dispersive MRLW equation. It is proved that the scheme is conservative, unconditionally stable and
convergent with second order both in time and in space in maximum norm. Numerical results have illustrated
the order of accuracy and efficiency of the scheme. Also the efficiency of the difference scheme is tested
on the problems of propagation of the single soliton and the interaction of two and three solitons for MRLW
equations. We also investigate the conservation quanfities and /s which were satisfactorily maintained.
Furthermore, a Maxwellian initial condition has been used and a relation bejwaet the number of waves



CONSERVATIVE DIFFERENCE SCHEME OF SOLITARY WAVE SOLUTIONS 1337

was explored. Results show the interaction of two and three solitons, with conservation laws adhered to sat-
isfaction. Let’s not forget to mention that our numerical results were compared to those obtained by another
difference scheme and the numerical results have proved that our scheme gives more stable values in calculating
the quantitied;, I, andIs.
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80

Figure 1:Single solitary wave withzy = 40, ¢ = 0.1, h = k = 0.1 at times T=0, T=5, T=10 and T=15.

——T1=0

. T

- - T=10
T=

Figure 2:Single solitary wave withrg = 0,¢ = 0.03, h = 0.2, k = 0.025 at times T=0, T=5, T=10 and T=15
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Figure 3: Interaction with two solitary waves with; = 2, ¢y =
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Figure 4: Interaction with three solitary waves with = 2, c; = 0.5, 21 = 10, o = 45, z3 = 65,

h=k=0.1,z € [0,250] at times (a) T=0, (b) T=20 (c) T=40 (d) T=70.
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