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The aim of this paper is to investigate a sufficient condition for the invariance of a normal curve
on a smooth immersed surface under isometry. We also find the deviations of the tangential and
normal components of the curve with respect to the given isometry.
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1. INTRODUCTION

When we talk of a manifold, one of the most elementary geometric object is its position vector field,
which reveals the position of an arbitrary point on that manifold with respect to some origin. In case
of curves, the position vector field of a curve can be thought of as the motion of a particle with respect
to the arc parameterand intuitively the first and second derivatives of the curve gives the velocity
and the acceleration of the particle respectively. So, we shall discuss a problem which altogether
depends upon the position vector field of a curve. d.etl ¢ R — E3 be a unit speed curve having

all the necessary properties such that:, b} acts as its Serret-Frenet frame, where, andb are the

tangent, the normal and the binormal vectors(unitary), respectively. Then, the Serret-Frenet equations
are given by
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t' = kn
n' = —kt+71b (1.1
v =—mn,

wherex is the curvature and is the torsion ofa with ¢ = o/, n = % b = t x n, and/ denotes

the differentiation with respect to the parameierAt each pointx(s) of «, the planes spanned by
{t,n}, {t,b} and{n, b} are called as the osculating plane, the rectifying plane and the normal plane,
respectively. As it is evident from the names of planes, a curve whose position vector field lies in the
osculating plane is called as an osculating curve. Similarly, a curve whose position vector filed lies in
the rectifying and the normal plane are called as rectifying and normal curves, respectively.

It is well known that if at each point the position vectorwofies in the osculating plane, then the
curve lies in a plane. Similarly, if the position vectorafies in the normal plane at each point, then
the curve lies on a sphere. So, in view of these facts, in 2003 Chen [3] posed a question: When does
the position vector of a curve lies in the rectifying plane? Therein, Chen obtained characterization
results for rectifying curves. In relation to these three types of curves, enormous study has been done.
For generic study, we refer the reader to see ([4-7]).

Before going to motivation and objective of this paper, we revisit a few definitions [12] on sur-
faces.

Definition1.1 — A diffeomorphismJ : M — M is an isometry if for allp € M and all pairs
x1, 22 € T,(M), we have

<331, 1‘2)1; = <de(a:1), de<a?2)>J(p).
The surface®dI andM are then said to be isometric.

Definition1.2 — AmapJ : V. C M — M of a neighborhood” of p € M is a local isometry
atp if there exists a neighborhodd of J(p) € M such that/ : V — U is an isometry. If there
exists local isometry at every point M, then the surfacedI andM are said to be locally isometric.
Clearly, if J is a diffeomorphism and a local isometry for everg M, then.J is global isometry.

It is straightforward to see that the first fundamental form coefficients are preserved under isom-

etry. SoifE, F,G andE, F, G are the first fundamental form coefficientshdf andM, respectively
and.J : M — M is a local isometry then

E=E, F=F, G=4G.
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In 2018 Shaikh and Ghosh [8] diverted the study of rectifying curves to a new direction by ques-
tioning about the invariant properties of a rectifying curve on a smooth surface under isometry. In ad-
dition to a sufficient condition for a rectifying curve to remain invariant under isometry, they showed
that the component of the rectifying curve along the surface normal is invariant under isometry. Again
in [9] Shaikh and Ghosh studied osculating curves and obtained their characterization along with in-
variancy under surface isometry. Motivated by the studies of [8-10], we shall investigate the similar
guestions in case oformal curvesi.e.,

Question What happens to a normal curve on a smooth surface under isometry?

In section2, we give some of the basic notions about normal curves and find the Frenet frame
vectors of the normal curves with respect to the smooth immersed surface. Section 3 is concerned
with the main results and provided the answer of above question.

2. PRELIMINARIES

Let o be a normal curve parameterized by arc with a Serret-Frenet frame given in (1.1). The other
way of interpreting a normal curve is: a curve is said to be a normal curve if its position vector lies in
the orthogonal complement of tangent vector e.f = 0, or

a(s) = A(s)n(s) + u(s)b(s), (2.1)
where)\, 1 are two smooth functions.

SupposeM is a regular surface (page no 52, [2]) witliu, v) being its coordinate chart. Then,
the curvea(s) = a(u(s),v(s)) defines a curver(s) = M(u(s),v(s)) on the surfacé. We can
easily find the derivatives of the cureés) as a curve on the surfadd using the chain rule:

d(s) = puu + o0

or,

t(s) = o(s)=puu + o0 (2.2)
Y(s) = u'ou—+ "oy + U Puu + 200 Ouy + 0Py




1346 A. A. SHAIKH, M. S. LONE AND P. R. GHOSH

1
= ]{2(8) |:(90uu, + SDUU,) X (UIIQOu + ’U//SOU + Ulz(ﬂuu + QUIU/SOuv + ’U/2(,0vv) (2.3)
1
= e [{u/v" — WV IN + 1B 0u X Gun + 200 0p X P + U000 X Puo
+ul2v,(‘0” X Puu + QUIU/QSDU X Oy + Ulgﬁpv X Qyy | - (2.4)

Definition2.1 — [1]. Leta be a unit speed curve dvl. Then the unit tangent vector= o’
is orthogonal to the unit surface normMl Soa/, N andN x o’ are mutually orthogonal vectors.
Moreover, sincey” is orthogonal tar’, we can writeo”” as a linear combination @V andIN x o/,
i.e.,

o =k, N+ kN x o,

wherer,, andk, are called as the normal curvature and the geodesic curvatargegpectively and

are given by

{/ﬁg:o/"Nxa’

kn = o - N.
Now sincea” = k(s)n(s), therefore we can write
kin = k(s)n(s) - N = (0 @y + "0y + 1 Quu + 20"V puy + V"2 pp) - N

or
Kn = WL+ 2u'v' M + 1/2N, (2.5)

whereL, M, N are the second fundamental form coefficients of the surface. The auoveM is

said to be asymptotic if and only if,, = 0.
3. NORMAL CURVES
The equation of a normal curve is given by

a(s) = As)n(s) + u(s)b(s). (3)

Suppose this curve lies on a parametric surfage v). Then (3.1) is in the form:

A(s
a(s) = HES; [(u”(pu + U”‘Pv) + (U/QSOuu + 20V P + '0,290”0”)}
+N(3) {///_ " /}N+ 3 % +2/2/ > (32)
k(s) u'v uv U Py X Puu UV Py X Puv .

—|—u’vl2g0u X Oy + u’%’g@v X Qyu + 22/1/2901) X Qv + v’?’cpv X gpvv].
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Theorem3.1— LetM and M be two smooth surfaces and: M — M be an isometry. Also,
let a(s) be a normal curve oM. Thena(s) = J o a(s) is a normal curve oM if

{ & <8J* ) + 20/ (aa{j(pv> +v’2 (88{)* cpv)]
[ (L@u %ﬁwﬁ—%%ﬂ’(kwu %ﬁwO (3.3)
(J*‘Pu X aa{}*gp ) +ul2v/(J*§0v X %{j%pu)

+2u/v"? (J*cpv X %{japv) + 0 (J*cpv X %{jgpv)]

PROOF: Supposer andyp are the chart maps &I andM, respectively. Then, we have

p=Joep.

J : M — M is an isometry whose differential mafy = .J, is a3 x 3 orthogonal matrix which
transforms linearly independent vectorsigf M) to linearly independent vectors fﬁ]‘](p)ﬂ, ie.,

Ji : Tp(M) — Ty, M.

Since{y., vy } is a basis of tangent plarfg (M) at a pointp on M, we have

Pul,v) = Jepy = Ji(p(u,v))pu, (3.4)
Go (1, v) = Jupy = Ju(@(u,v)) 0. (3.5)

Differentiating (3.4) and (3.5) with respectigv, we get

8J>(<

Puw = —FPu J* Uy

% ou Yy + Jxp

_ 0Jy

P = v ——Pv + J*‘Pm}v (36)
0J aJ,

Puv = v J* uv — u J* UV

® ou - Pu T I v o Pu + Jip

We can write

o7, o7, -
J*Spu X %Wu = J*Spu X (%@u‘i‘F*@uu) - J*(Cpu X Spuu) = Pu X Pyy — J*((Pu X Spuu) (37)
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Similarly
Jutpu X %{j Yy = Pu X Pyy — J*(Sou X (Puv)y
Jepu X %{j v = Pu X Pov — Jx(Pu X Puv),
Jxpy X 8@{; Ou = Py X Pyy — J*(SOU X @uu): (3.8)
Jepy X %{j v = Py X Pupy — J*(va X (Puv)a
Jupy X 88{}* Pv = Pv X Pov — Ji(Po X Pup).
Therefore, with respect to (3.2), (3.7) and (3.8), we get
)\ * *
@(S) = (78) |:UH *Pu T 'U”J*(Pv + Ul2 9J Ou + Jxpuu | + 2u’’ 9J Vv + JxPup
K(s) Ou ou
0J, -
+'U,2 < o WYy + J*@vv) :| + /]:E::; [{U/U” - UHU,}J*N + ulgt]*(@u X @uu)
+2U,2'U,J*(<Pu X Souv) + U,U/2J*(80u X (;Ovv) + U,2U,J*(§0v X @uu) + 2ulvl2<]*(§0v X SDuv)
aJ, 0J,
""U/?)J*(SOU X (va) + ’U/3 (J*Spu X 780u> + 2ul2vl(t]*€0u X 7901))
ou ou
+u/v"? (J*gou X %cpv> + u'%'(J*goU X %apu> + 200" (J*gov X %gov)
v ou ou
+0'? <J*(Pv X %()O’U)}a
v
or
A
a(s) = H(zg [(U”@u + Ul,@v) + (u/2¢uu + QUIUIGU'UU/Q@UU)]
M(s) I/ " NN 13 — 12, 1— —
+7k‘(3) {u'v" —w VN +uPpy X By + 200G, X By (3.9)
02, X P+ WPy X P+ 2007 Fy X By + 0By X B .
Therefore, B
M) Als);
= b 3.10
for some functions\(s) andji(s). Thereforep(s) is a normal curve iM. O

Theorem3.2— LetJ : M — M be an isometry and(s) be a normal curve oM. Then for

the tangential components, we have

a-T—a-T==(ky,— tn)(av + bu'), (3.11)

I
RS

whereT = ap, + by, is any tangent vector td/1 for somea, b € R.
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PROOF: From (3.2), we see that

A 2
Q- = - [u”E +0"F + u'2gpuu oy + QU’U'@W oy + v Puv * Pu

—I—H [u’2v’L + 202/ M + 02N |.
K

Now for the isometric images af andy,,, we have
— . A //E ”F 12 — 20/ B — 12 —_
a-Q, = Eu +v T U Pyt Py T2UV Dy - Py TV Dy - Py
+E [u’%’f + 2002 M + PN |.
K
We know thatEl = E, F = F,G = G. In particular,

Differentiating the above equation with respecttave get

0J,
<8u§0u + J*‘aouu) : (J*Sou) = Quu * Pu

or

Puu Pu = Puu” Pu-
Similarly, it is easy to show that
Puv Pu = Puv " Pus Py * Pu = Pov * Pu-
Thus from (3.13), we get

A
a-p, = - [u”E +"F + u’2<puu Oy 20V Py - oy + U’ngw Py
e {uﬂv’f + 202/ M +*N |,
K

or

I

Ql

K

Taking the difference of (3.14) and (3.12), we get

a-p,—a-py :U/%(En—fin).

A 2 _
Py = — [u”E +0"F + u'2g0uu oy + 2u’v'g0uv oy + v Oov - Pu| + v';;@n.

(3.12)

(3.13)

(3.14)

(3.15)

1349
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Similarly the following relation holds:

Q- Py — Q- Py :ulﬁ(ﬁn_ﬁn)- (316)
K

Now with the help of (3.15) and (3.16) we get

a-T—a T = a- (apy+bpy) — - (apy + bpy)
= a(a-@u—a-ﬁpu)—}-b(a'@z]—a-(pv)
— av’%(ﬁn—ﬁn)+bu'%(ﬁn — Kn)

= H(En — k) (av + bu').
K

This proves our claim. O

Corollary 3.3 — Let.J : M — M be an isometry and(s) be a normal curve oM. Then the
component of the normal curves) along any tangent vectdr to the surfacéM is invariant if and
only if any one of the following holds:

() the position vector ofv(s) is in the normal direction odt.

(i) The normal curvature is invariant.

PROOF: From (3.11)& - T = « - T if and only if

%(Rn — kn)(av +bu') =0

i.e.,ifand onlyifu =0o0r&, — k, = 0.

If » = 0 then from (3.1), we see that(s) = A(s)n(s), i.e., the position vector of the normal
curvea(s) is in the normal direction of itself. O

Corollary 3.4 — LetJ : M — M be an isometry and(s) be a normal curve oM. The
component of the normal curves) along any tangent vectdr to the surfacéM is invariant and the
position vector ofx(s) is not in the normal direction af, thena(s) is asymptotic if and only ifv(s)
is asymptotic.

PROOF: From Corollary 3.3 - T = « - T and the position vector af(s) is not in the normal
direction of« if and only if k,, = &,,.

Thereforen(s) is asymptotic if and only ik,, = 0, i.e., if and only if,%,, = 0, i.e., if and only if
a(s) is asymptotic.
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Theorem3.5— LetJ : M — M be an isometry and.(s) be a normal curve oM. Then for

the component af(s) along the surface norma¥, we have
_ A
OZ'N—CM'N:E(K%—/{”). (3.17)

PROOF: From (32), we have

A
a-N- = ;[ /290““ : (gpu X Spv) + 'UIQS%U : (‘Pu X S%) + QUIU/SOUU : (‘Pu X S%)
@ Y (EG = F2) (g x ) - (0 % 00)
2 2
+2u" 0 (u X ouv) + (Pu X Pu) + 07U (Pu X @uv) - (Pu X @v)
2 2
+u' "V (P X Pun) + (Pu X o) + 200 (s X Puv) - (Pu X @v)

'H/s((Pv X Pup) - (Pu X gpv)],

or
N — i /2L 2 10 KT n ’n 2 /3
a- = WL+ 0N+ 20 v M| + = |(wv" —v'u")(EG — F?) + v {E(Puu - Pv)
K KR
_F(quu : (Pu)} + QU,IQU/{E((PU,U : 901}) - F(‘Puv : Sou)} + ulv,2{E(§0vU : 901))
—F(pun - 9u)} + 00 {F (u - 90) = Gloun - )} + 200 {F (9uo - 00)

—G(puv - pu)} + 0/3{F(90vv “ow) — G(pwy - ‘Pu)}}

Now for isometry we know thak = E, F = F,G = G. Hence, it is easy to verify:
E, =
E,

Then we haveZ, = (pu * Yu)u = 2Puu * Pu, OF

| =

uaFu :FuaGu = Gu
- (3.18)
, F, G

I
=

v

Ey
Oun * Pu = - (3.19)

On the similar lines, we can find

v

@uu'%pv:Fu*%aS@vv'@v:%,QOUU'C,OUIF :%
G (3.20)
Puv * Po = 5 Puv * Pu = T
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Therefore in view of (3.19) and (3.20), we get
a-N = %[U'QL + 2N + 2u”u'M]

E, FE,
+£ {(u'v" — ') (EG — F?) + u'® {E <Fu - 2> ) }
K

2, | EGy, FE, ;2 [ EGy Gy
+2u' v { 5 5 + u'v 5 F, 5
E

F
+u'21/ {FGu — GEU} + /v {FGu — G2 v}

2 2

o {FEe o (-]

Now applyingJ and with the help of (3.18), the last relation yields

_ AT oe _ .
a-N = — [u'QL + U/ZN + 2u’v'M]
K

B, FE,
+2 {(u’v” — V") (EG — F?) + u® {E <Fu - 2> -3 }
K

EG FFE s [ EG G
2/2/ u v 1 v _ R Fv——u
+uv{ 5 5 }—i—uv {2 ( 2)}
E

FG“ GIL G
/2 / ! /2 v
+u v { } uv { G }

AN

On taking the difference af - N and its isometric image and with the help(8f2), we get

— A
E-N—a'N:E(En—/ﬁn).

This proves our claim. O

Corollary 3.6 — Let.J : M — M be an isometry and(s) be a normal curve oM. Then the
component of the normal curve(s) along the surface normal is invariant if and only if any one of

the following holds:

(i) The position vector ofy(s) is in the binormal direction oft.

(i) The normal curvature is invariant.

PROOF: From(3.17), @ - N = « - N if and only if
A

—(Kn — Kn =0
> (n — hn)

i.e.,ifandonlyifA=0o0r%, — k, =0.
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If A = 0 then from (3.1), we see that(s) = u(s)b(s), i.e., the position vector of the normal
curvea(s) is in the binormal direction of itself. O

Corollary 3.7 — LetJ : M — M be an isometry and(s) be a normal curve oM. The
component of the normal curve(s) along surface normaN to the surfacéM is invariant and the
position vector ofx(s) is not in the normal direction af, thena(s) is asymptotic if and only ifx(s)
is asymptotic.

PROOF: From Corollary 3.6 - N = « - N and the position vector ef(s) is not in the normal
direction of« if and only if k,, = R,

Thereforen(s) is asymptotic if and only if,, = 0, i.e., if and only ifk,, = 0, i.e., if and only if
a(s) is asymptotic. O

SinceT andN are perpendicular vectors ats), hence{T,N, T x N} form an orthogonal
system at every point of the normal curés).

Theorem3.8— LetJ : M — M be an isometry and.(s) be a normal curve oM. Then for
the component af(s) alongT x N, we have

a-(TxN)—a-(TxN)= %(Rn — k) {a(Fv — Bu') + b(Gv' — Fu')}. (3.21)

PrROOF: From (2.2), we have

a- (TxN) = a-{(apuy+bpy,) x N},
= a-{a(Fou— Epy) +b(Gou — Fou)},
= (aF +bG)a- gy, — (aE +bF)a - ¢y.

Therefore using (3.15) and (3.16) we get

a- (TxN)—a- (TxN) = (aF+0G)(a-p, —a-p,)— (aE+bF)
(a

Py — (Pv)v
(Fn — kin){a(Fv' — Eu') + b(Gv' — Fu')}.

a =

This proves our claim. O

Corollary 3.9 — LetJ : M — M be an isometry and(s) be a normal curve oM. Then the
component of the normal curvgs) alongT x N is invariant if and only if any one of the following
holds:
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(i) The position vector ofy(s) is in the normal direction ofv.

(i) The normal curvature is invariant.

PROOF: From (3.21)a - (T x N) = a - (T x N) if and only if

%(Rn — kp){a(Fv' — Eu') +b(Gv' — Fu')} =0

i.e., ifandonlyify =0o0r&, — xk, = 0.

If » = 0 then from (3.1), we see that(s) = A(s)n(s), i.e., the position vector of the normal
curvea(s) is in the normal direction of itself. O

Corollary 3.10 — LetJ : M — M be an isometry and(s) be a normal curve oM. The
component of the normal curve(s) alongT x N is invariant and the position vector of s) is not
in the normal direction of, thena(s) is asymptotic if and only ify(s) is asymptotic.

PROOF: From Corollary 3.9¢ - (T x N) = « - (T x N) and the position vector af(s) is not
in the normal direction of. if and only if x,, = &,,.

Thereforex(s) is asymptotic if and only if,, = 0, i.e., if and only ifs,, = 0, i.e., if and only if
a(s) is asymptotic. O

Propositionl — The geodesic curvature of a smooth curve and, in particular, of a normal curve
remains invariant under isometry.

PROOF: Let « be a curve on a parametric surfae® Then the geodesic curvature is given by
Beltrami formula as:

Ky = [r%lu’3+(2r%2 —F}l)u’%ur(F§2—2F12)u’v’2—P;QU"“’H’U”—MU’] VEG — F2, (3.22)

Whereffj are the Christoffel symbols of the second kind given by

T} = g {GEy + FIB, - 2F,)}, T3, = 52 {EG, + F[G, — 2F,]}
%) = 5p= {E[2F, — B,)| — FE,}, Tk = 5= {G2F, — G.] — FG,} (3.23)
F%QZ ﬁ{EG“_FE’U}:F%D F%l = ﬁ{GEv_FGu}:F%Q

andW = VEG — F2. Thus, in view of (3.18), (3.22) and (3.23), we see that= 4. In particular
the same holds for a normal curve.
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