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1. INTRODUCTION

Let P (z) :=
∑n

j=0 ajz
j be a polynomial of degreen in the complex plane andP ′(z) its derivative.

The study of Bernstein-type inequalities that relate the norm of a polynomial to that of its derivative

and their various versions are a classical topic in analysis. One basic result is that: ifP (z) is a

polynomial of degreen, then on|z| = 1,

|P ′(z)| ≤ nmax
|z|=1

|P (z)|. (1.1)

The inequality (1.1) is a famous result due to Bernstein [4], who proved it in 1912. Later, in 1930

(see [5]), Bernstein revisited his inequality (1.1) and proved that, for two polynomialsP (z) andQ(z)

with degree ofP (z) not exceeding that ofQ(z) andQ(z) 6= 0 for |z| > 1, the majorization|P (z)| ≤
|Q(z)| on the unit circle|z| = 1 implies the majorization of their derivatives|P ′(z)| ≤ |Q′(z)| on

|z| = 1. It is worth mentioning that equality holds in (1.1) if and only ifP (z) has all its zeros at the

origin, so it is natural to seek improvements under appropriate assumption on the zeros ofP (z). If
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we restrict ourselves to the class of polynomialsP (z) having no zero in|z| < 1, then (1.1) can be

replaced by

max
|z|=1

|P ′(z)| ≤ n

2
max
|z|=1

|P (z)|, (1.2)

whereas ifP (z) has no zeros in|z| > 1, then

max
|z|=1

|P ′(z)| ≥ n

2
max
|z|=1

|P (z)|. (1.3)

Inequality (1.2) was conjectured by Erdös and later proved by Lax [13], whereas inequality (1.3)

is due to Tuŕan [21].

As an extension of (1.2) and (1.3), Malik [14] proved that ifP (z) 6= 0 in |z| < k, k ≥ 1, then

max
|z|=1

|P ′(z)| ≤ n

1 + k
max
|z|=1

|P (z)|, (1.4)

whereas ifP (z) has all its zeros in|z| ≤ k, k ≤ 1, then

max
|z|=1

|P ′(z)| ≥ n

1 + k
max
|z|=1

|P (z)|. (1.5)

In the literature, there already exists some refinements and generalizations of all the above in-

equalities, for example see Chan and Malik [7], Qazi [19], Gardner, Govil and Weems [10], Dewan,

Singh and Mir [8], Mir and Hussain [17] etc. By considering a more general class of polynomials

P (z) = a0 +
∑n

j=µ ajz
j , 1 ≤ µ ≤ n, not vanishing in|z| < k, k ≥ 1, Gardner, Govil and Weems

[10] generalized and sharpened inequality (1.4) and proved that

max
|z|=1

|P ′(z)| ≤ n

1 + S1

{
max
|z|=1

|P (z)| −m

}
, (1.6)

where here and throughoutm = min|z|=k |P (z)| and

S1 = kµ+1

{(µ
n

) |aµ|
|a0|−mkµ−1 + 1

(µ
n

) |aµ|
|a0|−mkµ+1 + 1

}
. (1.7)

On the other hand, for the class of polynomialsP (z) = anzn +
∑n

j=µ an−jz
n−j of degreen

having all its zeros in|z| ≤ k, k ≤ 1, Aziz and Shah [2] strengthened (1.5) and proved that

max
|z|=1

|P ′(z)| ≥ n

1 + kµ

{
max
|z|=1

|P (z)|+ m

kn−µ

}
. (1.8)
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Different versions of these Bernstein and Turán-type inequalities have appeared in the literature in

more generalized forms in which the underlying polynomials are replaced by more general classes of

functions. The one such generalization is moving from the ordinary derivative to their polar deriva-

tive. Before mentioning few such generalizations of the said inequalities, let us first introduce the

concept of the polar derivative involved. For a polynomialP (z) of degreen, we define

DαP (z) := nP (z) + (α− z)P ′(z),

the polar derivative ofP (z) with respect to the pointα. The polynomialDαP (z) is of degree at most

n− 1 and it generalizes the ordinary derivative in the sense that

lim
α→∞

{
DαP (z)

α

}
= P ′(z),

uniformly with respect toz for |z| ≤ R, R > 0.

Aziz [1] was among the first to extend some of the above inequalities by replacing the derivative

with the polar derivative of polynomial. In fact, in 1988, Aziz [1] proved that ifP (z) is a polynomial

of degreen andP (z) 6= 0 in |z| < k, k ≥ 1, then for any complex numberα with |α| ≥ 1,

max
|z|=1

|DαP (z)| ≤ n

( |α|+ k

1 + k

)
max
|z|=1

|P (z)|. (1.9)

If we divide both sides of (1.9) by|α| and make|α| → ∞, we get (1.4).

The latest research and development on this topic can be found in the papers [11, 15-18, 22,

23]. In 2009, Dewan, Singh and Mir [8] extended (1.6) to the polar derivative of a polynomial and

obtained that ifP (z) = a0 +
∑n

j=µ ajz
j , 1 ≤ µ ≤ n, is a polynomial of degreen having no zeros in

|z| < k, k ≥ 1, then for any complex numberα with |α| ≥ 1,

max
|z|=1

|DαP (z)| ≤ n

1 + S1

{
(|α|+ S1)max

|z|=1
|P (z)| − (|α| − 1) min

|z|=k
|P (z)|

}
, (1.10)

whereS1 is defined by formula (1.7).

As a generalization of (1.8), Dewan, Singh and Mir in the same paper proved that ifP (z) =

anzn +
∑n

j=µ an−jz
n−j , 1 ≤ µ ≤ n, a0 6= 0, is a polynomial of degreen having all its zeros in

|z| ≤ k, k ≤ 1, andβ is any complex number with|β| ≤ 1, then

max
|z|=1

|DβP (z)| ≤ n

(
kµ + |β|
1 + kµ

)
max
|z|=1

|P (z)| − n

(
1− |β|

kn−µ(1 + kµ)

)
min
|z|=k

|P (z)|. (1.11)
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As mentioned earlier, Bernstein and Turán-type inequalities have been extended and generalized

in different domains, different norms and for different classes of functions. Zygmund [24] extended

the Bernstein-inequality (1.1) toLγ-norms ofP (z) as

{ 2π∫

0

∣∣∣P ′(eiθ)
∣∣∣
γ
dθ

} 1
γ

≤ n

{ 2π∫

0

∣∣∣P (eiθ)
∣∣∣
γ
dθ

} 1
γ

, γ ≥ 1.

As an extension of (1.2) toLγ-norms, de-Bruijn [6] proved an analogue of Zygmund’s result for

the class of polynomials not vanishing in|z| < 1. Govil and Rahman [12] generalized and sharpened

the inequality due to de-Bruijn for polynomials of degreen not vanishing in|z| < k, k ≥ 1 and for

anyγ ≥ 1. Gardner and Weems [9] not only generalized the above result of Govil and Rahman to

Lucanary-tpye of polynomials but also showed that it holds for0 < γ < 1 as well. The author is

curious to know how the above mentioned inequalities in the sup-norm especially (1.10) and (1.11),

as well as some other inequalities, can be obtained from generalLγ-norm inequalities. Indeed, this

paper is mainly motivated by the desire to establish some more general Zygmund-type inequalities

for polynomials with restricted zeros. Our method of proof may be quite different from the previous

methods and the results obtained here derive polar derivative analogues of some classical Bernstein-

type inequalities for the sup-norm on the unit circle as well.

2. MAIN RESULTS

Here, we first prove the following Zygmund-type integral inequality for polynomials not vanishing

in a disk. Our result in particular gives theLγ-analogue of (1.10) and other related inequalities. As

special cases, some known inequalities that relate the sup-norm of the derivative of a polynomial on

the unit circle to that of the polynomial itself, follows as consequences from this result.

Theorem1 — If P (z) = a0 +
∑n

j=µ ajz
j , 1 ≤ µ ≤ n, is a polynomial of degreen having no

zeros in|z| < k, k ≥ 1, then for any complex numbersα, β, δ with |α| ≥ 1, |δ| ≤ 1 andγ ≥ 1,

{ 2π∫

0

∣∣∣eiθDαP (eiθ) + mnδ

( |α| − 1
1 + S1

)
+ nβ

( |α| − 1
1 + S1

)
P (eiθ)

∣∣∣
γ
dθ

} 1
γ

≤ n
{

(|α|+ S1) + |β|(|α| − 1)
}

Cγ(S1, µ)
{ 2π∫

0

∣∣P (eiθ)
∣∣γdθ

} 1
γ

, (2.1)

where

Cγ(S1, µ) =





1
2π

2π∫

0

∣∣∣S1 + eit
∣∣∣
γ
dt





−1
γ

,
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andS1 is as defined by formula (1.7).

Takingβ = 0 in Theorem 1, we get the following generalization of (1.10).

Corollary 1 — If P (z) = a0 +
∑n

j=µ ajz
j , 1 ≤ µ ≤ n, is a polynomial of degreen having no

zeros in|z| < k, k ≥ 1, then for any complex numbersα, δ with |α| ≥ 1, |δ| ≤ 1 andγ ≥ 1,

{ 2π∫

0

∣∣∣∣eiθDαP (eiθ) +
mn(|α| − 1)δ

1 + S1

∣∣∣∣
γ

dθ

} 1
γ

≤ n(|α|+ S1)Cγ(S1, µ)
{ 2π∫

0

∣∣∣P (eiθ)
∣∣∣
γ
dθ

} 1
γ

, (2.2)

whereCγ(S1, µ) is as defined in Theorem 1 andS1 is defined by formula (1.7).

Remark2 : If we divide both sides of (2.2) by|α| and let|α| → ∞, we get a result of Mir, Dewan

and Singh ([16], Theorem 1).

If we let γ → ∞ in (2.2), noting thatCγ(S1, µ) → 1
1+S1

and choose the argument ofδ suitably

with |δ| = 1, we get (1.10). If we do not have the knowledge ofmin|z|=k |P (z)|, we get as special

cases from Corollary 1 the following polar derivative analogues of some integral inequalities due to

Gardner and Weems [9].

Corollary 2 — If P (z) = a0 +
∑n

j=µ ajz
j , 1 ≤ µ ≤ n, is a polynomial of degreen having no

zeros in|z| < k, k ≥ 1, then for any complex numberα with |α| ≥ 1 andγ ≥ 1,

{ 2π∫

0

∣∣∣DαP (eiθ)
∣∣∣
γ
dθ

} 1
γ

≤ n(|α|+ S0)Cγ(S0, µ)
{ 2π∫

0

∣∣∣P (eiθ)
∣∣∣
γ
dθ

} 1
γ

, (2.3)

where

S0 = kµ+1

{(µ
n

) ∣∣∣aµ

a0

∣∣∣ kµ−1 + 1
(µ

n

) ∣∣∣aµ

a0

∣∣∣ kµ+1 + 1

}

andCγ(S0, µ) =
{

1
2π

2π∫
0

∣∣S0 + eit
∣∣γ dt

}− 1
γ

.

Remark3 : If P (z) = a0 +
∑n

j=µ ajz
j 6= 0 in |z| < k, k ≥ 1, then (see [19])µn

∣∣aµ

a0

∣∣kµ ≤ 1,

which can also be taken as equivalent toS0 ≥ kµ. Takinga = |α| ≥ 1, b = S0, c = kµ in Lemma2,

we get for eachγ ≥ 1,

|α|+ S0{∫ 2π
0 |S0 + eit|γ dt

} 1
γ

≤ |α|+ kµ

{ ∫ 2π
0 |kµ + eit|γ dt

} 1
γ

.
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Thus, from Corollary2, we get the following result.

Corollary 3 — If P (z) = a0 +
∑n

j=µ ajz
j , µ ≥ 1, is a polynomial of degreen having no zeros

in |z| < k, k ≥ 1, then for any complex numberα with |α| ≥ 1 andγ ≥ 1,

{ ∫ 2π

0

∣∣∣DαP (eiθ)
∣∣∣
γ
dθ

} 1
γ

≤ n(|α|+ kµ)Cγ(k, µ)
{∫ 2π

0

∣∣∣P (eiθ)
∣∣∣
γ
dθ

} 1
γ

, (2.4)

where

Cγ(k, µ) =
{

1
2π

∫ 2π

0

∣∣kµ + eit
∣∣γ dt

}−1
γ

.

Remark4 : Dividing both sides of (2.3) and (2.4) by|α| and let|α| → ∞, we get respectively

Theorem2.1 and Corollary2.2 of Gardner and Weems [9].

If we takeδ = 0 in Theorem 1, we get the following generalization of a result due to Mir and

Wani [18].

Corollary 4 — If P (z) = a0+
∑n

j=µ ajz
j , 1 ≤ µ ≤ n, is a polynomial of degreen andP (z) 6= 0

in |z| < k, k ≥ 1, then for any complex numbersα, β with |α| ≥ 1 andγ ≥ 1,

{ 2π∫

0

∣∣eiθDαP (eiθ) + nβ

( |α| − 1
1 + S1

)
P (eiθ)

∣∣∣
γ
dθ

} 1
γ

≤ n
{

(|α|+ S1) + |β|(|α| − 1)
}

Cγ(S1, µ)
{ 2π∫

0

∣∣P (eiθ)
∣∣γdθ

} 1
γ

, (2.5)

whereCγ(S1, µ) is as defined in Theorem 1 andS1 is given by formula (1.7).

Remark5 : Fork = µ = 1, the above corollary reduces to a result of Mir and Wani [18]. Dividing

both sides of (2.5) by|α| and let|α| → ∞, we get the following result.

Corollary 5 — If P (z) = a0 +
∑n

j=µ ajz
j , 1 ≤ µ ≤ n, is a polynomial of degreen having no

zeros in|z| < k, k ≥ 1, then for any complex numberβ andγ ≥ 1,

{ 2π∫

0

∣∣eiθP ′(eiθ) +
nβ

1 + S1
P (eiθ)

∣∣∣
γ
dθ

} 1
γ

≤ n(|β|+ S1)Cγ(S1, µ)
{ 2π∫

0

∣∣P (eiθ)
∣∣γdθ

} 1
γ

, (2.6)

whereCγ(S1, µ) is as defined in Theorem 1 andS1 is given by formula (1.7).
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Remark6 : The above inequality (2.6) generalizes a result of Mir and Wani [18] and some in-

equalities obtained by de-Brujin [6] as well as Rahman and Schmeisser [20].

As an application of Corollary 1, we get the following Zygmund-type integral inequality for

polynomials having all zeros in a closed disk involving the polar derivative.

Theorem2 — If P (z) = anzn +
∑n

j=µ an−jz
n−j , 1 ≤ µ ≤ n, a0 6= 0, is a polynomial of

degreen having all zeros in|z| ≤ k, k ≤ 1, then for any complex numbersβ, δ with |β| ≤ 1, |δ| ≤ 1

andγ ≥ 1,

{ 2π∫

0

∣∣∣∣eiθDβP (eiθ) +
δ(1− |β|)mnA1

kn(1 + A1)

∣∣∣∣
γ

dθ

} 1
γ

≤ n(|β|+ A1)Cγ(A1, µ)
{ 2π∫

0

∣∣∣P (eiθ)
∣∣∣
γ
dθ

} 1
γ

, (2.7)

where

A1 =
n

(|an| − m
kn

)
k2µ + µ|an−µ|kµ−1

n
(|an| − m

kn

)
kµ−1 + µ|an−µ|

and

Cγ(A1, µ) =
{

1
2π

2π∫

0

∣∣∣A1 + eiφ
∣∣∣
γ
dφ

}−1
γ

.

Makingγ →∞ in (2.7) and choosing the argument ofδ with |δ| = 1 and noting thatCγ(A1, µ) →
1

1+A1
, we get the following refinement of (1.11).

Corollary 7 — If P (z) = anzn +
∑n

j=µ an−jz
n−j , 1 ≤ µ ≤ n, a0 6= 0, is a polynomial of

degreen having all zeros in|z| ≤ k, k ≤ 1, andβ is any complex number with|β| ≤ 1, then,

max
|z|=1

|DβP (z)| ≤ n
(|β|+ A1)

1 + A1
max
|z|=1

|P (z)| − nA1(1− |β|)
kn(1 + A1)

m, (2.8)

whereA1 is as defined in Theorem 2.

Remark7 : It is easy to verify, for example by the derivative test, that for everyβ with |β| ≤ 1,

the function
( |β|+x

1+x

)
max|z|=1 |P (z)| − x(1−|β|)

kn(1+x) min|z|=k |P (z)|, is a non-decreasing function ofx.

If we combine this with the factA1 ≤ kµ, that follows by Lemma 5, we get (1.11) from (2.8). If we

takeβ = 0 in (2.8), we get for|z| = 1,

|nP (z)− zP ′(z)| ≤ nA1

1 + A1
max
|z|=1

|P (z)| − mnA1

kn(1 + A1)
. (2.9)
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Let z0 be on|z| = 1 be such thatmax|z|=1 |P (z)| = |P (z0)|, then from (2.9), we get

|z0P
′(z0)| ≥ n

1 + A1

{
max
|z|=1

|P (z)|+ mnA1

kn

}
. (2.10)

Sincemax|z|=1 |P ′(z)| ≥ |P ′(z0)| and it is well known (see inequality (1.17) in [8]) that

max
|z|=1

|P (z)| ≥ m

kn
,

we get from (2.10) that

max
|z|=1

|P ′(z)| ≥ n

1 + kµ

{
max
|z|=1

|P (z)|+ m

kn−µ

}

+
n(kµ −A1)

(1 + kµ)(1 + A1)

{
max
|z|=1

|P (z)| − m

kn

}
. (2.11)

Clearly (2.11) is a refinement of (1.8) in view of Lemma 5.

3. LEMMAS

We need the following Lemmas to prove our theorems.

Lemma1 — If P (z) = a0 +
∑n

j=µ ajz
j , 1 ≤ µ ≤ n, is a a polynomial of degreen not vanishing

in |z| < k, k ≥ 1 andQ(z) = znP
(

1
z

)
, then for|z| = 1,

S1|P ′(z)| ≤ |Q′(z)| − nm,

whereS1 is defined by formula (1.7).

The above lemma is due to Gardner, Govil and Weems [10].

The following lemma is due to Govil and Kumar [11].

Lemma2 — If a ≥ 1, b ≥ c ≥ 1 andγ > 0, then

a + b
{

2π∫
0

|eiθ + b|γdθ

} 1
γ

≤ a + c
{

2π∫
0

|eiθ + c|γdθ

} 1
γ

.

Lemma3 — Letp, q be any two positive real numbers such that(q−h) ≥ (p+h)x, whereh ≥ 0

andx ≥ 1. If β is any real number such that0 ≤ β < 2π, then

[(q − h) + (p + h)y]|x + eiβ| ≤ (x + y)|q + peiβ|, (3.1)
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for anyy ≥ 1.

PROOF OFLEMMA 3 : For h = 0, the above lemma was recently proved by Govil and Kumar

[11]. Hence, assume thath > 0. We have for real numberβ,
∣∣∣∣
x + eiβ

q + peiβ

∣∣∣∣
2

=
x2 + 1 + 2xcosβ

q2 + p2 + 2pqcosβ
.

It is easy to see that the hypothesis(q − h) ≥ (p + h)x with h > 0 andx ≥ 1 imply q ≥ px and

qx ≥ p. Therefore

x2 + 1 + 2xcosβ
q2 + p2 + 2pqcosβ

,

is a non-decreasing function of cosβ and hence
∣∣∣∣
x + eiβ

q + peiβ

∣∣∣∣
2

≤ x2 + 1 + 2x
q2 + p2 + 2pq

=
(

x + 1
q + p

)2

,

which implies
∣∣∣∣
x + eiβ

q + peiβ

∣∣∣∣ ≤
x + 1
q + p

.

Again, by using(q − h) ≥ (p + h)x andy ≥ 1, one can easily check that

x + 1
q + p

≤ x + y

q + py + (y − 1)h
.

Thus we have
∣∣∣∣
x + eiβ

q + peiβ

∣∣∣∣ ≤
x + y

(q − h) + (p + h)y
,

which is (3.1) and this completes the proof of Lemma 3.

Lemma4 — If P (z) is a polynomial of degreen andQ(z) = znP
(

1
z

)
, then for everyγ > 0 and

β real,

2π∫

0

2π∫

0

∣∣∣Q′(eiθ) + eiβP ′(eiθ)
∣∣∣
γ
dθdβ ≤ 2πnγ

2π∫

0

∣∣∣P (eiθ)
∣∣∣
γ
dθ.

The above lemma is due to Aziz and Shah [3].

Lemma5 — If P (z) = anzn +
∑n

j=µ an−jz
n−j , 1 ≤ µ ≤ n, is a polynomial of degreen having

all zeros in|z| ≤ k, k ≤ 1, then

A1 ≤ kµ,



1366 ABDULLAH MIR

whereA1 is as defined in Theorem 2.

The above lemma is due to Dewan, Singh amd Mir [8].

4. PROOFS OF THETHEOREMS

PROOF OF THEOREM 1 : By hypothesisP (z) = a0 +
∑n

j=µ ajz
j 6= 0 in |z| < k, k ≥ 1. If

Q(z) = znP (1
z̄ ), thenP (z) = znQ(1

z̄ ) and it can be easily verified that for0 ≤ θ < 2π,

nP (eiθ)− eiθP ′(eiθ) = ei(n−1)θQ′(eiθ). (4.1)

For any complex numberα and0 ≤ θ < 2π, we have

DαP (eiθ) = nP (eiθ) + (α− eiθ)P ′(eiθ),

which on using (4.1) gives,

|DαP (eiθ)| ≤ |nP (eiθ)− eiθP ′(eiθ)|+ |α||P ′(eiθ)|
= |Q′(eiθ)|+ |α||P ′(eiθ)|. (4.2)

Now for γ ≥ 1 andβ, δ ∈ C with |δ| ≤ 1 and realt, we have by Minkowski’s inequality,

{∫ 2π

0

∣∣∣S1 + eit
∣∣∣
γ
dt

∫ 2π

0

∣∣∣eiθDαP (eiθ) + δmn

( |α| − 1
1 + S1

)
+ nβ

( |α| − 1
1 + S1

)
P (eiθ)

∣∣∣
γ
dθ

} 1
γ

=
{ ∫ 2π

0

∫ 2π

0

∣∣∣S1 + eit
∣∣∣
γ∣∣∣eiθDαP (eiθ) + δmn

( |α| − 1
1 + S1

)
+ nβ

( |α| − 1
1 + S1

)
P (eiθ)

∣∣∣
γ
dθdt

} 1
γ

≤
{ ∫ 2π

0

∫ 2π

0

∣∣∣S1 + eit
∣∣∣
γ∣∣∣eiθDαP (eiθ) + δmn

( |α| − 1
1 + S1

) ∣∣∣
γ
dθdt

} 1
γ

+ n|β|(|α| − 1)
{ 2π∫

0

2π∫

0

∣∣∣∣
S1 + eit

1 + S1

∣∣∣∣
γ∣∣∣P (eiθ)

∣∣∣
γ
dθdt

} 1
γ

≤
{ ∫ 2π

0

∫ 2π

0

∣∣∣S1 + eit
∣∣∣
γ∣∣∣eiθDαP (eiθ) + δmn

( |α| − 1
1 + S1

) ∣∣∣
γ
dθdt

} 1
γ

+ n|β|(|α| − 1)(2π)
1
γ

{ 2π∫

0

∣∣∣P (eiθ)
∣∣∣
γ
dθ

} 1
γ

. (4.3)

Recall thatP (z) = a0 +
∑n

j=µ ajz
j 6= 0 in |z| < k, k ≥ 1, by Lemma1, we have for

0 ≤ θ < 2π,

S1|P ′(eiθ)| ≤ |Q′(eiθ)| −mn,
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which is equivalent to

S1

{
|P ′(eiθ)|+ mn

1 + S1

}
≤ |Q′(eiθ)| − mn

1 + S1
.

This gives by takingq = |Q′(eiθ)|, p = |P ′(eiθ)|, h = mn
1+S1

, x = S1 ≥ 1 andy = |α| ≥ 1 in

Lemma 3, we get fort real that
{(

|Q′(eiθ)| − mn

1 + S1

)
+ |α|

(
|P ′(eiθ)|+ mn

1 + S1

)}
|S1 + eit|

≤ (S1 + |α|)∣∣|Q′(eiθ)|+ eit|P ′(eiθ)|∣∣. (4.4)

On applying (4.2) and (4.4), we get for eachγ ≥ 1 andt real,

2π∫

0

∣∣∣S1 + eit
∣∣∣
γ
dt

2π∫

0

[∣∣∣DαP (eiθ)
∣∣∣ + mn

( |α| − 1
1 + S1

)]γ

dθ

=

2π∫

0

2π∫

0

∣∣∣S1 + eit
∣∣∣
γ
[∣∣∣DαP (eiθ)

∣∣∣ + mn

( |α| − 1
1 + S1

)]γ

dtdθ

≤
2π∫

0

2π∫

0

∣∣∣S1 + eit
∣∣∣
γ[
|Q′(eiθ)|+ |α||P ′(eiθ)|+ mn

( |α| − 1
1 + S1

) ]γ
dtdθ

=

2π∫

0

2π∫

0

∣∣∣S1 + eit
∣∣∣
γ
[(
|Q′(eiθ)| − mn

1 + S1

)
+ |α|

(
|P ′(eiθ)|+ mn

1 + S1

)]γ

dtdθ

≤ (S1 + |α|)γ

2π∫

0

2π∫

0

∣∣∣|Q′(eiθ)|+ eit|P ′(eiθ)|
∣∣∣
γ
dtdθ. (4.5)

Observe that for everyγ ≥ 1 anda, b ∈ C with t real, we have
∫ 2π

0

∣∣a + eitb
∣∣γdt =

∫ 2π

0

∣∣|a|+ eit|b|∣∣γdt. (4.6)

Inequality (4.5) gives with the help of (4.6) and Lemma4 for eachγ ≥ 1, t real and|α| ≥ 1,

2π∫

0

∣∣∣S1 + eit
∣∣∣
γ
dt

2π∫

0

[∣∣∣DαP (eiθ)
∣∣∣ + mn

( |α| − 1
1 + S1

)]γ

dθ

≤ (S1 + |α|)γ

∫ 2π

0

∫ 2π

0

∣∣∣Q′(eiθ) + eitP ′(eiθ)
∣∣∣
γ
dtdθ

≤ (S1 + |α|)γ2πnγ

∫ 2π

0

∣∣∣P (eiθ)
∣∣∣
γ
dθ, (4.7)
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which on raising the power1γ on both sides after using the obvious inequality for|δ| ≤ 1,

∣∣∣∣eiθDαP (eiθ) +
(|α| − 1)δmn

1 + S1

∣∣∣∣ ≤ |DαP (eiθ)|+ (|α| − 1)mn

1 + S1
,

in (4.3) gives (2.1) and this completes the proof of Theorem 1.

PROOF OFTHEOREM 2 : By hypothesisP (z) = anzn +
∑n

j=µ an−jz
n−j , 1 ≤ µ ≤ n, has all

its zeros in|z| ≤ k, k ≤ 1 anda0 6= 0. Therefore, the polynomialQ(z) = znP
(

1
z

)
of degreen has

no zeros in|z| < 1
k , 1

k ≥ 1. Applying inequality (4.7) toQ(z), we get for every complex numberα

with |α| ≥ 1 andγ ≥ 1,

{ 2π∫

0

[∣∣∣DαQ(eiθ)
∣∣∣ +

m′n(|α| − 1)
1 + S′(1)

]γ

dθ

} 1
γ

≤ n
(|α|+ S′(1)

)
Cγ

(
S′(1), µ

){ 2π∫

0

∣∣∣Q(eiθ)
∣∣∣
γ
dθ

} 1
γ

, (4.8)

where

m′ = min
|z|= 1

k

|Q(z)| = min
|z|= 1

k

∣∣∣∣∣z
nP

(
1
z

)∣∣∣∣∣ =
1
kn

min
|z|=k

|P (z)| = m

kn
,

S′(1) =
1

kµ+1

{ µ
n

( |an−µ|
|an|−m′

)
1

kµ−1 + 1

µ
n

( |an−µ|
|an|−m′

)
1

kµ+1 + 1

}

=
µ|an−µ|+ n

(|an| − m
kn

)
kµ−1

µ|an−µ|kµ−1 + n
(|an| − m

kn

)
k2µ

=
1

A1
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and

Cγ(S′(1), µ) = Cγ

(
1

A1
, µ

)

=
{

1
2π

2π∫

0

∣∣∣∣
1

A1
+ eiφ

∣∣∣∣
γ

dφ

}−1
γ

= A1

{
1
2π

2π∫

0

|1 + A1e
iφ|γdφ

}−1
γ

= A1

{
1
2π

2π∫

0

∣∣∣A1 + eiφ
∣∣∣
γ
dφ

}−1
γ

= A1Cγ(A1, µ).

Using these observations and|Q(eiθ)| = |P (eiθ)| for 0 ≤ θ < 2π in (4.8), we obtain for|α| ≥ 1

andγ ≥ 1, that

{ 2π∫

0

[∣∣∣DαQ(eiθ)
∣∣∣ +

mn(|α| − 1)A1

kn(1 + A1)

]γ

dθ

} 1
γ

≤ n(|α|A1 + 1)Cγ(A1, µ)
{ 2π∫

0

∣∣∣P (eiθ)
∣∣∣
γ
dθ

} 1
γ

. (4.9)

It is easy to verify (for example, see [1]), that for|α| 6= 0,

|DαQ(eiθ)| = |α|
∣∣∣D 1

α
P (eiθ)

∣∣∣ .

Using this in (4.9), we get for|α| ≥ 1 andγ ≥ 1,

|α|
{ 2π∫

0

[ ∣∣∣D 1
α
P (eiθ)

∣∣∣ +
mn

(
1− 1

|α|
)

A1

kn(1 + A1)

]γ

dθ

} 1
γ

≤ n(|α|A1 + 1)Cγ(A1, µ)
{ 2π∫

0

∣∣∣P (eiθ)
∣∣∣
γ
dθ

} 1
γ

. (4.10)
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Replacing1
α by β so that|β| ≤ 1, we obtain from (4.10) that forγ ≥ 1,

{ 2π∫

0

[∣∣∣DβP (eiθ)
∣∣∣ +

mn(1− |β|)A1

kn(1 + A1)

]γ

dθ

} 1
γ

≤ n(|β|+ A1)Cγ(A1, µ)
{ 2π∫

0

∣∣∣P (eiθ)
∣∣∣
γ
dθ

} 1
γ

,

which on using for any|δ| ≤ 1,

∣∣∣∣eiθDβP (eiθ) +
mnδ(1− |β|)A1

kn(1 + A1)

∣∣∣∣ ≤
∣∣∣DβP (eiθ)

∣∣∣ +
mn(1− |β|)A1

kn(1 + A1)
,

gives (2.7) and this completes the proof of Theorem 2.
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