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In this paper, we establish some results on algebraic polynomials in the complex plane that are
inspired by some classical Bernstein-type inequalities that relate the sup-norm of a polynomial
to that of its derivative on the unit circle. The obtained results relatd thaorm of the polar
derivative and the polynomial.
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1. INTRODUCTION

Let P(z) := Z?:o a;jz’ be a polynomial of degree in the complex plane an#’(z) its derivative.
The study of Bernstein-type inequalities that relate the norm of a polynomial to that of its derivative
and their various versions are a classical topic in analysis. One basic result is ti#4t) ifs a
polynomial of degree, then on|z| = 1,
|P'(2)] < nmax [P(2)] (1.1)

The inequality (1.1) is a famous result due to Bernstein [4], who proved itin 1912. Later, in 1930
(see [5]), Bernstein revisited his inequality (1.1) and proved that, for two polynofalsandQ(z)
with degree ofP(z) not exceeding that ap(z) andQ(z) # 0 for |z| > 1, the majorizationP(z)| <
|Q(2)| on the unit circlelz| = 1 implies the majorization of their derivativé®’(2)| < |Q’(z)| on
|z| = 1. Itis worth mentioning that equality holds in (1.1) if and onlyAfz) has all its zeros at the
origin, so it is natural to seek improvements under appropriate assumption on the z&xas.off
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we restrict ourselves to the class of polynomigls) having no zero irjz| < 1, then (1.1) can be
replaced by

?g§Uf@nf;gFf§u%zn, (1.2)

whereas ifP(z) has no zeros ife| > 1, then

max |P'(2)] > = max |P(2)]. (1.3)
|z|=1 2 |z|=1

Inequality (1.2) was conjectured by Ersland later proved by Lax [13], whereas inequality (1.3)
is due to Tuan [21].

As an extension of (1.2) and (1.3), Malik [14] proved thaPifz) £ 0 in |z| < k, k > 1, then

P'(2)| < — max|P 1.4
max [P (z)| < 7 max|P(2)], (1.4)

whereas ifP(z) has all its zeros ifz| < k, k < 1, then

max [P/ ()| 2 - max | P(e)] (1.5)

In the literature, there already exists some refinements and generalizations of all the above in-
equalities, for example see Chan and Malik [7], Qazi [19], Gardner, Govil and Weems [10], Dewan,
Singh and Mir [8], Mir and Hussain [17] etc. By considering a more general class of polynomials
P(z) =ao+ 377, ajz’, 1 < p < n, notvanishing inz| < k, k > 1, Gardner, Govil and Weems
[10] generalized and sharpened inequality (1.4) and proved that

/ n
< - .
max|P(#)l < 775 {f?i}f‘P(Z)' m} (1.6)

where here and throughouit = min |, |P(z)| and

(1.7)

Y _laul -1
&:MHFJWWWL+?.
2

(5) ket 41
On the other hand, for the class of polynomi#léz) = a,2"™ + Z?:H an—;2"~J of degreen
having all its zeros inz| < k, k < 1, Aziz and Shah [2] strengthened (1.5) and proved that

P’ >
g}fg! (Z>\_1+ku

{maxyp(z)\ + } (1.8)

|z|=1 kn—#
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Different versions of these Bernstein and dithtype inequalities have appeared in the literature in
more generalized forms in which the underlying polynomials are replaced by more general classes of
functions. The one such generalization is moving from the ordinary derivative to their polar deriva-
tive. Before mentioning few such generalizations of the said inequalities, let us first introduce the
concept of the polar derivative involved. For a polynonidk) of degreen, we define

Do P(z2) :==nP(z) + (a — 2)P'(2),

the polar derivative oP(z) with respect to the point. The polynomialD, P(z) is of degree at most
n — 1 and it generalizes the ordinary derivative in the sense that

lim {DaP(z)} = P'(2),

a—00 «
uniformly with respect to: for |z| < R, R > 0.

Aziz [1] was among the first to extend some of the above inequalities by replacing the derivative
with the polar derivative of polynomial. In fact, in 1988, Aziz [1] proved thaPit:) is a polynomial
of degreen andP(z) # 0in |z| < k, k > 1, then for any complex humber with |«| > 1,

wax DoP(2)] < (195 ) max o). (1.9)

If we divide both sides of (1.9) byx| and makga| — oo, we get (1.4).

The latest research and development on this topic can be found in the papers [11, 15-18, 22,
23]. In 2009, Dewan, Singh and Mir [8] extended (1.6) to the polar derivative of a polynomial and
obtained that ifP(z) = ag + Z?:u ajz’,1 < p < n,is a polynomial of degree having no zeros in
|z| < k, k> 1, then for any complex numberwith |a| > 1,

max |DaP(2)| < Hsl{(!a! + 81 max |P()] — (la] - 1) in \P<z>r}, (1.10)

wheresS; is defined by formula (1.7).

As a generalization of (1.8), Dewan, Singh and Mir in the same paper proved tRét )if =
anz™ + Z?:M an—;z" 7,1 < p < n, ag # 0, is a polynomial of degree having all its zeros in
|z| <k, k <1, andg is any complex number witfg| < 1, then

k415 1—1p| :
ﬁiﬁ(mﬁp(?«’” < n( g > ‘gl'i)ldp(z)’ -n (k”‘“(l—i—k“)) |IZI‘11:I]1€\P(Z)’- (1.11)



1360 ABDULLAH MIR

As mentioned earlier, Bernstein and @ortype inequalities have been extended and generalized
in different domains, different norms and for different classes of functions. Zygmund [24] extended
the Bernstein-inequality (1.1) t6”-norms of P(z) as

21 1 - .
{/‘Pl(eze)‘wdﬁ} gn{o/‘P(ew)"ydO} Ly > 1.

0

As an extension of (1.2) th”-norms, de-Bruijn [6] proved an analogue of Zygmund'’s result for
the class of polynomials not vanishing|ifj < 1. Govil and Rahman [12] generalized and sharpened
the inequality due to de-Bruijn for polynomials of degreeot vanishing inz| < k, k > 1 and for
any~ > 1. Gardner and Weems [9] not only generalized the above result of Govil and Rahman to
Lucanary-tpye of polynomials but also showed that it holdsOfet v < 1 as well. The author is
curious to know how the above mentioned inequalities in the sup-norm especially (1.10) and (1.11),
as well as some other inequalities, can be obtained from geb&mbrm inequalities. Indeed, this
paper is mainly motivated by the desire to establish some more general Zygmund-type inequalities
for polynomials with restricted zeros. Our method of proof may be quite different from the previous
methods and the results obtained here derive polar derivative analogues of some classical Bernstein-
type inequalities for the sup-norm on the unit circle as well.

2. MAIN RESULTS

Here, we first prove the following Zygmund-type integral inequality for polynomials not vanishing

in a disk. Our result in particular gives tlig'-analogue of (1.10) and other related inequalities. As
special cases, some known inequalities that relate the sup-norm of the derivative of a polynomial on
the unit circle to that of the polynomial itself, follows as consequences from this result.

Theoreml — If P(z) = ap + Z?:u a;z’,1 < pu < n, is a polynomial of degree having no
zeros in|z| < k, k > 1, then for any complex numbets (3, § with |« > 1, |§| < 1and~y > 1,

27 1
e’ Dy P(€’ mn jof — 1 n la| —1 i £t
{O/ D P( 9)+ 5( )+ 5( )P( 9)‘vd9}

1+ 5 1+ .5
2 1
< nf el + 81) + 1910al = D}y 510 [P a0} ey
0
where

1

27
LY
Cy(S1, 1) = /\Swezt ath
0

2
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and S is as defined by formula (1.7).
Takings = 0 in Theorem 1, we get the following generalization of (1.10).

Corollary 1 — If P(2) = ag + Z?:“ a;jz’, 1 < p < n, is a polynomial of degree having no
zeros in|z| < k, k > 1, then for any complex numbets ¢ with |a| > 1, |§] < 1andy > 1,

21 1
i0 oy, mn(lal =18 7
{/e DQP(6)+—1+31 do

0

27 1
oY
gn(!aHSl)Ow(sl,u){ / P de}”, (2.2)

0

whereC, (S1, 1) is as defined in Theorem 1 asdl is defined by formula (1.7).

Remark? : If we divide both sides of (2.2) blyv| and letja| — oo, we get a result of Mir, Dewan
and Singh ([16], Theorem 1).

If we lety — oo in (2.2), noting that”, (S, ) — ﬁ and choose the argumentdbuitably
with |5| = 1, we get (1.10). If we do not have the knowledgenah ., | P(z)|, we get as special
cases from Corollary 1 the following polar derivative analogues of some integral inequalities due to
Gardner and Weems [9].

Corollary 2 — If P(z) = ao + >_7_, ajz’, 1 < p < n,is a polynomial of degree having no
zeros in|z| < k, k > 1, then for any complex number with |o| > 1 andy > 1,

o 1 27 1
{/‘Dap(ew)‘”de}” gn(|ay+50)07(50,u){/‘P(ew)‘”de}", (2.3)
0 0

T |
krtl+1

where

ap
ao

— (%)

ap
ao

27
andC:, (So, 1) — {; 15 +ez’twdt} ’
0

Remark3 : If P(z) = ag + >_j_, a;27 # 0in[z| < k, k > 1, then (see [19]f;| 2 [k* < 1,
which can also be taken as equivalensto> k*. Takinga = |a] > 1,b = Sy, ¢ = k* in Lemmaz2,
we get for eachy > 1,

la] + S || + K+

<

{ 02” |So + et|” dt}v { f02“ |kr 4 eit]” dt}

Jun
|=

~
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Thus, from Corollary2, we get the following result.

Corollary 3 — If P(2) = ag + Z?:# ajz’, p > 1,is a polynomial of degree having no zeros
in |z| < k, k > 1, then for any complex number with |a| > 1 andy > 1,

{0

D&P(ei@)]”oza}i < n(la| + k“)Cv(k:,u){ /Ozﬂ P(ew)‘vdﬁ}i, (2.4)

where

—1

1 o " it K
Cy(ky ) = o ) |k e Tdty

Remark4 : Dividing both sides of (2.3) and (2.4) by| and let|a] — oo, we get respectively
Theorenm?.1 and Corollary2.2 of Gardner and Weems [9].

If we taked = 0 in Theorem 1, we get the following generalization of a result due to Mir and
Wani [18].

Corollary4 —If P(z) = ag+>_7_, ajz?, 1 < p < n,is apolynomial of degree andP(z) # 0
in|z| <k, k> 1, then for any complex numbees [ with |a| > 1 andy > 1,

27 1
{/‘eieDaP(ew) +ng <|fLSi> P(ew)PdH}7
0

2 1
< nf ol + 81) + 1910al - D}y S0 [ [P a0}” 25)
0

whereC, (51, 1) is as defined in Theorem 1 asd is given by formula (1.7).

Remarlks : Fork = . = 1, the above corollary reduces to a result of Mir and Wani [18]. Dividing
both sides of (2.5) byn| and let|a| — oo, we get the following result.

Corollary 5 — If P(z) = ag + Z?:M ajz?, 1 < p < n,is a polynomial of degree having no
zeros in|z| < k, k > 1, then for any complex numbegrandy > 1,

2 1
{/’€i9P1(6i9)+ n/B ‘P(ei@)"yde}AY
0

1+.5;

2 1
< (|| + sl>cy<sl,u>{ / !P<ei9>}”de}ﬁ (2.6)
0

whereC, (S1, 1) is as defined in Theorem 1 agl is given by formula (1.7).
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Remarké : The above inequality (2.6) generalizes a result of Mir and Wani [18] and some in-
equalities obtained by de-Brujin [6] as well as Rahman and Schmeisser [20].

As an application of Corollary 1, we get the following Zygmund-type integral inequality for
polynomials having all zeros in a closed disk involving the polar derivative.

Theorem2 — If P(z) = anz™ + Z;."‘:” an—;2"9, 1 < p < n, ap # 0, is a polynomial of
degreen having all zeros inz| < k, k < 1, then for any complex numbefs § with |3 < 1, || < 1
andy > 1,

21

1
~ o O(L—|B)mnA " 15
10 0
DgP
{/e PP+ S|
0
27 1
. Y el
<nllal + 400, (nwd [ [P as} @)
0
where
Ay — "llanl = 35) K%+ plan—ylk
n (Jan| = ) k41 + prlan—y|
and

27

1 .
Cy(Ar,p) = {%/‘z‘h + €'?
0

v Y5
d¢}.

Makingy — oo in (2.7) and choosing the argumentakith |§| = 1 and noting tha€, (A1, i) —

ﬁ, we get the following refinement of (1.11).

Corollary 7 — If P(z) = a,z™ + Z?:“ an—;2"9, 1 < u < n, ap # 0, is a polynomial of

degreen having all zeros inz| < k, k < 1, andg is any complex number withg| < 1, then,

max |DgP(z)| < nM ax |P(z)| — nAi(1 -~ |5l)

, 2.8
|z|=1 - 1+ A1 |z=1 kn(l + Al) mn (2.8)

whereA; is as defined in Theorem 2.

Remark7 : It is easy to verify, for example by the derivative test, that for eyewith || < 1,

the function(‘f'%) max|.— |P(2)] — if}a'ﬂg miny, | |P(2)|, is @ non-decreasing function of

If we combine this with the facd; < k*, that follows by Lemma 5, we get (1.11) from (2.8). If we
takes = 0in (2.8), we get foriz| = 1,

nP(2) — 2P'(2)] < "L max [P(2)] — — A

- 2.9
T 14+ A z=1 En(14 Ay) (2.9)
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Let zo be on|z| = 1 be such thatnax,|—; |P(z)| = |P(20), then from (2.9), we get

A
P >_ " P mnaL
0P o)l 2 | max P +

(2.10)

Sincemax|,—; |P'(2)| > |P'(20)| and it is well known (see inequality (1.17) in [8]) that

m
gll&gIP(Z)l 2

we get from (2.10) that

, n m
e P2 > 1 e PO + 1

n(kt* — Ay) m
TR P - 2.1

Clearly (2.11) is a refinement of (1.8) in view of Lemma 5.
3. LEMMAS

We need the following Lemmas to prove our theorems.

Lemmal —If P(z) = ap + Z;'l:u a;jz’,1 < u < n,is aa polynomial of degree not vanishing
in|z| <k, k>1andQ(z) = 2"P (1), then for|z| = 1,

z

S11P'(2)] < 1Q'(2)| — nm,

whereS; is defined by formula (1.7).
The above lemma is due to Gardner, Govil and Weems [10].
The following lemma is due to Govil and Kumar [11].

Lemma2 —Ifa >1,b> ¢ > 1andy > 0, then

a+b < a+c

2w L-
. Y
{ [ le® +c|7d9}
0

2 ) ~
{f |el9+b\7d9}
0

Lemma3 — Letp, g be any two positive real numbers such that 1) > (p+ h)x, whereh > 0
andz > 1. If gis any real number such that< 5 < 27, then

[(g—h) + (p+ h)yllz + €] < (x +y)lg + pe®|, (3.1)
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foranyy > 1.

PrRoOOF oFLEMMA 3: For h = 0, the above lemma was recently proved by Govil and Kumar
[11]. Hence, assume that> 0. We have for real numbet,

2 22 4+ 1+ 2zcos3

- g% + p? + 2pqcos3’

x+ e
q + pe'”

It is easy to see that the hypothe&js— k) > (p + h)x with A > 0 andz > 1 imply ¢ > px and
gr > p. Therefore
22 4+ 14 2zcos3
q? + p? + 2pqcos3’
is a non-decreasing function of gpand hence

2

x+ e 2+ 1+ 2z _<x+1>2
q+pef| ~ ¢2+p*+2pg \q+p)’
which implies
x+ e r+1
q+pe?| = qg+p

Again, by using(¢ — h) > (p + h)x andy > 1, one can easily check that

x+1< r+y
q+p ~ q+py+(y—1)h
Thus we have
z + e
q + pe'®

T4y
T (a—h)+(p+h)y’
which is (3.1) and this completes the proof of Lemma 3.

Lemmad — If P(z) is a polynomial of degree andQ(z) = 2" P (%) then for everyy > 0 and
G real,

2m 2w 2
/ / Q%)+ P/()|" dodp < 2mn7 / [P a.
0 0 0

The above lemma is due to Aziz and Shah [3].

Lemmab — If P(z) = anz" + >0, an—;2"7, 1 < pu < n,is a polynomial of degree having
all zeros in|z| <k, k <1, then
Al < kl"



1366 ABDULLAH MIR

whereA; is as defined in Theorem 2.

The above lemma is due to Dewan, Singh amd Mir [8].

4. PROOFS OF THETHEOREMS

PROOF OF THEOREM 1 : By hypothesisP(z) = ag + Z?:uajzj #0in|z| <k, k> 1.If

Q(z) = z"P(1), thenP(z) = 2"Q(2) and it can be easily verified that for< ¢ < 2r,

nP(eie) — eiGP'(ew) = ei(”_l)em. 4.1)

For any complex number and0 < 6 < 27, we have
Do P(e?) = nP(e?) + (a — ) P'(e%),
which on using (4.1) gives,
[DaP(e”)] < [nP(e') — P ()] + |a|[P'(e")]

= Q" ()] + |al|P'(c”)]. (4.2)

Now for~y > 1 andg, § € C with |§| < 1 and reak, we have by Minkowski’s inequality,

2 21 5
{ / 7dt/ e’ Dy P(e) 4+ dmn (]04—1) + n6<W>P(€w)‘7d9}
0 0

S it
e 1+ 5

or o o A o — 1 o] — 1 . 5
= S+ €| D, P(e) + 6 < > ( >P i d9dt}
{/0 /0 1+e" e (€"”) 4+ omn 115, +np 115, (e )‘
< {/%/27r S1+ et ! D P(eie)—l—&rm(‘a‘ _1> ’Wdé?dt}i
>~ 0 0 1 «@ 1+Sl

Y

‘P(eﬂ'@)‘”dedt}i

21 2w
Si+ €'t
walaital-n{ [ [ 1355
0 0

27 27 L
it| 7| o if la| =1 7 K
g{/o /0 S1+ €| e DyP(e )+(5mn<1+81>‘d9dt}
21 1
+ nlB|(|a] —1)(2@#{/)13(@@'9)‘%9}”. (4.3)
0

Recall thatP(z) = ag + Z;’:uajzj # 01in |z| < k, k > 1, by Lemmal, we have for
0<6<2m,

S1IP'(e)] < 1Q'(e")] — mn,
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which is equivalent to

mn mn

/(10 < 10 (| — )
s{IPEenl+ s b < el -

This gives by taking; = [Q'(¢"?)[, p = |P'(¢”)|, h = 5%, « = 51 > landy = || > 1in
Lemma 3, we get fot real that

{ (1= 20 ) il (1P + 120 ) s+ e
< (81 + ) |Q'(e)] + " P (@4

On applying (4.2) and (4.4), we get for eagh> 1 andt real,
2

2

it i0 laf = 1\]”
/’S1+e dt/ UDQP(e )’—l—mn <1+Sl>] do
0 0

. . -1 v
Si+ e ! “DQP(GZO)‘ +mn (ﬂ_ 5 >] dtde
1

o
3

AN
St Oy O

3

S1+ | [1Q(e)] + [all P'()] + mn ('ﬂ;) |"atas

3

. . ) vy
S+ el K@'(ewn TS > +af <|P’(e’9)! g )} dtdo
1 1

2w 2w

gwruaw//ﬁa@%uwﬂﬁw%me. 4.5)
0

0

Observe that for every > 1 anda, b € C with ¢ real, we have
27 ) 27 )
/ \a+e”b\”dt=/ |lal + e [b]|"dt. (4.6)
0 0

Inequality (4.5) gives with the help of (4.6) and Lemméor eachy > 1, ¢t real andla| > 1,

27 21

it]7 i0 la] = 1\]”
/‘Sl—l—e dt/“pap(e )‘+mn<1+sl>] 4o
0 0

27 27
<@l [ f
0 0

2T
< (51 + \a|)727m'7/
0

Q' () + e P () \”’dtde

P(e”)‘vde, (4.7)
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which on raising the poweif on both sides after using the obvious inequality|fgr< 1,

la| — 1)dmn

i oy, ( (Ja| = 1)mn
e Do P(e”) + 75 _—

< |D,P(e"
< Do P(e”)] + 75

in (4.3) gives (2.1) and this completes the proof of Theorem 1.

PROOF OFTHEOREM 2 : By hypothesisP(z) = an2" + > 0, an—;z2"7, 1 < p < n, has all

its zeros in|z| < k, k < 1 andag # 0. Therefore, the polynomi&)(z) = 2" P (%) of degreen has
no zeros inz| < 1, + > 1. Applying inequality (4.7) taQ(z), we get for every complex number
with |a| > 1 andy > 1,

2

)

0
2

< n (ja] + (1)) ¢, (S'(1), ) { / \Q(eie)‘”de}”, (4.8)
0
where
n LA i min _m
' = min [Q(3)] = min |-"P ()‘ — 4 min [P(2)] = .

_ plan—pl +n (|an‘ - k:mn) fr !
filan—pkF=1 +n (|an| — £) k2
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and

e
d¢}

1
C(S'(1), ) = O, (Aw)
1
i
. — i
{27‘(’/’141 —|—€
0
27 —1
:A1{1/11+Alei¢nd¢} i
27
0

27 -1
:Al{l/(Al + el dez)} !
2

0
— A4Cy (A, p).

Using these observations af@(e?)| = |P(e?)| for 0 < 6 < 2 in (4.8), we obtain fofa| > 1
andy > 1, that

2

([l =] of

0
2

< nllalar + 1, (n ] [ || ao}” (4.9

0

2=

It is easy to verify (for example, see [1]), that for] # 0,

DaQ(e”)| = [al | D1 ().

1
@

Using this in (4.9), we get foe| > 1 andy > 1,

Ial{7

0

ol

k‘n(l + Al)

mn(l—2+)A
(1= ) A

‘D P(ew)‘ n

1
@

21

=

Rt
dﬂ}
5

gn(|a|A1+1)07(141,“){/‘13(8@‘9)‘%9} : (4.10)
0

1369
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Replacing% by (3 so that|3| < 1, we obtain from (4.10) that foy > 1,

27 1
([l =ici23m] o
2T

Sn(!ﬁ\+A1)CV(A1,u){/)p(eie)‘vde}ﬁ

0

=

which on using for anyd| < 1,

mnd(1 — |5]) Ay
k(14 Aq)

mn(1 —[8]) A1
kn(l+ Ap)

e DyP(e) + < |DaP(e?)| +

gives (2.7) and this completes the proof of Theorem 2.
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