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The aim of this work is to study the blow-up result for a Léusystem of viscoelastic equation

with variable-exponent nonlinearities and strong damping. Under some suitable conditions on the
coefficients, memory term and initial data, we proved a global nonexistence result for the weak
solution with positive initial energy.
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1. INTRODUCTION AND PRELIMINARIES

Let 2 be a bounded domain IR™ with a smooth boundarg$2. We consider the following initial and
boundary value problem:

t
Ugt — D (o)t — Aug + / g(t — 7)Au(T)dT + h(x,t,u, Vu) — BAu,
0

= (z)p(m) (u), zet>0 (1.2)
u(z,t) =0 x€INt>0 (1.2)
u(z,0) = up(z), w(z,0)=wui(x), x €l (1.3)

whereA, .,y denotes the variable-exponent elasticity operator, which is the differential operator
defined by

Ap ozt = pAu + (a+ p)V(div u) + dw(’vu|m(:c)72vu)7
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« andy are the Laréd constants which satisfy the following conditions
w>0, a+pu>0.

Als0 ¢y, (2) = |z|P(®)=22. Here, [ is a positive constant and the exponemts) andyp(.) are
given measurable functions éhsuch that:

(A1)
2<m” <m(z) <m*
2<p” <plz) <p*
with
m” = essinf,cgm(z), m" = esssup,.gm(z),
p = essinf,gp(x), pt = esssup, cqp(T).

In addition,g(t) andh(z, ¢, u, Vu) are functions satisfying the following conditions:

(A2) The kernel of memoryg : R — R, is a differentiable and non-increasing function
satisfying

+oo
g(0) >0, p-— / e Mg(s)ds =1> 0,
0
for some positive\.

(A3) h(z,t,u, Vu) is a function that satisfies
|h(z,t,u, Vu)| < My|u| + Ma|Vul,

for some positivell;, Ms.

Before going any further, it is worth pointing out some classical results. In bounded domains,
there is an extensive literature on the existence, asymptotic behaviour and nonexistence of solution
for the following equation

up — Au+ h(u) = f(u), in Q x (0,+00)

In the absence of the source term i.g¢. € 0), it is well known that the damping terna(u,)
assures global existence and decay of the solution energy for arbitrary initial data (see [15, 16]). In
contrast, in the absence of the damping term, the source term causes finite-time blow-up of solutions
with a large initial data (negative initial energy) (see [5]). The interaction between the damping term
and the source term was first considered by Levine [19] in the linear damping @ase= au,; and
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a polynomial source term of the forfi{u) = bju|®~?u. He showed that solutions with negative
initial energy blow up in finite time (see also [20]). Georgiev and Todorova [13] extended Levines
result to the nonlinear damping cas:;) = a|u| ™2 u,; with Dirichlet boundary conditions. They
showed that solutions with negative energy continue to exist globally in timeifp > 2 and blow

up in finite time ifp > m > 2 and the initial energy is sufficiently negative.

In another study, the following m-Laplacian fourth-order equation with dissipative boundary con-
dition was examined by Shahrouzi [26]

ug + Al(ag + a|Au|™"?)Au] — bAuy = g(x, t,u, Au) + [ulP"2u, z€Q, t>0,

u(z,t) =0, Au(z,t) =—codyu(z,t), z €I, t>0,
u(x,0) = up(z), w(x,0)=ui(x), x €.

He showed that whep > m + 1 > 3, there are solutions which blow up in finite time with
positive initial energy. In all of these papers, the authors obtained the global existence and the finite
time blow up of solutions by potential well theory combined with Galerkin method and concavity
method.

Itis known that viscoelastic materials show natural damping properties, which is due to the special
property of these substances in keeping memory of their past history. From mathematical point of
view, these damping effects are modeled by integro-differential operators. But modeling of some
physical phenomena such as flows of electro-rheological fluids, nonlinear viscoelasticity and image
processing give rise to equation with nonstandard growth conditions, that is, equations with variable
exponents of nonlinearities. These models include hyperbolic, parabolic or elliptic equations that are
nonlinear in gradient of the unknown solution and with variable exponents of nonlinearity. These
problems have largely been discussed by several authors in the last decades, and have made a lot
of progress. Fabrizio and Polidoro [21] studied the following equation with homogenous boundary
condition .

ug — Au + /0 gt —1)Au(r)dr +u; =0 in 2 x (0,00)

and showed that the exponential decay of the memory term is a necessary condition for the expo-
nential decay of the solution energy. Messaoudi [21] considered the following initial-boundary value
problem:

t
ug — Au —|—/ g(t — 8)Au(s)ds + |ug|™%uy = [uP~2u, in Q x (0, 400)
0

u(z,t) =0 on 0N
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u(x,0) = up(z), u(z,0)=wui(x), in Q

whereQ) was a bounded domain @ (N > 1) with smooth boundary2, m > 2, p > 2 and

g : RT — R was a positive nonincreasing function. He proved a blow up result for the solution
with the negative initial energy ip > m, and a global existence result for< m. Berrimi and
Messaoudi [8] considered the same problem without damping [tefffi-2w, and established a local
existence result fop > 2 and showed that the local solution was global and decays uniformly if the
initial data were small enough.

In the case of variable exponent, Antontsev Stanislav [4] discussed the following problem:
ug = div(a(z, t)|[VulPT"2Vu) + ol 4 b(a, t)|ul"@ =20 + f(z,t), € Q,t >0

u(z,t) =0, =€
’U,(.%',O):’U,()(JJ), ut(fI),O):’U/l(fE), T €

and proved the existence and blow up of weak solutions with negative initial energy under suitable
conditions on the functions, b, f, p ando.

Shahrouzi [25] has recently considered the nonlinear viscoelastic equation with variable-exponent
nonlinearities

t
wy — Au — div(|Vu|" @ V) 4+ / g(t — T)Au(r)dr + h(z, t,u, Vi) + fuy = [ulP®u,
0

under appropriate conditions, he proved a general decay result associated to solution energy. Itis also
shown that regarding arbitrary positive initial energy, solutions blow-up in a finite time. We refer the
interested reader to 22, 28].

Onthe other hand, Laérsystem has attracted considerable attention in recent years, where diverse
types of dissipative mechanisms have been introduced and several stability and boundedness results
have been obtained. Bisogrehal [9] established that the solutions of a system in elasticity theory
with a nonlinear localized dissipation decay in an algebraic rate to zero using some energy identities
associated with localized multipliers.

In [6] Bchatnia and Daoulatli studied behavior of the energy for solutions to a&lsststem on a
bounded domain with localized nonlinear damping and external force, that is

u(z,t) — Aeu(z, t) + a(z)g(u/(z,t)) = f(t, ) inQ x R,

u(z,t) =0 on 90 x R,
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u(z,0) = up(z) u'(2,0) = ui(x) on €.

Recently, Benianet al. [7] considered the following Lagnsystem with viscoelastic term and
strong damping imk?:

t
up + av — Aqu(x, t) + / g1(t — s)Au(zx, s)ds — 1 Aug(x,t) =0, in Q2 x (0, +00),
0

+

vy + au — Agv(x, t) + //gg(t — s)Av(z, s)ds — puaAve(x,t) =0, in 2 x (0, +00),

0
u(z,t) =v(x,t) =0 on 0N x (0, 4+00),

(u(a:,O),v(a:,O)) = (UO(QZ),U()({E)), (ut(x70)ﬂvt(x70)) = (u1($)7v1(x>) in Q.

They proved well-posedness of the problem by using Faedo-Galerkin method and established the
exponential decay of the energy by introducing a suitable Lyapunov functional. For more results on
the energy decay for the Ladrsystem with linear or nonlinear damping we refer the reader to [1-3,
14, 17] and references therein.

Motivated by the aforementioned works, in this paper, we try to extend the previous results from
constant-exponent nonlinearities to variable-exponent nonlinearities. Indeed, this paper provide the
sufficient conditions for the global nonexistence result to a variable-exponent kgatem with
strong damping term.

The rest of this paper is organized as follows. In Section 2, we recall some definitions and Lemmas
about the variable-exponent Lebesgue spd#e)(Q), the Sobolev spacdy'»()(Q), that be use
for main result. In Section 3, by using the modified concavity argument, the global nonexistence
of solutions for the problem (1.1)-(1.3) under the conditions of positive initial data and appropriate
domain for parameters is verified.

2. PRELIMINARIES

In order to study problem (1.1)-(1.3), we need some theories about Lebesgue and Sobolev spaces with
variable-exponents (for detailed, see [10, 27]). k@t) > 1 and measurable, we assume that

C+(Q) = {hlh € C(Q2), h(x) > 1 for any z € Q},
h™ = maxh(x), h~ =minh(x) forany h € C(f),
Q 9)

LP@(Q) = {u| u is a measurable real — valued function, / u(z)|P@ da < oo}.
Q
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We equip the Lebesgue space with a variable expoi&fit,(Q2), with the following Luxembourg-
type norm

= —_— < .

ey = it {2 > 0] /Q\ ez <1}

Lemma2.1 — [10, 27]. Let2 be a bounded domain iR"

(i) the space(LP(*)(), |. ) is @ Banach space, and its conjugate spade!i¥ (), where

& + 5ty = L Foranyu € LP()(Q) andv € L9()(), we have

1 1
}/qudx‘ < (pi =+ qf)”“”p(m)””“tz(w)‘

(i) If p,q € C(Q), ¢(z) < p(z) for anyz € Q, thenLP®)(Q) — L) (Q), and the imbedding
is continuous.

The variable-exponent Lebesgue Sobolev spéicé(®) (Q) is defined by
WP (Q) = {u € LP®)(Q) such that Vu exists and |Vu| € LP®)(Q)}.

This space is a Banach space with respect to the Hayy, 1) o) = [[ullp@) + [Vullpe)-
Furthermore, lefV; ") (Q2) be the closure o€3°(€) in W@ (Q). The dual of Wy "™ (Q) is
defined agv —1#'()(Q2), by the same way as the usual Sobolev spaces, V\g%gr& ﬁ =1

If we define

Np(z) +
p* (-T) = esssupmeﬁ(N—p(x))’ pT < N
00, p+ Z Na

then we have

Lemma2.2 — [10, 27]. LetQ2 be a bounded domain iR™ then for any measurable bounded
exponenip(z) we have

() W@ (Q) andW,*'") (Q) are separable Banach spaces;
(i) if ¢ € CL(Q) andg(z) < p*(x) for anyx € Q, then the imbedding
W) (Q) — L) (Q) is compact and continuous;

(¢4¢) if p(z) is uniformly continuous inf2 then there exists a constafit> 0, such that
1,p(x
lullpey < CllVull)  Yu € Wy ™™ ().

By (iii) of Lemma 2.2, we know that the spa@ﬁ&’p(m)(ﬁ) has an equivalent norm given by

[ullwro @) = IVullpe):-
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We sometimes use the Young’s inequality

/ 1 1
ab < Ba? +C(0,q)b?, a,b>0, 6 >0, §+E:1’ (2.1)

/

whereC (0, q) = %(Hq)*q? are constants.

The following lemma was introduced in [18]; it will be used in Section 3 in order to prove the
global nonexistence result (see also [23, 24]).

Lemma2.3 — Letyy > 0,c¢1,c2 > 0 andey + co > 0. Assume that)(t) is a twice differentiable

positive function such that

Y — (L+70)W']? 2 —2e19 — ca[y]?,
forallt > 0. If
$(0)>0 and  ¢'(0) + y2v5 1b(0) > 0,
then there exists a finite tinté&, such that

L ne(0) 0 (0)
2 C% + Yoc2 Y2¢(0) + 0%’ (0)”

1= —c1 + \/c% + Yoc2 and Yo = —C1 — \/C% + Yoc2.

For completeness we state, without proof, the existence result for the problem (1.1)-(1.3):(see [12,
22)).

P(t) — +oo as t—t" <t =

Here

Theorem2.4— (Local existence) Leiy € H}(Q) N WH™@)(Q) andu; € HY () N L*() be
given. Assume that (Al)-(A3) are satisfied; then the problem (1.1)-(1.3) has at least one weak solution
such that

u € L>((0,T), Hy (Q) n whm@)), ug € L=((0,T), Hy () N LA(Q)),

uy € L°((0,T), H2(Q) n Wy "™ (@),

where—- + L =1.

m(z)  m/(x)

3. GLOBAL NONEXISTENCE

As we mentioned earlier, in this section we shall prove the global nonexistence of solutions for ap-
propriate initial data. To prove the main result for positive initial energy, we assumed that:
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(B1)

such that for some, A > 0, m* —2 < § <p~ — 2. Also

Nm(z)
m* (m) = BSSSUpme;n(]:\Bffm(x))’ m*t <N
0, m*T > N.

In order to carry the proof of blow-up result, the following problem is obtained from (1.1)-(1.3)
whene*uv(z, ) is substituted fou(z, t):

vt + 220 + A0 — (A2 + BA + ) Av — Avy — (a + )V (div v)

t o~
—div (eMm(m)—?)t\wm@)—?v@) + / g1(t — 7)Av(7)dT + e Mh(t, v)
0

— 2\ + B) A, = APE=2DP@=2 iy Q) x (0, +00) (3.1)
v(z,t) =0, in 8Q x (0, +00) (3.2)
v(x,0) = up(x), v(x,0) =uy(z) — Mug(z), in Q. (3.3)
where
gi1(s) = e g(s), h(t,v) = h(z, t,eMv, eMVo), (3.4)

and the value of the parametewwill be prescribed later.

The energy function related with problem (3.1)-(3.3) is given by

5 eAMp(z)—2)t p(z)g 1[ -
)\(t)—/gp(g:)’v‘ T -5 (1), (3.5)

where
t
I(t) = [loell® + N2[Jol® + [ Voll® + (A2 + BA + 1 — /0 91(s)ds) || Vo> + (g1 * Vo)(t)

e)\(m(a:)—Q)t
+(a+ u)/ |div v)?dx + 2/ ——|Vu|"®@ e, (3.6)
Q o m(z)

and
t

(g1 VO)(t) = /O g1(t — )| Vo(t) - Vo(s)|Pds.

Now we are in a position to state our blow-up result as follows:
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Theorem3.1— Let the conditions (A1)-(A3) and (B1), are satisfied. AssumeHR&l) > 0 and
1 < p~ + 1. Also suppose that for ary> 0 and sufficiently large\:

M
A > max{—l, m*},
€

wherex* is a number that for alk > «* the following cubic polynomial is positive

2
3 2 M;
s(k) =K+ Br* + 1k "

Then there exists a finite tint& such that

lu(@®)|| + [|Vu(t)]] — 400 as t — t*. (3.7)

To prove the main result for positive initial energy, the following Lemma is required.

Lemma3.2 — Under the conditions of Theorem 3.1, the energy functidndk), defined by
(3.5), satisfies
Ex\(t) > Ex\(0) Vte RT. (3.8)

PrRoOOF: A multiplication of equation (3.1) by; and integrating oveR2 gives

Alm(z) - 2)

1
A(m(z)—2)t m(x) - 2
(@) e Vo™ dz + 2g(t)||VvH

By () = 2l - |
Q

L, /)\(p(x)—Q) A(p(z)—2 2

—Z(gy * V)(t) + | FE A A2 @) 42 gy
S VoW + [ S5 ]
+e M / vih(t, v)dz + (2 + B8)|| V|2, (3.9)
Q
using the condition (A2), we get

Alm(z) — 2)

m(x)

Ej\(t) = 2X\[Joe|* + (X + B) ||V |2 — /Q @) =20t 7y () g

+/ )\(p(l‘) — 2) e)\(p(x)72)t|v|p(x)+2dx
o px)

+e M / veh(t,v)dz. (3.10)
Q

Employing the last inequality, we obtain from (3.5) the following inequality for seme0

()\(p(l') - 2) - 5>€)\(p(m)72)t’v|p(w)dx + (2)\ + %)Hvt”Q

E\(t) —eE\(t) > / @

Q
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2
- )
+€)‘ HU||2+/ (5 A(Tn(x) ))e)\(m(czz)—Q)t|V,U|m(:z:)dm
2 Q

3 t g
4508483+ [ aa(s)ds) Vol + @A+ 5+ )Tl
0

+E(a+ ) / \div o2z + (g1 Vo) (1)
2 o 2

—I-e_M/ vih(t, v)da (3.11)
Q
Taking into account (A2) and the assumption (B1) on the expongmisandm(z), we deduce

Ef\(t)—aEA(t)Z[)\(p_—Q)—s]/Qp(lx)e( Doz + (20 + 5ol

2
5ol + e = Am* —2)]

eA(m(ac)—?)t ‘ Vv‘m(x)d.’lf
o m(z)

+§()\2 +BA+1)|| Vo + e)‘t/ vih(t, v)dz. (3.12)
Q
It is easy to verify that
_ A e M? M?2
e M| / veh(t,v)dz| < 2A + S)[loe)? + [0l + 2 Vol (3.13)

where (A3) and Young's inequality (2.1) have been used.

By virtue of (3.13), we obtain from (3.12) the following inequality

E\(t) — EA(t) > \(p~ —2) —¢] /Q p(l) A2t () g

1
+le —A m+ —2 / e)\(m(x)—z)t \VZ) m(x)dx

X2 M? M2
HE R ol + 207+ a1 - 12 [Vl (314)

Thanks to the hypothesises of Theorem 3.1, we get
E\(t) —eE\(t) > 0. (3.15)

Ex\(t) > et E,(0) > E\(0) is obtained from (3.15) and the proof of this Lemma is completedJ

PrROOF OFTHEOREM 3.1: For obtaining the nonexistence result, we set

P(t) = [lv]]> + Vo, (3.16)
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then
P (t) = 2/ vordx + 2/ VoVude,
Q Q

W' (t) = 2([|ve]|? + | Vo ||?) + 2/ v(vy — Avy)da.
Q

A multiplication of equation (3.1) by and integrating ovef2 gives

/v(vtt—Avtt)dajz—%\/vvtd:ﬂ—)\QHvHQ—(/\2+ﬂ)\+u)||VvH2
Q Q
—(oz+,u)/ |div U|2d1‘—/ek(m(x)_Q)qu\m(x)dx
Q Q

t
+/vi/o g1(t — 7)Vo(r)drdx — (2)\+B)/§2V1}V1}td:c

+/ e/\(p(a;‘)—Q)t‘U‘p(I)dx_e_)‘t/’UiL(t,U)dx.
Q Q

For anys > 0, we have
1
/ v(vy — Avy)dr = SE\(t) — 5/ 76’\(p(””)_2)t|v\p($)d:¢
Q o p(x)

4

5
+5/ OGOy 4l + 25— 1) o]
Q

m(z)

) 0 5 [t
5 ITulE 4[5 = DO+ 83+ = § [ (sl ol

—i—g(gl * Vo) (t) + (g —1)(a+ u)/ \div v|*dz — 2/\/ vurdx
Q Q

t
—/ e)‘(m(‘r)Q)t|Vv|m(x)da:+/ Vv/ g1(t — 7)Vou(r)drdx
Q Q 0
—(2X2+0) / VoVuda + / NP@) =2 |4 |P(@) gy
Q Q
—e_)‘t/viz(tjv)da:.
Q
According to (A1), (A2) and definition (3.16), we deduce
W"(t) > 20E\(t) +2(1 — ;_)/ AP@ =21 P@) g 4 A2(5 — 2)]Jv)?
Q

5
(0 ) /Q M@ -2 7@ g 1 (5 + 2) g2

+[(6 = 2) (X% + BX) + 8L = 24][Vo]|* + (6 + 2) | Ve |

(3.17)

(3.18)

1393
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+6(g1 * Vo) (t) — 2(2\ + 5) / VoVuide
Q
+(0 — 2)(a+ p) / \div v|*dz — 4)\/ vurdx
Q Q

t
+2/ Vv/ gl(t—T)VU(T)deZL'—2€_)\t/ vh(t,v)dz. (3.19)
Q 0 Q

Now if we choose) = p~ and apply (B1) then we arrive at
W (t) > 2p7 Ex(t) + (p~ + 2)([loel® + [IVeel?) + 22 (p~ = 2)|Jo]?
+(p~ = 2)(A2 + BA) +p 1 —2u]||Vv]|® = 2021 + ) /Q VoVuydz
+p (g1 * Vu)(t) + (p~ — 2)(a + p) /Q |div v|*dx — 4 /Q voyde
+2 /Q Vv /0 t g1(t — 7)Vo(r)drde — 2~ /Q vh(t,v)dz. (3.20)

Due to the conditions (Al),(A2) and Cauchy-Schwarz, Young’s inequalities, and the fact that
J5 g1(s)ds < [3° g1(s)ds = ju — 1, we obtain

4)\/ vvtd$+2(2)\+ﬁ)/ VoVudz < 22+ 8)Y (1), (3.21)
Q Q

t
—1
/W/ g1(t—7)Vo(r)drdz > LQ (g1 Vo) (t)—1[| Vo2,
Q 0

(3.22)
- 2 (P~ —=2)(BA+1) 2 M3 2
e /th(t,v)dx\ < . |Vol|? + <M1 t T l)>||v|| . (3.23)
By applying (3.21)-(3.23) into (3.20), we see that
W' (t) 2 2p7 Ex(t) + (7 + 2)(loel® + [Vorl?) + (07 — 2)A% = 24| Vo2
_ 2 M22 2
Hm = 2N = g By~ M) el
+(p™ = (p=1) (g1 Vo) (t) = (2A + B)Y' (1),
at this point by choosing sufficiently large andi < p~ + [, we deduce
W"(t) 2 27 Ex(t) + (07 + 2) (el + [V0el|?) — (22 + B)v' (). (3.24)

By using the Cauchy-Schwarz and Young’s inequalities, it can be clearly be observed that

1
(/ thdaj) (/ VUV’del’) < §(||vt\|2||Vv||2+ o]V ]|?), (3.25)
Q Q
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@' () < A(llvell® + [IVoel®) (v lI” + [V oll?). (3.26)

Taking into account (3.25), (3.26) and Lemma 3.2 in relation with (3.24) we get

p-+2
4

()Y (t) = 2p” Ex(t) + (W' (1)* — 2A + B) ()Y (t)

>p’+2
- 4

W ()% — (2X + B) () (1) (3.27)

By definition of(¢), (3.16) and sincé”, (0) > 0, it is easy to see that

0 < (0) < MWO%

for someug andu;.
Hence, we see that the hypotheses of Lemma 2.3 are fulfilled with

p-—2 20+ 0
= Cl1 = Co —
Y0 4 1 9 2 )

and the conclusion of Lemma 2.3 demonstrates that
lu@®)| + [Vu(®)|| — +oo as t — t*.
Since this system is equivalent to (1.1)-(1.3), the proof is complete.
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