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The aim of this work is to study the blow-up result for a Lamé system of viscoelastic equation

with variable-exponent nonlinearities and strong damping. Under some suitable conditions on the

coefficients, memory term and initial data, we proved a global nonexistence result for the weak

solution with positive initial energy.

Key words : Global nonexistence; variable-exponent; viscoelastic; Lamé system.
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1. INTRODUCTION AND PRELIMINARIES

Let Ω be a bounded domain inRn with a smooth boundary∂Ω. We consider the following initial and

boundary value problem:

utt −∆e,m(x)u−∆utt +
∫ t

0
g(t− τ)∆u(τ)dτ + h(x, t, u,∇u)− β∆ut

= φp(x)(u), x ∈ Ω, t > 0 (1.1)

u(x, t) = 0 x ∈ ∂Ω, t > 0 (1.2)

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω (1.3)

where∆e,m(x) denotes the variable-exponent elasticity operator, which is the differential operator

defined by

∆e,m(x)u = µ∆u + (α + µ)∇(div u) + div
(|∇u|m(x)−2∇u

)
,
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α andµ are the Laḿe constants which satisfy the following conditions

µ > 0, α + µ ≥ 0.

Also φp(x)(z) = |z|p(x)−2z. Here,β is a positive constant and the exponentsm(.) andp(.) are

given measurable functions onΩ such that:

(A1)

2 ≤ m− ≤ m(x) ≤ m+

2 ≤ p− ≤ p(x) ≤ p+

with

m− := essinfx∈Ωm(x), m+ := esssupx∈Ωm(x),

p− := essinfx∈Ωp(x), p+ := esssupx∈Ωp(x).

In addition,g(t) andh(x, t, u,∇u) are functions satisfying the following conditions:

(A2) The kernel of memory,g : R+ → R+, is a differentiable and non-increasing function

satisfying

g(0) > 0, µ−
∫ +∞

0
e−λsg(s)ds = l > 0,

for some positiveλ.

(A3) h(x, t, u,∇u) is a function that satisfies

|h(x, t, u,∇u)| ≤ M1|u|+ M2|∇u|,

for some positiveM1,M2.

Before going any further, it is worth pointing out some classical results. In bounded domains,

there is an extensive literature on the existence, asymptotic behaviour and nonexistence of solution

for the following equation

utt −∆u + h(ut) = f(u), in Ω× (0, +∞)

In the absence of the source term i.e. (f = 0), it is well known that the damping termh(ut)

assures global existence and decay of the solution energy for arbitrary initial data (see [15, 16]). In

contrast, in the absence of the damping term, the source term causes finite-time blow-up of solutions

with a large initial data (negative initial energy) (see [5]). The interaction between the damping term

and the source term was first considered by Levine [19] in the linear damping caseh(ut) = aut and
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a polynomial source term of the formf(u) = b|u|(p−2)u. He showed that solutions with negative

initial energy blow up in finite time (see also [20]). Georgiev and Todorova [13] extended Levines

result to the nonlinear damping caseh(ut) = a|ut|(m−2)ut with Dirichlet boundary conditions. They

showed that solutions with negative energy continue to exist globally in time ifm ≥ p ≥ 2 and blow

up in finite time ifp ≥ m ≥ 2 and the initial energy is sufficiently negative.

In another study, the following m-Laplacian fourth-order equation with dissipative boundary con-

dition was examined by Shahrouzi [26]

utt + ∆[(a0 + a|∆u|m−2)∆u]− b∆ut = g(x, t, u,∆u) + |u|p−2u, x ∈ Ω, t > 0,

u(x, t) = 0, ∆u(x, t) = −c0∂νu(x, t), x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω.

He showed that whenp > m + 1 > 3, there are solutions which blow up in finite time with

positive initial energy. In all of these papers, the authors obtained the global existence and the finite

time blow up of solutions by potential well theory combined with Galerkin method and concavity

method.

It is known that viscoelastic materials show natural damping properties, which is due to the special

property of these substances in keeping memory of their past history. From mathematical point of

view, these damping effects are modeled by integro-differential operators. But modeling of some

physical phenomena such as flows of electro-rheological fluids, nonlinear viscoelasticity and image

processing give rise to equation with nonstandard growth conditions, that is, equations with variable

exponents of nonlinearities. These models include hyperbolic, parabolic or elliptic equations that are

nonlinear in gradient of the unknown solution and with variable exponents of nonlinearity. These

problems have largely been discussed by several authors in the last decades, and have made a lot

of progress. Fabrizio and Polidoro [21] studied the following equation with homogenous boundary

condition

utt −∆u +
∫ t

0
g(t− τ)∆u(τ)dτ + ut = 0 in Ω× (0,∞)

and showed that the exponential decay of the memory term is a necessary condition for the expo-

nential decay of the solution energy. Messaoudi [21] considered the following initial-boundary value

problem:

utt −∆u +
∫ t

0
g(t− s)∆u(s)ds + |ut|m−2ut = |u|p−2u, in Ω× (0, +∞)

u(x, t) = 0 on ∂Ω
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u(x, 0) = u0(x), ut(x, 0) = u1(x), in Ω

whereΩ was a bounded domain ofRN (N ≥ 1) with smooth boundary∂Ω, m ≥ 2, p > 2 and

g : R+ → R+ was a positive nonincreasing function. He proved a blow up result for the solution

with the negative initial energy ifp > m, and a global existence result forp ≤ m. Berrimi and

Messaoudi [8] considered the same problem without damping term|ut|m−2ut and established a local

existence result forp > 2 and showed that the local solution was global and decays uniformly if the

initial data were small enough.

In the case of variable exponent, Antontsev Stanislav [4] discussed the following problem:

utt = div(a(x, t)|∇u|p(x,t)−2∇u) + α∆ut + b(x, t)|u|σ(x,t)−2u + f(x, t), x ∈ Ω, t > 0

u(x, t) = 0, x ∈ ∂Ω

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω

and proved the existence and blow up of weak solutions with negative initial energy under suitable

conditions on the functionsa, b, f, p andσ.

Shahrouzi [25] has recently considered the nonlinear viscoelastic equation with variable-exponent

nonlinearities

utt −∆u− div(|∇u|m(x)∇u) +
∫ t

0
g(t− τ)∆u(τ)dτ + h(x, t, u,∇u) + βut = |u|p(x)u,

under appropriate conditions, he proved a general decay result associated to solution energy. It is also

shown that regarding arbitrary positive initial energy, solutions blow-up in a finite time. We refer the

interested reader to 22, 28].

On the other hand, Laḿe system has attracted considerable attention in recent years, where diverse

types of dissipative mechanisms have been introduced and several stability and boundedness results

have been obtained. Bisogninet al. [9] established that the solutions of a system in elasticity theory

with a nonlinear localized dissipation decay in an algebraic rate to zero using some energy identities

associated with localized multipliers.

In [6] Bchatnia and Daoulatli studied behavior of the energy for solutions to a Lamé system on a

bounded domain with localized nonlinear damping and external force, that is

u′′(x, t)−∆eu(x, t) + a(x)g(u′(x, t)) = f(t, x) in Ω×R+,

u(x, t) = 0 on ∂Ω×R+,
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u(x, 0) = u0(x) u′(x, 0) = u1(x) on Ω.

Recently, Benianiet al. [7] considered the following Laḿe system with viscoelastic term and

strong damping inR3:

utt + αv −∆eu(x, t) +
∫ t

0
g1(t− s)∆u(x, s)ds− µ1∆ut(x, t) = 0, in Ω× (0, +∞),

vtt + αu−∆ev(x, t) +
∫ t

0
g2(t− s)∆v(x, s)ds− µ2∆vt(x, t) = 0, in Ω× (0, +∞),

u(x, t) = v(x, t) = 0 on ∂Ω× (0,+∞),

(u(x, 0), v(x, 0)) = (u0(x), v0(x)), (ut(x, 0), vt(x, 0)) = (u1(x), v1(x)) in Ω.

They proved well-posedness of the problem by using Faedo-Galerkin method and established the

exponential decay of the energy by introducing a suitable Lyapunov functional. For more results on

the energy decay for the Laḿe system with linear or nonlinear damping we refer the reader to [1-3,

14, 17] and references therein.

Motivated by the aforementioned works, in this paper, we try to extend the previous results from

constant-exponent nonlinearities to variable-exponent nonlinearities. Indeed, this paper provide the

sufficient conditions for the global nonexistence result to a variable-exponent Lamé system with

strong damping term.

The rest of this paper is organized as follows. In Section 2, we recall some definitions and Lemmas

about the variable-exponent Lebesgue space,Lp(.)(Ω), the Sobolev space,W 1,p(.)(Ω), that be use

for main result. In Section 3, by using the modified concavity argument, the global nonexistence

of solutions for the problem (1.1)-(1.3) under the conditions of positive initial data and appropriate

domain for parameters is verified.

2. PRELIMINARIES

In order to study problem (1.1)-(1.3), we need some theories about Lebesgue and Sobolev spaces with

variable-exponents (for detailed, see [10, 27]). Letp(x) ≥ 1 and measurable, we assume that

C+(Ω) = {h|h ∈ C(Ω), h(x) > 1 for any x ∈ Ω},

h+ = max
Ω

h(x), h− = min
Ω

h(x) for any h ∈ C(Ω),

Lp(x)(Ω) =
{

u| u is a measurable real− valued function,

∫

Ω
|u(x)|p(x)dx < ∞

}
.
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We equip the Lebesgue space with a variable exponent,Lp(x)(Ω), with the following Luxembourg-

type norm

‖u‖p(x) := inf
{

λ > 0
∣∣∣
∫

Ω
|u(x)

λ
|p(x)dx ≤ 1

}
.

Lemma2.1 — [10, 27]. LetΩ be a bounded domain inRn

(i) the space(Lp(x)(Ω), ‖.‖p(x)) is a Banach space, and its conjugate space isLq(x)(Ω), where
1

q(x) + 1
p(x) = 1. For anyu ∈ Lp(x)(Ω) andv ∈ Lq(x)(Ω), we have

∣∣
∫

Ω
uvdx

∣∣ ≤ ( 1
p−

+
1
q−

)‖u‖p(x)‖v‖q(x).

(ii) If p, q ∈ C+(Ω), q(x) ≤ p(x) for anyx ∈ Ω, thenLp(x)(Ω) ↪→ Lq(x)(Ω), and the imbedding

is continuous.

The variable-exponent Lebesgue Sobolev spaceW 1,p(x)(Ω) is defined by

W 1,p(x)(Ω) = {u ∈ Lp(x)(Ω) such that∇u exists and |∇u| ∈ Lp(x)(Ω)}.

This space is a Banach space with respect to the norm‖u‖W 1,p(x)(Ω) = ‖u‖p(x) + ‖∇u‖p(x).

Furthermore, letW 1,p(x)
0 (Ω) be the closure ofC∞

0 (Ω) in W 1,p(x)(Ω). The dual ofW 1,p(x)
0 (Ω) is

defined asW−1,p′(x)(Ω), by the same way as the usual Sobolev spaces, where1
p(x) + 1

p′(x) = 1.

If we define

p∗(x) =





Np(x)
esssupx∈Ω(N−p(x)) , p+ < N

∞, p+ ≥ N,

then we have

Lemma2.2 — [10, 27]. LetΩ be a bounded domain inRn then for any measurable bounded

exponentp(x) we have

(i) W 1,p(x)(Ω) andW
1,p(x)
0 (Ω) are separable Banach spaces;

(ii) if q ∈ C+(Ω) andq(x) < p∗(x) for anyx ∈ Ω, then the imbedding

W 1,p(x)(Ω) ↪→ Lq(x)(Ω) is compact and continuous;

(iii) if p(x) is uniformly continuous inΩ then there exists a constantC > 0, such that

‖u‖p(x) ≤ C‖∇u‖p(x) ∀u ∈ W
1,p(x)
0 (Ω).

By (iii) of Lemma 2.2, we know that the spaceW 1,p(x)
0 (Ω) has an equivalent norm given by

‖u‖W 1,p(x)(Ω) = ‖∇u‖p(x).
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We sometimes use the Young’s inequality

ab ≤ βaq + C(θ, q)bq′ , a, b ≥ 0, θ > 0,
1
q

+
1
q′

= 1, (2.1)

whereC(θ, q) = 1
q′

(θq)−
q′
q are constants.

The following lemma was introduced in [18]; it will be used in Section 3 in order to prove the

global nonexistence result (see also [23, 24]).

Lemma2.3 — Letγ0 > 0, c1, c2 ≥ 0 andc1 + c2 > 0. Assume thatψ(t) is a twice differentiable

positive function such that

ψ
′′
ψ − (1 + γ0)[ψ

′
]2 ≥ −2c1ψψ′ − c2[ψ]2,

for all t ≥ 0. If

ψ(0) > 0 and ψ′(0) + γ2γ
−1
0 ψ(0) > 0,

then there exists a finite timet∗, such that

ψ(t) → +∞ as t → t∗ ≤ t1 =
1

2
√

c2
1 + γ0c2

log
γ1ψ(0) + γ0ψ

′(0)
γ2ψ(0) + γ0ψ′(0)

.

Here

γ1 = −c1 +
√

c2
1 + γ0c2 and γ2 = −c1 −

√
c2
1 + γ0c2.

For completeness we state, without proof, the existence result for the problem (1.1)-(1.3):(see [12,

22]).

Theorem2.4— (Local existence) Letu0 ∈ H1
0 (Ω) ∩W 1,m(x)(Ω) andu1 ∈ H1

0 (Ω) ∩ L2(Ω) be

given. Assume that (A1)-(A3) are satisfied; then the problem (1.1)-(1.3) has at least one weak solution

such that

u ∈ L∞
(
(0, T ),H1

0 (Ω) ∩W 1,m(x)
)
, ut ∈ L∞

(
(0, T ),H1

0 (Ω) ∩ L2(Ω)
)
,

utt ∈ L∞
(
(0, T ), H2(Ω) ∩W

−1,m′(x)
0 (Ω)

)
,

where 1
m(x) + 1

m′(x) = 1.

3. GLOBAL NONEXISTENCE

As we mentioned earlier, in this section we shall prove the global nonexistence of solutions for ap-

propriate initial data. To prove the main result for positive initial energy, we assumed that:
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(B1)

2 ≤ m− ≤ m(x) ≤ m+ < p− ≤ p(x) ≤ p+ < m∗(x)

such that for someε, λ > 0, m+ − 2 < ε
λ < p− − 2. Also

m∗(x) =





Nm(x)
esssupx∈Ω(N−m(x)) , m+ < N

∞, m+ ≥ N.

In order to carry the proof of blow-up result, the following problem is obtained from (1.1)-(1.3)

wheneλtv(x, t) is substituted foru(x, t):

vtt + 2λvt + λ2v − (λ2 + βλ + µ)∆v −∆vtt − (α + µ)∇(div v)

−div
(
eλ(m(x)−2)t|∇v|m(x)−2∇v

)
+

∫ t

0
g1(t− τ)∆v(τ)dτ + e−λtĥ(t, v)

−(2λ + β)∆vt = eλ(p(x)−2)t|v|p(x)−2v, in Ω× (0, +∞) (3.1)

v(x, t) = 0, in ∂Ω× (0, +∞) (3.2)

v(x, 0) = u0(x), vt(x, 0) = u1(x)− λu0(x), in Ω. (3.3)

where

g1(s) = e−λsg(s), ĥ(t, v) = h(x, t, eλtv, eλt∇v), (3.4)

and the value of the parameterλ will be prescribed later.

The energy function related with problem (3.1)-(3.3) is given by

Eλ(t) =
∫

Ω

eλ(p(x)−2)t

p(x)
|v|p(x)dx− 1

2
I(t), (3.5)

where

I(t) = ‖vt‖2 + λ2‖v‖2 + ‖∇vt‖2 + (λ2 + βλ + µ−
∫ t

0
g1(s)ds)‖∇v‖2 + (g1 ∗ ∇v)(t)

+(α + µ)
∫

Ω
|div v|2dx + 2

∫

Ω

eλ(m(x)−2)t

m(x)
|∇v|m(x)dx, (3.6)

and

(g1 ∗ ∇v)(t) =
∫ t

0
g1(t− s)‖∇v(t)−∇v(s)‖2ds.

Now we are in a position to state our blow-up result as follows:
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Theorem3.1— Let the conditions (A1)-(A3) and (B1), are satisfied. Assume thatEλ(0) > 0 and

µ < p− + l. Also suppose that for anyε > 0 and sufficiently largeλ:

λ ≥ max
{M1

ε
, κ∗

}
,

whereκ∗ is a number that for allκ > κ∗ the following cubic polynomial is positive

s(κ) = κ3 + βκ2 + lκ− M2
2

4ε
.

Then there exists a finite timet∗ such that

‖u(t)‖+ ‖∇u(t)‖ → +∞ as t → t∗. (3.7)

To prove the main result for positive initial energy, the following Lemma is required.

Lemma3.2 — Under the conditions of Theorem 3.1, the energy functionalEλ(t), defined by

(3.5), satisfies

Eλ(t) ≥ Eλ(0) ∀t ∈ R+. (3.8)

PROOF : A multiplication of equation (3.1) byvt and integrating overΩ gives

E′
λ(t) = 2λ‖vt‖2 −

∫

Ω

λ(m(x)− 2)
m(x)

eλ(m(x)−2)t|∇v|m(x)dx +
1
2
g(t)‖∇v‖2

−1
2
(g′1 ∗ ∇v)(t) +

∫

Ω

λ(p(x)− 2)
p(x)

eλ(p(x)−2)t|v|p(x)+2dx

+e−λt

∫

Ω
vtĥ(t, v)dx + (2λ + β)‖∇vt‖2, (3.9)

using the condition (A2), we get

E′
λ(t) ≥ 2λ‖vt‖2 + (2λ + β)‖∇vt‖2 −

∫

Ω

λ(m(x)− 2)
m(x)

eλ(m(x)−2)t|∇v|m(x)dx

+
∫

Ω

λ(p(x)− 2)
p(x)

eλ(p(x)−2)t|v|p(x)+2dx

+e−λt

∫

Ω
vtĥ(t, v)dx. (3.10)

Employing the last inequality, we obtain from (3.5) the following inequality for someε > 0

E′
λ(t)− εEλ(t) ≥

∫

Ω

(λ(p(x)− 2)− ε

p(x)

)
eλ(p(x)−2)t|v|p(x)dx + (2λ +

ε

2
)‖vt‖2
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+
ελ2

2
‖v‖2 +

∫

Ω

(ε− λ(m(x)− 2)
m(x)

)
eλ(m(x)−2)t|∇v|m(x)dx

+
ε

2
(
λ2 + βλ + µ−

∫ t

0
g1(s)ds

)‖∇v‖2 + (2λ + β +
ε

2
)‖∇vt‖2

+
ε

2
(α + µ)

∫

Ω
|div v|2dx +

ε

2
(g1 ∗ ∇v)(t)

+e−λt

∫

Ω
vtĥ(t, v)dx (3.11)

Taking into account (A2) and the assumption (B1) on the exponentsp(x) andm(x), we deduce

E′
λ(t)− εEλ(t) ≥ [λ(p− − 2)− ε]

∫

Ω

1
p(x)

eλ(p(x)−2)t|v|p(x)dx + (2λ +
ε

2
)‖vt‖2

+
ελ2

2
‖v‖2 + [ε− λ(m+ − 2)]

∫

Ω

1
m(x)

eλ(m(x)−2)t|∇v|m(x)dx

+
ε

2
(
λ2 + βλ + l

)‖∇v‖2 + e−λt

∫

Ω
vtĥ(t, v)dx. (3.12)

It is easy to verify that

e−λt|
∫

Ω
vtĥ(t, v)dx| ≤ (2λ +

ε

2
)‖vt‖2 +

M2
1

2ε
‖v‖2 +

M2
2

8λ
‖∇v‖2, (3.13)

where (A3) and Young’s inequality (2.1) have been used.

By virtue of (3.13), we obtain from (3.12) the following inequality

E′
λ(t)− εEλ(t) ≥ [λ(p− − 2)− ε]

∫

Ω

1
p(x)

eλ(p(x)−2)t|v|p(x)dx

+[ε− λ(m+ − 2)]
∫

Ω

1
m(x)

eλ(m(x)−2)t|∇v|m(x)dx

+
(ελ2

2
− M2

1

2ε

)‖v‖2 +
ε

2
(
λ2 + βλ + l − M2

2

4ελ

)‖∇v‖2. (3.14)

Thanks to the hypothesises of Theorem 3.1, we get

E′
λ(t)− εEλ(t) ≥ 0. (3.15)

Eλ(t) ≥ eεtEλ(0) ≥ Eλ(0) is obtained from (3.15) and the proof of this Lemma is completed.2

PROOF OFTHEOREM 3.1 : For obtaining the nonexistence result, we set

ψ(t) = ‖v‖2 + ‖∇v‖2, (3.16)
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then

ψ′(t) = 2
∫

Ω
vvtdx + 2

∫

Ω
∇v∇vtdx,

ψ′′(t) = 2(‖vt‖2 + ‖∇vt‖2) + 2
∫

Ω
v(vtt −∆vtt)dx.

A multiplication of equation (3.1) byv and integrating overΩ gives
∫

Ω
v(vtt−∆vtt)dx = −2λ

∫

Ω
vvtdx−λ2‖v‖2− (λ2 +βλ+µ)‖∇v‖2

−(α + µ)
∫

Ω
|div v|2dx−

∫

Ω
eλ(m(x)−2)t|∇v|m(x)dx

+
∫

Ω
∇v

∫ t

0
g1(t− τ)∇v(τ)dτdx− (2λ + β)

∫

Ω
∇v∇vtdx

+
∫

Ω
eλ(p(x)−2)t|v|p(x)dx− e−λt

∫

Ω
vĥ(t, v)dx. (3.17)

For anyδ > 0, we have
∫

Ω
v(vtt −∆vtt)dx = δEλ(t)− δ

∫

Ω

1
p(x)

eλ(p(x)−2)t|v|p(x)dx

+δ

∫

Ω

1
m(x)

eλ(m(x)−2)t|∇v|m(x)dx +
δ

2
‖vt‖2 + λ2(

δ

2
− 1)‖v‖2

+
δ

2
‖∇vt‖2 + [(

δ

2
− 1)(λ2 + βλ + µ)− δ

2

∫ t

0
g1(s)ds]‖∇v‖2

+
δ

2
(g1 ∗ ∇v)(t) + (

δ

2
− 1)(α + µ)

∫

Ω
|div v|2dx− 2λ

∫

Ω
vvtdx

−
∫

Ω
eλ(m(x)−2)t|∇v|m(x)dx +

∫

Ω
∇v

∫ t

0
g1(t− τ)∇v(τ)dτdx

−(2λ + β)
∫

Ω
∇v∇vtdx +

∫

Ω
eλ(p(x)−2)t|v|p(x)dx

−e−λt

∫

Ω
vĥ(t, v)dx. (3.18)

According to (A1), (A2) and definition (3.16), we deduce

ψ′′(t) ≥ 2δEλ(t) + 2(1− δ

p−
)
∫

Ω
eλ(p(x)−2)t|v|p(x)dx + λ2(δ − 2)‖v‖2

+2(
δ

m+
− 1)

∫

Ω
eλ(m(x)−2)t|∇v|m(x)dx + (δ + 2)‖vt‖2

+[(δ − 2)(λ2 + βλ) + δl − 2µ]‖∇v‖2 + (δ + 2)‖∇vt‖2
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+δ(g1 ∗ ∇v)(t)− 2(2λ + β)
∫

Ω
∇v∇vtdx

+(δ − 2)(α + µ)
∫

Ω
|div v|2dx− 4λ

∫

Ω
vvtdx

+2
∫

Ω
∇v

∫ t

0
g1(t− τ)∇v(τ)dτdx− 2e−λt

∫

Ω
vĥ(t, v)dx. (3.19)

Now if we chooseδ = p− and apply (B1) then we arrive at

ψ′′(t) ≥ 2p−Eλ(t) + (p− + 2)(‖vt‖2 + ‖∇vt‖2) + λ2(p− − 2)‖v‖2

+[(p− − 2)(λ2 + βλ) + p−l − 2µ]‖∇v‖2 − 2(2λ + β)
∫

Ω
∇v∇vtdx

+p−(g1 ∗ ∇v)(t) + (p− − 2)(α + µ)
∫

Ω
|div v|2dx− 4λ

∫

Ω
vvtdx

+2
∫

Ω
∇v

∫ t

0
g1(t− τ)∇v(τ)dτdx− 2e−λt

∫

Ω
vĥ(t, v)dx. (3.20)

Due to the conditions (A1),(A2) and Cauchy-Schwarz, Young’s inequalities, and the fact that∫ t
0 g1(s)ds ≤ ∫∞

0 g1(s)ds = µ− l, we obtain

4λ

∫

Ω
vvtdx+2(2λ+β)

∫

Ω
∇v∇vtdx ≤ (2λ+β)ψ′(t), (3.21)

∫

Ω
∇v

∫ t

0
g1(t−τ)∇v(τ)dτdx ≥ −µ− l

2
(g1∗∇v)(t)−l‖∇v‖2,

(3.22)

e−λt|
∫

Ω
vĥ(t, v)dx| ≤ (p− − 2)(βλ + l)

2
‖∇v‖2 +

(
M1 +

M2
2

2(p− − 2)(βλ + l)

)
‖v‖2. (3.23)

By applying (3.21)-(3.23) into (3.20), we see that

ψ′′(t) ≥ 2p−Eλ(t) + (p− + 2)(‖vt‖2 + ‖∇vt‖2) + [(p− − 2)λ2 − 2µ]‖∇v‖2

+
(
(p− − 2)λ2 − M2

2

(p− − 2)(βλ + l)
−M1

)
‖v‖2

+
(
p− − (µ− l)

)
(g1 ∗ ∇v)(t)− (2λ + β)ψ′(t),

at this point by choosingλ sufficiently large andµ < p− + l, we deduce

ψ′′(t) ≥ 2p−Eλ(t) + (p− + 2)(‖vt‖2 + ‖∇vt‖2)− (2λ + β)ψ′(t). (3.24)

By using the Cauchy-Schwarz and Young’s inequalities, it can be clearly be observed that
(∫

Ω
vvtdx

)(∫

Ω
∇v∇vtdx

)
≤ 1

2
(‖vt‖2‖∇v‖2 + ‖v‖2‖∇vt‖2

)
, (3.25)
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(ψ′(t))2 ≤ 4
(‖vt‖2 + ‖∇vt‖2

)(‖v‖2 + ‖∇v‖2
)
. (3.26)

Taking into account (3.25), (3.26) and Lemma 3.2 in relation with (3.24) we get

ψ(t)ψ′′(t) ≥ 2p−Eλ(t) +
p− + 2

4
(ψ′(t))2 − (2λ + β)ψ(t)ψ′(t)

≥ p− + 2
4

(ψ′(t))2 − (2λ + β)ψ(t)ψ′(t). (3.27)

By definition ofψ(t), (3.16) and sinceEλ(0) > 0, it is easy to see that

0 < ψ(0) <
p− − 2

4(2λ + β)
ψ′(0),

for someu0 andu1.

Hence, we see that the hypotheses of Lemma 2.3 are fulfilled with

γ0 =
p− − 2

4
, c1 =

2λ + β

2
, c2 = 0,

and the conclusion of Lemma 2.3 demonstrates that

‖u(t)‖+ ‖∇u(t)‖ → +∞ as t → t∗.

Since this system is equivalent to (1.1)-(1.3), the proof is complete.
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