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In this article, left{g, h}-derivation and Jordan left{g, h}-derivation on algebras are introduced.

It is shown that there is no Jordan left{g, h}-derivation overMn(C) andHR, for g 6= h. Ex-

amples are given which show that every Jordan left{g, h}-derivation overTn(C), Mn(C) and

HR are not left{g, h}-derivations. Also, the Jordan left{g, h}-derivations overTn(C), Mn(C)

andHR are right centralizers, whereC is a2-torsionfree commutative ring. Moreover, we prove

the result of Jordan left{g, h}-derivation to be a left{g, h}-derivation over tensor products of

algebras as well as for algebra of polynomials.
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1. INTRODUCTION

Throughout this paper,C represents a2-torsion free commutative ring with unity unless otherwise

stated. A ringR is a2-torsion free if2a = 0 for a ∈ R impliesa = 0. Let R be a ring. An additive

mapD : R → R is said to be a derivation ifD(ab) = D(a)b + aD(b), for all a, b ∈ R and a Jordan

derivation ifD(a2) = D(a)a + aD(a), for all a ∈ R. Jordan derivation over rings and algebras have

been studied by many researchers in [2, 3, 5, 7, 9, 11, 14, 15]. In 1990, Jordan left derivation was

introduced by Brěsar and Vukman [6]. They proved that the existence of a nonzero left derivation

of a prime ring of characteristic not 2 implies the commutativity of the ring. After that many new

results have been established on Jordan left derivations over different rings and algebras [1, 4, 8, 10,

12, 13]. Recently, in 2016, Brešar introduced{g, h}-derivation and studied over semiprime algebras

and tensor product of algebras [6]. LetA be an algebra overC andf, g, h : A → A be linear maps.
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Thenf is said to be a left derivation iff(ab) = af(b) + bf(a) andf is said to be a{g, h}-derivation

if f(ab) = g(a)b + ah(b) = h(a)b + ag(b).

Recall that a linear mapf : A → A is said to be a left centralizer iff(ab) = f(a)b, and it is a

right centralizer iff(ab) = af(b), for all a, b ∈ A. It is a two sided centralizer iff is both left as well

as right centralizers. Note that ifA has an identity element, thenf is a left centralizer if and only if

there exists an elementα ∈ A such thatf(a) = αa, for all a ∈ A. Also,f is a right centralizer if and

only if there exists an elementβ ∈ A such thatf(a) = aβ, for all a ∈ A.

Motivated by left derivation [4] and{g, h}-derivation [6], we introduce left{g, h}-derivation over

A as follows:

Definition1 — The mapf is a left{g, h}-derivation if

f(ab) = ag(b) + bh(a) = ah(b) + bg(a), for all a, b ∈ A. (1)

Clearly, if f = g = h, thenf is a left derivation. Similarly, we define Jordan left{g, h}-
derivation.

Definition2 — The mapf is said to be a Jordan left{g, h}-derivation if

f(a ◦ b) = 2(ag(b) + bh(a)), for all a, b ∈ A (2)

(where,a ◦ b = ab + ba).

Sincea ◦ b = b ◦ a wheneverf is a Jordan left{g, h}-derivation onA, thenf(a ◦ b) = 2(bg(a) +

ah(b)) andf(a◦b) = ag(b)+bh(a)+bg(a)+ah(b), for all a, b ∈ A. Also,f(a2) = a(g(a)+h(a)),

for all a ∈ A.

Note that ifA is a 2-torsion free commutative algebra overC, then every Jordan left{g, h}-
derivation is a left{g, h}-derivation. This is not true whenA is not2-torsion free. For example:

Example3 : Let A = Z4. ThenA is a commutativeZ-algebra which is not2-torsion free. Now,

we definef : A → A by f(x) = 2x, for all x ∈ A. Thenf is a Jordan left{f, f}-derivation. But,

f([1][1]) = [2] 6= [4] = [1]f([1]) + [1]f([1]). Therefore,f is not a left{f, f}-derivation.

Remark4 : If f is a Jordan left{g, h}-derivation overA, thenf is a left{g+h, g+h}-derivation.

2. JORDAN LEFT {g, h}-DERIVATION ON MATRIX ALGEBRAS

Here, we start with an example of a left{g, h}-derivation which is not a{g, h}-derivation.
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Example5 : Let A = T2(C), algebra of2 × 2 upper triangular matrices overC. Let eij be the

matrix whose(i, j)-th entry is1, otherwise0 andX =

(
x1 x2

0 x3

)
∈ A. We definef, g, h : A → A

by f(X) =

(
x1 x1

0 0

)
, g(X) =

(
x1 0

0 0

)
andh(X) =

(
0 x1

0 0

)
, respectively. Thenf is

a left {g, h}-derivation. Now,f(e11(e11 + e12)) = f(e11 + e12) = e11 + e12 6= e11 + 2e12 =

g(e11)(e11 + e12) + e11h(e11 + e12)). Therefore,f is not a{g, h}-derivation.

Now, we give an example of a{g, h}-derivation which is not a left{g, h}-derivation.

Example6 : Definef, g : T2(C) → T2(C) by f(x) = x + g(x) andg(x) = ax − xa for all

x ∈ T2(C) wherea = e11 + e12 + e22. Thenf is {f, g}-derivation. But,e12f(e11) + e11g(e12) =

e12 6= 0 = f(e12e11), therefore,f is not left{f, g}-derivation.

Note that every left{g, h}-derivation overA is a Jordan left{g, h}-derivation but the converse is

not true.

Example7 : Let A = T2(C). Now, letX =

[
x1 x2

0 x3

]
∈ A andf, g, h : A → A are defined

by f(X) =

[
5x1 7x1 + 6x2

0 6x3

]
, g(X) =

[
x1 2x1 + 3x2

0 3x3

]
andh(X) =

[
4x1 5x1 + 3x2

0 3x3

]
, re-

spectively. Thenf is a Jordan left{g, h}-derivation. Also,f(e12e11) = f(0) = 0, but e12g(e11) +

e11h(e12) = 3e12 6= 0. Hence,f is not a left{g, h}-derivation.

Note that in Example 7,f(e12 ◦ e11) = f(e12) = 6e12 6= 7e12 = g(e12) ◦ e11 + e12 ◦ h(e11).

Therefore,f is not a Jordan{g, h}-derivation. In next results, we characterize Jordan left{g, h}-
derivation and left{g, h}-derivation overTn(C).

Theorem8 — LetTn(C), n ≥ 2, be the algebra ofn×n upper triangular matrices overC. Then

f is a Jordan left{g, h}-derivation overTn(C) if and only if there exist
n(n + 3)

2
elements inC such

that

g(A) =
∑

1≤i≤j≤n

(
j∑

k=i

aikg
(kk)
kj )eij ;

h(A) = a11h
(11)
11 e11 +

n∑

j=2

(a11h
(11)
1j +

j∑

k=2

a1kg
(kk)
kj )e1j +

∑

1<i≤j≤n

(
j∑

k=i

aikg
(kk)
kj )eij ;

f(A) = (g + h)(A), for all A ∈ Tn(C)

where g
(np)
lm , h

(np)
lm ∈ C and A =

∑

1≤i≤j≤n

aijeij .
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Moreover, iff is a Jordan left{g, h}-derivation overTn(C), thenf , g andh are right centralizers.

PROOF : Let f be a Jordan left{g, h}-derivation overTn(C). Let

g(eij) =
∑

1≤m≤p≤n

g(ij)
mp emp, (3)

h(eij) =
∑

1≤m≤p≤n

h(ij)
mp emp, (4)

and

f(eij) =
∑

1≤m≤p≤n

f (ij)
mp emp , whereg(ij)

mp , h(ij)
mp , f (ij)

mp ∈ C. (5)

Sincee2
ii = eii for i ∈ {1, 2, . . . , n} andf is a Jordan left{g, h}-derivation overTn(C), so

f(eii) = eiig(eii) + eiih(eii) and this implies

f
(ii)
ii = g

(ii)
ii + h

(ii)
ii , f

(ii)
i,i+1 = g

(ii)
i,i+1 + h

(ii)
i,i+1, . . . , f

(ii)
in = g

(ii)
in + h

(ii)
in ,

and other entries off(eii) are zero except(ii)-th to (in)-th entries

(by (3), (4) and(5)).

(6)

Let i 6= j. Sinceeii ◦ ejj = 0, by using (3), (4), (5) and (2), we have

g
(jj)
ii = g

(jj)
i,i+1 = · · · = g

(jj)
in = 0 = h

(ii)
jj = h

(ii)
j,j+1 = · · · = h

(ii)
jn . (7)

Let i < j. Sinceeij ◦ eii = eij = eii ◦ eij , we have

2h
(ij)
ik = f

(ij)
ik = 2g

(ij)
ik , for k = {i, i + 1, . . . , j − 1}.

Also, 2(g(ii)
jl + h

(ij)
il ) = f

(ij)
il = 2(h(ii)

jl + g
(ij)
il ), for l = {j, j + 1, . . . , n}

=⇒ 2h
(ij)
il = f

(ij)
il = 2g

(ij)
il , for l = {j, j + 1, . . . , n} (by (7))

and other entries off(eij) are zero except(ii)-th to (in)-th entry.

(8)

Similarly, fromejj ◦ eij = eij = eij ◦ ejj ,

2h
(jj)
jk = f

(ij)
ik = 2g

(jj)
jk , for k = {j, j + 1, . . . , n} (by (8)),

g
(ij)
jl = 0 = h

(ij)
jl , for l = {j, j + 1, . . . , n} (by (8))

and other entries off(eij) are zero except(ij)-th to (in)-th entry.

(9)

Therefore, for anyi < j, by (8) and (9),

g
(ij)
ik = h

(ij)
ik = h

(jj)
jk = g

(jj)
jk , for k = {j, j + 1, . . . , n},

g
(ij)
il = 0 = h

(ij)
il , for l = {i, i + 1, . . . , j − 1}.

(10)
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Let k 6= i, j. Sinceekk ◦ eij = 0,

g
(ij)
kl = 0 = h

(ij)
kl , for l = {k, k + 1, . . . , n}. (11)

Hence, from (6)-(7) and (9)-(11), all entries ofg(eij), h(eij) andf(eij) are zero except(ij)-th to

(in)-th entry, for all1 ≤ i ≤ j ≤ n.

Now, letA ∈ Tn(C). ThenA =
∑

1≤i≤j≤n
aijeij , whereaij ∈ C. Sinceg, h andf are linear,

g(A) =
∑

1≤i≤j≤n

(
j∑

k=i

aikg
(kk)
kj )eij ,

h(A) = a11h
(11)
11 e11 +

n∑

j=2

(a11h
(11)
1j +

j∑

k=2

a1kg
(kk)
kj )e1j +

∑

1<i≤j≤n

(
j∑

k=i

aikg
(kk)
kj )eij ,

f(A) = (g + h)(A), (by (6), (9) and(10)).

(12)

Therefore, the number of elements ofC require to expressg, h andf is equal ton + n + (n −
1) + · · ·+ 1 = n(n+3)

2 .

Conversely, letg, h andf be of the form (12), for allA ∈ Tn(C), whereA =
∑

1≤i≤j≤n
aijeij

andaij ∈ C. Theng(A) = Aα, h(A) = Aα′ andf(A) = A(α + α′) whereα =
∑

1≤i≤j≤n
g
(ii)
ij eij

andα′ =
∑n

j=1 h
(11)
1j e1j +

∑
1<i≤j≤n

g
(ii)
ij eij . Now, letB ∈ Tn(C). ThenB =

∑
1≤i≤j≤n

bijeij , where

bij ∈ C and by direct computation,

f(AB + BA) = 2(Ag(B) + Bh(A)).

The last conclusion can be easily seen from the converse part. 2

Theorem9 — LetTn(C), n ≥ 2, be the algebra ofn×n upper triangular matrices overC. Then

f is a left{g, h}-derivation overTn(C) if and only if there exists2n elements inC such that

g(A) =
n∑

i=1

a11g
(11)
1i e1i; h(A) =

n∑

i=1

a11h
(11)
1i e1i;

f(A) = (g + h)(A), forall A ∈ Tn(C),

where g
(np)
lm , h

(np)
lm ∈ C and A =

∑

1≤i≤j≤n

aijeij .
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PROOF: Let f be a left{g, h}-derivation overTn(C) whereg, h andf be of the form (3), (4) and

(5), respectively. Since every left{g, h}-derivation overTn(C) is a Jordan left{g, h}-derivation, so

(6) and (7) hold.

Let i < j. Sinceeijeii = 0, from eijg(eii) + eiih(eij) = 0 = eijh(eii) + eiig(eij) (by (1)), we

have
h

(ij)
ik = 0 = g

(ij)
ik , for k = {i, i + 1, . . . , j − 1}

andg
(ii)
jl + h

(ij)
il = 0 = h

(ii)
jl + g

(ij)
il , for l = {j, j + 1, . . . , n}

=⇒ h
(ij)
il = 0 = g

(ij)
il , for l = {j, j + 1, . . . , n} (by (7)).

(13)

Similarly, from the identityejjeij = 0,

h
(jj)
jk = 0 = g

(jj)
jk , for k = {j, j + 1, . . . , n}

g
(ij)
jl = 0 = h

(ij)
jl , for l = {j, j + 1, . . . , n}.

(14)

By (6) and (14),

f(ejj) = 0, for all j > 1. (15)

By (7) and (14),

g(ejj) = h(ejj) = 0, for all j > 1. (16)

Let k 6= i, j. Sinceekkeij = 0,

g
(ij)
kk = g

(ij)
k,k+1 = · · · = g

(ij)
kn = 0 = h

(ij)
kk = h

(ij)
k,k+1 = · · · = h

(ij)
kn . (17)

By (13), (14) and (17),

g(eij) = h(eij) = 0, for all i < j. (18)

Now,

f(eij) = eiig(eij) + eijh(eii) = 0, for all i < j (by (18), (4), (7)). (19)

Let A ∈ Tn(C). ThenA =
∑

1≤i≤j≤n
aijeij whereaij ∈ C. Sinceg, h andf are linear, by (3)-(7),

(15), (16), (18) and (19), we have

g(A) =
n∑

i=1

a11g
(11)
1i e1i, h(A) =

n∑

i=1

a11h
(11)
1i e1i,

f(A) = (g + h)(A), for all A ∈ Tn(C).
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Thus, the number of elements fromC require to expressg, h andf is n + n = 2n.

Converse can be proved easily by direct computation.

Now, we give an example of a Jordan left{g, h}-derivationf onTn(C) whereg, h andf are not

left centralizers.

Example10 : ConsiderA =

[
a11 a12

0 a22

]
∈ T2(C) andg, h, f : T2(C) → T2(C) are defined

by g(A) =

[
a11 −a12

0 −a22

]
, h(A) =

[
−a11 a11 − a12

0 −a22

]
andf(A) =

[
0 a11 − 2a12

0 −2a22

]
, respectively.

Thenf is a Jordan left{g, h}-derivation onT2(C). Here, ifA =

[
1 2

0 3

]
andB =

[
4 5

0 6

]
, then

g(AB) 6= g(A)B, h(AB) 6= h(A)B andf(AB) 6= f(A)B. Therefore,g, h andf are not left

centralizers.

Our next result characterize Jordan left{g, h}-derivation on full matrix algebrasMn(C).

Theorem11— Letf be a Jordan left{g, h}-derivation overMn(C), n ≥ 2, the algebra ofn×n

matrices overC. Theng = h.

PROOF : Supposef is a Jordan left{g, h}-derivation overMn(C). Now, let

g(eij) =
n∑

k=1

n∑

l=1

g
(ij)
kl ekl (20)

and

h(eij) =
n∑

k=1

n∑

l=1

h
(ij)
kl ekl , whereg

(ij)
kl , h

(ij)
kl ∈ C. (21)

Let i 6= j. SinceC is 2-torsion free,

2(g(eii)ejj + ejjh(eii)) = f(eii ◦ ejj) = 0 =⇒ g(eii)ejj + ejjh(eii) = 0. (22)

Comparing the coefficients ofei1, . . . , ein, ej1, . . . , ejn from (22),

g
(jj)
i1 = · · · = g

(jj)
in = 0 = h

(ii)
j1 = · · · = h

(ii)
jn . (23)

Similarly, fromh(eii)ejj + ejjg(eii) = 0,

h
(jj)
i1 = · · · = h

(jj)
in = 0 = g

(ii)
j1 = · · · = g

(ii)
jn . (24)
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Now, eij = eii ◦ eij . Using (23) and (24),

f(eij) = 2(g(ij)
i1 ei1 + · · ·+ g

(ij)
in ein) = 2(h(ij)

i1 ei1 + · · ·+ h
(ij)
in ein). (25)

In a similar way, we have

f(eij) = 2(g(jj)
j1 ei1 + · · ·+ g

(jj)
jn ein + h

(ij)
j1 ej1 + · · ·+ h

(ij)
jn ejn)

= 2(h(jj)
j1 ei1 + · · ·+ g

(jj)
jn ein + h

(ij)
j1 ej1 + · · ·+ h

(ij)
jn ejn).

(26)

From (26),

g
(jj)
j1 = h

(jj)
j1 , . . . , g

(jj)
jn = h

(jj)
jn , for all j = 1, . . . , n. (27)

From (23), (24) and (27),

g(ejj) = h(ejj) for all j = 1, . . . , n. (A1)

From (25),

g
(ij)
i1 = h

(ij)
i1 , . . . , g

(ij)
in = h

(ij)
in for all i 6= j. (28)

From (26),

g
(ij)
j1 = h

(ij)
j1 , . . . , g

(ij)
jn = h

(ij)
jn for all i 6= j. (29)

Now, letk 6= i andk 6= j. Fromekk ◦ eij = 0,

g
(ij)
k1 = · · · = g

(ij)
kn = 0 = h

(ij)
k1 = · · · = h

(ij)
kn . (30)

From (28), (29) and (30),

g(eij) = h(eij) for all i 6= j. (A2)

Sinceg andh are linear maps, using (A1) and (A2),g(X) = h(X), for all X ∈Mn(C). 2

Now, we give an example of a Jordan left{g, g}-derivation overM2(C) which is not a left

{g, g}-derivation.

Example12 : LetA = M2(C) andX =

[
x1 x2

x3 x4

]
∈ A. We considerf, g : A → A defined as

f(X) =

[
2x1 + 6x2 4x1 + 8x2

2x3 + 6x4 4x3 + 8x4

]
andg(X) =

[
x1 + 3x2 2x1 + 4x2

x3 + 3x4 2x3 + 4x4

]
, respectively. Thenf is a
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Jordan left{g, g}-derivation. Now,f(e12e11) = f(0) = 0, bute12g(e11)+e11g(e12) = 3e11+4e12 6=
0. Therefore,f is not a left{g, g}-derivation.

Remark13 : It is known that ifC is a prime (semiprime) ring, thenMn(C) is a prime (semiprime)

ring, forn ≥ 2. In Example 12, ifC is a commutative prime (semiprime) ring, thenM2(C) becomes

a prime (semiprime) algebra overC. Therefore, Example 12 shows that every Jordan left{g, h}-
derivation over a prime (semiprime) algebra need not be a left{g, h}-derivation.

Also, we characterize Jordan left{g, g}-derivation and left{g, g}-derivation overMn(C).

Theorem14 — LetMn(C), n ≥ 2, be the algebra ofn × n full matrices overC. Thenf is a

Jordan left{g, g}-derivation overMn(C) if and only if there existn2 elements inC such that

g(A) =
n∑

j=1

n∑

i=1

(
n∑

k=1

aikg
(kk)
kj )eij ,

f(A) = 2g(A), for all A ∈ Tn(C) where,g(np)
lm ∈ C, A =

n∑

j=1

n∑

i=1

aijeij .

Moreover, iff is a Jordan left{g, g}-derivation overMn(C), thenf andg are right centralizers.

PROOF: Let f be a Jordan left{g, g}-derivation overMn(C). Now, letg be of the form (20) and

f(eij) =
n∑

k=1

n∑

l=1

f
(ij)
kl ekl , wheref

(ij)
kl ∈ C. (31)

Let i ∈ {1, 2, . . . , n}. Sincee2
ii = eii andf is a Jordan left{g, g}-derivation overMn(C),

f(eii) = 2
n∑

k=1

g
(ii)
ik eik. (32)

Let i 6= j. Then fromeij = eii ◦ eij ,

f(eij) = 2
n∑

k=1

(g(ij)
ik + g

(ii)
jk )eik. (33)

Similarly, aseij = eij ◦ ejj ,

f(eij) = 2(
n∑

k=1

g
(jj)
jk eik +

n∑

k=1

g
(ij)
jk ejk). (34)

Now, by (33) and (34),

g
(ij)
jk = 0, for k = 1, 2, . . . , n. (35)
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Let k 6= i, j. Since0 = eij ◦ ekk,

g
(ij)
kl = 0 = g

(kk)
jl , for l = 1, 2, . . . , n. (36)

Now, by (33), (34) and (36),

g
(ij)
ik = g

(jj)
jk , for k = 1, 2, . . . , n. (37)

Therefore, fori 6= j, by using (34)-(37),

f(eij) = 2
n∑

k=1

g
(jj)
jk eik, g(eij) =

n∑

k=1

g
(jj)
jk eik, g(eii) =

n∑

k=1

g
(ii)
ik eik. (38)

Let A ∈Mn(C). ThenA =
∑n

i=1

∑n
j=1 aijeij , whereaij ∈ C. Hence, by (32) and (38),

g(A) =
n∑

j=1

n∑

i=1

(
n∑

k=1

aikg
(kk)
kj )eij ,

f(A) = 2g(A).

(39)

Also, the required number of elements fromC to expressg andf aren+n+ · · ·+n (n times) =

n2.

Conversely, letg andf be of the form (39), for allA ∈ Mn(C), whereA =
∑n

i=1

∑n
j=1 aijeij

andaij ∈ C. Theng(A) = Aα andf(A) = 2Aα, whereα =
∑n

i=1

∑n
j=1 g

(ii)
ij eij . Now, let

B ∈Mn(C). ThenB =
∑

1≤i≤j≤n
bijeij , wherebij ∈ C. Thus, by direct computation

f(AB + BA) = 2(Ag(B) + Bg(A)).

The last part can easily be derived from the converse part. 2

Theorem15— LetMn(C), n ≥ 2, be the algebra ofn×n full matrices overC. Thenf is a left

{g, g}-derivation overMn(C) if and only iff = g = 0.

PROOF : Let f be a left{g, g}-derivation overMn(C) whereg andf be of the form (20) and

(31), respectively. Since every left{g, g}-derivation overMn(C) is a Jordan left{g, g}-derivation,

therefore, (32) and (39) hold.

Let i 6= j. Sinceeij = eiieij ,

f(eij) = eiig(eij) + eijg(eii) = f(eijeii) = 0. (40)
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Now, sinceeiieji = 0,

g
(ii)
ik = 0, for k = 1, 2, . . . , n. (41)

By (32) and (39)-(41),f = g = 0.

The next example is of a Jordan left{g, g}-derivationf onMn(C) whereg andf are not left

centralizers.

Example16 : Let A =

[
a11 a12

a21 a22

]
∈ M2(C) and g, f : M2(C) → M2(C) are defined

by g(A) =

[
a11 − a12 −a11

a21 − a22 −a21

]
andf(A) = 2g(A) respectively. Thenf is a Jordan left{g, g}-

derivation onM2(C). In this case, forA =

[
1 2

3 4

]
andB =

[
5 6

7 8

]
, g(AB) 6= g(A)B and

f(AB) 6= f(A)B. Therefore,g andf are not left centralizers.

3. JORDAN LEFT {g, h}-DERIVATION ON TENSORPRODUCTS OFALGEBRAS

Now, we discuss a result on Jordan left{g, h}-derivation over tensor products of algebras. LetR be

a commutative ring with unity andM , N , K beR-modules. A mapθ : M ×N → K is R-bilinear

if θ(x, y) is R-linear inx for each fixedy ∈ N andR-linear iny for each fixedx ∈ M . The tensor

product ofM andN is a pair(T, θ), whereT is anR-module andθ : M × N → T anR-bilinear

map with the property that for anyR-moduleK andR-bilinear mapf : M × N → K, there exists

a uniqueR-linear mapf̃ : T → K with f̃ ◦ θ = f . Forx, y ∈ M the imageθ(x, y) is denoted by

x ⊗ y. If A andB are twoR-algebras, the tensor productA⊗RB has a well defined multiplication

(a ⊗ b)(a′ ⊗ b′) = (aa′ ⊗ bb′), a, a′ ∈ A, b, b′ ∈ B. This makesA⊗RB into anR-algebra, called

the tensor product of algebrasA andB.

Theorem17 — If an algebraA over a fieldF with char(F) 6= 2 has the property that every

Jordan left{g, h}-derivation ofA is a left{g, h}-derivation, then the algebraA ⊗ S has the same

property whereS is a commutative algebra overF.

PROOF : Let f be a Jordan left{g, h}-derivation onA⊗ S. Let {bt | t ∈ T, T an index set} be

a basis ofS andu ∈ A⊗ S. Then

f(u) =
∑

t∈T

ft(u)⊗ bt, g(u) =
∑

t∈T

gt(u)⊗ bt andh(u) =
∑

t∈T

ht(u)⊗ bt (42)

whereft(u) = gt(u) = ht(u) = 0 for all but finitely manyt ∈ T .
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Now, letx, y ∈ A andr, s ∈ S. Sincef is a Jordan left{g, h}-derivation onA⊗ S,

f((xy + yx)⊗ rs)

= f((x⊗ r)(y ⊗ s) + (y ⊗ s)(x⊗ r)) = 2[(x⊗ r)g(y ⊗ s) + (y ⊗ s)h(x⊗ r)],

which implies,
∑

t∈T

ft((xy + yx)⊗ rs)⊗ bt

= 2[(x⊗ r)(
∑

w∈T

gw(y ⊗ s)⊗ bw) + (y ⊗ s)(
∑

w∈T

hw(x⊗ r)⊗ bw)]

= 2[(
∑

w∈T

xgw(y ⊗ s))⊗ bwr + (
∑

w∈T

yhw(x⊗ r))⊗ bws]

(43)

where,bwr =
∑
t∈T

αtwbt, bws =
∑
t∈T

βtwbt andαtw, βtw ∈ F.

R.H.S. of (43)= 2[
∑

t∈T

x(
∑

w∈T

αtwgw(y ⊗ s))⊗ bt]

+ [
∑

t∈T

y(
∑

w∈T

βtwhw(x⊗ r))⊗ bt]

=⇒ ft((xy + yx)⊗ rs) = 2[x(
∑

w∈T

αtwgw(y ⊗ s)) + y(
∑

w∈T

βtwhw(x⊗ r))].

(44)

Let f̃(x) = ft(x ⊗ rs), g̃(y) =
∑

w∈T

αtwgw(y ⊗ s) and h̃(x) =
∑

w∈T

βtwhw(x ⊗ r), for all

x, y ∈ A. Then, by (44),f̃ is a Jordan left{g̃, h̃}-derivation onA. So,f̃ is a left{g̃, h̃}-derivation,

by assumption. Hence,

ft(xy ⊗ rs) = x(
∑

w∈T

αtwgw(y ⊗ s)) + y(
∑

w∈T

βtwhw(x⊗ r)). (45)

Also,

f((x⊗ r)(y ⊗ s)) = f(xy ⊗ rs) =
∑

t∈T

ft(xy ⊗ rs)⊗ bt

=
∑

t∈T

[x(
∑

w∈T

αtwgw(y ⊗ s)) + y(
∑

w∈T

βtwhw(x⊗ r))] (by (45))

= x(
∑

w∈T

gw(y ⊗ s))⊗ (
∑

t∈T

αtwbt) + y(
∑

w∈T

hw(x⊗ r))⊗ (
∑

t∈T

βtwbt)

=
∑

w∈T

xgw(y ⊗ s)⊗ bwr +
∑

w∈T

yhw(x⊗ r)⊗ bws

= (x⊗ r)(
∑

w∈T

gw(y ⊗ s)⊗ bw) + (y ⊗ s)(
∑

w∈T

hw(x⊗ r)⊗ bw)

(since S is commutative)

= (x⊗ r)g(y ⊗ s) + (y ⊗ s)h(x⊗ r).

(46)
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Therefore,f(uv) = ug(v) + vh(u) for all u, v ∈ A⊗ S. Similarly,f(uv) = uh(v) + vg(u) for

all u, v ∈ A⊗ S. Thus,f is a left{g, h}-derivation onA⊗ S. 2

4. JORDAN LEFT {g, h}-DERIVATION ON ALGEBRA OF POLYNOMIALS

Let A be an algebra overC andA[x], the ring of polynomials overA. ThenA[x] becomes an algebra

overC where scalar multiplication is defined asα(a0 +a1x+a2x
2 + · · ·+arx

r) = αa0 +(αa1)x+

(αa2)x2 + · · · + (αar)xr, α ∈ C and a0, a1, a2, . . . , ar ∈ A. First, we derive a result on left

{g, h}-derivation onA[x].

Theorem18— If f is left{g, h}-derivation onA, thenf̃ is a left{g̃, h̃}-derivation onA[x] where

F̃ (
∑r

j=0 ajx
j) =

∑r
j=0 F (aj)xj , for F = f, g, h andaj ∈ A.

PROOF : Let P , Q ∈ A[x]. ThenP =
∑r

j=0 ajx
j andQ =

∑s
k=0 bkx

k, whereaj , bk ∈ A.

Therefore,PQ =
∑r+s

n=0 cnxn wherecn =
∑s

k=0

∑r
j=0

j+k=n

ajbk.

By definition of f̃ , g̃, h̃ and the assumption thatf is a left{g, h}-derivation onA,

P g̃(Q) + Qh̃(P )

= (
r∑

j=0

ajx
j)[

s∑

k=0

g(bk)xk] + (
s∑

k=0

bkx
k)[

r∑

j=0

h(aj)xj ]

=
r+s∑

n=0

[
s∑

k=0

r∑

j=0

j+k=n

ajg(bk)]xn +
r+s∑

n=0

[
s∑

k=0

r∑

j=0

j+k=n

bkh(aj)]xn

=
r+s∑

n=0

[
s∑

k=0

r∑

j=0

j+k=n

(ajg(bk) + bkh(aj))]xn

=
r+s∑

n=0

[
s∑

k=0

r∑

j=0

j+k=n

f(ajbk)]xn

= f̃ [
r+s∑

n=0

(
s∑

k=0

r∑

j=0

j+k=n

ajbk)xn]

= f̃(PQ).

Similarly, f̃(PQ) = Ph̃(Q) + Qg̃(P ). Thus,f̃ is a left{g̃, h̃}-derivation onA[x]. 2

Our next result characterizes Jordan left{g, h}-derivation onA[x].
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Theorem19— If f is Jordan left{g, h}-derivation onA, thenf̃ is a Jordan left{g̃, h̃}-derivation

onA[x] whereF̃ (
∑r

j=0 ajx
j) =

∑r
j=0 F (aj)xj , for F = f, g, h andaj ∈ A.

PROOF : Let P , Q ∈ A[x]. ThenP =
∑r

j=0 ajx
j andQ =

∑s
k=0 bkx

k, whereaj , bk ∈ A.

Therefore,PQ + QP =
∑r+s

n=0 dnxn, wheredn =
∑s

k=0

∑r
j=0

j+k=n

(ajbk + bkaj).

By definition of f̃ , g̃, h̃ and the assumption thatf is a Jordan left{g, h}-derivation onA,

2(P g̃(Q) + Qh̃(P ))

=
r+s∑

n=0

[
s∑

k=0

r∑

j=0

j+k=n

2(ajg(bk) + bkh(aj))]xn

=
r+s∑

n=0

[
s∑

k=0

r∑

j=0

j+k=n

f(ajbk + bkaj)]xn

= f̃(PQ + QP ).

Hence,f̃ is a Jordan left{g̃, h̃}-derivation onA[x]. 2

5. JORDAN LEFT {g, h}-DERIVATION ON QUATERNION ALGEBRA

LetHR = {a + bi + cj + dk | a, b, c, d ∈ R, i2 = j2 = k2 = ijk = −1} be the quaternion algebra

over the field of real numbers.

Proposition20 — Letf be a left{g, h}-derivation overHR. Then the image off is the subalgebra

of HR generated byf(1).

PROOF : Sinceij + ji = 0 andf is a left{g, h}-derivation,

0 = f(ij + ji) = 2(ig(j) + jh(i)) =⇒ f(k) = f(ij) = ig(j) + jh(i) = 0. (47)

Similarly, we getf(i) = f(j) = 0. Now, letq = a + bi + cj + dk ∈ HR, wherea, b, c, d ∈ R.

Sincef is linear,f(q) = af(1). Hence,f(HR) =< f(1) >.

Now, we present the necessary and sufficient condition for Jordan left{g, h}-derivation to be a

left {g, h}-derivation onHR.

Theorem21 — Let f be a Jordan left{g, h}-derivation overHR. Thenf is a left {g, h}-
derivation onHR if and only iff(i) = f(j) = f(k) = 0.
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PROOF : Let f(i) = f(j) = f(k) = 0 andq = a + bi + cj + dk ∈ HR, wherea, b, c, d ∈ R. So,

f(q) = af(1).

Let r = x + yi + zj + tk ∈ HR. We have to provef(qr) = qg(r) + rh(q) = qh(r) + rg(q).

Since

2(qg(r) + rh(q)) = f(qr + rq) = 2(ax− by − cz − dt)f(1)

=⇒ qg(r) + rh(q) = (ax− by − cz − dt)f(1) = f(qr).

Similarly, qh(r) + rg(q) = f(qr). Therefore,f is a left{g, h}-derivation onHR.

The converse is true by the proof of Proposition 20. 2

Now, we characterize Jordan left{g, h}-derivation onHR.

Theorem22 — LetHR be the quaternion algebra over the field of real numbers. Thenf is a

Jordan left{g, h}-derivation overHR if and only ifg = h and there exist4 elements inR such that

g(q) = (aa(1)
g − bb(1)

g − cc(1)
g − dd(1)

g ) + (ab(1)
g + ba(1)

g + cd(1)
g − dc(1)

g )i

+ (ac(1)
g − bd(1)

g + ca(1)
g + db(1)

g )j + (ad(1)
g + bc(1)

g − cb(1)
g + da(1)

g )k,

f(q) = 2g(q), for all q ∈ HR
whereq = a + bi + cj + dk anda(1)

g , b(1)
g , c(1)

g , d(1)
g ∈ R.

Moreover, iff is a Jordan left{g, g}-derivation overHR, thenf andg are right centralizers.

PROOF : Let

F (l) = a
(l)
F + b

(l)
F i + c

(l)
F j + d

(l)
F k, for F = f, g, h andl = 1, i, j, k. (48)

Sincef(1) = g(1) + h(1),

a
(1)
f = a(1)

g + a
(1)
h , b

(1)
f = b(1)

g + b
(1)
h , c

(1)
f = c(1)

g + c
(1)
h , d

(1)
f = d(1)

g + d
(1)
h . (49)

Since,i2 = j2 = k2 = −1,

a
(1)
f = b(i)

g + b
(i)
h , b

(1)
f = −a(i)

g − a
(i)
h , c

(1)
f = d(i)

g + d
(i)
h , d

(1)
f = −c(i)

g − c
(i)
h ,

a
(1)
f = c(j)

g + c
(j)
h , b

(1)
f = −d(j)

g − d
(j)
h , c

(1)
f = −a(j)

g − a
(j)
h , d

(1)
f = b(j)

g + b
(j)
h ,

a
(1)
f = d(k)

g + d
(k)
h , b

(1)
f = c(k)

g + c
(k)
h , c

(1)
f = −b(k)

g − b
(k)
h , d

(1)
f = −a(k)

g − a
(k)
h .

(50)
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Since2i = 1 ◦ i = i ◦ 1, using (48),

a
(i)
f = a

(i)
h − b(1)

g = a(i)
g − b

(1)
h , b

(i)
f = b

(i)
h + a(1)

g = b(i)
g + a

(1)
h

c
(i)
f = c

(i)
h − d(1)

g = c(i)
g − d

(1)
h , d

(i)
f = d

(i)
h + c(1)

g = d(i)
g + c

(1)
h .

(51)

By using (49)-(51),

2a
(i)
f = a

(i)
h − b(1)

g + a(i)
g − b

(1)
h = (a(i)

g + a
(i)
h )− (b(1)

g + b
(1)
h ) = −2b

(1)
f

=⇒ a
(i)
f = −b

(1)
f . Similarly, b(i)

f = a
(1)
f , c

(i)
f = −d

(1)
f , d

(i)
f = c

(1)
f .

(52)

Similarly, using2j = 1 ◦ j = j ◦ 1, 2k = 1 ◦ k = k ◦ 1, (50) and (51), we have

a
(j)
f = −c

(1)
f , b

(j)
f = d

(1)
f , c

(j)
f = a

(1)
f , d

(j)
f = −b

(1)
f ,

a
(k)
f = −d

(1)
f , b

(k)
f = −c

(1)
f , c

(k)
f = b

(1)
f , d

(k)
f = a

(1)
f .

(53)

Also, in view of (50)-(53), forF = g andh,

a
(i)
F = −b

(1)
F , b

(i)
F = a

(1)
F , c

(i)
F = −d

(1)
F , d

(i)
F = c

(1)
F ,

a
(j)
F = −c

(1)
F , b

(j)
F = d

(1)
F , c

(j)
F = a

(1)
F , d

(j)
F = −b

(1)
F ,

a
(k)
F = −d

(1)
F , b

(k)
F = −c

(1)
F , c

(k)
F = b

(1)
F , d

(k)
F = a

(1)
F .

(54)

Sincei ◦ j = 0,

b(j)
g = −c

(i)
h , a(j)

g = −d
(i)
h , d(j)

g = a
(i)
h , c(j)

g = b
(i)
h . (55)

Again, by (54) and (55),x(1)
g = x

(1)
h , for all x = a, b, c, d. Therefore,g = h. Let q ∈ HR. Then

q = a + bi + cj + dk, wherea, b, c, d ∈ R. Hence, by (49) and (52)-(55),

g(q) = (aa(1)
g − bb(1)

g − cc(1)
g − dd(1)

g ) + (ab(1)
g + ba(1)

g + cd(1)
g − dc(1)

g )i

+ (ac(1)
g − bd(1)

g + ca(1)
g + db(1)

g )j + (ad(1)
g + bc(1)

g − cb(1)
g + da(1)

g )k,

f(q) = 2g(q).

(56)

Moreover, the required number of elements fromR to expressg andf is 4.

Conversely, letg andf be of the form (56), for allq ∈ HR, whereq = a + bi + cj + dk and

a, b, c, d ∈ R. Theng(q) = qα andf(q) = 2qα, whereα = a
(1)
g + b

(1)
g i + c

(1)
g j + d

(1)
g k. Now, let

p ∈ HR. Thenp = x + yi + zj + tk, wherex, y, z, t ∈ R. Also, by direct computation,

f(pq + qp) = 2(pg(q) + qg(p)).
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The last part can easily be derived from the converse part.

Below is an example of a Jordan left{g, g}-derivation onHR which is not a left{g, g}-derivation.

Also, the condition of Theorem 21 is not satisfied in this case.

Example23 : Letq = a + bi + cj + dk ∈ HR, wherea, b, c, d ∈ R. Definef, g : HR → HR
asf(q) = 2q andg(q) = q, respectively. Thenf, g are linear maps andf is also a Jordan left

{g, g}-derivation. But,f(ij) = f(k) = 2k 6= 0 = ij + ji = ig(j) + jg(i), therefore,f is not a left

{g, g}-derivation.

Our next result shows that there is no nonzero left{g, g}-derivation onHR.

Theorem24— Letf be a left{g, g}-derivation overHR. Theng andf are identically zero.

PROOF : Let g andf be of the form (48). Since every left{g, g}-derivation overHR is a Jordan

left {g, g}-derivation, so (54) and (56) hold. By Theorem 21,f(i) = f(j) = f(k) = 0. Since

i = 1i = i1, using (48),

a(i)
g = b(1)

g , b(i)
g = −a(1)

g , c(i)
g = d(1)

g , d(i)
g = −c(1)

g . (57)

Sinceij = k andf(k) = 0,

b(j)
g = −c(i)

g , a(j)
g = −d(i)

g , d(j)
g = a(i)

g , c(j)
g = b(i)

g . (58)

Now, by (54), (57) and (58),a(1)
g = b

(1)
g = c

(1)
g = d

(1)
g = 0. So, by (56),g = 0 = f .

Finally, we give an example of a Jordan left{g, g}-derivationf onHR whereg andf are not left

centralizers.

Example25 : Supposeq = a + bi + cj + dk ∈ HR andg, f : HR → HR are defined byg(q) =

(a−2b−3c−4d)+(2a+b+4c−3d)i+(3a−4b+c+2d)j+(4a+3b−2c+d)k andf(q) = 2g(q),

respectively. Thenf is a Jordan left{g, g} derivation onHR. Further, ifp = 5 + 6i + 7j + 8k and

q = 9 + 10i + 11j + 12k, then it can be seen thatg(pq) 6= g(p)q andf(pq) 6= f(p)q. Hence,g and

f are not left centralizers.

Remark26 : By Frobenious theorem, every finite dimensional noncommutative division algebra

overR is isomorphic toHR. Therefore, Theorem 24 is true for every noncommutative finite dimen-

sional division algebra overR.
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