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In this article, left{g, h}-derivation and Jordan lefty, 1 }-derivation on algebras are introduced.
It is shown that there is no Jordan I€fj, h}-derivation overM,, (C') andHg, for g # h. Ex-
amples are given which show that every Jordan{eft:}-derivation overZ,,(C), M,,(C) and
Hyg are not left{ g, h}-derivations. Also, the Jordan lefy, h}-derivations ovefZ,, (C), M,,(C)
andHy are right centralizers, wherg is a2-torsionfree commutative ring. Moreover, we prove
the result of Jordan leffg, h}-derivation to be a lef{g, h}-derivation over tensor products of
algebras as well as for algebra of polynomials.
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1. INTRODUCTION

Throughout this paper,’ represents &-torsion free commutative ring with unity unless otherwise
stated. A ringR is a2-torsion free if2a = 0 for a € R impliesa = 0. Let R be a ring. An additive

mapD : R — R s said to be a derivation iD(ab) = D(a)b+ aD(b), for alla,b € R and a Jordan
derivation if D(a?) = D(a)a + aD(a), for alla € R. Jordan derivation over rings and algebras have
been studied by many researchers in [2, 3, 5, 7, 9, 11, 14, 15]. In 1990, Jordan left derivation was
introduced by Brgar and Vukman [6]. They proved that the existence of a nonzero left derivation

of a prime ring of characteristic not 2 implies the commutativity of the ring. After that many new
results have been established on Jordan left derivations over different rings and algebras [1, 4, 8, 10,
12, 13]. Recently, in 2016, Bsar introduced g, h }-derivation and studied over semiprime algebras

and tensor product of algebras [6]. Létbe an algebra over' andf,g,h : A — A be linear maps.
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Thenf is said to be a left derivation jf(ab) = af(b) + bf(a) andf is said to be g g, 1 }-derivation
if f(ab) = g(a)b+ ah(b) = h(a)b+ ag(b).

Recall that a linear may : A — A is said to be a left centralizer jf(ab) = f(a)b, and itis a
right centralizer iff (ab) = af(b), foralla,b € A. Itis atwo sided centralizer if is both left as well
as right centralizers. Note thatif has an identity element, thefis a left centralizer if and only if
there exists an elemeate A such thatf(a) = «a, foralla € A. Also, f is a right centralizer if and
only if there exists an elemepte A such thatf(a) = af, foralla € A.

Motivated by left derivation [4] andlg, / }-derivation [6], we introduce leffg, i }-derivation over
A as follows:

Definition1 — The mapf is a left{g, h}-derivation if

f(ab) = ag(b) + bh(a) = ah(b) + bg(a), forall a,b € A. (1)

Clearly, if f = g = h, then f is a left derivation. Similarly, we define Jordan I€f, h}-
derivation.

Definition2 — The mapf is said to be a Jordan lefy, i }-derivation if
f(aob) =2(ag(b) + bh(a)), foralla,b € A 2

(where,a o b = ab + ba).

Sincea o b = bo a wheneverf is a Jordan lef{g, h}-derivation onA, thenf(a o b) = 2(bg(a) +
ah(b)) andf(aob) = ag(b) +bh(a)+bg(a)+ah(b), foralla,b € A. Also, f(a?) = a(g(a)+h(a)),
forall a € A.

Note that if A is a 2-torsion free commutative algebra ovér then every Jordan leftg, h}-
derivation is a left{ g, h}-derivation. This is not true wheA is not2-torsion free. For example:

Example3 : Let A = Z4. ThenA is a commutativeZ-algebra which is no2-torsion free. Now,
we definef : A — Aby f(z) = 2z, forallz € A. Thenf is a Jordan leff f, f }-derivation. But,
FOLA) = 2] # [4] = [1]f([1]) + [1]f([1]). Thereforef is not a left{ f, f }-derivation.

Remarld : If fis a Jordan lef{g, h}-derivation ovetd, thenf is a left{g + h, g+ h }-derivation.
2. JORDAN LEFT {g, h}-DERIVATION ON MATRIX ALGEBRAS

Here, we start with an example of a I€fj, » }-derivation which is not d g, h }-derivation.
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Example5 : Let A = 75(C), algebra of2 x 2 upper triangular matrices ovér. Lete;; be the

Z2

matrix whos€(i, j)-th entry is1, otherwise) and X = < T)l ) € A. We definef,g,h: A — A
X

3

by f(X) = < f)l f)l ),g(X) = ( 12)1 g ) andh(X) = ( 3 9;1 > respectively. Therf is

a left {g, h}-derivation. Now,f(ei1(e11 + e12)) = f(e11 + e12) = e11 + ez # e11 + 2e12 =
g(e11)(e11 + e12) + ernh(e1r + e12)). Therefore,f is not a{g, h}-derivation.

Now, we give an example of &, h}-derivation which is not a leffg, 4 }-derivation.

Example6 : Definef,g : T2(C) — T2(C) by f(z) = =z + g(z) andg(z) = ax — xa for all
x € To(C) wherea = ej1 + e12 + eaa. Thenf is {f, g}-derivation. Buteiaf(e11) + e119(e12) =
e12 # 0 = f(eizen1), therefore f is not left{ f, g }-derivation.

Note that every lef{ g, h }-derivation overA is a Jordan lef{ g, h }-derivation but the converse is
not true.

rir T2

Example7 : Let A = 75(C). Now, let X = [0 € Aandf,g,h : A — A are defined

T3

71+ G2 andh(X) =

5%t 1 271+ 329 4x1 dx1 + 320
by f(X) = » 9(X) =
0 6.%3 0 33}3 0 3.7}3

spectively. Thery is a Jordan leff g, h}-derivation. Also,f(e12e11) = f(0) = 0, butejag(e11) +
ei11h(ei2) = 3e12 # 0. Hence,f is not a left{ g, h }-derivation.

Note that in Example 7f(€12 o 611) = f(€12) = bejo ?é Teig = 9(612) oej; +eppo h<€11)-
Therefore,f is not a Jordar g, h}-derivation. In next results, we characterize Jordan{eft:}-
derivation and lef{ g, h }-derivation over7,, (C).

Theorem8 — Let7,,(C), n > 2, be the algebra of. x n upper triangular matrices ovef’. Then
fis aJordan left{ g, h}-derivation over7, (C) if and only if there exist@ elements it such
that

J
g(A) = Z (Zaikgzg;k))eij;

1<i<j<n k=i

h(A) = anh§1 en + Z ai h ) + Zawgk] el + Z Zazkgkj €ij;

j=2 1<i<j<n k=i
f(A) = (g+h)(A), forall A€ T,(C)
where gl( np) h(np) Cand A = Z @ij€;j-

1<i<j<n
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Moreover, iff is a Jordan leff g, h }-derivation overZ,, (C), thenf, g andh are right centralizers.

PROOF: Let f be a Jordan leffg, h}-derivation overZ, (C). Let

g(eij) = Z gﬁri),‘;;)emp) (3)
1<m<p<n
heig) = D> hiemp, (4)
1<m<p<n
and
fleg)= > fiden, , wheregld) n(ia) flid) e C. (5)
1<m<p<n

Sincee?, = e; fori € {1,2,...,n} and f is a Jordan left{g, h}-derivation overZ, (C), so
f(esi) = eiglei) + eiih(es;) and this implies
150 = 0 + 0 £ = 0l s 15D = 0l R,

and other entries of (¢;;) are zero excepii)-th to (in)-th entries (6)
(by (3), (4) and(5)).
Leti # j. Sincee;; o ej; = 0, by using (3), (4), (5) and (2), we have

i) _ D G0 _ g = i) _ D)

_ (@)
95~ = Y9ii+1 = " = Yin i it c=hy, (7)

Leti < J- Sinceeij O €4 = €jj = €45 O €35, W€ have

2n{7) — 01 — 90 for k= {iji+1,...,5—1}.

Also, 2( (i1) hglij)) _ f(ij) _ Q(hﬁi) +gi(lij))> forl ={j,j+1,...,n}
= 2h§-l> £ = 269 fori = {j,j+1,...,n} (by (7))

il

8
and other entries of (e;;) are zero excepti)-th to (in)-th entry.

Similarly, frome;; o e;; = e;; = e;5 0 €5,
on\i) = 37 =240 fork = {j,j +1,....n} (by (8)).
g =0 =i fori = {jj +1.....n} (by ®) ©)

and other entries of (e;;) are zero exceqt;)-th to (in)-th entry.
Therefore, for any < 7, by (8) and (9),
g =GP =1 = g ok = {j,j+1,....n},

g0 =0 =nl" fori={ii+1,...,5—1}

il

(10)
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Letk 75 1, 7. Sinceekk o e = 0,

hD forl={k,k+1,...,n}. (11)

g’ =0

Hence, from (6)-(7) and (9)-(11), all entriesgye;;), h(e;;) and f(e;;) are zero excefij)-th to
(in)-th entry, foralll <i <j <n.

Now, letA € 7,,(C). ThenA = >~  a;je;;, wherea;; € C. Sinceg, h and f are linear,
1<i<j<n

g =3 O angMes.

1<i<j<n k=i

h(A) = anh{Ven + Z (a11 h '+ Zamgkj e+ Y Zazkg )eijs

j=2 1<i<j<n k=i

f(A) = (g +h)(A4), (by(6),(9) and(10)).

(12)

Therefore, the number of elements@frequire to express, h and f is equal ton + n + (n —

1)+ 41 =088

Conversely, leyy, h and f be of the form (12), for alld € 7,,(C), whereA = >~ a;je;;

1<i<j<n
anda;; € C. Theng(A) = Aa, h(A) = Ad’ and f(A) = A(a + o/) wherea = Y gVe;;
1<i<j<n
ando’ = 377, h%l)elj + > gg-’)eij. Now, letB € 7,,(C). ThenB = > b;je;j, where
1<i<j<n 1<i<j<n
b;; € C and by direct computation,
f(AB + BA) = 2(Ag(B) + Bh(A)).
The last conclusion can be easily seen from the converse part. O

Theorem9 — Let7,(C), n > 2, be the algebra of. x n upper triangular matrices ovef’. Then
fis aleft{g, h}-derivation overZ, (C) if and only if there exist&n elements irC such that

n n
= Zanggl)eu; h(A) = Zanhgil)eu‘;
i=1 i=1

f(A) = (g+h)(A), forall A € T,(C),
where g( 2 h(np) e Cand A= Z aij€j.

lm
1<i<j<n
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PROOF: Let f be a left{g, h}-derivation overZ, (C) whereg, h and f be of the form (3), (4) and
(5), respectively. Since every lefy, h}-derivation over7,,(C) is a Jordan lef{ g, h }-derivation, so
(6) and (7) hold.

Let: < j. Sinceeijeii = 0, from eijg(eii) + eiih(eij) =0= eijh(eii) + eiig(eij) (by (1))1 we

have N N
WD —0 =g fork={ii+1,...,j—1}
andg” + ni? = 0= nl) + g7 fori={jj+1,...,n} (13)
— W =0=g fori={j,j+1,...,n} (by (7).
Similarly, from the identitye;;e;; = 0,

h%ﬂ:o:ggﬂfmk:{ﬁj+Luwn}

J
iy " (14)
g =0=n{) fori={jj+1,...,n}.
By (6) and (14),
f(ej;) =0, forall j > 1. (15)
By (7) and (14),
g(ejj) = h(Ejj) = O, for a”j > 1. (16)
Letk ;é 1,]. Sinceekkeij =0,
gl(cllg) = glgiljc)-&-l == 91(:;) =0= hz(f;i) - hl(éjk)—f—l == hl(cli)‘ (17)
By (13), (14) and (17),
g(eij) = h(eij) =0, forall i < 7. (18)
Now,
fleij) = eiigleij) + eizh(es) = 0, foralli < j (by (18), (4), (7)) 19)

LetA € 7,,(C). ThenA = ) a4je;; Wherea;; € C. Sinceg, h andf are linear, by (3)-(7),
1<i<j<n

(15), (16), (18) and (19), we have

9(A) = Zauggl)em h(A) = Z a11h$1)61z‘,
i—1 =1

f(A) = (g+ h)(A4), forall A € T,,(C).
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Thus, the number of elements frathrequire to expresg, h and f isn + n = 2n.
Converse can be proved easily by direct computation.

Now, we give an example of a Jordan I&ft, 1 }-derivationf on7,,(C') whereg, h and f are not
left centralizers.

ExamplelO : Considerd = an am] € 75(C) andg, h, f : To(C) — T3(C) are defined
a22
— - - 0 —2
by g(A) = Tz ,h(A) = T andf(A) = A , respectively.
0 —ag2 0 —an2 0 —2a22
5
Then f is a Jordan lef{ g, h}-derivation on73(C'). Here, if A = andB = 6] , then

g(AB) # g(A)B, h(AB) # h(A)B and f(AB) # f(A)B. Therefore,g,h and f are not left
centralizers.

Our next result characterize Jordan Igft / }-derivation on full matrix algebras,,(C').

Theoremll— Let f be a Jordan lef{ g, h }-derivation overM,,(C), n > 2, the algebra of x n
matrices ovelC'. Theng = h.

PROOF: Supposef is a Jordan lef{ g, h}-derivation overtM,,(C). Now, let

62] Z Z gk:l ekl (20)

k=1 1=1
and
h(es;) S hiPer , wheregl, n? e . (1)
k=1 1=1
Leti # j. SinceC is 2-torsion free,
2(9(6,’,’)6]']' + ejjh(eii)) = f(e” o) ejj) =0 = g(eii)ejj + ejjh(eii) =0. (22)
Comparing the coefficients efy, . . ., e;n, €j1, . . ., ej, from (22),

Similarly, from h(eii)ejj + ijg(eii) =0,

Wi = =) =0 =g\ = ... = g, (24)
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Now, €ij = €4 O €jj. Using (23) and (24),
N — o ), (i), \ _ @), (i5)
fleij) =2(g;7 €in + -+ 95, €in) = 2(hyy e + -+ + by, ein). (25)

In a similar way, we have

fleij) = 2(g§{j)ei1 +t gj(-zlj)em + hg-ilj)ejl +--+ h%)ejn) (26)
= 2(h§€j)6i1 + -4 gj(-flj)ein + h§i1j)€j1 + -+ hgg)em)
From (26),
g = n¥ g9 = pD forallj=1,...,n. (27)
From (23), (24) and (27),
g(ejj) = h(ejj) for a.”j =1,...,n. (Al)
From (25),
gl = pli0) g — ) for all i £ 5. (28)
From (26),
gD =0l g = hlD foralli # ;. (29)
Now, letk # i andk # j. Fromey o e;; = 0,
From (28), (29) and (30),
g(eij) = h(eij) for all ¢ 7& J- (AZ)

Sinceg andh are linear maps, using (A1) and (A2),.X) = h(X), forall X € M,,(C). O

Now, we give an example of a Jordan |€f}, g}-derivation overMs(C) which is not a left
{g, g}-derivation.

Ty X2

Examplel2 : LetA = My (C) andX = [ € A. We consideff, g : A — A defined as

r3 T4
|2z + 622 4x1 + 8xo
2x3 + 6x4 4x3+ 814

x4+ 3x9 2x1 + 4o

F(X
) T3+ 3xs 2x3 + 4y

andg(X) = , respectively. Therf is a
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Jordan left{g, g}-derivation. Now,f (e12e11) = f(0) = 0, buteiag(e11)+errg(erz) = 3er1+dern #
0. Thereforef is not a left{ g, g }-derivation.

Remarkl3: Itis known thatifC' is a prime (semiprime) ring, theit,,(C') is a prime (semiprime)
ring, forn > 2. In Example 12, iiC' is a commutative prime (semiprime) ring, thé,(C') becomes
a prime (semiprime) algebra ovér. Therefore, Example 12 shows that every Jordan{lgft:}-
derivation over a prime (semiprime) algebra need not be g deft}-derivation.

Also, we characterize Jordan l€fj, ¢ }-derivation and leff g, g }-derivation ovetM,, (C).

Theorem14 — Let M,,(C), n > 2, be the algebra of: x n full matrices overC. Thenf is a
Jordan left{g, g}-derivation overM,,(C) if and only if there exist? elements irC' such that

9(4) = Z Z(Z aikg,i'jk))e@-j,
j=11i=1 k=1

F(A) = 2g9(A), forall A € T,(C) where g™ € C, A=Y ajje;.

lm
j=1i=1
Moreover, iff is a Jordan left{ g, g} -derivation overM,,(C), thenf andg are right centralizers.

PROOF: Let f be a Jordan leffg, ¢ }-derivation ovetM,,(C'). Now, letg be of the form (20) and

Flein) =33 filew , wherefl) e C. (31)

k=11=1

Leti € {1,2,...,n}. Sincee? = e; andf is a Jordan lef{g, g}-derivation ovetM,,(C),
Flea) =2 g% eur. (32)
k=1

Leti # j. Then frome;; = e;; o €44,

n

Fleir) =2 (a5 + a'))e. (33)
k=1
Similarly, ase;; = €45 O €54,
Fleip) =200 g% e+ g5 esn). (34)
k=1 k=1

Now, by (33) and (34),
g =0 fork=1.2,...n. (35)
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Letk # i, j. Since0 = e;; o ey,

(i9)

kk
gl _0_9( )

,fori=1,2,....,n. (36)

Now, by (33), (34) and (36),

g =g fork=1,2,....n. (37)
Therefore, for # j, by using (34)-(37),

ez] = 22‘931‘3 €ik, g e’Lj Zg](?gj €k, 9 em Zgl(]? Cik- (38)

Let A € M, (C). ThenA =71, 377 | ajje;, wherea;; € C. Hence, by (32) and (38),

n n

= Z Z(Z az‘kglg;k))eija

j=1i=1 k=1 (39)
f(A) =2g(A).

Also, the required number of elements fraino expresg andf aren+n+---+n (ntimes =

n?.

Conversely, ley and f be of the form (39), for ald € M,,(C), whereA = 371, 377, ajje;;
anda;; € C. Theng(A) = Aa and f(A) = 2Aa, wherea = 77 37" 1gf]“ e;;. Now, let

B e M,(C). ThenB = >  bjje;;, whereb;; € C. Thus, by direct computation
1<i<j<n

f(AB + BA) = 2(Ag(B) + Bg(A)).

The last part can easily be derived from the converse patrt. O

Theoreml5— Let M,,(C), n > 2, be the algebra of x n full matrices ovelC. Thenf is a left
{g, g}-derivation overM,,(C) ifand only if f = g = 0.

PROOF: Let f be a left{g, g}-derivation overM,,(C) whereg and f be of the form (20) and
(31), respectively. Since every lefy, g}-derivation overM,,(C) is a Jordan leff g, g }-derivation,
therefore, (32) and (39) hold.

Lets 7'5 j Sinceeij = €jiCij,

fleij) = eugleij) + eijglein) = f(eijei) = 0. (40)
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Now, sinceeiieji =0,

g =0, fork=1,2,...,n. (41)

By (32) and (39)-(41)f = g = 0.

The next example is of a Jordan I€f§, g}-derivation f on M,,(C) whereg and f are not left
centralizers.

ail a2

Examplel6 : LetA = € My(C)andg, f : Ma(C) — My(C) are defined

a21 Q22

aip —aiz —an

by g(A) =

and f(A) = 2g(A) respectively. Thery is a Jordan left{g, g}-
a1 — a2 —a21

derivation onMz(C). In this case, forA = g(AB) # g(A)B and

2
and B =
4]

f(AB) # f(A)B. Thereforeg and f are not left centralizers.

3. JORDAN LEFT {g, h}-DERIVATION ON TENSORPRODUCTS OFALGEBRAS

Now, we discuss a result on Jordan Igjt i }-derivation over tensor products of algebras. Rebe
a commutative ring with unity and/, N, K be R-modules. Amap : M x N — K is R-bilinear
if 0(x,y) is R-linear inz for each fixedy € N and R-linear iny for each fixedr € M. The tensor
product of M and N is a pair(T, #), whereT is an R-module and) : M x N — T an R-bilinear
map with the property that for anf-module X' and R-bilinear mapf : M x N — K, there exists
a uniqueR-linear mapf : T — K with f o § = f. Forz,y € M the imaged(z, y) is denoted by
x ®y. If AandB are twoR-algebras, the tensor produdt z B has a well defined multiplication
(a®b)(d @) = (ad' @ bY), a,a’ € A, b,/ € B. This makesA@ B into an R-algebra, called
the tensor product of algebralsand B.

Theorem17 — If an algebra A over a fieldF with charF) # 2 has the property that every
Jordan left{g, h}-derivation of A is a left{g, h}-derivation, then the algebral ® S has the same
property whereS is a commutative algebra ové.

PROOF: Let f be a Jordan leffg, h}-derivation onA ® S. Let{b, | t € T, T an index set} be
abasis ofS andu € A® S. Then

fw)=>" filw) @by, g(u) = gi(u) @ by andh(u) = hy(u) @ by (42)

teT teT teT

wheref;(u) = g¢(u) = ht(u) = 0 for all but finitely manyt € T'.
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Now, letz,y € A andr, s € S. Sincef is a Jordan lef{g, h}-derivation onA ® S,

f((zy +yz) @ rs)
=fleer)(yes)+y@s)(zer) =2[(zar)g(y @ s)+ (y @ s)h(z @),
which implies, ~ fi((zy + yz) ® 5) @ by
teT (43)
=2z @) guy ©5) @bw) + (Y@ 5)( ) hu(z @ 1) @ b)]

weT weT
=2[(Y) " 290y ® 5)) @ bur + (Y yhw(z @ 7)) @ bys]
weT weT
whereb,r = > b, bs = > Brwbr andayy, By € F.
teT teT

RH.S. of (43)=2]> (> arugu(y ® s)) @by

teT weT
Zy Zﬂtw w ) © by] (44)
teT weT
:>ft((zvy+y:v ®’I"8 _2 Zatwgwy(g)s +y Zﬁtww
weT weT
Let f(z) = filz ®7s), §(y) = 3 wgw(y ® s) andh(z) = Y Buwhw(z @ r), for all
weT weT

z,y € A. Then, by (44)f is a Jordan lef{g, h}-derivation onA. So, f is a left{g, h}-derivation,
by assumption. Hence,

Fay @rs) = 2(3 gy © ) + 9> Bruhu(z 2 1)). (45)

weT weT
Also,
flzer)yes) = flry@rs) =Y filzy@rs) @b

teT

= 20 wguy @ 5) + ¥ Brwh( ] (by (45))

teT weT weT
= x(z Juw(y®s)) ® (Z Qby) + y(z hy(x®@71)) ® (Z Brwbt)

weT teT weT teT

_ (46)
= Z Tuw(y ® 5) @ byr + Z Yhy(z @ 1) @ bys

weT weT
= Zgwy®s)®b (y ® s)( Zh by)

weT weT

(since S is commutative)

=(x®r)g(y@s)+ (y@s)h(z@r).
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Therefore,f(uv) = ug(v) + vh(u) forall u,v € A ® S. Similarly, f(uv) = uh(v) + vg(u) for
allu,v € A® S. Thus,f is a left{g, h}-derivation on4A ® S. O

4. JORDAN LEFT {g, h}-DERIVATION ON ALGEBRA OF POLYNOMIALS

Let A be an algebra over and A|x], the ring of polynomials oved. ThenA[z] becomes an algebra
overC where scalar multiplication is defined @éag + a1z + a2x® + - - - + a,2") = aag + (cay)x +
(aag)z® + --- + (aa,)z", a € C andag,ay,as,...,a, € A. First, we derive a result on left
{g, h}-derivation onA|z].

Theorem18— If f is left{g, h}-derivation on4, thenf is a left{g, h}-derivation onA[z] where
F(Y_gaa?) = Y5 F(a;)a?, for F = f, g, h anda; € A.

PROOF: Let P, Q € Afz]. ThenP = 7 a;jz andQ = Y°;_ bra®, wherea;, b, € A.

Therefore,PQ = >4 coa™ wherec, = Y73 7 ga;bi.
Jjt+k=n

By definition off, g, h and the assumption thditis a left{g, h}-derivation on4,
Pg(Q) + Qh(P)

=(Q_aa)D_ gbr)a* + Qi)Y hlay)a’]
7=0 k=0 k=0 7=0
r4+s s r r+s s r
= D0 ajg)la™ + > D brh(ay))a”
n=0 k=0 j=0 n=0 k=0 j=0
Jt+k=n Jjt+k=n
r+s s r
=3 1D (ajg(be) + brh(ay))]a"
n=0 k=0 j=0
Jjt+k=n
r+s s T
=S Flajby)a”
n=0 k=0 j=0
Jjt+k=n
~r+s s T
=100 aibi)a"]
n=0 k=0 j=0
jt+k=n

= f(PQ).

Similarly, f(PQ) = Ph(Q) + Qg(P). Thus,f is a left{g, h}-derivation onA[z]. O

Our next result characterizes Jordan lgfth }-derivation onA[z].
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Theorem19— If f is Jordan left{g, h}-derivation on4, thenf is a Jordan left{7, h}-derivation

on Alz] whereF (3! _ aja?) = 3i_o F(a;)2?, for F = f,g,h anda; € A,

PROOF: Let P, Q € Afz]. ThenP = Y"_ja;z/ andQ = Y ;_, brz®, wherea;, by € A.

Therefore,PQ + QP = >, 1§ dna™, whered, = 75 >"_(ajbr + bray).
Jjt+k=n

By definition of f, §, h and the assumption thgtis a Jordan lef{g, h}-derivation onA,

2(P3(Q) + Qh(P))

r+s s r

=> "D 2(ag(br) + brh(a;))]a"

n=0 k=0 j=0
Jj+k=n

r+s s r

=YD flasbi + braj)a”
n=0 k=0 j=0
Jjt+k=n

= f(PQ+QP).

Hence,f is a Jordan lef{g, h}-derivation onA[z]. O
5. JORDAN LEFT {g, h}-DERIVATION ON QUATERNION ALGEBRA
LetHg = {a +bi +cj +dk | a,b,c,d € R,i® = j2 = k? = ijk = —1} be the quaternion algebra
over the field of real numbers.

Proposition20 — Let f be a left{ g, h }-derivation oveilg. Then the image of is the subalgebra
of Hg generated by (1).

PROOF: Sinceij + ji = 0 andf is a left{g, h}-derivation,
0= f(ij +ji) = 2(ig(j) + jh(i)) = f(k) = f(ij) = 19(j) + jh(i) = 0. (47)
Similarly, we getf (i) = f(j) = 0. Now, letq = a + bi + ¢j + dk € Hg, wherea, b, c,d € R.

Sincef is linear, f(q) = af(1). Hence,f(Hgr) =< f(1) >.

Now, we present the necessary and sufficient condition for Jordafigleit -derivation to be a
left {g, h}-derivation onHR.

Theorem21 — Let f be a Jordan left{g, h}-derivation overHg. Thenf is a left {g, h}-
derivation onHp if and only if (i) = f(j) = f(k) = 0.
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PrRoOOF: Let f(i) = f(j) = f(k) = 0andq = a + bi + ¢j + dk € Hg, wherea, b, c,d € R. So,
fla) = af(1).

Letr = x + yi + 2zj + tk € Hgr. We have to proveg (qr) = qg(r) + rh(q) = qh(r) + rg(q).
Since

2(qg(r) +rh(q)) = f(gr +rq) = 2(ax — by — cz — dt) f(1)
= qg(r) +7h(q) = (ax — by — cz — dt) f(1) = f(qr).

Similarly, gh(r) + rg(q) = f(gr). Thereforef is a left{g, h}-derivation onHRg.
The converse is true by the proof of Proposition 20. 0

Now, we characterize Jordan I€fj, / }-derivation onHg.
Theorem22 — Let Hg be the quaternion algebra over the field of real numbers. Thémna
Jordan left{ g, h}-derivation ovefHg if and only if¢g = h and there exist elements irR such that

9(q) = (aaél) — bbél) — ccél) — ddél)) + (abgl) + baél) + cdél) — dcél))i

M —bd(M + call) + dbl))j + (ad) + bl — b + dalM)k,
f(a) =2g(q), forall g € Hr

whereq = a + bi + ¢j + dk anda{", b

+ (ac

1 1 1
(M oD 4D ¢ R,

Moreover, iff is a Jordan left{ g, g }-derivation overHg, thenf andg are right centralizers.

PrROOF: Let

Fl)=ad¥ + o0+ 5+ alk, for F = f,g,handl = 1,1, j, k. (48)

= d 44V, (49)

M) _ @) 4 bgf), D) — _ @) @ (1) _ déi) + dﬁf), ab — _cgi) _ D

ay 9 f 9"~ % Cf f ho

a?) _ Céj) + Cng)j b}l) _ _déj) _ d;f), C;l) _ _aéj) _ aﬁf), d?) _ béj) + b(]), (50)
1) k k) (1) k k) (1 k (k) (1) k k)

ay :dé)—i-dgl,bf :cg)—l—c,(l,cf):—bé)—bh),df :—ag)—agl.
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Since2i = 104 =401, using (48),

agf) = aﬁf) — bgl) aé’) bﬁf), bgc) b +al) = b(g’) + ag) 51
D — O gy — @) gD g0 ) () g6 () (1)
f h g g h » Uf g h
By using (49)-(51),
20 = oY — b0+ al — ) = (o + af) - (B + b)) = —2Y -
— oV = W Similarly. b(z) = a( ) = —d( ) d() =M
f f- ' o6 f f-
Similarly, using2j =1o0j=j01,2k =10k = ko1, (50) and (51), we have
G) — (1) 4G _ ) G) (1) S0) (1)
ajt=—cp byt =dy, ot =ap, dpt = by, (53)
(k) _ _ ) ok) _ (1) (k) _ (1) (k) _ (1)
apl = —dp, byt =—cpt, ot = byt dpt = ay
Also, in view of (50)-(53), forF" = g andh,
a;f) _ —b%), b;f) _ a%l)’ Cg) _ —d%l), d%) _ C;})’
(j) _ (1) b(j) _ %1)’ Cg) _ ag), dg) _ —b%l), (54)
(k) —d%), bgf) _ _#)7 cg‘“) _ bg), d%’“) _ a%l)'
Sincei o j = 0,
béj) = —cgf), a(gj) = —d,(f), déj) = a,(f), céj) = bg). (55)

Again, by (54) and (55)p§,1) = xél), forallx = a,b,c,d. Thereforeg = h. Letq € Hgr. Then
q = a+ bi+ ¢j + dk, wherea, b, ¢, d € R. Hence, by (49) and (52)-(55),
g(q) = (aagl) — bbgl) — ccgl) — ddél)) + (abél) + baél) + cdél) — dcél))i
1 1 1 IS 1 1 1 1
+ (act — bd() + call) + dbM)j + (ad(D + bl — bl + dal)k, (56)

f(q) =29(q).

Moreover, the required number of elements frBrto expresg and f is 4.

Conversely, ley and f be of the form (56), for aly € Hg, whereq = a + bi 4+ ¢j + dk and
a,b,c,d € R. Theng(q) = qa and f(q) = 2qa, wherea = a(l) + bg )i+ cg )] + d( k. Now, let
p € Hgr. Thenp = = + yi + zj + tk, wherezx, y, z,t € R. Also, by direct computation,

f(pg +qp) = 2(pg(q) + q9(p)).
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The last part can easily be derived from the converse patrt.

Below is an example of a Jordan I€f}, g }-derivation ontr which is not a left{ g, g } -derivation.
Also, the condition of Theorem 21 is not satisfied in this case.

Example23 : Letq = a + bi + ¢j + dk € Hg, wherea,b,c,d € R. Definef, g : Hr — Hpg
as f(q) = 2q andg(q) = ¢, respectively. Thery,g are linear maps and is also a Jordan left
{g, g}-derivation. But,f(ij) = f(k) = 2k # 0 = ij + ji = ig(j) + jg(i), thereforef is not a left
{g, g}-derivation.

Our next result shows that there is no nonzero{efty }-derivation onHg.
Theorem24— Let f be a left{g, g}-derivation overHgr. Theng and f are identically zero.

PROOF: Let g and f be of the form (48). Since every lefy, g }-derivation overt is a Jordan
left {g, g}-derivation, so (54) and (56) hold. By Theorem 21;) = f(j) = f(k) = 0. Since
i = 1i = i1, using (48),

7 1 7 1 7 1 7 1
ol = b0, b = —all, ) = al g® = D). (57)
Sinceij = kandf(k) =0,
béj) — _Céi)7 aéj) — —dgi), déj) — agi)’ ng) — béi)_ (58)

Now, by (54), (57) and (58" = b = Y = a{") = 0. So, by (56)g = 0 = f.

Finally, we give an example of a Jordan Iéft ¢}-derivationf onHg whereg and f are not left
centralizers.

Example25 : Suppose = a + bi + ¢j + dk € Hg andg, f : HrR — Hg are defined by(q) =
(a—2b—3c—4d)+(2a+b+4c—3d)i+ (3a—4b+c+2d)j+ (4a+3b—2c+d)k and f(q) = 29(q),
respectively. Therf is a Jordan leffg, g} derivation onHg. Further, ifp = 5+ 6i + 7j + 8k and
g =9+ 10 + 115 + 12k, then it can be seen thatpq) # g(p)g and f(pq) # f(p)q. Henceg and
f are not left centralizers.

Remark26 : By Frobenious theorem, every finite dimensional noncommutative division algebra
overR is isomorphic tdHgr. Therefore, Theorem 24 is true for every noncommutative finite dimen-
sional division algebra oveR.
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