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In this paper, after introducing the notion of relative ideals in ordered semigroups, some impor-
tant properties of these ideals are studied. Then notions of relatively prime and relatively weakly
prime ideals are defined and some vital results have been proved. We also find some conditions
under which relative ideals become left, right and two-sided ideals in any regular ordered semi-
group. Finally, the notion of maximal and minimal relative ideals are introduced and some of
their properties are studied.
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1. INTRODUCTION AND PRELIMINARIES

In 1962, Wallace [13], introduced the notion of relative ideals on semigroups and defined left (right)
H-ideals of a semigroup as follows: L&tbe a semigroup anéf, a non-empty subset ¢f. Then

a non-empty subset of S is called a left (resp. right}/-ideal of S if HA C A (resp AH C A).
Further A is called anH-ideal of S if it is both a left H-ideal and a right{-ideal of S. In 1967,
Hrmowa [5] generalized the notion dff-ideal by introducing the notion of af¥;, H,)-ideal of a
semigroupS, H1, Hy C S.

The notions of prime and weakly prime ideals in a semigroup have been considereadayirsz
[12]. He proved that the ideals of a semigratiare prime if and only ifS is intra-regular [2] and
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the ideals ofS form a chain. He also showed that an ideal of a semig®igpprime if and only if
it is both semiprime and weakly prime. In 1992, Kehayopulu proved the aforesaid results in [6] for
ordered semigroups.

An ordered semigroup is an ordered Sewhich is also a semigroup such that:
(Vs1,82 € S)(Vr € S)(s1 < 52 = s1z < ser andzs; < xs2).

A non-empty subsel’ of an ordered semigrouf is said to be a left (resp. right) ideal 6fif
ST CT (resp. TS CT)andforallt € T,S 5 s <t = s T. FurtherT is called an ideal of
if it is both a left and a right ideal 0. The ordered semigroug is called simple if it has no proper
ideal inS. AnidealT of S is called prime if foranyC,D C S, CD C T = eitherC C T or
D C T. The idealT is said to be weakly prime if forideals, D C S, CD C T = eitherC C T
or D C T and semiprimeiffoC C S, C>?CT = C CT.

A proper idealT” of S is called maximal if for any ideall of S such thatl’ C A C S implies
eitherA = T or A = S. The idealT is called minimal if there is no proper idedl of S such that
ACT.

For more details of ordered semigroups and their related notions, the reader is referred to [1, 3, 4,
7, 8].

In the present paper, in Section 2, left(rigitideals,-ideal, minimal and maximal'-ideals are
defined. Then we define the notion of @i, Hs)-ideal of S (it is also called a relative ideal f)
and prove that intersection and union(éf,, H»)-ideals ofS are again H,, H»)-ideals ofS. Further
some properties of minimdlH,, Hs)-ideals are obtained. We also prove that for any ideal any
regular ordered semigroup, (H;, H)-ideals ofI are ideals ofS. At the end of this section, after
defining the relationg;, J, Ju,, i, Ju,, 0, Hu, and g, Dy, some properties of these relations are
obtained.

In Section 3, we define theH,, Hs)-prime, (H1, Hy)-weakly prime and H;, Hs)-semiprime
ideals of S and prove that arf{-ideal of S is H-prime if and only if it is bothH-semiprime and
H-weakly prime. Further, we defing-intra regular ordered semigroup and prove tHatdeals
of S are H-prime if and only if they form a chain anl is H-intra-regular. Finally, after defining
(H1, H2)-simple ordered semigroups, characterizationdhf, H2)-simple ordered semigroups have
been discussed.

In Section 4, after definig maximal and minim@{,, H»)-ideals of S, it has been shown that
every propefH,, Hs)-ideal of S is minimal if and only if the intersection of any two distinct proper
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(Hy, Ho)-ideals ofS is empty. It has been also proved that any pragér, Hs)-ideal A of S is a
maximal ideal ofS if and only if for everya € S\ A, Ir(AU {a}) = S (H = H; U Hs). Finally,
we show that every propé#, Hs)-ideal of S is maximal if and only if the union of any two distinct
proper(H;, Hy)-ideals coincides.

2. RELATIVE IDEALS AND GREEN' S RELATIONS

Definition2.1 — LetS be an ordered semigroup add T be the non-empty subsets 8f Then A
is said to be a leff-ideal of S if TA C AandT > z < y € A impliesx € A. Dually we may
define a right/’-ideal of S. FurtherA is said to be &-ideal of S if it is both a leftT-ideal and a right
T-ideal of S. If T = S, then leftT-ideals, rightT’-ideals andl'-ideals ofS will simply be called as
left ideals, right ideals and ideals Sfrespectively.

Remarkl : Every idealA of an ordered semigrou§ is always dl-ideal of S for each subser’
of S, but the converse is not true in general, as illustrated by the following example:

Examplel : LetS = {a, b, c,d, }. Define a binary operation (.) osias follows:

a b ¢ d
ala a a a
b|b b b
cle ¢ ¢ ¢
dla a b a

Define an order asi= {(a,a), (b,b), (¢, ), (d,d), (a,b), (b,c),(a,c)}. ThenS is clearly an
ordered semigroup. I = {a,b}, B = {a,d} andC = {c,d}, then it is easy to see that is a
B-ideal of S, but not an ideal of.

Definition2.2 — Let A andT be the non-empty subsets of an ordered semigfupet

(Alr ={teT |t <a, forsomea € A}.

The following Lemma easily follows.

Lemma2.3 — LetS be an ordered semigroup. Then
(1) AC (A]pforall ACT.
(2) If AC B CT,then(A]r C (B]r.

(3) (Alr(B]r € (AB]r.
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(4) ((Alr]r = (Alr.
(5) ForeveryT-idealA C T', we have(A]r = A.
(6) If A, B areT-ideals ofS, then(AB]|r, AN B areT-ideals ofS.

(7) If T'is subsemigroup of, then(T'aT|r is aT-ideal of S for eacha € S.

Definition 2.4 — A subsemigroufi” of an ordered semigrouf§ is calledT-simple if it has no
properT-ideal.

Definition2.5 — LetT be a non-empty subset of an ordered semigrSu@ T-ideal A of S is
called minimal if there does not exist C A such thatB is aT-ideal of S.

Definition 2.6 — LetT" be a non-empty subset of an ordered semigrSuA left (right, two-
sided)T-ideal A of semigroups is called maximal if there does not exisfaideal B of S such that
A C B C S; or equivalently, if for eacli-ideal B of S such thatl’ C B, implies eitherB = T or
B=25.

Definition 2.7 — Let S be an ordered semigroup and l&t, A, be non-empty subsets &f.
A non-empty subsetl of S is said to be arf{A;, As)-ideal of S if 4,4 C A, AAy C A and
AU Ay >z < yforsomey € Aimpliesz € A. Such ideals are also called relative idealsSoff
Ay = ¢ or A; = ¢, then an(A;, As)-ideal of S becomes one sided relative ideal%fThe set of all
(A1, A2)-ideals ofS will be denoted, in whatever follows, bj(A;, As).

In example 1A is a(B, C)-ideal of S.

Example2 : LetS = {0,a,b}. Define a binary operatiol¥ and an order < ” by following

way:

<= {(070), (a7 a)v <b7 b): (O,a), (07 b)}

ThenS is an ordered semigroup. Ldt; = {0,a}, Ay = {a,b} andA = {0,b}. Then itis easy
to verify thatA is an(A;, As)-ideal of S.
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Definition2.8 — Let.S be an ordered semigroup and Iét, H, be non-empty subsets 6f An
(H1, Ho)-ideal T of S is said to be a minimalH;, Hs)-ideal of S if there exists naB € I(H;, Hy)
such thatB C T..

The set of all minimal H,, H»)-ideals ofS shall be denoted, in the sequel, by(H,, H2).

Remark2 : Clearly the concept of4;, A2)-ideals ofS is a generalization of left, right and two
sidedT-ideals ofS.

Lemmas 2.9 and 2.10 easily follow.
Lemma2.9 — LetS be an ordered semigroup and Jet, A2, A}, A5 C S. Then
(1) If Ay C A}, As C Al thenI (A}, AL) C I(Ag, Ag).
(2) I(A1, A2) = I(A1,0) N1(9, Az).
(3) ¢ € I(A1,Ag) ifand only if A1 = ¢ and Ay = ¢.
(4) I(¢,¢) = {A| AC S}.
Lemma2.10 — LetS be an ordered semigroup and Iét, H» be subsemigroups ¢f. Then
(1) (Hyalg € I(Hy, ¢) foreacha € SandH = H, U Hs.
(2) (aHszlp € I(¢, Hy) for eacha € S.
(3) (HiaH2|g € I(Hy, Hy) for eacha € S.
(4) If L € I(Hy,¢) andR € I(¢, Hy), then(LR]y € I(H;, Hy).

(5) If A,B e I(Hl,HQ), then(AB]H,Aﬂ B e I(Hl,Hg).

Lemma2.11 — LetS be an ordered semigroup and ét{, H> be subsemigroups &f. Then
U AEI(Hl,HQ).Also if ﬂ A;égﬁ, then m AEI(Hl,HQ).

A€l(Hy,H2) A€l(Hy,H2) A€l(Hy,H2)
PROOF: Since eacliH,, H»)-ideal of S'is nonempty, A # ¢. Now
A€I(Hy,H>)
m \J 4= |y mac |4 4
A€I(H1,H>) A€l(H1,H?) A€I(Hy,H>?)

and

( U A= |J 4amc | A

AEI(H17H2) AGI(H17H2) AEI(Hth)
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Letx € U Aandy € H = Hy U H, such thaty < x. Then we have to show that

A€l(Hy,H2)
y € U A Sincex € U A,z e AforsomeA € I(Hi, Hy). SinceAis an(Hy, Ha)-
A€l(Hy,H2) A€l(Hy,H2)
ideal of S, y € A. Thereforey U A.Hence Alisan(H;, Hy)-ideal of S.

AEI(Hl,HQ) AEI(Hl,HQ)

Similarly we may show that Alisan(H;, Hy)-ideal of S.
A€I(Hy,H>)

Theorem2.12— Let S be an ordered semigrougf,, H- be the subsemigroups Sfand A C
H,, B C Hy. If A€ I(Hy,9), B € I(p,Hs) andC € I,,(Hy, H2), thenC = (AcB]g for each
c e C,whereH = H; U Ho.

PROOF: SinceA € I(Hy,¢) andB € I(¢, Hy), we haveH(AcBlg C (Hi|lu(AcBlg C
(H1AcBlg C (AcBlg and (AcB]gHy C (AcB]g(H2]g. Letx € H such thatr < y for some
y € (AcB]g. Asy € (AcBlm,y < acb, forsomen € Aandb € B. Thereforer < acb. Thisimplies
thatx € (AcB]g. Therefore(AcB|y is an(H;, Ho)-ideal of S. Also (AcB]y C (ACB]g C
(HiCHs]g € (Clg € C. SinceC is a minimal(H,, Hs)-ideal of S, we haveC = (AcB]y, as
required. O

Below, the above theorem is illustrated with the help of an example.

Example3 : LetS = {a, b, ¢, d}. Define a binary operatiofi) on S as follows:

a b ¢ d
ala a a a
bla a a a
cla a a b
dla a b c

Define an order as:= {(a,a), (b,b), (¢,¢), (d,d), (a,b)}. ThenS is clearly an ordered semi-
group. LetH; = {a,b,c} and H, = {a,c}. Then H; and H, are subsemigroups &f. Take
A = {a,b} C Hy andB = {c} C H,. Then, clearlyd € I(Hy,¢) andB € I(¢, H2). Now, for
H = H, U Hy, itis easy to verify thaC' = {a} € I,,(H1, H2) andC = (AcB]g for eachec € C.

Corollary 2.13 — LetS be an ordered semigroup and I¢t, H, be the subsemigroups 6f If
A€ I,,(Hi, Hy),thenA = (HyaHs|p for eacha € A, whereH = H; U Hy.

Lemma2.14 — LetS be an ordered semigroup and kt, H, be the subsemigroups &f. If
A € L,(¢,Hz) (A € In,(Hy, ), then(Aholy, € In(é, Ha) (MA]n, € In(Hi,¢)) for each
hg c HQ (hl S Hl).
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PROOF: Let A € I,(¢, Hs). By Corollary 2.13, we havel = (aHs]p, for eacha € A.
On contrary suppose thét\hs|p, ¢ In(¢, H2). Then there exist® € I(¢, Hz) such thatB C
(Aha]m,. Now take any € B, thenb < chy for somec € A. SinceA = (aHs|y,, we havee < ah/
for someh’ € Hy. Thereforeb < chy < ah’hy € AHyHy; C AHy; C A. It follows thatB C A,
which is a contradiction. Hendedhs|m, € In(¢, H2). The dual statement may dually be proved.

Theorem2.15— Let .S be an ordered semigroup and |8, H- be the subsemigroups 6f Let
A€ In(Hi,¢) (AC Hy)andB € I,,(¢, H2) (B C Hs). Then(AcB|g € I,(H1, Ha) for each
ceS.

PROOF: To show thal AcB]y € I,,(H1, H2), take anyC' € I(Hy, Hy) such thaC' C (AcB]y.
Lets € C. Thens = ach, for somea € A, andb € B. By Theorem2.12, (AcBlg =
((Hya]c(bHs]lg € ((Hialp(cJu(bHalnly € (HiacbHsly C (HisHaly € (H1CHaly € (Cly C
C. ThereforeC' = (AcB|p. Hence(AcBly € I,,(Hy, H2).

Theorem2.16— Let S be a commutative ordered semigroup andAgt, H, be the subsemi-
groups ofS such thatH; C Hs or Hy C Hy. LetB C H and A € I(Hy, Hy)-ideal of S. Then

(A: B)={x € S|bx € Aforeachb € B}

isan(Hy, Hy)-ideal of S.

PROOF: Letx € (A : B),hy € Hy andhy € Hy. Thenbz € A for eachb € B. Therefore
b(hiz) = hy(bx) € A. Thushiz € (A : B). Again, asb(xhs) = (bx)hy € A, xhs € (A: B).

Leth € H andy € (A : B) such thath < y. Thereforebh < by for eachb € B. As H is
subsemigroup of, bh € H andA € I(H;, Hy), we havebh € A. Thush € (A : B), as required.

Theorem?2.17 — Let I be any left (resp. right) ideal of a left (resp. right) regular ordered
semigroupS and Hy, Hy C S such thatl C Hy(resp.I C Hj). Then any(H;, Hy)-ideal of [ is a
left (resp. right) ideal ofS.

ProoF: Clearly I is an ordered subsemigroup 8f Take anya € I C S. Then there exists
x € S such thate < zaa < z(zaa)a = (xza)aa. As zza € SSI C I, a < caa for some
c € I, which shows that is a left regular ordered subsemigroup$flLet B € I(H;, Hz) such that
B C . Foranyb € BC I,s € S,wehavesb € I (resp.bs € I). As I is left regular, there exists
t € I such thatsb < stbb € (SSI)B C IB C HiB C B (asI C H;). Now lete € B C I,
S>f<e= felCH CHUH, = fe€ B.HenceBisaleftideal ofS. The dual statement
may dually be proved.
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Example4 : [14]. LetS = {a,b,c,d, e} be an ordered semigroup defined by the multiplication

and the order as given below:

a b c d e
ala a ¢ a c
bla a ¢ a c
c c a c
dld d e d e
eld d e d e

<= {(a,a),(a,b), (a,¢), (a,d), (a,e), (b,b), (b,¢), (b,d), (be), (c.0), (c,e), (d,d), (d, e), (e,e) }.
Then S is a left-regular ordered semigroup. Let= {a,b,d}. ThenI is a left ideal ofS. Let
Hy ={a,b,c,d} andHs = {b,d}. Thenl C H,. TakeA = {a,d}. Clearly A is an(H;, Hy)-ideal
of I. So, by Theorem 2.174 is a left ideal ofS.

The following theorem now easily follows.

Theorem2.18— Let I be any ideal of a regular ordered semigro8mnd H, Hy C S such that
I C HyN Hy. Then any(H;, Hy)-ideal of I is an ideal ofS.

Definition2.19 — LetS be an ordered semigroup affl, H- be two subsets of. Leta € S.
Then the intersection of allH,, Hy)-ideals of.S containing the element is called the principal
(H1, Ho)-ideal of S generated by the elemedt It is denoted byl (a). If Hy = ¢, then the inter-
section of all(H1, ¢)-ideals ofS containing the element is called the principal H1, ¢)-ideal of S
generated by the elememtand it is denoted by, (a). Dually we can define the princip&p, Hs)-
ideal of S generated by the elememtind it is denoted bya) H,. If Hy = Hy = H, then the notion
of H-ideals and H, H)-ideals coincide. Thé/-ideal generated by is denoted by(a) ;.

Lemma2.20 — LetS be an ordered semigroup, |B, Hs be two subsemigroups of and let
a€Ss. ThenIR(a) = (a UHjaUaHs U HlaHQ]H, whereH = H; U Hs.

PROOF: Now H1Ig(a) = Hi(aUHaUaHyUHaHol g € (Hy|g(aUH aUaHaUHaHo g C
((H1)(aU HiaUaHy U HiaHs)|g C (HiaU Hia U HiaHs U HiaHs g = (Hia U HiaHs|g C
(aUHyaUaHy U HiaHslg C Ig(a). Similarly Ir(a)Hs C Ir(a). Since for each subset of S,
((A]lg = (A]m, therefore(Ir(a)|g = Ir(a). Hencelgr(a) is an(H;, Hy)-ideal of S.

To prove thatir(a) is the smallest{ H;, Hy)-ideal of S containing the element, take any
(H1, H)-ideal B of S containinga. Now Ir(a) = (a U Hia U aHy U HiaHslg € (BU H1B U
BH>, U H1BHs|g C (B]g C B. Hencelg(a) is the smallestH, H)-ideal of S. O
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Corollary 2.21 — LetS be an ordered semigroup, |1Bt, Hs be two subsemigroups ¢, and
leta € S. ThenHl(a) = (a U Hla]Hl and(a)Hg = (a U CLHQ]HQ.

Let S be an ordered semigroup aif] , H, be two subsemigroups ¢f. From Lemma 2.20 and

Corollary 2.21, we have

Hi(a)={te S|t <aort < hjaforsomeh; € Hi};
(a)Hy ={t € S|t <aort < ahyforsomehy € Hs};
and Ig(a) ={te€ S|t<aort <hjaort <ahgort < hjahsy

for someh; € Hy, hy € Ha}.
Define relations;, 73, ¢JH,, v, JH,s HyHH, @aNdy, Dy, as follows:

aH1j¢b =4 Hl(a)=H1(b);

agJm,b < (a)Hz = (b)Ha;
ag, Jm,b < Ig(a) = Ix(b);

mHe, € 5Ty N eTHy:

Dy, & w,.Jp-6TH,-

For simplicity, we denote the relationg J4 and ,Ju, by g, J and Ju, respectively. We de-
note the classes of the relatiops.” , Ju,, i, JH,, o, Hu, and g, Dy, containing an element by
mJ Iy 1 g, 1y Hy, and g, Dy, respectively.

Proposition2.22 — LetS be an ordered semigroup and If, H, be two subsemigroups &f.
Theny, J andJy, are right and left congruences éh and H respectively.

ProoF: Clearly 7, J is an equivalence relation dt;. Now we show thaj;, J is right compat-
ible. Leta,b,c € H; such thatay, 7b. For anyt € Hj(ac), eithert < ac ort < hjac for some
hi € Hy. Sincea € Hy(a) = Hy(b), eithera < bora < hbforsomeh) € H;. If a < b, then either
t <bcort < hbeie.t e Hi(be). If a < h}b, then eithert < hibc ort < hihibe = (h1h))be.
ThereforeH; (ac) C Hi(bc). Similarly H;(bc) C Hi(ac). Hencey, J is a right congruence oH;.

Dually we may show thaty, a left congruence o#fl». O

Theorem2.23— Let S be an ordered semigroup and I8t , H, be two subsemigroups §f Then
T T, = JTu,-m J, Wheren, J.Jm, is defined asy, 7 .Jm, = {(a,b) € H x H | there exist €
H such that(a,c) € g, J and(c,b) € Ty, }, hereH = Hy N Hy # 0.



1506 MD. FIROJ ALI, NOOR MOHAMMAD KHAN AND AHSAN MAHBOOB

PROOF: Let (a,b) € u, J.Jm,. Then there exists € H such thata,c) € g, J and(c,b) €
TH,-

Casel: If a = c¢. Then(a,b) € Ju, and asy, J is reflexive, (b,b) € g, J. Therefore
(a, b) S jH2.H1j.
Case2 : If b = c. Then(a,a) € Ju, and(a, b) € g, J. Therefore(a,b) € Tu,.u, J -

Case3: If a # b andb # c. By supposition, we have either< c ora < hyc and eithet < c or
b < chy for someh, € Hy, hy € Ho.

Case3(i): a < candb < c. Nowa € (c]g, C (¢ U cHs| g, which implies thata, ¢) € Jg, and
b<cée (cUH]g, implies(b,c) € g, J = (¢,b) € g, J(sincey, J is an equivalence relation).
Therefore(a,b) € Ty, J -

Case3(ii) : a < candb < cha. Nowb € (cU cHsly, = (b,¢c) € TJu, = (¢, b) € Jn, and
(a,c) € Ju, whichimplies(a, b) € Ju,. By reflexivity, (b, b) € i, J. Thereforgla,b) € Tu,.1,J -

Case3(iii)) : a < hicandb < c¢. The proof goes on the lines similar to the proof of Case 3(ii).

Case3(iv) : a < hjcandb < chy. As(c,b) € Jy, and Jg, is a left congruence, we have
(hic, h1b) € Jm,. Thus eitheriic < hib or hic < hybhl, for somehy € Hs. If hic < hyb, then
a < hie < hib < hichy = a < hichg. If hie < hibhl, thena < hibh!, < hichghl,. Therefore
(a, hiche) € Jm,. On the other hand as:,c) € x,J and g, J is a right congruence, we have
(ahga, che) € g, J. Thus eitherhs < ahg Or che < hjahy for someh| € Hy. If chy < ahs, then
b < chy < ahg < hychg. If cha < hiahg, thenb < hlahy < hihiche which implies(b, hichs) €
mJ = (hichg,b) € g, J. Therefore(a,b) € Ju,.u, J- Hencewy, J.JTu, C JTu,-u, J- Similarly
we may prove thatiy,.rn, C g, J.Ju,. Thereforey, 7.Ju, = Ju,-m,, &s required.

3. RELATIVELY PRIME AND WEAKLY PRIME IDEALS

Now we define relatively prime and relatively weakly prime ideals in ordered semigroups.

Definition 3.1 — Let.S be an ordered semigroup and it T' be any non-empty subsets 6f
ThenT is said to be arH -prime ideal ofS if

(1) T is anH-ideal of S; and

(2) ForanyA, B C H suchthatAB C T implies eitherA C T orB C T.

In example 1, if we choos€ = {a,b}, H = {a,d} andA = {a}, B = {d} C H, thenitis easy
to check thafl” is an H-prime ideal ofS.
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Definition3.2 — LetS be an ordered semigroup and I¢f, H- be any non-empty subsets 8f
Then a non-empty subsétof S is said to be ariH,, Hy)-prime ideal ofS' if

(1) T'isan(H;, Hy)-ideal of S; and
(2) ForanyA, B C Hy U Hy such thatdB C T implies eitherA C T orB C T.

In the sequel, the set of dlH,, H>)-prime ideals ofS will be denoted byl,,(H, H2).

Definition 3.3 — Let.S be an ordered semigroup and it T be any non-empty subsets 6f
ThenT is said to be arl{-weakly prime ideal of5 if

(1) T is anH-ideal of S, and

(2) Forall H-idealsA, B C H such thatAB C T implies eitherA C T orB C T.

In example 1, if we choos& = {a,b,c}, H = {a,d}, thenT is an H-weakly prime ideal ofS
as forA = {a,b} andB = {a, b, d} are theH-ideals ofS such thatdB C T impliesA C T.

Definition3.4 — LetS be an ordered semigroup and I¢f, H- be any non-empty subsets 8f
Then a non-empty subsétof S is said to be atiH,, Hs)-weakly prime ideal of5' if

(1) T'isan(H;, Hy)-ideal of S, and

(2) Forall(Hy, He)-idealsA, B C H; U Hs such thatAB C T implies eitherA C TorB C T.

Definition 3.5 — Let.S be an ordered semigroup and it 7 be any non-empty subsets 8f
ThenT is said to be arf{-semiprime ideal of if

(1) T'is anH-ideal of S.

(2) A C H suchthatd? C T impliesA C T.

Definition3.6 — LetS be an ordered semigroup and l¢f, H- be any non-empty subsets 8f
A non-empty subseéf’ of S is said to be arfiH;, H,)-semiprime ideal of if

(1) T e I(Hl,HQ); and

(2) A C HyU Hs such thatd? C T impliesA C T.
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Proposition3.7 — LetS be an ordered semigroup and Fétbe a subsemigroup of. An H-ideal
of S is H-prime if and only if it is bothH -semiprime and{-weakly prime. In commutative ordered
semigroupsH -prime andH -weakly prime ideals coincide.

PROOF: Let S be an ordered semigroup and FtandT' be a subsemigroup and &hideal of S
respectively. Ifl" is H-prime, then clearly” is an H-semiprime and ai/-weakly prime.

Conversely supposg is an H-semiprime and aii/-weakly prime. Suppose, b € H such that
ab e T. Then

(bHa)% = (bHa] (bHa)y € (bHabHa)y C (H(ab)H)y € (HTHy C (T)g = T.
SinceT is H-semiprime,(bHa)y C T. Again
(HbH)y(HaH)y € (HbHHaH)y C (H(bHa)H)y C (H(bHa|gH)y € (HTH]y C T.

Since(HbH |y, (HaH|y € I1(H, H) andT' is H-weakly prime, eithe(HbH |y C T or (HaH|g C
T. Supposé HaH|y C T. Then

(a)p)? = (aUHaUaH U HaHJ},

N

(aUHaUaH U HaH)?|g(aUHaUaoH U HaH|y

N

N

(HaoUHaH)(aUHaUaH UHaH)|g
HaHlg C T.

N

(
(
(HaU HaH]pg(aU Ha UaH U HaH)y
(
(

Hence, we have

SinceT is H-weakly prime and((a) i)?] i is anH-ideal, then(((a) g)?|g C T or (a)g C T. If
(a)g C T, thena € (a)y C T. Let(((a)y)?lg € T. Then((a)g)? C T. SinceT is H-semiprime,
(a)p € T anda € T. Simlarly we may prove that ifHbH]y C T', thenb € T. Now suppose that
S is commutative and’ is H-weakly prime. Let,b € H such thatb € T'. Then

(a)u(b)g = (aUHaUaH UHaH]|g(bU HbUbH U HbH| g
=((eUHaUaH UHaH)(bUHbUDH UHbOH)|1
= (abUHab]H Cq (ab)H CcT.
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SinceT is H-weakly primea € (a)g C T orb € (b)y C T, as required. 0

Lemma3.8 — LetS be an ordered semigroup and Etbe a subsemigroup df. Then the
following are equivalent:

(1) Each relative-ideal A(A C H) of S is idempotent;
(2) AN B = (AB]y forall H-ideals ofA, B C H;
3) (A pn(B)y = (A)u(B)g|u forall A,B C H;
4) (A)g = ((A)p(A)g]y forall A C H;
(5) AC(HAHAH]|y forall AC H.
PrROOF: (1) = (2). LetA,B be H-ideals of H. Then(AB|y C (AH|g C (A]g = A and

(ABlg € (HB)g € (Bl . ThereforeAN B D (AB]u. As AN B is an H-ideal of S, by
assumptionAN B = ((AN B)(A NB)lg C (AB]y. HenceAN B = (AB|n

2) = (3). Take anyA, B C H. Then(A)y, (B)y are H-ideals ofS. So, by assumptiof4)y N
B)u = (A)u(B)ul.

.Let(A)g = (A)u(A)g]g forall A C H. Therefore
(A (A)u)(A)u] = (ArA)el((Aalln = (Aflr = (A)jla = (A)}]n- Now

(A = (A)u(A)y =(AUHAUAH UHAH|y(AUHAU AH U HAH |y

C(HAHUHAjg(AUHAUAH UHAH|g C (HAH]y
HAH|g(AUHAUAHUHAH)y C (HAHAU HAHAH )y
C(HAHAUHAHAH|g(AUHAUAHUHAH]|y

T mv
g Z
s
N

Therefore(A)y = (A)yln € (HAHAH)lgy = (HAHAH]y. As A C (A)y, A
(HAHAH|g

N

(5) = (1). Let A C (HAHAH]y forall A C H. Let B C H be anH-ideal of S. Now (B?] C
(BH] C (B] C B. Again by hypothesisB C (HBHBH|y C (BB] = (B?]. ThusB = (B?.
Hence every relativé/-ideal of S is idempotent.

1509
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For an ordered semigroupand(¢ #)H;, Hy C S, we say that anyH;, Hs)-idealsA, B of S
form a chain if eithetd C B or B C A with respect to the inclusion relationC ” defined on the set
of all (Hy, Hy)-ideals ofS.

Theorem3.9— Let.S be an ordered semigroup and |[Btbe a subsemigroup of. ThenH -ideals
of .S contained inH are H-weakly prime if and only if they form a chain and one of the five equivalent
conditions of Lemma 3.8 holds i

PROOF: Let A, B be H-ideals ofS such thatd, B C H. Since(AB]y is an H-ideal of S and
AB C (AB]g, we have
AC (AB]y C (HB]g C (Blg =B or BC (AB]y C (AHg C (Alg = A.
As A% C (A%]y and(A42%]y is an H-ideal of S (cf.6 of Lemma 2.3), we have C (A?]y. If
t € (A2, thent < ab for somea,b € A. Asab € AB C AH C A andt < ab, we havet € A.

Conversely assume that, B, T be H-ideals of S such thatA,B C H and AB C T. By
hypothesis, we havd C BorB C A. If A C B, then by (cf.2 of Lemma 3.8 4 = AN B =
(ABlpy C (T]g =T.1f BC A, thenB=ANB = (AB]y C T. O

Definition3.10 — LetS be an ordered semigroup and Iétbe any non-empty subset 8f Then
S is calledH -intra-regular if

YV h € H 3 hy, hy € H such thath < hyhhs.
i.e.h e (Hh*H|lgVY he HorAC (HA?H|y ¥ AC H.

Theorem3.11— Let .S be an ordered semigroup and |&f be any subsemigroup ¢f. Then
H-ideals ofS are H-prime if and only if they form a chain antlis H-intra-regular.

PROOF: = Suppose that -ideals of S are H-prime. By Proposition 3.7, they até-weakly
prime andH-semiprime. So, by Theorem 3.9, they form a chain. Sihtec (Hh?H|y and
(Hh?H| g is anH-ideal of S (cf.7 of Lemma 2.3), we have? € (Hh?H|y. Thush € (Hh?*H]p.

< SinceS is H-intra-regular,H -ideals ofS are H-semiprime. To show thal/-ideals areH -
prime, take anyi-ideal T' of S andh € H such that? € T. Thenh € (Hh?H]y C (HTH]y C
(Tly=T.

Now we claim:

(1) (#)g = (HzH)y, V =z € H. Asx* € (HxH|y impliesz? € (HxH|y and, so,x €
(HxH|pg. Thus(z)g C (HzH]g. Also, (HzH]g C (rUHzxUxHUHzxH]g = (z)g. Therefore
(.I)H = (HxH]HVJJ eH
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2 (zy)g = (x)g(y)g) Y x,y € H. For this
zy € (x)pH C (2)g = (zy)u C (2)m,

vy Hx)g € (g = (2y)u € (Y)u

i.e. (zy)g C (2)p N (y)m. Takeh € (xy)g C (x)g N (y)g. Thush € (HzH|y andh € (HyH | g.
This impliesh < axb andh < cyd for somea, b, c,d € H. Thush? < cydaxb. On the other hand,
ydax € g(xy)y. For this

(ydax)? = ydazydar € HrxyH C (HzyH)y = (zy)q.
As (zy)y is H-semiprimeydaz € (zy)y. Hencecydaxb € (xy)y. Soh? € (zy)y. Therefore

h € (zy)m.

Again, letT be anH-ideal of S anda,b € H such thatzb € T. By chain condition, we have
either(a)H - (b)H or (b)H - (a)H If (CL)H - (b)H, thena € (a)H = (a)H N (b)H = (ab)H cT
impliesa € T. If (b)y C (a)g, thenb € (b)g = (a)g N (b)g = (ab)y C T impliesb € T O

Definition 3.12 — Let.S be an ordered semigroup and g, H> be non-empty subsets 6f
ThenS is said to bg Hy, Hs)-simple if S has no propetH;, Hs)-ideal of S.

Lemma3.13 — LetS be an ordered semigroup and Iét, H- be the subsemigroups 8f Then
the following are equivalent:

(1) Sis(Hy, Ha)-simple;
(2) (HiaHs|g = S for eacha € S;

(3) Ir(a) = S foreacha € S.

PROOF: (1) = (2). LetS be(H;, Hs)-simple and: € S. Since(H1aHs]y is an(H1, Hy)-ideal
of S, (HlCLHQ]H =0.

(2) = (3). Suppose for each € S, (HiaHs|g = S. Now S = (HyaHs|g C (a U Hya U
aHs U HyaHs|p = Ig(a). Thereforelp(a) = S.

(3) = (1). Assume thafr(a) = S for eacha € S. To show thatS is (H;, Ha)-simple, letA be
any(Hi, Hy)-ideal of S. Take anyu; € A. Thereforelg(a;) C A C S. By hypothesis/r(a1) = S.
ThereforeA = S. HenceS is (H1, Ha)-simple. O
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4. MAXIMAL AND MINIMAL RELATIVE IDEALS

Definition4.1 — Let S be an ordered semigroup and i, H> be non-empty subsets 6f. An
(H1, Ho)-idealT of S'is said to be maximalH,, H)-ideal of S if for any B € I(H;, Hz) such that
T CBCS,eitherT=BorB=2_5.

Theorem4.2— Let S be an ordered semigroup and |&t,, H, be non-empty subsets.®f Then
every proper(H,, Hs)-ideal of S is minimal if and only if the intersection of any two distinct proper
(H1, Hy)-ideals is empty.

PROOF: Let A and B be two distinct(H;, Hs) ideals of S. If AN B # ¢, thenA N Bis an
(H1, Hs)-ideal of S. SinceAN B C AandA is minimal,ANB = A. AlsoasAN B C BandB s
minimal, A N B = B. ThereforeA = B, which is a contradiction. Hencé N B = ¢.

Conversely assume thdtbe any propefH, H,)-ideal of S and B be any other propétH, H)-
ideal of S such thatB C A. If B # A, thenB = AN B = ¢, which is a contradiction. Therefore
A = B. HenceA is a minimal(H;, Hz)-ideal of S.

Theorem4.3— Let S be an ordered semigroup, |éf;, H- be the subsemigroups Sfand let
A€ I(Hy,Hy). If S\ AC (HixH]y foreachz € S\ A, thenA is a maximal(H;, Hs)-ideal of
S (H =H U HQ)

PROOF: Let B € I(H;, Hs) such thatd C B. SupposeS \ A C (HyxHs|y foreache € S\ A.
Letb € B\ A C S\ A. By hypothesisS \ A C (H1bHs|y C (H1BHs]lg C (B]g C B, implies
S\ A C B. ThereforeS = AU (S\ A) C AU B = B. HenceA is a maximal(H;, Hs)-ideal of
S. O

Proposition4.4 — Let S be an ordered semigroup, &%, H, be the subsemigroups 6fand
let A be any propefH;, Hy)-ideal of S. Then A is a maximal ideal ofS if and only if for every
acS\A Ir(AU{a})=S.

PROOF: Let A be any prope(H;, H»)-ideal of S such thatd is maximal. Leta € S\ A. Since
A C Ir(AU{a})andIir(AU{a}) is an(H;, Hy)-ideal of S, by maximality of( H;, Hs)-ideal A of
S, Ir(AU{a}) = S.

Conversely assume th&k is any (H;, Hs)-ideal of S such thatd C B. Letb € B,b ¢ A. By
hypothesis/r(A U {b}) = S. Since(A U {b}) C B. Therefore

S =1Ir(AU{b})
= ((Au{b}) U H1 (AU {b}) U (AU {b})Ha U H1(AU {b})Holr
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- ((BUHlBUBHQ UHlBHQ]H - (B]H C B.

HenceA is a maximal(H,, Hs)-ideal of S. O

Theorem4.5 — Let S be an ordered semigroup and I&f;, H, be non-empty subsets 6f
Then every propefH,, Hs)-ideal of S is maximal if and only if the union of any two distinct proper
(H1, Hs)-ideals coincidesS.

PROOF: Let A and B be two distinct( H,, Hs)-ideals ofS. Clearly A U B is an(H;, Hs)-ideal
of SandA ¢ AU B C S. SinceA is maximal andA is properly contained i U B, we have
AUB=S5S.

Conversely assume thdtbe any propefH;, H,)-ideal of S and B be any other propét, Hs)-
ideal of S such thatd C B. Then, clearlyB = AU B = S. HenceA is a maximal(H;, H,)-ideal
of S.

5. PROBLEMS

(1) Let S be an ordered semigroup and Iét, H> be the subsemigroups 6t An (H;, Hs)-ideal
of S is (Hy, Ha)-prime if and only if it is both(H,, H2)-semiprime and H;, H,)-weakly
prime?

(2) Let S be an ordered semigroup and (éf;, H,) be any subsemigroup ¢. Then(H;, Hs)-
ideals ofS are(H;, Hy)-prime if and only if they form a chain anslis (H;, H)-intra-regular?

6. CONCLUSION

In ordered semigroups ideals play an important role to discuss the nature of the structure of ordered
semigroups. Nowadays, the ideal theory has been extensively studied by several authors. In ordered
semigroups, different types of ideals such as bi-ideals, quasi-ideals, and cover ideals had been studied.
These notions had been widely studied by several authors in different algebraic structures (see [9-11]).
In this paper, we enhance the understanding of ordered semigroups by introducing the concept of
relative ideals in ordered semigroups. We also introduce the concept of relatively prime and relatively
weakly prime ideals and study some properties of these notions. Moreover, the concept of maximal
and minimal relative ideals are introduced and some of their properties are studied.
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