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We show that the following properties 6f*-algebras in a clasQ are inherited by simple uni-
tal C*-algebras in clas§AQ: (1) m-comparison of positive element&) strong tracialm-
comparison of positive elements, aff tracial nuclear dimension at mast. As an application,
every unital simpleC*-algebra with tracial topological rank at masthas tracial nuclear di-
mension at mosk. Also as an application, led be an infinite-dimensional simple unital exact
C*-algebra such thatl has one of the above-listed properties. Supposectha€ — Aut(A)

is an action of a finite group: on A which has the tracial Rokhlin property. Then the crossed
productC*-algebraC*(G, A, «) also has the property under consider also.
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1. INTRODUCTION

The Elliott program for the classification of amenabtealgebras might be said to have begun with
the K-theoretical classification of AF algebras in [7]. Since then, many classgs-afgebras have

been classified by the Elliott invariant. Among them, one important class is the class of simple uni-
tal AH algebras without dimension growth (in the real rank zero case see [10], and in the general
case see [6]). To axiomatize Elliott-Gong’s decomposition theorem for AH algebras of real rank zero
(classified by Elliott-Gong in [10]) and Gong’s decomposition theorem [17] for simple AH algebras
(classified by Elliott-Gong-Li in [6]), Huaxin Lin introduced the concepts of TAF and TAI [23, 24].
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Instead of assuming inductive limit structure, he started with a certain abstract approximation prop-
erty, and showed that*-algebras with this abstract approximation property and certain additional
properties are AH algebras without dimension growth. More precisely, Lin introduced the class of
tracially approximate interval algebras (also cali&dalgebras of tracial topological rank one). This
axiomatization has proved to be very important in the classification of simple ameriablgebras.

For example, in the program of classification of simple amen@blalgebras, it led to the classifica-

tion of unital simple separablé*-algebras with finite nuclear dimension in the UCT class (see [12,

18, 43]). The isomorphism theorem was established first for those separable antéhalgebras

with generalized tracial rank at most one (see [18]). Simiplalgebras with tracial topological rank

at most one have good regularity properties. There are three regularity properties of particular inter-
est: tensorial absorption of the Jiang-Su algebralso calledZ-stability; finite nuclear dimension;

and strict comparison of positive elements. The latter can be reformulated as an algebraic property of
the Cuntz semigroup, called almost unperforation. Toms and Winter have conjectured that these three
fundamental properties are equivalent for all separable, simple, unital, amétiablgebras.

Winter and Zacharias introduce the nuclear dimensiorCfealgebras in [47], Winter show that
finite nuclear dimension implieg-stability for separable simple unit@f*-algebra in [45]. Recently
Winter announce thag-stability imply finite nuclear dimension in [46] for separable simple unital
amenableC*-algebras.

Hirshberg and Orovitz introduce the tracialBrabsorbing in [20], they show that tracially-
absorbing is equivalencg&-stability for separable simple amenable unftdtalgebra in [20].

Inspired by Hirshberg and Orovitz's tracidlabsorbing, Fu introduced the finite tracial nuclear
dimension in his doctoral dissertation in [16], and he show that finite tracial nuclear dimension implies
tracially Z-absorbing for separable, simglg-algebra. By Winter’s, Hirshberg and Orovitz’s results,
we know that finite tracial nuclear dimension implies finite nuclear dimension for separable simple
amenable unitaC*-algebra.

The properties ofn-comparison of positive elements property and strong tracigbmparison
of positive elements property were introduced by Winter in [45]. Those properties were used to prove
that finite nuclear dimension implies tensorial absorption of the Jiang-Su algebra

Inspired by Lin’s tracial approximation by interval algebras in [24], Elliott and Niu in [11] con-
sidered the natural notion of tracial approximation by other class€$-algebras. Lef) be a class
of unital C*-algebras. Then the class of separabifealgebras which can be tracially approximated
by C*-algebras irf2, denoted byTl'A(), is defined as follows. A simple unitél*-algebraA is said to
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belong to the clasTAQ if, for any e > 0, any finite subset’ C A, and any element > 0, there is
a projectiorp € A and aC*-subalgebra3 of A with 15 = p andB € 2 such that

(1) ||zp — px| < eforallz € F, and
(2) pxp €. Bforallz € F, and
(3) 1 — pis Murray-von Neumann equivalent to a projectiormifia.

The question of which properties pass from a clage the class TA is interesting and some-
times important. In fact, the property of being of stable rank one, and the property that the strict order
on projections is determined by traces are important in the classification theorem.

In this paper, we show that the following propertiesfalgebras in the clags are inherited by
simple unitalC*-algebras in clas$AQ: (1) m-comparison of positive element®) strong tracial
m-comparison of positive elements, affj tracial nuclear dimension at mast. As an application,
every unital simpleC*-algebra with tracial rank at mosthas tracial nuclear dimension at maést

The Rokhlin property in ergodic theory was adapted to the context of von Neumann algebras
by Connes in [3]. It was adapted by Herman and Ocneanu for UHF-algebras in [19]. Rgrdam [38]
and Kishimoto [22] considered the Rokhlin property in a much more get&ralgebra context.
More recently, Phillips and Osaka studied finite group and integer dfoagiions on certain simple
C*-algebras which satisfy a certain type of Rokhlin property in [30, 33].

In [15], the following result was obtained: L&t be a class of unital’*-algebras such tha&?
is closed under passing to unital hereditar{+subalgebras and tensoring by matrix algebras. Let
A € TAQ be an infinite dimensional simple unitéf‘-algebra. Suppose that: G — Aut(A) is
an action of a finite groug: on A which has the tracial Rokhlin property. Then the crossed product
C*-algebraC*(G, A, a) belongs tol'A€.

Using the results mentioned, we get the following theorems: A&k an infinite dimensional
separable simple unital exaCt-algebra such that has then-comparison of positive elements and
A hasSP property (strong tracialn-comparison of positive elements, tracial nuclear dimension at
mostm). Suppose thatv : G — Aut(A) is an action of a finite grougs on A which has the
tracial Rokhlin property. Then the crossed prodGétalgebraC* (G, A, «) has them-comparison
of positive elements (strong tracied-comparison of positive elements, tracial nuclear dimension at
mostm).
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2. PRELIMINARIES AND DEFINITIONS

Let a andb be positive elements of @*-algebraA. We write[a] < [b] if there is a partial isometry
v € A* such that, for everg < ¢ € Her(a), cv € A, vv* = P,, whereP, is the range projection
of a in A**, andv*cv €Her(b) ([a] < [b] imply thata is Cuntz subequivalent th, i.e. a < b).

We write [a] = [b] if v*Her(a)v = Her(b). Letn be a positive integer. We write[a] < [b] if
in addition there are mutually orthogonal positive elemertis, by, ---, b, € Her(b) such that
[a] < [b;], i =1, 2, ---, n(cf. Definition 1.1 in [31], Definition 3.2 in [29], or Definition 3.5.2 in
[25]).

Recall that aC*-algebraA hasSP property, if every nonzero hereditaty*-subalgebra ofA
contains a nonzero projection.

Let A be aC*-algebra, and leM,,(A) denote theC*-algebra ofn x n matrices with entries
elements ofA. Let M, (A) denote the algebraic inductive limit of the seque(idg,(A), ¢.,), where
&n : Mp(A) — M,,11(A) is given bya — diag(a, 0). Let M (A)+ (resp. M, (A);) denote the
positive elements dfl.,(A) (resp.M,,(A)). For positive elements andb of M, (A), write a & b to
denote the elemeniag(a, b), which is also positive oM (A). Givena, b € M, (A)., we say that
a is Cuntz subequivalent th(written e < b) if there is a sequence, )2, of elements oM (A)
such that

lim |v,bv,, —al| = 0.
n—oo

We say thatz andb are Cuntz equivalent (writtesa ~ b) if a < bandb < a. We write (a) for the
equivalence class of.

The objectCu(4) := W(A ® K) will be called the Cuntz semigroup of, whereW(A) :=
Moo (A)+/ ~. Observe tha€u(A) becomes an ordered semigroup when equipped with the addition
operation
(a) + (b) = {(a @ b)

and the order relation
(a) < (b) < a Sb.

Let0 < 01 < 02 < 1 be two positive numbers. Define

1 ift > o9
a(t)=¢ =2 ifor <t <oy

0 if0<t§0'1.
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We denote byA , the positive cone oft and byT(A) the set of tracial states of. We define the
dimension function (or rank function), associated withr € T(A) by d,(a) = lim,, .o, 7(a*/™),
ord-(a) = lim, .o 7(fe(a)) for a € My(A),, wherer is regarded as an unnormalized trace on
M (A) andf-(a) = £ (a). We say that a separable exéttalgebraA has the strict comparison if
fora, b € My(A)+, with d,(a) < d-(b) foranyr € T(A), then we have: < b.

The definition of them-comparison of positive elements and strong tragiatomparison of
positive elements were introduced by Winter in [45], which used to prove that certain locally finite
nuclear dimension implies tensorial absorption of the Jiang-Su algebra

Definition2.1 — [45]. LetA be a separable, simple, unitat-algebra andn € N. We sayA has
m-comparison of positive elements, if for any nonzero positive contractions, by, ---, by, €
My (A), we havea < by @ by @ --- @ by, Wheneverd,(a) < d.(b;) foranyr € T(A) andi =
0,1, ---, m.

Definition2.2 — [45]. LetA be a separable, simple, unitaf-algebra andn € N. A has strong

tracial m-comparison of positive elements, if for any nonzero positive contractiobse M. (A)
7(b)
m—+1

we havea < b whenever(a) < foranyr € T(A).

Definition2.3 — Let A and B be C*-algebras ang : A — B a completely positive map. Then
¢ is said to be an order zero mapdfe)p(f) = 0, whenevee, f € A are positive elements such that
ef =0.

Winter and Zacharias introduce the nuclear dimensioiCfealgebras.

Definition 2.4 — [47]. LetA be aC*-algebra,n € N. A complete positive compressian :
F — Ais m-decomposable (whetE is finite dimensionalC*-algebra), if there is a decomposition
F=FOgFBg...qF™ such that the restriction® of ¢ to F(*) is an order zero map, for each
i € {0,--- ,m}, we sayy is m-decomposable with respectfo= F(© ¢ F) g ... o F(™) Ahas
nuclear dimensiom:, write dim,,.(A) = m, if m is the least integer such that the following holds:
For any finite subsef: C A ande > 0, there is a finite dimension complete positive compression
approximation(F, ¢, 1) for G to within ¢ (i.e., F'is finite-dimensional) : A — F andy : F —
A are complete positive anipy)(b) — b|| < e for anyb € G) such thaty is complete positive
compression, ang is m-decomposable with complete positive compression order zero components
¢'. If no suchm exists, we writedimy,,.(A) = oo.

Definition2.5 — [20]. We say a unital*-algebraA is tracially Z-absorbing, ifA # C and for
any finite setF’ C A, ¢ > 0, non-zero positive element € A, andn € N, there is a completely
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positive order zero contractiaf: M,, — A, such that the following properties hold:

(1)1 —-4(1) 2 a,and

(2) for any normalized element € M,, (i.e., with||z|| = 1), and anyy € F' we havel|)(x)y —
y¥ ()l <e.

Definition2.6 — [16]. A unitalC*-algebraA is said to have tracial nuclear dimension at mast
denoteTdimy,.(A) < m, if for any e > 0, any finite subsel’ C A, any nonzero positive elemedt
of A, there exist & *-subalgebrd3 C A and a contractive completely positive linear mapA — A
and a contractive completely positive linear map A — B with dimy,,,c(B) < m such that

(1) (1) < a,and
(2) [z — p(z) —¢¥(x)|| < e, foranyz € F.

Let A be a stably finite simple unit&l*-algebra. Recall that a positive element A is called
purely positive ifa is not Cuntz equivalent to a projection. This is equivalent to sayingQs&an
accumulation point of (a) (Recall thair(a) denotes the spectrum o.

Givena in My (A)+ ande > 0, we denote bya — ¢) ., the element o*(a) corresponding (via
the functional calculus) to the functiof(t) = max(0,t — ¢),t € o(a). By the functional calculus,
it follows in a straightforward manner théta — €1)+ — e2)+ = (a — (61 + €2)) -

Theorem2.7—[1, 40]. Let A be aC*-algebra.

(1) Leta, b € A4 ande > 0, be such thafja — b|| < . Then there is a contractiosin A with
(a —e)4 = dbd*.
(2) Leta, p be positive elements N, (A4) with p a projection. Ifp < a, then there i9 in

Moo (A)4 such thap © b ~ a.

(3) The following conditions are equivalenfl)’ a < b, (2)' foranye > 0, (a — &)+ < b, (3)
for anye > 0 there is§ > 0, such thatla — &)+ < (b—0)+.

(4) Leta be a purely positive element df Lets > 0, and letf € Cy(0, 1] be a non-negative
function withf = 0on(4,1), f > 00on(0,4), and| f|| = 1. We havef(a) # 0and(a—0)1+ f(a) <

a.

Let 2 be a class of unitaCC*-algebras. Then the class 6f'-algebras which can be tracially
approximated by *-algebras i is denoted byTl'A€).

Definition2.8 — [11, 24]. A simple unitaC*-algebraA is said to belong to the clag8A 2 if, for
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anye > 0, any finite subsef’ C A, and any nonzero elemesat> 0, there exist a nonzero projection
p € A and aC*-subalgebra3 of A with 13 = p andB € (2 such that

(1) [|zp — px| < eforallz € F,
(2) pxp €. Bforall z € F,and
(3) 1 —pl < lal.

Let 3* denote the class of all unitél*-algebras which are unital hereditary subalgebra€of
algebras of the fornC'(X) ® F, where X is a k-dimensional finite CW complex and is finite
dimension algebrasi is said to have tracial topological rank at mést A € TAJ*.

Lemma2.9 — [11]. If the clas$2 is closed under tensoring with matrix algebras, or closed under
taking unital hereditarg*-subalgebras, theRA(2 is closed under passing to matrix algebras or unital
hereditaryC*-subalgebras.

Definition2.10 — [33]. LetA be an infinite dimensional separable simple uritalalgebra, and
leta : G — Aut(A) be an action of a finite grou@ on A. We say thatv has the tracial Rokhlin
property if, for any finite sef” C A, anye > 0, and any nonzero positive elemént A, there are
mutually orthogonal projections, € A for g € G such that

(1) [lag(en) — egnll < eforallg, h e G,
(2) |legd — degy|| < eforall g € G andalld € F,

(3) with e = X4cqeq, the projectionl — e is Murray-von Neumann equivalent to a projection in
the hereditaryC*-subalgebra ofA generated by, and

(4) [lebel| = [b]] —e.
The following lemma is lemma 5.3 in [26].
Theorem2.11— Let A be aC*-algebra,a € A, with0 < a < 1 and letp € A be a projection.

Let0 < e < 1. Thenf.(a) < fez2/0 (pap + (1 — p)a(1l — p)).

3. THE MAIN RESULTS

Theorem3.1— Let(2 be a class of amenable unital stably finifé-algebras such that'dimy,.(B)
< m forany B € . Then we hav8'dim,,.(A)< m for any infinite dimension simple unitél*-
algebra, whichA hasSP property andA € TAQ (Furthermore if allC*-algebrasB < 2 haveSP
property, thend automatically hassP property).
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PROOF: We need to show that for any> 0, any finite subsel’ = {a;, as, --- ,a,} of A, any
nonzero positive elementof A, there exist a contractive completely positive linear mapA — A
and a contractive completely positive linear map A — D with dimy,,.(D) < m such that

(1) (1) < a, and
(2) |z — p(z) —Y(z)|| < 10e, for anyz € F.

Since A hasSP property. There exist nonzero projectignsp, € A such thatpp, = 0 and
[p1 + p2] < a.

For anys > 0, sinceA € TA(), there exist a sub-Gsubalgebra3 of A and a nonzero projection
p € Awith Tdim,,,.(B) < mandlg = p, such that

(1) [lp2p — pp2ll < &, [laip — pai|| < e, foralll <i <mn,
(2)" pp2p €c B, pa;p €. Bforall1 <i <mn,and
(3)" [1 = p] < [p1] and2[l — p] < [po] .

By (1)’ and(2)’, there exist positive elemenis € B anda = (1—p)a;(1—p) € (1—p)A(1—p)
and projectiong,, € B andp}, € (1 — p)A(1 — p) such that|ps — p}, — ph|| < 2e, |[|[paip — a}]| < e.

We clear thaty), is not zero, otherwis€[l — p] < [pa] = [p) + 14 = [p4] < [L — p], this
contradicts the stable finiteness4f{sinceC*-algebra in(} are stably finite).

We definep” : A — Aby¢”(a) = (1 —p)a(l —p), theny” is a contractive completely positive
linear map. Since3 is a nuclearC*-algebra, by Theorem 2.3.13 in [25], there exist a contractive
completely positive linear map” : A — B such that|y” (a}) — af|| < eforall 1 <i <n.

Since Tdimu,.(B) < m, there exist aC*-subalgebraD C B and a contractive completely
positive linear magp’ : B — B and a contractive completely positive linear mép B — D with
dimyc(D) < m such that

(1)" ¢'(p) < ph, and
(2)" llai — ¢'(ai) — ¥ (a;)|| < eforall1 <i < n.

Write p : A — A by p(a) = ¢"(a) + ¢'(¢" (pap)), 1 : A — D by ¢(a) = ¢’ (" (pap)), then
 andy are contractive completely positive linear maps.

We have

(1) (1) =¢"(1) +¢'"(p)) S1—p&¢'(p) Sp1 S p2 S a,and
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(2) llai — ¢(ai) =p(as)ll < [lai— (L —p)ai(1 —p) —ajl| + l|aj — &' (V" (pap)) — &' (" (pap))|| <
2e + |laj — ¢'(a;) — P (@)|| + ll¢'(a5) — " (" (pap)l| + (|9 (af) — o' (" (pap)|| + 10" (pap) —
V" (a)|| 4 ¥ (a;) — a;|| < 26 +2e+2e+e+¢e <10 foralll <i<n. 0

Corollary 3.2 — Every unital simpl€*-algebra with tracial topological rank at mdshas tracial
nuclear dimension at mokt

PrROOF: Since unital simplé€_*-algebra with tracial topological rank at mdshasSP property,
by Theorem 3.1, we can get this corollary. O

Recently Winter announce that-stability imply that finite nuclear dimension in [46] for sepa-
rable simple unital nucleat*-algebras. By Winter's and Fu’s result in his doctoral dissertation and
Winter’s, Hirshberg and Orovitz’s results, we obtain the following corollary.

Corollary 3.3 — Every unital nuclear simplé*-algebra with tracial topological rank at mdst
has nuclear dimension at mdst

Theorem3.4 — Let Q2 be a class of unitalC*-algebras which(2 is closed under passing to
unital hereditaryC*-subalgebras and closed under passing to tensoring with matrix algebras. Let
A € TAQ be an infinite dimensional simple unit&f*-algebra. Suppose that : G — Aut(A) is
an action of a finite groug~ on A which has the tracial Rokhlin property. Then the crossed product
C*-algebraC* (G, A, o) belongs toI'AQ).

Corollary 3.5 — Let A be an infinite dimensional separable nuclear unital siniplealgebra
which has tracial nuclear dimension at mest Suppose thatr : G — Aut(A) is an action of a
finite groupG on A which has the tracial Rokhlin property. Then the crossed pro@ueilgebra
C*(G, A, «) has tracial nuclear dimension at mast

PrROOF: In Theorem 3.4, we tak® be a class of*-algebras with tracial nuclear dimensional at
mostm. SinceA € TA(Q, by Theorem 3.14 has tracial nuclear dimensional at mostby Theorem
3.4,C*(G, A, a) € TAQ, thenC*(G, A, a) has tracial nuclear dimension at mest by Theorem
3.1.

Theorem3.6 — Let Q2 be a class of stably finite unital exa€Ct-algebras such thaB has the
m-comparison of positive elements for aByc 2. ThenA has them-comparison of positive ele-
ments for any separable simple unital ex@ttalgebra, whichA hasSP property andA € TASQ
(Furthermore if allC*-algebrasB € ) haveSP property, thend automatically hassP property).

PROOF: By Lemma 2.4 in [37] and Lemma 2.10, we will show tifat: /> (a) S bo@b1&- - - Dby,
for anye > 0, for any positive elements, by, b1, - , b, iN A,anyi =0, 1, ---, m,anyr € T(A)
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with d-(a) < d(b;).
Lete > 0. We assert that = inf{d,(b) — d,(f-(a)),7 € T(A)} > 0with d(a) < d-(b).

If f-(a) is Cuntz equivalent ta, thena is Cuntz equivalent to a projectiod, (a) is continuous
onT(A), andd.(b) is lower semicontinuous Ofi(A). Thend(b) — d,(a) is lower semicontinuous
onT(A), by the property of lower semicontinuous, we know tiath) — d(a) can take the infimum
onT(A). We may assuméd = d,(b) — d,(a) is the infimum, since&., (b) — d,(a) > 0, we have
Ay > 0,i.e.,r =inf{d;(b) — d-(f-(a)), 7 € T(A)} > 0.

Otherwise, by Theorem 2.7, there exists a nonzero positive eletesuch thatf.(a)d =
df-(a) = 0 and f.(a) + d < a. We haved,(b) — d,(a) > d.(b) — (d-(f-(a) + d,(d)), SO we
haver = inf{d,(b) — d-(f-(a)),7 € T(4)} > 0.

By the assertion above; = min{d,(b;) — d(f-(a))} > 0. Write ' = min{r(,r},--- , 7.},
thend’ > 0.

Fixed a positive numbey, < ¢, sinced,(b) = sup{(d,((b—0c)4)),o > 0}, there exists; < ¢,
such thati(b) — 01 < d-((b—¢1)4).

Fori =0, 1, ---, m, there exist) = min{d,(b; — 1)+) — d-(fz(a))} > 0, write §" =
min{ry,r},--- ,r’ }, we haved” > 0.

Sinced-((bi —€1)+) < 7(fz, /2(bi)) and7(fe(a)) < d-(fe(a)), we haver; = inf{7(fe, (b;)) —
7(fe(a)), 7 € T(A)} > 0, write § = min{ro,r1, - ,7m}, we have) > 0.

SinceA hasSP property, there exist projectioas € A such thatf., (b;)e; = e;,i =0, 1, -+, m,
andT(ei) < 5/12 Setb; = (1 — ei)fgl (bl)(l — ei). One has{l — ei)fgl (bl)(l — ei) +e = f51 (bz)
foranyi =0, 1, ---, m.

SinceA is simple andl'(A4) is compact, there i8 < &§; < 1/2 such that;d < inf{7(fs (b;) —
T(f&(a)) ITE T(A)}7Z = 07 17 Ty, M.

By Theorem 5.7 in [5], ifr(a) = 7(b) for anyr € T(A), there arey, y2, -+, yx--- € Asuch
thata = 332 yry;, b = 3252, ysu;. Sincesd < inf{r(f5, (b)) — 7(f-(a)) : 7 € T(A)}, for any
e > 0with e” < §/12, there arer’, z%, ---, z} € A, andc € A such that

ij yraf) <€,
7=1

I.f61 (85) Zﬂf z )l <€
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foranyi =0, 1, -, m. We haver (c)+7(f-(a))+2¢" > r(XF_) ala;i)+e" = 7(CF_ ;72 )+
e” > 7(fs5,(b;)). Thereforer(c) > /6.

SinceA € TAQ, with F = {a, b;, c, 2%, x2%, ---, xx'},i =0, 1, ---, m, anye’ > 0 with
g < 4(2k+1) there exist a&*-subalgebraB C A and a projectiom € Awith 13 = pandB € Q,
such that

(1) |[px — zp|| < £’/4foranyx € F,

(2) pzp € 4B foranyz € F, and

) [1—p] <[el.
By (1) and (2) there exisa/, b, ¢/, «4, =, ---, zi'} C Band
{a", b/, 2" 2" ...z} C (1 —p)A(1 — p), such that

lbi — b, — 0| < &', lle — ¢/ = ¢"|| < &, ||, — pip|| < &,
la—a' —a"|| <&, |lpap — d'|| < &', |’ — a;" — 2| < &,
If-(a) = fo(a') = fo(a")]| < "4, || 5, (bi) — fs, () — f5, (W] < " /4,
foranyl <j <k, 0<i<m.

By functional calculate, we have

ix!

I(f 2| < (2k + 1)’ +£"/2 < £,

||M?r

k
15, () = > ;"' Yl < 2k + 1) +£"/2 < 3¢" /4
7=1
Sincer () +7(")+& > 7(c) > 3" andr (") < 7(1—p) < 7(e) < %5, we haver () > 2¢”
foranyr € T(B).

Since f,)(f2e(a’) < f-(a’) for anyn > 0, we havelim, ¢ f,(f2:(a’)) < f-(a’), therefore,
dr(foe(a")) = limy o 7(fy(f2c(a))) < 7(f-(a’)), there exists sufficiently smafl, such that

dr(foe(a’)) < 7(fe(a’))
<"+ Z?:l T(xji/xji*/) —7(c)
="+ Z?ﬂ Tz, w1y — 7(c)
< 3¢ /A+ Yy Ty ey
< 7(fo, (85)) < dr(f5,(07))
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foranyr € T(B). Sincefs, (b)), f2-(a’) € BandB € Q, we have
fQE(a/) S f51 (b6> ¥ f51(b/1) ©---D f51 (b;n>

By Lemma 2.10, we have

foneg(a) S (fae(pap + (1 = pla(l —p)) < fic(pap) & (1 - p)
S fae(pap) ®e < fac(a) De
S fa, (b)) @ f5,(0) @ - @ fo,(br,) De
< f5,(bp) @ e @ fo,(b7) © -+ @ f5,(by,)
< fs,/2(pbop) © e @ f5, /2(pb1p) © - - & f5, /2(pbimp)
<byDe®b @ - ®bp
S(M—e)fe(b)(l—e)Bedbr & @by
= fer(bo) DO1D - D by
Sbo®b @ Dby,

By Lemma 2.4 in [37], we have < by © b1 & -+ - D byy,. O

Theorem3.7 — Let 2 be a class of stably finite unital exaCt-algebras such thaB has the
strong tracialm-comparison of positive elements for aBy € 2. ThenA has the strong tracial
m-comparison of positive elements for any separable simple unital €kaatgebra, whichA has
SP property andA € TAQ (Furthermore if all C*-algebrasB € ) haveSP property, thenA
automatically hassP property).

PrROOF: By Lemma 2.4 in [37] and Lemma 2.10, we will show ttfat, »_(a) < b for anye > 0,

L_7(b). we may assume that

for any positive elements, b in 4, anyr € T(A) with d;(a) < 35

1ol < 1.

For anyr € T(A), sinced(a) < 757(b), we haved-(a) < yd.(b), by the proof of

Theorem 3.61 = mf{mle +(b) —d-(fe(a)), 7 € T(A)} > 0foranye > 0.

Sinced (b) = sup{(d-((b — 0)4)),0 > 0}, so for anyd’ > 0 with ¢’ < r, there existg; < &,
such thatm%rldT((b e1)4) — 0 < de ((b—e¢1)+), Sowe have) = mf{m+1 A((b—e1)y) —
d-(f(a)), 7 € T(A)} > 0. Sinced,((b —e1)+) < 7(fe, (b)) and7(fz(a)) < d-(f-(a)), we have
§ = inf{ 55 7(fs (0) — 7(fe(a)), 7 € T(A)} > 0.

Since A hasSP property, there exists projectienc A such thabe = e andr(e) < 6/12. Write
bi = (1 —e)f,(b)(1 —e). SinceA is simple andI'(A) is compact, there i8 < §; < 1/2 such that
1§ < inf{ 27 (f5 (b1) — 7(f(a)) : T € T(A)}.



REGULARITY PROPERTIES OF CERTAIN CROSSED PRODUCT-ALGEBRAS 1527

By Theorem 5.7in[5], if-(f5, (b1)) = 7(f-(a)) foranyr € T(A), therearey, ya, -+, yp--- €
Assuchthatfs, (b1) = Y252, vy, f=(a) = X252, yiu;- Sincegd < inf{A57(f5,(01)) —7(f-(a)) :
7 € T(A)}, foranye” > 0 with e < /12, there arery, z2, -+, x; € Aandc € A, such that

k
I(fe(a) +¢) = Y ajasll <,
j=1

f51 ija: | <€”.

We haver (c)+7(fe(a))+26” > (5, ala;i)+e" = 7(X5_y o at)+¢" > —Lor(f5, (b))
Thereforer(c) > §/6.

SinceA € TAQ, with F = {a, b1, ¢, x1, x2, -+, xp}, anye; > 0 with &’ < m, there
existC*-subalgebraB C A and projectiorp € A with 15 = p andB € 2, such that

(1) ||[px — zp|| < €’/4 foranyx € F,

(2) pxp € .1y B foranyz € F, and

(3) [1 —p] < [e].
By (1) and (2) there exisfta’, b, ¢, «}, 25, ---, 2.} € B and
{a", b, 2, 2, -+, 2!} C (1 —p)A(1 — p), such that

by = by = V|| <& [le = = "] <&, lIpbip = By <&’

la—d —d"|| <€, |pap —al|| <€, ||x; — i — 27| < &,
[fe(a) — fe(a') — fe(a")|| < €"/4, || f5,(b1) — fs,(b1) — fs, (")]| < €"/4,
foranyl <i < k.

By functional calculate, we have

(f Z:r Ll < (2k 4+ 1)ep +€"/2 < €,

k
f51 )= > @y < (2k+ 1) + /2 < 3¢" /4.
7j=1

Sincer(¢)+7(")+e’ > 7(¢) > 3" andr (") < 7(1—p) < 7(e) < /12, we haver (') > 2&”
foranyr € T(B).
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Since f,(f2:(a’) < f:(a’) for anyn > 0, we havelim, o f,(f2c(a’)) < fo(a’), therefore,
dr(fae(a)) = limy—o 7(fy(f2c(a’))) < 7(fe(a’)), SO there exists sufficiently smaj) such that

dr(f2e(a’)) < 7(fe(a ,))

§38”/4+Z T(x]z )
< s (fa (01))

foranyr € T(B). Sincefs(b1'), f2e(a’) € B andB € 2, we have
foe(d) S f5,(b1").

We also have

fone (@) S fae(pap + (1 —pla(l —p)) S fae(pap) © (1 —p)
S foe(d) @e S f5,(0') @ e S fo,2(pbip) @ e
Shi@e=(1—e)fe(b1)(1—e)+e=fo(b1) Sb

By Lemma 2.4 in [37], we have < b. O

Corollary 3.8 — LetA be an infinite dimensional separable simple unital ekdealgebra has the
m-comparison of positive elements addhasSP property (strong tracial.-comparison of positive
elements). Suppose that: G — Aut(A) is an action of a finite groug’ on A which has the
tracial Rokhlin property. Then the crossed produttalgebraC*(G, A, a) has then-comparison of
positive elements (strong tracial-comparison of positive elements).

PrRooOE: This follow from 3.4., 3.6 and 3.7.
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