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We show that the following properties ofC∗-algebras in a classΩ are inherited by simple uni-

tal C∗-algebras in classTAΩ: (1) m-comparison of positive elements,(2) strong tracialm-

comparison of positive elements, and(3) tracial nuclear dimension at mostm. As an application,

every unital simpleC∗-algebra with tracial topological rank at mostk has tracial nuclear di-

mension at mostk. Also as an application, letA be an infinite-dimensional simple unital exact

C∗-algebra such thatA has one of the above-listed properties. Suppose thatα : G → Aut(A)

is an action of a finite groupG on A which has the tracial Rokhlin property. Then the crossed

productC∗-algebraC∗(G,A, α) also has the property under consider also.
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1. INTRODUCTION

The Elliott program for the classification of amenableC∗-algebras might be said to have begun with

theK-theoretical classification of AF algebras in [7]. Since then, many classes ofC∗-algebras have

been classified by the Elliott invariant. Among them, one important class is the class of simple uni-

tal AH algebras without dimension growth (in the real rank zero case see [10], and in the general

case see [6]). To axiomatize Elliott-Gong’s decomposition theorem for AH algebras of real rank zero

(classified by Elliott-Gong in [10]) and Gong’s decomposition theorem [17] for simple AH algebras

(classified by Elliott-Gong-Li in [6]), Huaxin Lin introduced the concepts of TAF and TAI [23, 24].
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Instead of assuming inductive limit structure, he started with a certain abstract approximation prop-

erty, and showed thatC∗-algebras with this abstract approximation property and certain additional

properties are AH algebras without dimension growth. More precisely, Lin introduced the class of

tracially approximate interval algebras (also calledC∗-algebras of tracial topological rank one). This

axiomatization has proved to be very important in the classification of simple amenableC∗-algebras.

For example, in the program of classification of simple amenableC∗-algebras, it led to the classifica-

tion of unital simple separableC∗-algebras with finite nuclear dimension in the UCT class (see [12,

18, 43]). The isomorphism theorem was established first for those separable amenableC∗-algebras

with generalized tracial rank at most one (see [18]). SimpleC∗-algebras with tracial topological rank

at most one have good regularity properties. There are three regularity properties of particular inter-

est: tensorial absorption of the Jiang-Su algebraZ, also calledZ-stability; finite nuclear dimension;

and strict comparison of positive elements. The latter can be reformulated as an algebraic property of

the Cuntz semigroup, called almost unperforation. Toms and Winter have conjectured that these three

fundamental properties are equivalent for all separable, simple, unital, amenableC∗-algebras.

Winter and Zacharias introduce the nuclear dimension forC∗-algebras in [47], Winter show that

finite nuclear dimension impliesZ-stability for separable simple unitalC∗-algebra in [45]. Recently

Winter announce thatZ-stability imply finite nuclear dimension in [46] for separable simple unital

amenableC∗-algebras.

Hirshberg and Orovitz introduce the traciallyZ-absorbing in [20], they show that traciallyZ-

absorbing is equivalenceZ-stability for separable simple amenable unitalC∗-algebra in [20].

Inspired by Hirshberg and Orovitz’s tracialZ-absorbing, Fu introduced the finite tracial nuclear

dimension in his doctoral dissertation in [16], and he show that finite tracial nuclear dimension implies

traciallyZ-absorbing for separable, simpleC∗-algebra. By Winter’s, Hirshberg and Orovitz’s results,

we know that finite tracial nuclear dimension implies finite nuclear dimension for separable simple

amenable unitalC∗-algebra.

The properties ofm-comparison of positive elements property and strong tracialm-comparison

of positive elements property were introduced by Winter in [45]. Those properties were used to prove

that finite nuclear dimension implies tensorial absorption of the Jiang-Su algebraZ.

Inspired by Lin’s tracial approximation by interval algebras in [24], Elliott and Niu in [11] con-

sidered the natural notion of tracial approximation by other classes ofC∗-algebras. LetΩ be a class

of unital C∗-algebras. Then the class of separableC∗-algebras which can be tracially approximated

by C∗-algebras inΩ, denoted byTAΩ, is defined as follows. A simple unitalC∗-algebraA is said to
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belong to the classTAΩ if, for any ε > 0, any finite subsetF ⊆ A, and any elementa ≥ 0, there is

a projectionp ∈ A and aC∗-subalgebraB of A with 1B = p andB ∈ Ω such that

(1) ‖xp− px‖ < ε for all x ∈ F , and

(2) pxp ∈ε B for all x ∈ F , and

(3) 1− p is Murray-von Neumann equivalent to a projection inaAa.

The question of which properties pass from a classΩ to the class TAΩ is interesting and some-

times important. In fact, the property of being of stable rank one, and the property that the strict order

on projections is determined by traces are important in the classification theorem.

In this paper, we show that the following properties ofC∗-algebras in the classΩ are inherited by

simple unitalC∗-algebras in classTAΩ: (1) m-comparison of positive elements,(2) strong tracial

m-comparison of positive elements, and(3) tracial nuclear dimension at mostm. As an application,

every unital simpleC∗-algebra with tracial rank at mostk has tracial nuclear dimension at mostk.

The Rokhlin property in ergodic theory was adapted to the context of von Neumann algebras

by Connes in [3]. It was adapted by Herman and Ocneanu for UHF-algebras in [19]. Rørdam [38]

and Kishimoto [22] considered the Rokhlin property in a much more generalC∗-algebra context.

More recently, Phillips and Osaka studied finite group and integer groupZ actions on certain simple

C∗-algebras which satisfy a certain type of Rokhlin property in [30, 33].

In [15], the following result was obtained: LetΩ be a class of unitalC∗-algebras such thatΩ

is closed under passing to unital hereditaryC∗-subalgebras and tensoring by matrix algebras. Let

A ∈ TAΩ be an infinite dimensional simple unitalC∗-algebra. Suppose thatα : G → Aut(A) is

an action of a finite groupG on A which has the tracial Rokhlin property. Then the crossed product

C∗-algebraC∗(G,A, α) belongs toTAΩ.

Using the results mentioned, we get the following theorems: LetA be an infinite dimensional

separable simple unital exactC∗-algebra such thatA has them-comparison of positive elements and

A hasSP property (strong tracialm-comparison of positive elements, tracial nuclear dimension at

most m). Suppose thatα : G → Aut(A) is an action of a finite groupG on A which has the

tracial Rokhlin property. Then the crossed productC∗-algebraC∗(G,A, α) has them-comparison

of positive elements (strong tracialm-comparison of positive elements, tracial nuclear dimension at

mostm).
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2. PRELIMINARIES AND DEFINITIONS

Let a andb be positive elements of aC∗-algebraA. We write [a] ≤ [b] if there is a partial isometry

v ∈ A∗∗ such that, for every0 ≤ c ∈ Her(a), cv ∈ A, vv∗ = Pa, wherePa is the range projection

of a in A∗∗, andv∗cv ∈Her(b) ([a] ≤ [b] imply that a is Cuntz subequivalent tob, i.e. a . b).

We write [a] = [b] if v∗Her(a)v = Her(b). Let n be a positive integer. We writen[a] ≤ [b] if

in addition there aren mutually orthogonal positive elementsb1, b2, · · · , bn ∈ Her(b) such that

[a] ≤ [bi], i = 1, 2, · · · , n (cf. Definition 1.1 in [31], Definition 3.2 in [29], or Definition 3.5.2 in

[25]).

Recall that aC∗-algebraA hasSP property, if every nonzero hereditaryC∗-subalgebra ofA

contains a nonzero projection.

Let A be aC∗-algebra, and letMn(A) denote theC∗-algebra ofn × n matrices with entries

elements ofA. Let M∞(A) denote the algebraic inductive limit of the sequence(Mn(A), φn), where

φn : Mn(A) → Mn+1(A) is given bya 7→ diag(a, 0). Let M∞(A)+ (resp. Mn(A)+) denote the

positive elements ofM∞(A) (resp.Mn(A)). For positive elementsa andb of M∞(A), write a⊕ b to

denote the elementdiag(a, b), which is also positive ofM∞(A). Givena, b ∈ M∞(A)+, we say that

a is Cuntz subequivalent tob (written a . b) if there is a sequence(vn)∞n=1 of elements ofM∞(A)

such that

lim
n→∞ ‖vnbv∗n − a‖ = 0.

We say thata andb are Cuntz equivalent (writtena ∼ b) if a . b andb . a. We write〈a〉 for the

equivalence class ofa.

The objectCu(A) := W(A ⊗ K) will be called the Cuntz semigroup ofA, whereW(A) :=

M∞(A)+/ ∼. Observe thatCu(A) becomes an ordered semigroup when equipped with the addition

operation

〈a〉+ 〈b〉 = 〈a⊕ b〉

and the order relation

〈a〉 ≤ 〈b〉 ⇔ a . b.

Let 0 < σ1 < σ2 ≤ 1 be two positive numbers. Define

fσ2
σ1

(t) =





1 if t ≥ σ2

t−σ1
σ2−σ1

if σ1 ≤ t ≤ σ2

0 if 0 < t ≤ σ1.
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We denote byA+ the positive cone ofA and byT(A) the set of tracial states ofA. We define the

dimension function (or rank function)dτ associated withτ ∈ T(A) by dτ (a) = limn→∞ τ(a1/n),

or dτ (a) = limn→∞ τ(fε(a)) for a ∈ Mk(A)+, whereτ is regarded as an unnormalized trace on

Mk(A) andfε(a) = f2ε
ε (a). We say that a separable exactC∗-algebraA has the strict comparison if

for a, b ∈ Mk(A)+, with dτ (a) < dτ (b) for anyτ ∈ T(A), then we havea . b.

The definition of them-comparison of positive elements and strong tracialm-comparison of

positive elements were introduced by Winter in [45], which used to prove that certain locally finite

nuclear dimension implies tensorial absorption of the Jiang-Su algebraZ.

Definition2.1 — [45]. LetA be a separable, simple, unitalC∗-algebra andm ∈ N. We sayA has

m-comparison of positive elements, if for any nonzero positive contractionsa, b0, b1, · · · , bm ∈
M∞(A), we havea . b0 ⊕ b1 ⊕ · · · ⊕ bm wheneverdτ (a) < dτ (bi) for any τ ∈ T(A) and i =

0, 1, · · · , m.

Definition2.2 — [45]. LetA be a separable, simple, unitalC∗-algebra andm ∈ N. A has strong

tracialm-comparison of positive elements, if for any nonzero positive contractionsa, b ∈ M∞(A)

we havea . b wheneverdτ (a) < τ(b)
m+1 for anyτ ∈ T(A).

Definition2.3 — LetA andB beC∗-algebras andϕ : A → B a completely positive map. Then

ϕ is said to be an order zero map ifϕ(e)ϕ(f) = 0, whenevere, f ∈ A are positive elements such that

ef = 0.

Winter and Zacharias introduce the nuclear dimension forC∗-algebras.

Definition 2.4 — [47]. LetA be aC∗-algebra,m ∈ N. A complete positive compressionϕ :

F → A is m-decomposable (whereF is finite dimensionalC∗-algebra), if there is a decomposition

F = F (0)⊕F (1)⊕· · ·⊕F (m) such that the restrictionϕ(i) of ϕ to F (i) is an order zero map, for each

i ∈ {0, · · · ,m}, we sayϕ is m-decomposable with respect toF = F (0) ⊕ F (1) ⊕ · · · ⊕ F (m). A has

nuclear dimensionm, write dimnuc(A) = m, if m is the least integer such that the following holds:

For any finite subsetG ⊆ A andε > 0, there is a finite dimension complete positive compression

approximation(F, ϕ, ψ) for G to within ε (i.e., F is finite-dimensionalψ : A → F andϕ : F →
A are complete positive and‖ϕψ(b) − b‖ < ε for any b ∈ G) such thatψ is complete positive

compression, andϕ is m-decomposable with complete positive compression order zero components

ϕi. If no suchm exists, we writedimnuc(A) = ∞.

Definition2.5 — [20]. We say a unitalC∗-algebraA is traciallyZ-absorbing, ifA 6= C and for

any finite setF ⊆ A, ε > 0, non-zero positive elementa ∈ A, andn ∈ N, there is a completely
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positive order zero contractionψ : Mn → A, such that the following properties hold:

(1) 1− ψ(1) - a, and

(2) for any normalized elementx ∈ Mn (i.e., with‖x‖ = 1), and anyy ∈ F we have‖ψ(x)y −
yψ(x)‖ < ε.

Definition2.6 — [16]. A unitalC∗-algebraA is said to have tracial nuclear dimension at mostm,

denoteTdimnuc(A) ≤ m, if for any ε > 0, any finite subsetF ⊆ A, any nonzero positive elementa

of A, there exist aC∗-subalgebraB ⊂ A and a contractive completely positive linear mapϕ : A → A

and a contractive completely positive linear mapψ : A → B with dimnuc(B) ≤ m such that

(1) ϕ(1) . a, and

(2) ‖x− ϕ(x)− ψ(x)‖ < ε, for anyx ∈ F .

Let A be a stably finite simple unitalC∗-algebra. Recall that a positive elementa ∈ A is called

purely positive ifa is not Cuntz equivalent to a projection. This is equivalent to saying that0 is an

accumulation point ofσ(a) (Recall thatσ(a) denotes the spectrum ofa).

Givena in M∞(A)+ andε > 0, we denote by(a− ε)+ the element ofC∗(a) corresponding (via

the functional calculus) to the functionf(t) = max(0, t− ε), t ∈ σ(a). By the functional calculus,

it follows in a straightforward manner that((a− ε1)+ − ε2)+ = (a− (ε1 + ε2))+.

Theorem2.7— [1, 40]. LetA be aC∗-algebra.

(1) Leta, b ∈ A+ andε > 0, be such that‖a− b‖ < ε. Then there is a contractiond in A with

(a− ε)+ = dbd∗.

(2) Let a, p be positive elements inM∞(A) with p a projection. Ifp . a, then there isb in

M∞(A)+ such thatp⊕ b ∼ a.

(3) The following conditions are equivalent:(1)′ a . b, (2)′ for anyε > 0, (a − ε)+ . b, (3)′

for anyε > 0 there isδ > 0, such that(a− ε)+ . (b− δ)+.

(4) Let a be a purely positive element ofA. Let δ > 0, and letf ∈ C0(0, 1] be a non-negative

function withf = 0 on(δ, 1), f > 0 on(0, δ), and‖f‖ = 1. We havef(a) 6= 0 and(a−δ)++f(a) .
a.

Let Ω be a class of unitalC∗-algebras. Then the class ofC∗-algebras which can be tracially

approximated byC∗-algebras inΩ is denoted byTAΩ.

Definition2.8 — [11, 24]. A simple unitalC∗-algebraA is said to belong to the classTAΩ if, for
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anyε > 0, any finite subsetF ⊆ A, and any nonzero elementa ≥ 0, there exist a nonzero projection

p ∈ A and aC∗-subalgebraB of A with 1B = p andB ∈ Ω such that

(1) ‖xp− px‖ < ε for all x ∈ F,

(2) pxp ∈ε B for all x ∈ F, and

(3) [1− p] ≤ [a].

Let Ik denote the class of all unitalC∗-algebras which are unital hereditary subalgebras ofC∗-

algebras of the formC(X) ⊗ F, whereX is a k-dimensional finite CW complex andF is finite

dimension algebras.A is said to have tracial topological rank at mostk if A ∈ TAIk.

Lemma2.9 — [11]. If the classΩ is closed under tensoring with matrix algebras, or closed under

taking unital hereditaryC∗-subalgebras, thenTAΩ is closed under passing to matrix algebras or unital

hereditaryC∗-subalgebras.

Definition2.10 — [33]. LetA be an infinite dimensional separable simple unitalC∗-algebra, and

let α : G → Aut(A) be an action of a finite groupG on A. We say thatα has the tracial Rokhlin

property if, for any finite setF ⊆ A, anyε > 0, and any nonzero positive elementb ∈ A, there are

mutually orthogonal projectionseg ∈ A for g ∈ G such that

(1) ‖αg(eh)− egh‖ < ε for all g, h ∈ G,

(2) ‖egd− deg‖ < ε for all g ∈ G and alld ∈ F,

(3) with e = Σg∈Geg, the projection1− e is Murray-von Neumann equivalent to a projection in

the hereditaryC∗-subalgebra ofA generated byb, and

(4) ‖ebe‖ ≥ ‖b‖ − ε.

The following lemma is lemma 5.3 in [26].

Theorem2.11— LetA be aC∗-algebra,a ∈ A+ with 0 ≤ a ≤ 1 and letp ∈ A be a projection.

Let0 < ε < 1. Thenfε(a) . fε2/29(pap + (1− p)a(1− p)).

3. THE MAIN RESULTS

Theorem3.1— LetΩ be a class of amenable unital stably finiteC∗-algebras such thatTdimnuc(B)

≤ m for anyB ∈ Ω. Then we haveTdimnuc(A)≤ m for any infinite dimension simple unitalC∗-

algebra, whichA hasSP property andA ∈ TAΩ (Furthermore if allC∗-algebrasB ∈ Ω haveSP

property, thenA automatically hasSP property).
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PROOF : We need to show that for anyε > 0, any finite subsetF = {a1, a2, · · · , an} of A, any

nonzero positive elementa of A, there exist a contractive completely positive linear mapϕ : A → A

and a contractive completely positive linear mapψ : A → D with dimnuc(D) ≤ m such that

(1) ϕ(1) . a, and

(2) ‖x− ϕ(x)− ψ(x)‖ < 10ε, for anyx ∈ F .

SinceA hasSP property. There exist nonzero projectionsp1, p2 ∈ A such thatp1p2 = 0 and

[p1 + p2] ≤ a.

For anyε > 0, sinceA ∈ TAΩ, there exist a sub-C∗-subalgebraB of A and a nonzero projection

p ∈ A with Tdimnuc(B) ≤ m and1B = p, such that

(1)′ ‖p2p− pp2‖ < ε, ‖aip− pai‖ < ε, for all 1 ≤ i ≤ n,

(2)′ pp2p ∈ε B, paip ∈ε B for all 1 ≤ i ≤ n, and

(3)′ [1− p] ≤ [p1] and2[1− p] ≤ [p2] .

By (1)′ and(2)′, there exist positive elementsa′i ∈ B anda′′i = (1−p)ai(1−p) ∈ (1−p)A(1−p)

and projectionsp′2 ∈ B andp′′2 ∈ (1− p)A(1− p) such that‖p2 − p′2 − p′′2‖ < 2ε, ‖paip− a′i‖ < ε.

We clear thatp′2 is not zero, otherwise2[1 − p] ≤ [p2] = [p′2 + p′′2] = [p′′2] ≤ [1 − p], this

contradicts the stable finiteness ofA (sinceC∗-algebra inΩ are stably finite).

We defineϕ′′ : A → A by ϕ′′(a) = (1− p)a(1− p), thenϕ′′ is a contractive completely positive

linear map. SinceB is a nuclearC∗-algebra, by Theorem 2.3.13 in [25], there exist a contractive

completely positive linear mapψ′′ : A → B such that‖ψ′′(a′i)− a′i‖ < ε for all 1 ≤ i ≤ n.

SinceTdimnuc(B) ≤ m, there exist aC∗-subalgebraD ⊂ B and a contractive completely

positive linear mapϕ′ : B → B and a contractive completely positive linear mapψ′ : B → D with

dimnuc(D) ≤ m such that

(1)′′ ϕ′(p) . p′2, and

(2)′′ ‖ai − ϕ′(ai)− ψ′(ai)‖ < ε for all 1 ≤ i ≤ n.

Write ϕ : A → A by ϕ(a) = ϕ′′(a) + ϕ′(ψ′′(pap)), ψ : A → D by ψ(a) = ψ′(ψ′′(pap)), then

ϕ andψ are contractive completely positive linear maps.

We have

(1) ϕ(1) = ϕ′′(1) + ϕ′(ψ′′(p)) . 1− p⊕ ϕ′(p) . p1 ⊕ p2 . a, and
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(2) ‖ai−ϕ(ai)−ψ(ai)‖ ≤ ‖ai− (1−p)ai(1−p)−a′i‖+‖a′i−ϕ′(ψ′′(pap))−ψ′(ψ′′(pap))‖ <

2ε + ‖a′i − ϕ′(a′i) − ψ′(a′i)‖ + ‖ϕ′(a′i) − ϕ′(ψ′′(pap)‖ + ‖ψ′(a′i) − ψ′(ψ′′(pap)‖ + ‖ψ′′(pap) −
ψ′′(ai)‖+ ‖ψ′′(ai)− ai‖ < 2ε + 2ε + 2ε + ε + ε < 10ε, for all 1 ≤ i ≤ n. 2

Corollary 3.2 — Every unital simpleC∗-algebra with tracial topological rank at mostk has tracial

nuclear dimension at mostk.

PROOF : Since unital simpleC∗-algebra with tracial topological rank at mostk hasSP property,

by Theorem 3.1, we can get this corollary. 2

Recently Winter announce thatZ-stability imply that finite nuclear dimension in [46] for sepa-

rable simple unital nuclearC∗-algebras. By Winter’s and Fu’s result in his doctoral dissertation and

Winter’s, Hirshberg and Orovitz’s results, we obtain the following corollary.

Corollary 3.3 — Every unital nuclear simpleC∗-algebra with tracial topological rank at mostk

has nuclear dimension at mostk.

Theorem3.4 — Let Ω be a class of unitalC∗-algebras whichΩ is closed under passing to

unital hereditaryC∗-subalgebras and closed under passing to tensoring with matrix algebras. Let

A ∈ TAΩ be an infinite dimensional simple unitalC∗-algebra. Suppose thatα : G → Aut(A) is

an action of a finite groupG on A which has the tracial Rokhlin property. Then the crossed product

C∗-algebraC∗(G,A, α) belongs toTAΩ.

Corollary 3.5 — Let A be an infinite dimensional separable nuclear unital simpleC∗-algebra

which has tracial nuclear dimension at mostm. Suppose thatα : G → Aut(A) is an action of a

finite groupG on A which has the tracial Rokhlin property. Then the crossed productC∗-algebra

C∗(G,A, α) has tracial nuclear dimension at mostm.

PROOF : In Theorem 3.4, we takeΩ be a class ofC∗-algebras with tracial nuclear dimensional at

mostm. SinceA ∈ TAΩ, by Theorem 3.1,A has tracial nuclear dimensional at mostm, by Theorem

3.4, C∗(G,A, α) ∈ TAΩ, thenC∗(G,A, α) has tracial nuclear dimension at mostm, by Theorem

3.1.

Theorem3.6 — Let Ω be a class of stably finite unital exactC∗-algebras such thatB has the

m-comparison of positive elements for anyB ∈ Ω. ThenA has them-comparison of positive ele-

ments for any separable simple unital exactC∗-algebra, whichA hasSP property andA ∈ TAΩ

(Furthermore if allC∗-algebrasB ∈ Ω haveSP property, thenA automatically hasSP property).

PROOF: By Lemma 2.4 in [37] and Lemma 2.10, we will show thatf211/2ε(a) . b0⊕b1⊕· · ·⊕bm

for anyε > 0, for any positive elementsa, b0, b1, · · · , bm in A, anyi = 0, 1, · · · , m, anyτ ∈ T(A)
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with dτ (a) < dτ (bi).

Let ε > 0. We assert thatr = inf{dτ (b)− dτ (fε(a)), τ ∈ T(A)} > 0 with dτ (a) < dτ (b).

If fε(a) is Cuntz equivalent toa, thena is Cuntz equivalent to a projection,dτ (a) is continuous

onT(A), anddτ (b) is lower semicontinuous onT(A). Thendτ (b)− dτ (a) is lower semicontinuous

onT(A), by the property of lower semicontinuous, we know thatdτ (b)−dτ (a) can take the infimum

onT(A). We may assumeA0 = dτ0(b)− dτ0(a) is the infimum, sincedτ0(b)− dτ0(a) > 0, we have

A0 > 0, i.e.,r = inf{dτ (b)− dτ (fε(a)), τ ∈ T(A)} > 0.

Otherwise, by Theorem 2.7, there exists a nonzero positive elementd, such thatfε(a)d =

dfε(a) = 0 andfε(a) + d . a. We havedτ (b) − dτ (a) ≥ dτ (b) − (dτ (fε(a) + dτ (d)), so we

haver = inf{dτ (b)− dτ (fε(a)), τ ∈ T(A)} > 0.

By the assertion above,r′i = min{dτ (bi) − dτ (fε(a))} > 0. Write δ′ = min{r′0, r′1, · · · , r′m},
thenδ′ > 0.

Fixed a positive numberδ1 < δ′, sincedτ (b) = sup{(dτ ((b−σ)+)), σ > 0}, there existsε1 < ε,

such thatdτ (b)− δ1 ≤ dτ ((b− ε1)+).

For i = 0, 1, · · · , m, there existr′′i = min{dτ (bi − ε1)+) − dτ (fε(a))} > 0, write δ′′ =

min{r′′0 , r′′1 , · · · , r′′m}, we haveδ′′ > 0.

Sincedτ ((bi − ε1)+) ≤ τ(fε1/2(bi)) andτ(fε(a)) ≤ dτ (fε(a)), we haveri = inf{τ(fε1(bi))−
τ(fε(a)), τ ∈ T(A)} > 0, write δ = min{r0, r1, · · · , rm}, we haveδ > 0.

SinceA hasSP property, there exist projectionsei ∈ A such thatfε1(bi)ei = ei, i = 0, 1, · · · , m,

andτ(ei) < δ/12. Setb′i = (1− ei)fε1(bi)(1− ei). One has(1− ei)fε1(bi)(1− ei) + ei = fε1(bi)

for anyi = 0, 1, · · · , m.

SinceA is simple andT(A) is compact, there is0 < δ1 < 1/2 such that13δ < inf{τ(fδ1(bi) −
τ(fε(a)) : τ ∈ T(A)}, i = 0, 1, · · · , m.

By Theorem 5.7 in [5], ifτ(a) = τ(b) for anyτ ∈ T(A), there arey1, y2, · · · , yk · · · ∈ A such

thata =
∑∞

j=1 y∗j yj , b =
∑∞

j=1 yjy
∗
j . Since1

3δ < inf{τ(fδ1(b
′
i)) − τ(fε(a)) : τ ∈ T(A)}, for any

ε′′ > 0 with ε′′ < δ/12, there arexi
1, xi

2, · · · , xi
k ∈ A, andc ∈ A+ such that

‖(fε(a) + c)−
k∑

j=1

(xj
i)∗xi

j‖ < ε′′,

‖fδ1(b
′
i)−

k∑

j=1

xi
j(xj

i)∗‖ < ε′′,
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for anyi = 0, 1, · · · , m. We haveτ(c)+τ(fε(a))+2ε′′ > τ(
∑k

j=1 xi
jxj

i∗)+ε′′ = τ(
∑k

j=1 xj
i∗xi

j)+

ε′′ > τ(fδ1(b
′
i)). Thereforeτ(c) > δ/6.

SinceA ∈ TAΩ, with F = {a, bi, c, x1
i, x2

i, · · · , xk
i}, i = 0, 1, · · · , m, anyε′ > 0 with

ε′ < ε
4(2k+1) , there exist aC∗-subalgebraB ⊆ A and a projectionp ∈ A with 1B = p andB ∈ Ω,

such that

(1) ‖px− xp‖ < ε′/4 for anyx ∈ F ,

(2) pxp ∈ ε′/4B for anyx ∈ F , and

(3) [1− p] ≤ [e].

By (1) and (2) there exist{a′, b′i, c′, xi
1
′
, xi

2
′
, · · · , xi

k
′} ⊆ B and

{a′′, b′′i , xi
1
′′
, xi

2
′′
, · · · , xi

n
′′} ⊆ (1− p)A(1− p), such that

‖bi − b′i − b′′i ‖ < ε′, ‖c− c′ − c′′‖ < ε′, ‖b′i − pbip‖ < ε′,

‖a− a′ − a′′‖ < ε′, ‖pap− a′‖ < ε′, ‖xj
i − xj

i′ − xj
i′′‖ < ε′,

‖fε(a)− fε(a′)− fε(a′′)‖ < ε′′/4, ‖fδ1(bi)− fδ1(b
′
i)− fδ1(b

′′
i )‖ < ε′′/4,

for any1 ≤ j ≤ k, 0 ≤ i ≤ m.

By functional calculate, we have

‖(fε(a′) + c′)−
k∑

j=1

xj
i∗′xj

i′‖ < (2k + 1)ε′ + ε′′/2 < ε′′,

‖fδ1(b
′
i)−

k∑

j=1

xj
i′xj

i∗′‖ < (2k + 1)ε′ + ε′′/2 < 3ε′′/4.

Sinceτ(c′)+τ(c′′)+ε′ > τ(c) > 3ε′′ andτ(c′′) < τ(1−p) < τ(e) < 1
12δ, we haveτ(c′) > 2ε′′

for anyτ ∈ T(B).

Sincefη(f2ε(a′) ≤ fε(a′) for any η > 0, we havelimη→0 fη(f2ε(a′)) ≤ fε(a′), therefore,

dτ (f2ε(a′)) = limη→0 τ(fη(f2ε(a′))) ≤ τ(fε(a′)), there exists sufficiently smallη, such that

dτ (f2ε(a′)) ≤ τ(fε(a′))

≤ ε′′ +
∑k

j=1 τ(xj
i′xj

i∗′)− τ(c′)

= ε′′ +
∑k

j=1 τ(xj
i∗′xj

i′)− τ(c′)

≤ 3ε′′/4 +
∑k

j=1 τ(xj
i∗′xj

i′)

≤ τ(fδ1(b
′
i)) ≤ dτ (fδ1(b

′
i))
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for anyτ ∈ T(B). Sincefδ1(b
′
i), f2ε(a′) ∈ B andB ∈ Ω, we have

f2ε(a′) . fδ1(b
′
0)⊕ fδ1(b

′
1)⊕ · · · ⊕ fδ1(b

′
m).

By Lemma 2.10, we have

f211/2ε(a) . (f4ε(pap + (1− p)a(1− p)) . f4ε(pap)⊕ (1− p)

. f4ε(pap)⊕ e . f2ε(a′)⊕ e

. fδ1(b
′
0)⊕ fδ1(b

′
1)⊕ · · · ⊕ fδ1(b

′
m)⊕ e

. fδ1(b
′
0)⊕ e⊕ fδ1(b

′
1)⊕ · · · ⊕ fδ1(b

′
m)

. fδ1/2(pb0p)⊕ e⊕ fδ1/2(pb1p)⊕ · · · ⊕ fδ1/2(pbmp)

. b0 ⊕ e⊕ b1 ⊕ · · · ⊕ bm

. (1− e)fε1(b0)(1− e)⊕ e⊕ b1 ⊕ · · · ⊕ bm

= fε1(b0)⊕ b1 ⊕ · · · ⊕ bm

. b0 ⊕ b1 ⊕ · · · ⊕ bm

By Lemma 2.4 in [37], we havea . b0 ⊕ b1 ⊕ · · · ⊕ bm. 2

Theorem3.7 — Let Ω be a class of stably finite unital exactC∗-algebras such thatB has the

strong tracialm-comparison of positive elements for anyB ∈ Ω. ThenA has the strong tracial

m-comparison of positive elements for any separable simple unital exactC∗-algebra, whichA has

SP property andA ∈ TAΩ (Furthermore if all C∗-algebrasB ∈ Ω haveSP property, thenA

automatically hasSP property).

PROOF: By Lemma 2.4 in [37] and Lemma 2.10, we will show thatf211/2ε(a) . b for anyε > 0,

for any positive elementsa, b in A, any τ ∈ T(A) with dτ (a) < 1
m+1τ(b). we may assume that

‖b‖ ≤ 1.

For anyτ ∈ T(A), sincedτ (a) < 1
m+1τ(b), we havedτ (a) < 1

m+1dτ (b), by the proof of

Theorem 3.6,r = inf{ 1
m+1dτ (b) −dτ (fε(a)), τ ∈ T(A)} > 0 for anyε > 0.

Sincedτ (b) = sup{(dτ ((b − σ)+)), σ > 0}, so for anyδ′ > 0 with δ′ < r, there existsε1 < ε,

such that 1
m+1dτ ((b − ε1)+) − δ′ ≤ 1

m+1dτ ((b − ε1)+), So we haveδ = inf{ 1
m+1dτ ((b − ε1)+) −

dτ (fε(a)), τ ∈ T(A)} > 0. Sincedτ ((b − ε1)+) ≤ τ(fε1(b)) andτ(fε(a)) ≤ dτ (fε(a)), we have

δ = inf{ 1
m+1τ(fε1(b))− τ(fε(a)), τ ∈ T(A)} > 0.

SinceA hasSP property, there exists projectione ∈ A such thatbe = e andτ(e) < δ/12. Write

b1 = (1− e)fε1(b)(1− e). SinceA is simple andT(A) is compact, there is0 < δ1 < 1/2 such that
1
3δ < inf{ 1

m+1τ(fδ1(b1)− τ(fε(a)) : τ ∈ T(A)}.
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By Theorem 5.7 in [5], ifτ(fδ1(b1)) = τ(fε(a)) for anyτ ∈ T(A), there arey1, y2, · · · , yk · · · ∈
A such thatfδ1(b1) =

∑∞
j=1 y∗j yj , fε(a) =

∑∞
j=1 yjy

∗
j . Since1

3δ < inf{ 1
m+1τ(fδ1(b1))−τ(fε(a)) :

τ ∈ T(A)}, for anyε′′ > 0 with ε < δ/12, there arex1, x2, · · · , xk ∈ A andc ∈ A+ such that

‖(fε(a) + c)−
k∑

j=1

x∗jxj‖ < ε′′,

‖ 1
m + 1

fδ1(b1)−
k∑

j=1

xjx
∗
j‖ < ε′′.

We haveτ(c)+τ(fε(a))+2ε′′ > τ(
∑k

j=1 xi
jxj

i∗)+ε′′ = τ(
∑k

j=1 xj
i∗xi

j)+ε′′ > 1
m+1τ(fδ1(b

′
i)).

Thereforeτ(c) > δ/6.

SinceA ∈ TAΩ, with F = {a, b1, c, x1, x2, · · · , xk}, anyε1 > 0 with ε′ < ε
4(2k+1) , there

existC∗-subalgebraB ⊆ A and projectionp ∈ A with 1B = p andB ∈ Ω, such that

(1) ‖px− xp‖ < ε′/4 for anyx ∈ F ,

(2) pxp ∈ ε′/4B for anyx ∈ F , and

(3) [1− p] ≤ [e].

By (1) and (2) there exist{a′, b′1, c′, x′1, x′2, · · · , x′k} ⊆ B and

{a′′, b′′1, x′′1, x′′2, · · · , x′′n} ⊆ (1− p)A(1− p), such that

‖b1 − b′1 − b′′1‖ < ε′, ‖c− c′ − c′′‖ < ε′, ‖pb1p− b′1‖ < ε′

‖a− a′ − a′′‖ < ε′, ‖pap− a‖ < ε′, ‖xi − x′i − x′′i ‖ < ε′,

‖fε(a)− fε(a′)− fε(a′′)‖ < ε′′/4, ‖fδ1(b1)− fδ1(b1
′)− fδ1(b1

′′)‖ < ε′′/4,

for any1 ≤ i ≤ k.

By functional calculate, we have

‖(fε(a′) + c′)−
k∑

j=1

x
′∗
j x′j‖ < (2k + 1)ε1 + ε′′/2 < ε′′,

‖ 1
m + 1

fδ1(b
′)−

k∑

j=1

x′jx
′∗
j ‖ < (2k + 1)ε′ + ε′′/2 < 3ε′′/4.

Sinceτ(c′)+τ(c′′)+ε′ > τ(c) > 3ε′′ andτ(c′′) < τ(1−p) < τ(e) < δ/12, we haveτ(c′) > 2ε′′

for anyτ ∈ T(B).



1528 QINGZHAI FAN AND JUN YANG

Sincefη(f2ε(a′) ≤ fε(a′) for any η > 0, we havelimη→0 fη(f2ε(a′)) ≤ fε(a′), therefore,

dτ (f2ε(a′)) = limη→0 τ(fη(f2ε(a′))) ≤ τ(fε(a′)), so there exists sufficiently smallη, such that

dτ (f2ε(a′)) ≤ τ(fε(a′))

≤ ε′′ +
∑k

j=1 τ(x′jx
∗′
j )− τ(c′)

= ε′′ +
∑k

j=1 τ(x
′∗
j x

′
j)− τ(c′)

≤ 3ε′′/4 +
∑k

j=1 τ(x
′∗
j x

′
j)

≤ 1
m+1τ(fδ1(b1

′))

for anyτ ∈ T(B). Sincefδ(b1
′), f2ε(a′) ∈ B andB ∈ Ω, we have

f2ε(a′) . fδ1(b1
′).

We also have

f211/2ε(a) . f4ε(pap + (1− p)a(1− p)) . f4ε(pap)⊕ (1− p)

. f2ε(a′)⊕ e . fδ1(b1
′)⊕ e . fδ1/2(pb1p)⊕ e

. b1 ⊕ e = (1− e)fε1(b1)(1− e) + e = fε1(b1) . b

By Lemma 2.4 in [37], we havea . b. 2

Corollary 3.8 — LetA be an infinite dimensional separable simple unital exactC∗-algebra has the

m-comparison of positive elements andA hasSP property (strong tracialm-comparison of positive

elements). Suppose thatα : G → Aut(A) is an action of a finite groupG on A which has the

tracial Rokhlin property. Then the crossed productC∗-algebraC∗(G,A, α) has them-comparison of

positive elements (strong tracialm-comparison of positive elements).

PROOF : This follow from 3.4., 3.6 and 3.7.
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