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1. INTRODUCTION

The study of Hardy spaces is started by Hardy [1] at the beginning of20th century in parallel with the

setting of one variable Fourier series and complex analysis, providing basic insights into such topics

asLp spaces, maximal functions and atomic decomposition. The works of Elias Stein and Guido

Weiss [2] in several complex variables presents an extension of Hardy spaces for Fourier analysis.

The important feature of Hardy spaces is that they avoid the collection of undesirable characteristics

in Lp spaces ifp ≤ 1. These spaces are much better suited to a host questions in harmonic analysis

than are theLp spaces. Hardy spaces become a centerpiece of harmonic analysis due that they consti-

tuted the right domain of study of a large number of linear and nonlinear operators. Furthermore, this

spaces are extremely useful tool in mathematical analysis, partial differential equations, probability,

as well as in control theory and in scattering theory. The multiple characterization of Hardy spaces

in IRn is discovered by Fefferman and Stein [3]. They present a multiple equivalent definitions of

Hardy spaces inIRn and used them to prove the boundedness of singular integral operator. Strmberg

and Torchinsky [4] give the theory of weighted Hardy spaces of tempered distribution onIRn. They



1534 M. LACHIHEB AND A. GASMI

consider properties of weights in a general setting; they derive mean value inequalities for wavelet

transforms. In [5-7] the Herz spaces, many applications of some particular cases of the generalized

Herz spaces and the duals of the generalized Herz spaces are considered. The weighted Herz spaces

and its applications is introduced and a very useful boundedness theorem for a large class of sublinear

operators is proved in [8]. Many applications of this theorem are presented in [9, 10]. For certain con-

dition, the boundedness theorem is not holds and an counter example are given in [8]. This leads in [9,

11-16] to consider a new spaces called weighted Herz-type Hardy spaces such that the boundedness

theorem is true even when the last certain condition is satisfied. Recently, a family of weight func-

tions invariant under a finite reflection group onIRn and an a correspondent isometry similar to the

classical Fourier transform called Dunkl transform are the goal of many papers. Many definitions and

properties in this theory are mainly based on a commutative set of differential-difference operators

[17], the analogue of the first-order partial derivatives in the ordinary theory. This theory is enriched

and continues to enrich the pure and applied mathematical area by a set of a useful tools that have

a significant impact on the study of many problems. For example special functions associated with

root systems (see [18-21]), certain representations of degenerated affine Hecke algebras (see [22,

23]) and certain exactly solvable models of quantum mechanics, namely the Calogero-Sutherland-

Moser models, which deal with systems of identical particles in one dimensional space (see [24, 25]).

Trimeche [26, 27] studied the Dunkl intertwining operator and its inversion on spaces of functions

and distributions. He defined the integral representation of the dual of this operator and his inverse.

Furthermore, he prove in [21] the Paley-Wiener theorems for the Dunkl transform and general trans-

lation operator. Many papers addressed a number of issues pertaining to the generalized translation,

convolution Operator and maximal function for the Dunkl Transform. Thangavelu and Xu [28] stud-

ied the generalized translation and convolution operator and use them to analysis the summability

of the inverse Dunkl transform. They found the particular expression of the generalized translation

operator in the case whereG = Z2 and showed that it is not positive operator and satisfied some

properties of the classical translation operator. Many authors addressed a number of issues relating to

the caseG = Z2. Deleaval [29] studied the Dunkl maximal operator and showed the Fefferman-Stein

inequalities. Abdelkefi and Sifi [30] give an estimate of the Dunkl translation of the original circle of

radius epsilon characteristic function and shows theLp boudedness of the uncentered Dunkl maximal

operator. Mourou [31] extend the Taylor series classical theory of a differential-difference operator on

the real line. The following Herz and Herz-type Hardy spaces for the Dunkl operatorΛα, α ≥ −1/2

associated with the reflection groupZ2 onR are introduced by Gasmiet al. [32].

- Let 0 < p ≤ 1 < q ≤ ∞ andβ ≥ 1− 1/q , the homogeneous weighted Herz space is defined
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by

K̇β,p
α,q :=

{
f ∈ Lq

loc(µα) / ‖f‖
K̇β,p

α,q
=

[ ∞∑

k=−∞
22(α+1)βkp‖fχk‖p

q,α

]1/p
< ∞

}
,

whereLq
loc(µα) is the space of functionsf such that|f |q is locally integrable with respect to the

measure

dµα(x) := (2α+1Γ(α + 1))−1|x|2α+1dx

andχk is the characteristic function of the setAk := {x ∈ R / 2k−1 ≤ |x| ≤ 2k}, for k ∈ Z.

- The non-homogeneous weighted Herz space isKβ,p
α,q := Lq(µα) ∩ K̇β,p

α,q .

Moreover,‖f‖
Kβ,p

q,α
:= ‖f‖q,α + ‖f‖

K̇β,p
α,q

.

- Let N ∈ N, the Herz-type Hardy space is defined by

HK̇β,p,N
α,q :=

{
f ∈ S ′(R) / Gα,N (f) ∈ K̇β,p

α,q

}
,

whereGα,N is theα-grand maximal function. Moreover,‖f‖
HK̇β,p,N

α,q
:= ‖Gα,N (f)‖

K̇β,p
α,q

. Under

some hypothesis, they showed an atomic decomposition of Herz-type Hardy spaces. The aim of this

work is to establish some new characterizations of these spaces.

The procedure adopted in this study is as follows: in Section 2, some useful results associated with

the Dunkl operator onR are presented. Moreover, a various form of maximal function are defined.

In Section 3, a unit decomposition theorem for the Herz spaces associated with the Dunkl operator is

given, by which the boundedness of some sublinear operators are proved on these spaces. Section 4

is devoted to some new characterizations for the Herz-type Hardy spaces associated with the Dunkl

operator.

In the sequelC represents a suitable positive constant which is not necessarily the same in each

occurrence. Furthermore, we denote byS(R) andS ′(R) the Schwartz space onR and the space of

tempered distributions onR respectively .

2. PRELIMINARIES

In this section we recapitulate some results about harmonic analysis associated with the Dunkl oper-

ator which will be used later. For details the reader is referred to [17, 19, 26, 33]. Letα ≥ −1/2. We

consider the differential-difference operator introduced by [17]

Λαf(x) :=
d

dx
f(x) +

2α + 1
x

[f(x)− f(−x)
2

]
,
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and call it theDunkl operator.

Forα ≥ −1/2 andλ ∈ C, the Dunkl kernel is defined by

Eα(λx) = Imα(λx) +
λx

2(α + 1)
Imα+1(λx), x ∈ R,

is the unique solution of the initial differential equation:

Λαf(x) = λf(x), f(0) = 1,

whereImα is the modified Bessel function of orderα given by [34, 35]

Imα(λx) := Γ(α + 1)
∞∑

n=0

(λx/2)2n

n! Γ(n + α + 1)
.

Let q ∈ [1,∞], we writeLq(µα) to be the set of all functions satisfying

‖f‖q,α =
(∫

R
|f(x)|qdµα(x)

) 1
q
.

Like to the Fourier transform, the Dunkl transform of a functionf ∈ L1(µα) onR (see [19]) is

given by

Fα(f)(y) :=
∫

R
Eα(−ixy)f(x)dµα(x), y ∈ R.

Here the integral makes sense since|Eα(ix)| ≤ 1 for everyx ∈ R ([36], p. 295). Ifα = −1
2 , the

Dunkl transform coincides with the Fourier transformF , given by:

F(f)(y) := (2π)−1/2

∫

R
e−ixyf(x) dx, y ∈ R.

First, we note (See [21], p. 25, 26) that the Dunkl transformFα(f) is a bounded continuous function

and for allf ∈ L1(µα), we have

‖Fα(f)‖∞,α ≤ ‖f‖1,α.

Moreover,Fα is a topological isomorphism onS(R) which extends to a topological isomorphism on

S ′(R) and for eachf ∈ L1(µα) andx, y ∈ R (See [19, 21])

F−1
α (f)(x) = Fα(f)(−x) and Fα(Λαf)(y) = iyFα(f)(y).

Now we present the definitions of the general translation and the general convolution product and

their properties.
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For allx, y, z ∈ R,

σx,y,z :=

{
x2+y2−z2

2xy , if x, y ∈ R\{0}
0, otherwise

dα := 21−α(Γ(α + 1))2/
√

π Γ(α + 1/2), Ax,y :=
[∣∣∣|x| − |y|

∣∣∣, |x|+ |y|
]
.

∆α(|x|, |y|, |z|) :=





dα

[(
(|x|+|y|)2−z2

)(
z2−(|x|−|y|)2

)]α−1/2

|xyz|2α , if |z| ∈ Ax,y

0, otherwise,

Wα(x, y, z) :=
[
1− σx,y,z + σz,x,y + σz,y,x

]
∆α(|x|, |y|, |z|)

νx,y is a signed measures given by

dνx,y(z) :=





Wα(x, y, z)dµα(z), if x, y ∈ R\{0}
dδx(z), if y = 0

dδy(z), if x = 0.

The main properties of the signed kernelWα is

Wα(x, y, z) = Wα(y, x, z) = Wα(−x, z, y),

Wα(x, y, z) = Wα(−z, y,−x) = Wα(−x,−y,−z),

and ∫

R
|Wα(x, y, z)| dµα(z) ≤ 4.

and the measuresνx,y have the properties:

supp(νx,y) = Ax,y ∪ (−Ax,y), ‖νx,y‖ :=
∫

R
d|νx,y|(z) ≤ 4.

For a continuous functionf andx ∈ R, the Dunkl translation operator is defined by

τxf(y) :=
∫

R
f(z)dνx,y(z), y ∈ R.

As in the classical analysis, the Dunkl convolution is defined for allf, g ∈ L1(µα) andx ∈ R by

f ∗α g(x) :=
∫

R
τxf(−y)g(y)dµα(y), x ∈ R.

Note that the convolution∗α is associative and commutative [36] and∗−1/2 is the standard convolu-

tion.
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In the space ofC∞-functions onR, the general Dunkl translation is defined in [36] by

τxf(y) = (Vα)x(Vα)y

(
(Vα)−1(f)(x + y)

)

where

Vα(f)(x) =
Γ(α + 1)√

πΓ(α + 1/2)

∫ 1

−1
f(tx)(1 + t)(1− t2)α−1/2dt.

On the other hand, [21] shows thatτx has the following important explicit formula:

τxf(y) = 1
2

∫ 1
−1 f(

√
x2 + y2 − 2xyt)(1 + x−y√

x2+y2−2xyt
)φ(t)dt

+1
2

∫ 1
−1 f(−

√
x2 + y2 − 2xyt)(1− x−y√

x2+y2−2xyt
)φ(t)dt,

(2.1)

whereφ(t) = Γ(α+1)√
πΓ(α+1/2)

(1 + t)(1− t2)α−1/2

and we have

τxf(−y) = τyf(−x), ∀ x, y ∈ R.

The Dunkl translation of a nonnegative even function is nonnegative but this operator is not posi-

tive.

Proposition2.1 —

1. The operatorsτx, x ∈ R, are continuous fromS(R) into itself.

2. For allf ∈ S(R) andx ∈ R, we haveΛα(τxf) = τx(Λαf).

3. For allf ∈ S ′(R) andφ ∈ S(R) such that
∫

R
φ(x)dµα(x) = 1, we have

lim
t→0

f ∗α φt = f, in S ′(R),

whereφt is the dilation ofφ given by

φt(x) := t−2(α+1)φ
(x

t

)
, x ∈ R. (2.2)

Proposition2.2 — Lety ∈ R andf, g ∈ S(R) then

1.
∫

R
τyf(x)dµα(x) =

∫

R
f(x)dµα(x).

2.
∫

R
τyf(x)g(x)dµα(x) =

∫

R
f(x)τyg(−x)dµα(x).
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Proposition2.3 — Let f ∈ S(R) be supported in{x : |x| ≤ B} then τyf is supported in

{x : |x| ≤ B + |y|}.

Proposition2.4 — The following two propositions are shown in [37].

1. For allx ∈ R andf ∈ Lq(µα), q ∈ [1,∞]:

‖τxf‖q,α ≤ 4 ‖f‖q,α.

2. For allx ∈ R andf ∈ L1(µα):

Fα(τxf)(λ) = Eα(ixλ)Fα(f)(λ), λ ∈ R.

Proposition2.5 —

1. Assume thatq, q′, r ∈ [1,∞] satisfy the Young condition1/q +1/q′ = 1+1/r. Then the map

(f, g) → f ∗α g extends to a continuous map fromLq(µα)×Lq′(µα) to Lr(µα), and we have

‖f ∗α g‖r,α ≤ 4 ‖f‖q,α‖g‖q′,α.

2. For allf ∈ L1(µα) andg ∈ L2(µα), we have

Fα(f ∗α g) = Fα(f)Fα(g).

3. For allf ∈ L1(µα) andg ∈ Lp(µα) and1 ≤ p < ∞ we have

τx(f ∗α g) = (τx(f) ∗α g) = (f ∗α τx(g)), x ∈ R.

Lemma2.6 — For everyx, y in R andr > 0, we have

1. τyχIr ≤ τxχI√2(r+|y−x|) .

2. τyχIr(−x) ≤ τyχIr(x), for xy > 0.

HereχIr is the characteristic function of the intervalIr = {x ∈ R/|x| ≤ r}.

PROOF : From (2.1) and the fact thatf = χIr is even implies that

τxf(z) =
∫ 1

−1
f(

√
x2 + z2 − 2xzt)φ(t)dt. (2.3)
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Using the inclusion

{
s ∈ R/

√
y2 + z2 − 2yzs ∈ Ir

}
⊂

{
s ∈ R/

√
x2 + z2 − 2xzs ∈ I√2(r+|y−x|)

}
,

we get 1.

It is clear that ifS+ = {t > 0/
√

x2 + y2 − 2xyt ∈ Ir} andS− = {−t/t < 0,
√

x2 + y2 − 2xyt ∈
Ir} thenS− ⊂ S+, which implies with equality (2.3),

τyχIr(x) =
∫

S−
(φ(t) + φ(−t))dt +

∫

S+\S−
φ(t)dt,

from which we conclude 2.

The maximal function of a locally integrable functionf onR is defined by

Mα(f)(x) := sup
t>0

{ 1
µα(]− t, t[)

∫ t

−t
|τx(f)(y)| dµα(y)

}
, x ∈ R. (2.4)

This operator satisfies the following properties shown in [32].

Proposition2.7 — For allq ∈ ]1,∞[, the operatorMα is continuous fromLq(µα) into itself.

For allN ∈ N, we denote byFN the subset ofS(R) constituted by all thoseφ ∈ S(R) such that

supp(φ) ⊂ [−1, 1] and

‖φ‖FN
:= max

m,n≤N
ρm,n(φ) := max

m,n≤N
sup
x∈R

(1 + |x|)m|Λn
αφ(x)| ≤ 1.

Moreover the system of semi-norms{ρm,n}m,n∈N generates the topology ofS(R) (see [38]). Let

f ∈ S ′(R) andN ∈ N. We define

φ∗+, α(f)(x) := sup
t>0

|φt ∗α f(x)|, x ∈ R

Mφ, α(f)(x) := sup
t>0

sup
|x−y|<t

|φt ∗α f(y)|, x ∈ R,

Mφ, α, N (f)(x) := sup
t>0

sup
|x−y|<Nt

|φt ∗α f(y)|, x ∈ R,

and theα-grand maximal function of order-N , Gα,N (f) of f , by

Gα,N (f)(x) := sup
t>0, φ∈FN

Mφ, α(f)(x), x ∈ R,

whereφt is the dilation ofφ given by (2.2).
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Lemma2.8 — If φ ∈ S(R) and
∫
R φ(x)dµα(x) = 1. Then for anyψ ∈ S(R) there is a sequence

(η(k))k in S(R), so that

ψ(x) =
∞∑

k=0

η(k) ∗α φ2−k(x), x ∈ R.

Moreover, for anyM,N ∈ N there existsC > 0, independent toψ such that

max
m,n≤N

ρm,n(η(k)) < C2−Mk‖ψ‖FN
as k →∞.

PROOF: SinceFα(f ∗α g) = Fα(f)Fα(g), Λα(f ∗α g) = (Λαf) ∗α g andΛα(τxf) = τx(Λαf),

the proof is similar to that of Lemma 2 on p.93 in [39]. 2

3. A UNIT DECOMPOSITIONTHEOREM FOR THEHERZ SPACESK̇β,p
α,q

Let β ∈ R andq ∈ [1,∞]. A measurable functiona onR is called a (central)(β, q)-unit if it satisfies

supp(a) ⊂ Ir and‖a‖q,α ≤ r−2(α+1)β, for a certainr > 0. The aim of this section is to establish

a unit decomposition theorem for the Herz spaces associated with the Dunkl operator. Then, as an

application, we establish the boundedness of some sublinear operators on these spaces.

Theorem3.1— Letp ∈ ]0,∞[, 1 < q ≤ ∞ andβ ∈ R. Thenf ∈ K̇β,p
α,q if and only if there exist,

for all j ∈ Z, an (β, q)-unit aj andλj ∈ C, such that
∑∞

j=−∞ |λj |p < ∞ andf =
∑∞

j=−∞ λjaj .

Moreover,

‖f‖
K̇β,p

α,q
∼ inf

( ∞∑

j=−∞
|λj |p

)1/p
,

where the infimum is taken over all unit decompositions off .

PROOF : First we prove the necessity. Letf ∈ K̇β,p
α,q , we have

f(x) =
∑

k∈Z
f(x)χk

=
∑

k∈Z
22(k+1)(α+1)β‖fχk‖q,α

f(x)χk(x)
22(k+1)(α+1)β‖fχk‖q,α

=
∞∑

k=−∞
λkak(x).

Evidentlyak(x) = f(x)χk(x)

22(k+1)(α+1)β‖fχk‖q,α
is (β, q)-unit and

∑∞
k=−∞ λp

k = c‖f‖
K̇β,p

α,q
< ∞.

Now we prove the inverse, letf =
∑∞

j=−∞ λjaj such that
∑∞

j=−∞ |λj |p < ∞ andaj is an(β, q)-

unit for all j with the supportBj = {x ∈ R/|x| ≤ 2j}. Then we have

‖fχj‖α,q ≤
∑

k≥j+1

|λk|‖ak‖α,q (3.1)
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Forp ≤ 1, from (3.1) we have

‖f‖p

K̇β,p
α,q

=
∞∑

j=−∞
22(α+1)βjp‖fχj‖p

q,α

≤
∞∑

j=−∞
22(α+1)βjp

∑

k≥j+1

|λk|p‖ak‖p
α,q

≤
∞∑

k=−∞
|λk|

∑

j≤k−1

2−2(k−j)p(α+1)β

≤ C
∞∑

k=−∞
|λk| < ∞.

Forp > 1, we considerp′ such that1p + 1
p′ = 1. By Hölder’s inequality and (3.1) we obtain

‖fχj‖α,q ≤ (
∑

k≥j+1

|λk|p‖ak‖
p
2
α,q)

1
p (

∑

k≥j+1

|‖ak‖
p′
2
α,q)

1
p′

≤ (
∑

k≥j+1

|λk|p2−kp(α+1)β)
1
p (

∑

k≥j+1

2−kp′(α+1)β)
1
p′

≤ C2−j(α+1)β(
∑

k≥j+1

|λk|p2−kp(α+1)β)
1
p .

Then

‖f‖p

K̇β,p
α,q

=
∞∑

j=−∞
22(α+1)βjp‖fχj‖p

q,α

≤ C
∞∑

k=−∞
|λk|p

∑

j≤k−1

2(j−k)p(α+1)β

≤ C

∞∑

k=−∞
|λk|p < ∞,

we conclude thatf ∈ K̇β,p
α,q . 2

Theorem3.2— Let0 < p and1 < q ≤ ∞, β ≤ 1− 1/q. If a sublinear operator T satisfies

|Tf(x)| ≤ C‖f‖1,α/|x|2(α+1) if dis(x, supp(f)) >
|x|
2

for any integrable functionf with a compact support andT is bounded onLq(µα), thenT is bounded

on K̇β,p
α,q andKβ,p,N

α,q .
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PROOF: Let f ∈ K̇β,p
α,q by the last theorem we can writef =

∑∞
j=−∞ λjbj wherebj is (β, q)-unit

and‖f‖
K̇β,p

α,q
∼ inf

(∑∞
j=−∞ |λj |p

)1/p
, then

‖Tf‖p

K̇β,p
α,q

=
∞∑

k=−∞
22(α+1)βkp‖Tfχk‖p

q,α

≤ C

∞∑

k=−∞
22(α+1)βkp

[( k−2∑

j=−∞
|λj |‖Tbjχk‖q,α

)p
+

( ∞∑

j=k−1

|λj |‖Tbjχk‖q,α

)p]

= C(I1 + I2).

On the other hand

(
‖Tbjχk‖q,α

)q
=

∫

Ak

|Tbj(x)|qdµα(x)

≤ C

∫

Ck

|x|−2(α+1)q
(∫

Bj

|bj(y)|dµα(y)
)q

dµα(x)

≤ Cµα(Bj)q−1

∫

Bj

|bj(y)|qµα(y)
∫

Ck

|x|−(2α+1)qxµα(x)

≤ C22(α+1)j(q−1)2−2j(α+1)βq2(k−1)(2(α+1)−q),

then forp ≤ 1, we have

I1 ≤
∞∑

k=−∞
22(α+1)βkp

k−2∑

j=1

|λj |p‖Tbjχk‖p
q,α

≤ C
∞∑

k=−∞
22(α+1)βkp

k−2∑

j=−∞
|λj |p22(α+1)jp(1−1/q)2−2j(α+1)βp2(k−1)(2(α+1)/q−1)p

≤ C
∞∑

j=−∞
|λj |p

∞∑

k=j+2

22(α+1)p(k−j)(β+1/q−1)

≤ C

∞∑

j=−∞
|λj |p ≤ C‖f‖

K̇β,p
α,q

.
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Forp > 1, by Hölder inequality

I1 =
∞∑

k=−∞
22(α+1)βkp

( k−2∑

j=−∞
|λj |‖Tbjχk‖q,α

)p

≤ C
∞∑

k=−∞

( k−2∑

j=−∞
|λj |p22(α+1)p(k−j)(β+1/q−1)

)( k−2∑

j=1

22(α+1)p′(k−j)(β+1/q−1)
)p/p′

≤ C
∞∑

k=−∞

( k−2∑

j=−∞
|λj |p22(α+1)p(k−j)(β+1/q−1)

)
= C

∞∑

j=−∞

( ∞∑

k=j+2

|λj |p22(α+1)p(k−j)(β+1/q−1)
)

≤ C
∞∑

j=−∞
|λj |p ≤ c‖f‖

K̇β,p
α,q

.

Using the boundedness ofT onLq(µα) we get, ifp ≤ 1

I2 =
∞∑

k=−∞
22(α+1)βkp

( ∞∑

j=k−1

|λj |‖Tbjχk‖q,α

)p

≤ C
∞∑

k=−∞
22(α+1)βkp

∞∑

j=k−1

|λj |p‖bj‖p
q,α

≤ C

∞∑

k=−∞
22(α+1)βkp

∞∑

j=k−1

|λj |p2−2j(α+1)βp

≤ C
∞∑

j=−∞
|λj |p

j+1∑

k=−∞
22(k−j)(α+1)βp

≤ C
∞∑

j=1

|λj |p ≤ C‖f‖
K̇β,p

α,q
.

If p > 1, we have

I2 =
∞∑

k=−∞
22(α+1)βkp

( ∞∑

j=k−1

|λj |‖Tbjχk‖q,α

)p

≤ C
∞∑

k=−∞
22(α+1)βkp

( ∞∑

j=k−1

|λj |p‖bj‖p
q,α

)( ∞∑

j=k−1

‖bj‖p′
q,α

)p/p′

≤ C
∞∑

k=−∞
22(α+1)βkp

( ∞∑

j=k−1

|λj |p2−2j(α+1)βp
)( ∞∑

j=k−1

2−2j(α+1)βp′
)p/p′
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≤ C
∞∑

k=−∞
22(α+1)βkp

∞∑

j=k−1

|λj |p2−2j(α+1)βp

≤ C
∞∑

j=−∞
|λj |p

j+1∑

k=−∞
22(k−j)(α+1)βp

≤ C
∞∑

j=1

|λj |p ≤ C‖f‖
K̇β,p

α,q
.

This finishes the proof. 2

4. SOME NEW REAL-VARIABLE CHARACTERIZATION OF THE HERZ-TYPE HARDY SPACES

HK̇β,p,N
α,q

Let q ∈ ]1,∞] andβ ≥ 1 − 1/q. A measurable functiona onR is called a (central)(β, q)-atom if

it satisfies supp(a) ⊂ Ir, ‖a‖q,α ≤ r−2(α+1)β, for a certainr > 0 and
∫

R
a(x)xkdµα(x) = 0, k =

0, 1, ..., 2s + 1, wheres = [(α + 1)(β − 1 + 1/q)] (the integer part of(α + 1)(β − 1 + 1/q)).

In [32], the authors established the following atomic decomposition theorem for the Herz-type

Hardy spacesHK̇β,p,N
α,q .

Theorem4.1— Let0 < p ≤ 1 < q ≤ ∞, β ≥ 1− 1/q andN ∈ N, N > 2(2s + 3 + α). Then

f ∈ HK̇β,p,N
α,q if and only if there exist, for allj ∈ N\{0}, an (β, q)-atomaj andλj ∈ C, such that

∑∞
j=1 |λj |p < ∞ andf =

∑∞
j=1 λjaj . Moreover,

‖f‖
HK̇β,p,N

α,q
∼ inf

( ∞∑

j=1

|λj |p
)1/p

,

where the infimum is taken over all atomic decompositions off .

The aim of this section is to establish the following some new real-variable characterizations

theorem of these spaces.

Theorem4.2 — Let 0 < p ≤ 1 < q ≤ ∞, β ≥ 1 − 1/q andN ∈ N, N > 2(2s + 3 + α).

Supposeφ ∈ S(R) such that
∫

φ(x)dµα(x) = 1 andφt(x) = 1
t2α+1 φ(x

t ), for t > 0. Then for

f ∈ S ′(R), the following conditions are equivalent.

(A). φ∗+, α(f) ∈ K̇β,p
α,q .

(B). Mφ, α(f) ∈ K̇β,p
α,q .

(C). Mφ, α, N (f) ∈ K̇β,p
α,q .
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(D). Gα,N (f) ∈ K̇β,p
α,q .

(E). There exist, for allj ∈ N\{0}, an (β, q)-atomaj andλj ∈ C, such that
∑∞

j=1 |λj |p < ∞
andf =

∑∞
j=1 λjaj .

PROOF : 1. Theorem 4.1 gives(D) ⇔ (E).

2. It is easily to verifyMφ, α, N (f) ≤ Mφ, α(f) andMφ, α(f) ≤ φ∗+, α(f), then(C) ⇒ (B) ⇒
(A).

3. Since there is a real numberC such thatMφ, α(f) ≤ CGα,N (f), thus(D) ⇒ (B).

4. Now we prove that(A) ⇒ (C). Forε > 0 andψ ∈ S(R), we define

Mψf(x) = sup
|y−x|<Nt<1/ε

|f ∗α ψt(y)|
( Nt

Nt + ε

)l
(1 + εN |y|)−l,

T l,k
ψ f(x) = sup

y∈R,Nt<1/ε
|f ∗α ψt(y)|

( Nt

Nt + |y − x|
)k( Nt

Nt + ε

)l
(1 + εN |y|)−l,

M∗
ψf(x) = sup

|y−x|<Nt<1/ε
t| ∧α f ∗α ψt(y)|

( Nt

Nt + ε

)l
(1 + εN |y|)−l.

It is clear from the equation (2.4), Proposition 2.2 and Lemma 2.6.

Mα(M r
ψf)(x) = sup

t>0

{ 1
µα(]− t, t[)

∫

R
|M r

ψf(z)τx(χ]−t,t[(−z)|dµα(z)
}

≥ 1
µα(I√2(|y−x|+Nt))

∫

R
|M r

ψf(z)τxχI√2(|y−x|+Nt)
(−z)|dµα(z)

≥ 1
µα(I√2(|y−x|+Nt))

∫

R
|M r

ψf(z)τyχINt
(−z)|dµα(z)

≥ 1
µα(I√2(|y−x|+Nt))

∫

Rsig(−y)

|M r
ψf(z)τyχINt

(−z)|dµα(z).

Sincesupp(τyχ]−Nt,Nt[) ∩ Rsig(y) ⊂ {z/|z − y| ≤ Nt} then

Mα(M r
ψf)(x) ≥

(|f ∗α ψt(y)|
(

Nt
Nt+ε

)l
(1 + εN |y|)−l)r

µα(I√2(|y−x|+Nt))

∫

Rsig(y)

|τyχINt
(z)|dµα(z).

From Lemma 2.6 and Proposition 2.2, we have

∫

Rsig(y)

τyχINt
(z)dµα(z) ≥ 1

2

∫

Rsig(y)

τyχINt
(z)dµα(z) +

1
2

∫

Rsig(−y)

τyχINt
(z)dµα(z)
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=
1
2

∫

R
τyχINt

(z)dµα(z)

=
1
2

∫

R
χINt

(z)dµα(z)

=
1
2
µα(INt).

Then
(
Mα(M r

ψf)(x)
)1/r

≥ µα(INt)1/r

µα(I|y−x|+Nt)1/r
|f ∗α ψt(y)|

( Nt

Nt + ε

)l
(1 + εN |y|)−l.

Then there is a constantC such that

T
l,(2α+1)/r
ψ f(x) ≤ C

(
Mα(M r

ψf)(x)
)1/r

. (4.1)

We now prove that for anyr ∈ (0, 1)

M∗
ψf(x) ≤ C

(
Mα(M r

ψf)(x)
)1/r

. (4.2)

We first note

t|Λα(f ∗α ψt)(y)| = |f ∗α (Λαψ)t(y)|.

From Lemma 2.8, we have

|f ∗α (Λαψ)t(y)| =
∣∣∣
∫

R

∞∑

s=0

f ∗α ψ2−st(y − tw)τy/tθ
(s)(y/t− w)dµα(y/t− w)ds

∣∣∣

≤ T k,l
ψ f(x)

∞∑

s=0

∫

R
2sk2sl

(Nt + |y − tw − x|
Nt

)k(Nt + ε

Nt

)l

(1 + εN |y − tw|)l|τy/tθ
(s)(y/t− w)|dµα(y/t− w).

But, (1 + εN |y − tw|)l ≤ (1 + εN |y|)l(1 + |w|)l and
( |y−tw−x|+Nt

Nt

)k
≤ 2k(1 + |w|)k then

|f ∗α (Λαψ)t(y)| ≤ T k,l
ψ f(x)

∞∑

s=0

∫

R
2s(l+k)2k(1 + |w|)l+k

(Nt + ε

Nt

)l

(1 + εN |y|)l|τy/tθ
(s)(y/t− w)|dµα(y/t− w).

Thus,

M∗
ψf(x) ≤ CT k,l

ψ f(x)
∞∑

s=0

2s(l+k)+k

∫

R
(1 + |w|)l+k|τy/tθ

(s)(y/t− w)|dµα(y/t− w).



1548 M. LACHIHEB AND A. GASMI

Since

|θ(s)(x)| ≤ φ(s)(x) = |θ(s)(x)|+ |θ(s)(−x)|,

then from (2.1) we have

|τzθ
(s)(x)| ≤ τzφ

(s)(x) + τ̂zφ
(s)(x), (4.3)

whereτ̂zφ
(s)(x) =

∫ 1
−1 φ(s)(

√
x2 + z2 − 2xzt)(1− t2)α− 1

2 dt.

Changing variablet by−t andx by−x in the integrals gives that
∫

R
f(x)τ̂zφ

(s)(x)dµα(x) =
∫

R
(
1
2
(f(x) + f(−x))τzφ

(s)(x)dµα(x). (4.4)

Then∫

R
(1 + |w|)l+k|τy/tθ

(s)(y/t− w)|dµα(y/t− w)

≤
∫

R
(1 + |w|)l+k(τy/tφ

(s)(y/t− w) + τ̂y/tφ
(s)(y/t− w))dµα(y/t− w)

= 3/2
∫

R
(1 + |y/t− w|)l+kτy/tφ

(s)(w)dµα(w) + 1/2
∫

R
(1 + |y/t + w|)l+kτy/tφ

(s)(w)dµα(w).

From Proposition 2.2 and since for allw ∈ R andh ∈ [−1, 1]

|y/t± w| ≤
√

w2 + (y/t)2 − 2hwy/t + 2|y/t|,

we obtain

∫

R
(1 + |w|)l+k|τy/tθ

(s)(y/t− w)|dµα(y/t− w)

≤ C

∫

R
τy/t

(
(1 + |z|+ 2|y/t|)l+kφ(s)(w)

)
dµα(w)

= C

∫

R
(1 + |w|+ 2|y/t|)l+kφ(s)(w)dµα(w).

Then

M∗
ψf(x) ≤ CT k,l

ψ f(x)
∞∑

s=0

2s(l+k)+k

∫

R
(1 + |w|+ 2|y/t|)l+kφ(s)(w)dµα(w).

Noting that there is a constantC such that

(1 + |w|+ 2|y/t|)l+k ≤ C
(
(1 + |w|)l+k + (1 + 2|y/t|)l+k

)
,

(1 + 2|y/t|)l+kφ(s) ≤ ρl+k,n(φ(s)) andρl+k,n(φ(s)) ≤ 2ρl+k,n(θ(s)), then by Lemma 2.8 we have

M∗
ψf(x) ≤ CT k,l

ψ f(x). (4.5)
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From equation (4.1) and (4.5), we deduce (4.2).

Let Eε =
{

x ∈ R/M∗
ψf(x) ≤ C0Mψf(x)

}
, Ec

ε = R \ Eε andp1 ∈ (0, 1) such that0 ≤ p1β <

1− 1/q. From Theorem 3.2 and the definition ofEε, we get

‖MψfχEc
ε
‖

K̇βp
α,q

≤ 1/C0‖M∗
ψf‖

K̇βp
α,q

≤ C/C0‖M
(
(Mψf)p1

)
‖1/p1

K̇
βp1,p/p1
α,q/p1

≤ C/C0‖(Mψf)p1‖1/p1

K̇
βp1,p/p1
α,q/p1

= C/C0‖(Mψf)p1‖
K̇β,p

α,q
.

Therefore

‖Mψf‖
K̇βp

α,q
≤ ‖MψfχEε‖K̇βp

α,q
+ ‖MψfχEc

ε
‖

K̇βp
α,q

≤ ‖MψfχEε‖K̇βp
α,q

+ C/C0‖Mψf‖
K̇βp

α,q
.

TakingC0 such thatC/C0 ≤ 1
2 , we obtain

‖Mψf‖
K̇βp

α,q
≤ 2‖MψfχEε‖K̇βp

α,q
.

Now we prove that

‖Mψf‖
K̇βp

α,q
≤ CN1/r‖ψ∗+,α(f)‖

K̇βp
α,q

for anyr ∈ (0, 1).

Let us first prove that ifx ∈ Eε then

Mψf(x) ≤ CN1/r
(
M

[(
ψ∗+,α(f)

)r]
(x)

)1/r
.

By the definition ofMψ(x), there existy ∈ R andt ∈ R+ such that|x− y| < Nt < 1/ε and

|(f ∗α ψt)(y)|
( Nt

Nt + ε

)l
(1 + εN |y|)−l ≥ Mψf(x)/2.

If x ∈ Eε and|x− z| < Nt then

t|Λα((f ∗α ψt)(z)| ≤ C0

( Nt

Nt + ε

)−l
(1 + εN |y|)lMψf(x).

Thus ifx ∈ Eε, |x− y| < Nt and|x− z| < Nt then there is a constantC1

t|Λα((f ∗α ψt)(z)| ≤ C1|f ∗α ψt(y)|.
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From Theorem 1 in [31] and the mean value theorem, there existsζ betweenx andy such that

f(x)− f(y) = Λαf(ζ)(x− y).

It follows then, ifw ∈ [x−Nt, x+NT ]∩ [y−t/2C1, y+t/2C1] there existsz = θw+(1−θ)y,

whereθ ∈ (0, 1) such that

|(f ∗α ψt)(w)− (f ∗α ψt)(y)| = |Λα(f ∗α ψt)(z)||w − y| ≤ |1
2
(f ∗α ψt)(y)|.

Thus

|(f ∗α ψt)(w)| ≥ 1
2
|(f ∗α ψt)(y)| ≥ Mψf(x)/4.

For anyr ∈ (0, 1), we have

Mα

[(
ψ∗+,α(f)

)r]
(x) ≥ 1

µα(I√2Nt)

∫

I√2Nt

|τx

(
ψ∗+,α(f)

)r
|(w)dµα(w)

≥ 1
µα(I√2Nt)

∫

R
|
(
ψ∗+,α(f)

)r
|(w)τx

(
χI√2Nt

)
(−w)|dµα(w).

Let κ > 0 such thatκ ≤ t/2C1 andκ + |y − x| ≤ Nt, similar to Lemma 2.6, we get

τy

(
χIκ

)
≤ τx

(
χI√2(κ+|y−x|)

)

≤ τx

(
χI√2NT

)
.

Then

Mα

[(
ψ∗+,α(f)

)r]
(x) ≥ 1

µα(I√2Nt)

∫

R
|
(
ψ∗+,α(f)

)r
|(w)τy

(
χIκ

)
(−w)|dµα(w)

≥ C

N

(
Mψf(x)

)r
.

Choosingr sufficiently small so that0 < rβ < (1− 1/q) then

‖MψfχEε‖K̇βp
α,q

≤ CN1/r‖
(
M

(
ψ∗+,α(f)

)r)1/r
‖

K̇βp
α,q

= CN1/r‖M
(
ψ∗+,α(f)

)r
‖1/r

K̇
βr,p/r
α,q/r

≤ CN1/r‖ψ∗+,α(f)‖
K̇βp

α,q
.

This finish the proof of(A) =⇒ (C) and we have

‖Mφ, α, N (f)(x)‖
K̇β,p

α,q
≤ CN1/r‖ψ∗+,α(f)‖

K̇βp
α,q

,
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wherer is sufficiently small andC is independent ofN andf .

5. In the following we demonstrate(A) =⇒ (D), for this we define the functionψ∗∗s (x) by

ψ∗∗s (x) = sup
(y,t)∈R2

+

|f ∗α ψt(y)|
( t

t + |x− y|
)s

.

By Lemma 2.8 we have,

|f ∗α Φt(y)| ≤
∞∑

k=0

|f ∗α ψ2−kt ∗α η
(k)
t (y)|

≤
∞∑

k=0

∫

R
|f ∗α ψ2−kt(z)τyη

(k)
t (−z)|dµα(z)

≤
∞∑

k=0

∫

R
t−2(α+1)|f ∗α ψ2−kt(z)τy/tη

(k)(−z/t)|dµα(z)

≤
∞∑

k=0

∫

R
|f ∗α ψ2−kt(y − tw)τy/tη

(k)(y/t− w)|dµα(y/t− w)

≤ ψ∗∗s (x)
∞∑

k=0

∫

R
|
( 2−kt

t + |y − tw − x|
)−s

τy/tη
(k)(y/t− w)|dµα(y/t− w).

Note that if|y − x| ≤ t, then
(

t+|y−tw−x|
t

)s
≤ 2s(1 + w)s. By (4.3), (4.4) and similar to (4.5)

we get ifN ≥ s + 1

|f ∗α Φt(y)| ≤ Cψ∗∗s (x)
∞∑

k=0

2(k+1)s

∫

R
τy/t

(
(1 + |z|+ 2|y/t|)sφ(k)

)
(w)dµα(w)

≤ Cψ∗∗s (x).

We obtain then

Gα,N (f)(x) ≤ Cψ∗∗s (x).

It is easy to verify that

ψ∗∗s (x) ≤ Mψ,α(f)(x) +
∞∑

k=0

2−ksMψ,α,2k+1(f)(x).

Therefore we have

‖Gα.N (f)‖
K̇β,p

α,q
≤ C‖Mψ,α(f)‖

K̇β,p
α,q

+ C
∞∑

k=0

2−ks‖Mψ,α,2k+1(f)‖
K̇β,p

α,q

≤ C
∞∑

k=0

2−k(s−1/r)‖ψ∗+,α(f)‖
K̇βp

α,q

≤ C‖ψ∗+,α(f)‖
K̇βp

α,q
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if s > 1/r. This finishes the proof of(A) =⇒ (D) and hence the proof of Theorem 4.2. 2
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