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1. INTRODUCTION

The study of Hardy spaces is started by Hardy [1] at the beginnig@gtéfcentury in parallel with the
setting of one variable Fourier series and complex analysis, providing basic insights into such topics
as LP spaces, maximal functions and atomic decomposition. The works of Elias Stein and Guido
Weiss [2] in several complex variables presents an extension of Hardy spaces for Fourier analysis.
The important feature of Hardy spaces is that they avoid the collection of undesirable characteristics
in LP spaces ifp < 1. These spaces are much better suited to a host questions in harmonic analysis
than are thd.? spaces. Hardy spaces become a centerpiece of harmonic analysis due that they consti-
tuted the right domain of study of a large number of linear and nonlinear operators. Furthermore, this
spaces are extremely useful tool in mathematical analysis, partial differential equations, probability,
as well as in control theory and in scattering theory. The multiple characterization of Hardy spaces
in IR™ is discovered by Fefferman and Stein [3]. They present a multiple equivalent definitions of
Hardy spaces iiR™ and used them to prove the boundedness of singular integral operator. Strmberg
and Torchinsky [4] give the theory of weighted Hardy spaces of tempered distributii’'oThey
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consider properties of weights in a general setting; they derive mean value inequalities for wavelet
transforms. In [5-7] the Herz spaces, many applications of some particular cases of the generalized
Herz spaces and the duals of the generalized Herz spaces are considered. The weighted Herz spaces
and its applications is introduced and a very useful boundedness theorem for a large class of sublinear
operators is proved in [8]. Many applications of this theorem are presented in [9, 10]. For certain con-
dition, the boundedness theorem is not holds and an counter example are given in [8]. This leadsin [9,
11-16] to consider a new spaces called weighted Herz-type Hardy spaces such that the boundedness
theorem is true even when the last certain condition is satisfied. Recently, a family of weight func-
tions invariant under a finite reflection group 8R™ and an a correspondent isometry similar to the
classical Fourier transform called Dunkl transform are the goal of many papers. Many definitions and
properties in this theory are mainly based on a commutative set of differential-difference operators
[17], the analogue of the first-order partial derivatives in the ordinary theory. This theory is enriched
and continues to enrich the pure and applied mathematical area by a set of a useful tools that have
a significant impact on the study of many problems. For example special functions associated with
root systems (see [18-21]), certain representations of degenerated affine Hecke algebras (see [22,
23]) and certain exactly solvable models of quantum mechanics, namely the Calogero-Sutherland-
Moser models, which deal with systems of identical particles in one dimensional space (see [24, 25]).
Trimeche [26, 27] studied the Dunkl intertwining operator and its inversion on spaces of functions
and distributions. He defined the integral representation of the dual of this operator and his inverse.
Furthermore, he prove in [21] the Paley-Wiener theorems for the Dunkl transform and general trans-
lation operator. Many papers addressed a number of issues pertaining to the generalized translation,
convolution Operator and maximal function for the Dunkl Transform. Thangavelu and Xu [28] stud-
ied the generalized translation and convolution operator and use them to analysis the summability
of the inverse Dunkl transform. They found the particular expression of the generalized translation
operator in the case wheté = Z, and showed that it is not positive operator and satisfied some
properties of the classical translation operator. Many authors addressed a number of issues relating to
the casér = Z,. Deleaval [29] studied the Dunkl maximal operator and showed the Fefferman-Stein
inequalities. Abdelkefi and Sifi [30] give an estimate of the Dunkl translation of the original circle of
radius epsilon characteristic function and showslthéoudedness of the uncentered Dunkl maximal
operator. Mourou [31] extend the Taylor series classical theory of a differential-difference operator on
the real line. The following Herz and Herz-type Hardy spaces for the Dunkl opeYater > —1/2
associated with the reflection grodp onR are introduced by Gasret al. [32].

-Let0<p<1l<g<oocands>1-1/q,the homogeneous weighted Herz space is defined
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by
: . ” 1/p
KD = {f € Lo (o) [ 1f 1oy = [ 3 o +1)ﬂkaka||p7a} < 00}7
k=—00
where L] (u.) is the space of functiong such that f|? is locally integrable with respect to the
measure
dpa(z) == 2°HT(a + 1)) |22 da

andy;, is the characteristic function of the sét := {z € R /2F~! < |z| < 2F}, fork € Z.
- The non-homogeneous weighted Herz spadei$ := L9(u,) N KL,

Moreover,[| fl o := [l fllg.0 + I fll z2p-

- Let N € N, the Herz-type Hardy space is defined by

HEPPN = { FeSR) ) Ganlf) € K@p},

a,q

whereG,, v is thea-grand maximal function. Moreovelif|| ;605 = [|Ga,n(f)| 5. Under

«@,q «a,q
some hypothesis, they showed an atomic decomposition of Herz-type Hardy spaces. The aim of this
work is to establish some new characterizations of these spaces.

The procedure adopted in this study is as follows: in Section 2, some useful results associated with
the Dunkl operator ofR are presented. Moreover, a various form of maximal function are defined.
In Section 3, a unit decomposition theorem for the Herz spaces associated with the Dunkl operator is
given, by which the boundedness of some sublinear operators are proved on these spaces. Section 4
is devoted to some new characterizations for the Herz-type Hardy spaces associated with the Dunkl
operator.

In the sequel represents a suitable positive constant which is not necessarily the same in each
occurrence. Furthermore, we denote$(R) andS’(R) the Schwartz space dh and the space of
tempered distributions dR respectively .

2. PRELIMINARIES

In this section we recapitulate some results about harmonic analysis associated with the Dunkl oper-
ator which will be used later. For details the reader is referred to [17, 19, 26, 33}. ket 1/2. We
consider the differential-difference operator introduced by [17]

Mof(e) = 1 (o) + 22X L[ LELTE2))
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and call it theDunkl operator
Fora > —1/2 andX € C, the Dunkl kernel is defined by

AT

Ey(Az) = Imy(Ax) + Natl)

Ima+1()‘x)7 r € R,
is the unique solution of the initial differential equation:
Aof(z) =Af(z), f(0)=1,

wherelm,, is the modified Bessel function of ordergiven by [34, 35]

_ o (a/2)
Im,(Az) :==T'(a + 1)7;] v E——

Letq € [1, 00|, we write LY(u,,) to be the set of all functions satisfying
1
191 = ([ @) tdia(a) "
R

Like to the Fourier transform, the Dunkl transform of a functjpre L!(1,) onR (see [19)) is
given by
Fol£)0) = [ Bal-izn)f(@)duala), v R,

Here the integral makes sense singg (iz)| < 1 for everyz € R ([36], p. 295). Ifa = —1, the
Dunkl transform coincides with the Fourier transfoffgiven by:

F(F)(y) = 2m)~/? /R e~ f(2) e, y € R.

First, we note (See [21], p. 25, 26) that the Dunkl transfdgi f) is a bounded continuous function
and for allf € L' (u), we have

||fa(f)”w,a < ”f”l,oz'

Moreover,F, is a topological isomorphism a$i(R) which extends to a topological isomorphism on
S’(R) and for eachf € L'(u,) andz,y € R (See [19, 21))

Fo (D) = Fa(f)(=2) and Fa(Aaf)(y) = iy Falf)(y).

Now we present the definitions of the general translation and the general convolution product and
their properties.
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Forallz,y, z € R,
2.2 .2 )
._{ sy ifa,y € R\{0}
ZT,Y,2 T

0, otherwise
do 1= 27 (T(a + 1)) /VAT (@ +1/2), Agy = ||zl = Iyl 2] + Iy1].
a—1/2
[((\x|+\y|>2—z2) (z2—<|x\—|y|>2)] _
oyaa , it |z € Agy
Aa(lzl, 1yl |2]) =
0, otherwise,

Wa(%% Z) = _1 — Ozy,z + Oz,x,y + Uz,y,x} Aa(‘-ﬂv ‘y‘7 ’Z’)
vz IS @ signed measures given by
Wao(z,y, 2)dpa(z), if z,y € R\{0}

dvgy(2) =< do.(2), ify=0
doy(z), if z =0.

The main properties of the signed kerig), is
Wa(xa Y, Z) = Wa(yv z, Z) = WCM(_ZB> 2, y)7

WOé(x7y7 Z) = Wa(—z,y, —IL’) = Wa(—flf, —-Y, _Z)a

and
/R (Wa(z,y, 2)| dua(z) < 4.

and the measuresg, , have the properties:

SUPP(Vay) = Auy U (—Auy)s vyl = /R dvey|(2) < 4.

For a continuous functiofi andz € R, the Dunkl translation operator is defined by

= f(y) = /Rf(z)dvx,y(z), y € R.

As in the classical analysis, the Dunkl convolution is defined fof ajl € L'(u,) andz € R by

[*ag(w) = Afxf(—y)g(y)dua(y), z€R.

1537

Note that the convolution,, is associative and commutative [36] and, /, is the standard convolu-

tion.
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In the space of’*°-functions onR, the general Dunkl translation is defined in [36] by

7 f(y) = (Va)e(Va)y (V) (N (@ +)

where

Va(f)(z) = vﬁriiam / Ftz)(1+ )1 = £2)*" 124z,

On the other hand, [21] shows thathas the following important explicit formula:

mf(y) = [0 (VA2 4% = 2ayt)(1 + \/ﬁw(ﬂdt

+3 f_1 f(=v/a? 4+ 92 = 2ayt)(1 - \/ﬁ)ﬂﬂdta

(2.1)

whereg(t) = fl“((aa—:-ll)/Q)( )1 — )2

and we have

f(—y) =1, f(-x), Yz,y€eR.

The Dunkl translation of a nonnegative even function is nonnegative but this operator is not posi-
tive.

Proposition2.1 —
1. The operators,, = € R, are continuous frons(RR) into itself.
2. Forall f € S(R) andz € R, we haveA, (7, f) = 7 (Ao f).
3. Forall f € §'(R) and¢ € S(R) such that A o(x)due(z) =1, we have
lim f o 6= f, in S'(R),

whereg; is the dilation of¢ given by

() == t—2<a+1>¢(§), z €R. (2.2)

Proposition2.2 — Lety € Randf, g € S(R) then

./@f )dpio(x /f )dpte (z

2 /R o (@)9(x)dpa(a / [ (@) ry9(~2)dpia ().
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Proposition2.3 — Let f € S(R) be supported iz : |z| < B} thenr,f is supported in
{z:|2| < B+ y[}.

Proposition2.4 — The following two propositions are shown in [37].

1. Forallzx e R andf € L(uq), q € [1,00]:
172 fllga < 4 fllga-

2. Forallz € R andf € L' (uq):

Fo(mef)(AN) = Eo(iz)) Fa(f)(N), AER.

Proposition2.5 —

1. Assume that, ¢’,r € [1, 0] satisfy the Young conditioh/q+1/¢’ = 1+ 1/r. Then the map
(f,g) — [ * g extends to a continuous map frabf(pa ) x LY (1) t0 L (1), and we have

ra < 4 f

If *a g |g||q’,a-

g0
2. Forall f € L'(us) andg € L?(ue), we have

Falf *a 9) = Falf) Falg)-
3. Forall f € L'(uy) andg € LP(us) andl < p < co we have

To(f *a 9) = (Ta(f) *a 9) = (f *a 72(g9)), x €R.

Lemma2.6 — For everyr, y in R andr > 0, we have
1. TyXI, < TIXI\/E(rHysz'

2. Tyxr1,.(—z) < 1yxr,.(z), forzy > 0.

Herey, is the characteristic function of the intendal= {x € R/|z| < r}.

PROOF: From (2.1) and the fact thgt= x;. is even implies that

1
.f(2) = /1 F(Va?+ 22 = 2zz2t)p(t)dt. (2.3)
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Using the inclusion

{s e R/Vy?+ 22 —2yzs € IT} C {s eR/Va?+ 22 —2zzs € I\/§(T+\y—:p|)}’

we get 1.

Itis clear that ifS = {t > 0//2? + y? — 2zyt € I,} andS_ = {—t/t < 0,\/2%2 + y* — 2zyt €

I} thenS_ C S, which implies with equality (2.3),

rn (2) = / (6(t) + S(—1)dt + / o(t)dt,

a SL\S_
from which we conclude 2.

The maximal function of a locally integrable functigion R is defined by

M@ = s { e [ (Wit} 2 e .4
This operator satisfies the following properties shown in [32].
Proposition2.7 — For allg € |1, o], the operatoi,, is continuous fron.4(yu,) into itself.
For all N € N, we denote byy the subset of(R) constituted by all those € S(R) such that
supfd¢) C [—1,1] and

= = AR <1.
ol mﬁ}l%pm,n(eb) mﬁgﬁgg(lﬂx\) Ano(x)| <1

Moreover the system of semi-norfis,., » }m nen generates the topology 6fR) (see [38]). Let
f € §'(R)andN € N. We define

4 o(f)(@) = sup |y o f(2)], z€ER
>0

My, o(f)(x) :=sup sup [dra f(y)l, z€R,
>0 |z—y|<t

My o, n(f)(x) :=sup sup |[dr*q f(y), z€R,
>0 |z—y|<Nt

and then-grand maximal function of orde¥, G, v (f) of f, by

GanN(f)(®):= sup My o(f)(z), w€eR,
t>0, p€Fy

whereg; is the dilation of¢ given by (2.2).
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Lemma2.8 —If ¢ € S(R) and [ ¢(z)dpa(x) = 1. Then for any) € S(R) there is a sequence
(n®)), in S(R), so that

=> Wy dyi(z), zER
k=0

Moreover, for anyM, N € N there exist&' > 0, independent tg such that

max_ pmn(n™) < C27M¥||y|| gy as k — .
mn<N

PROOF: SinceF,(f *a 9) = Falf) Falg), Aa(f *a g9) = (Aaf) *a g @andAy (o f) = 72 (Aaf),
the proof is similar to that of Lemma 2 on p.93in [39]. O

3. A UNIT DECOMPOSITIONTHEOREM FOR THEHERZ SPACES K%

Let 3 € Randg € [1, c0]. A measurable function onR is called a (central)s3, ¢)-unit if it satisfies
supp(a) C I, and|lalgo < r~2@F18 for a certainr > 0. The aim of this section is to establish

a unit decomposition theorem for the Herz spaces associated with the Dunkl operator. Then, as an
application, we establish the boundedness of some sublinear operators on these spaces.

Theorem3.1— Letp €]0,00[, 1 < ¢ < cc andp € R. Thenf € ngg if and only if there exist,
forall j € Z, an (3, ¢)-unita; and\; € C, suchthaty 2 __|\|P <ocoandf =372 _ \ja,.
Moreover,

j=—00 Jj=—00

sy~ me (S ).

j==o0

where the infimum is taken over all unit decompositiong. of

PROOF: First we prove the necessity. Léte K’g,’g, we have

f@) = 3t

keZ

_ 222 (k+1)(a+1) f( )Xk( )

Evidentlyay(z) = 22(,€+1)(g@§’;}(‘fgm|q is (8, q)-unitand) "> A = CHfHKg:g < 00.
Now we prove the inverse, lgt = > 22 Aja; such tha) 22
unit for all j with the support3; = {x € R/|z| < 27}. Then we have

1/ X5 llag < Z | Aklllalla.q (3.1)

k>j+1

oo 2o NP < 00 anda; is an(, q)-
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Forp < 1, from (3.1) we have

o0
I s = Y 22V e,
, =

o0
S 22t DB NP agl?,

j=—o0 k>j+1
[0.9]

Z |Ak| Z 9~ 2(k=j)p(a+1)8

k=—o0 j<k—1

C i ‘)\k| < 0.

k=—00

IN

IN

IN

Forp > 1, we considep’ such tha% + i% = 1. By Holder's inequality and (3.1) we obtain

1
v

P 1 o’
Xl < O wlPllarlida)» (D lllarlldq)?

k>j+1 E>j+1
< (Z |)\k|p2—kp(a+1)6)%( Z Q—kp’(wrl)ﬂ)ﬁ
k>j+1 k>j+1
N E S PN CRET
k>j+1
Then
s .
1P, = 3 22y e
[e.9]
< C Z AP Z 9(i—k)p(a+1)8
k=—o00 j<k—1
oo
< 0 ) I <o,
k=—0o0
we conclude thaf € K457 . O

Theorem3.2— Let0 < pandl < ¢ < oo, f < 1 — 1/q. If a sublinear operator T satisfies

|

Tf ()] < Cllflha/laPCFY if  dis(z, supp(f)) > 2

for any integrable functiorf with a compact support arifl is bounded ori.4(u,, ), thenT' is bounded
on K5P and KP2N
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PROOF: Let f € K2¥ by the Iast theorem we can wrife= 5°°
and| fl 2y ~ inf (52 Iny17) " then

A;b; whereb; is (3, ¢)-unit

]_—OO

HTfHKﬁp =
k=—00
o - p
< 0y per( > Pl )+ (D WillTbxle) |
k=—0oc0 j=—00 j=k—1
= C(Il—l-fg).
On the other hand

(ITbalae)’ = [ (b @)ldua(a)

q
< 0 [ a0 [ p0)ldna(w) 'duao)
Ch B;
< CnaB) [ @hal) [ ol )
Bj Ck
< 2ot D)i(a-1)9=2j(at)Bag(k-1)(2(a+1)~q)
then forp < 1, we have
00 k—2
no< Y 22t ST e,
k=—00 J=1
k—2
< C Z 92(+1)Bkp Z I\ |po2(a+1)ip(1=1/a)9=2j(a+1)Apo(k—1)(2(at1)/q=1)p
k=—00 Jj=—00
< C Z AP Z 92(a+1)p(k—35)(B+1/9-1)
j=—o0 k=j+2
< C ) A < Cllfll pr-

j==o0
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Forp > 1, by Holder inequality

(%s) k—2
p
L= YD 2 (Tl e )
k=—o00 j=—00
00 k—2

C Z ( Z |>\j|P22(a+1)p(k—j)(,8+1/q—1))(kz_:z22(a+1)p/(k—j)(5+1/q_1))p/p’
j=1

k=—oc0 j=—00

IN

k—2 [eS)

C i < Z ’/\j‘p22(a+1)p(k—j)(ﬂ+1/q—1)) - C Z < i ‘)\j’p22(a+1)p(kz—j)(ﬁ+1/q_1))

k=—o0 j=-—o00 j=—00 k=j+2

o
c Y A1 < ell Fll g

j=—o0

AN

IN

Using the boundedness 6fon L4( ., ) we get, ifp < 1

00 oo
p
I, — Z 22(a+1)ﬁkp< Z |/\j|||Tijk:|q,a)
k=—00 j=k—1
[e'e) [e.e]
< 0N 22t NP b,
k=—o00 j_k 1
< 03 P Z Agframte?
k=—o00 J=k—1
J+1
<03 Y e
j=—o00 k=—00
o0
< CZM]-IPSCHfHKg;g-
7j=1
If p> 1, we have
> P
L = Z 22a+1ﬁkp< |)\j|||Tijqu,a)
k=—00 Jj=k—1
2a+1 o0 » » e p/ p/pl
<oy (S i) ( > Il )
k=—o0 J=k—1 g=k=
[o¢]
o 5 wonm( 5 ) $2 o)

Il
>

k=—00 j=k—1 j=k—1
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o0 o0
C Z 92(a+1)Bkp Z |)\j’p2—2j(a+1)ﬂp
k=—o00 j=k—1

Jj+1

C Z |/\j|p Z 92(k—j)(a+1)0p

j=—o00 k=—o00

o0
CY NP < CllF e

Jj=1

IN

IN

IN

This finishes the proof. a

4. SOME NEW REAL-VARIABLE CHARACTERIZATION OF THE HERZ-TYPE HARDY SPACES
HEGPN

Letq €]1,00] and3 > 1 — 1/q. A measurable function onR is called a (centraljs3, ¢)-atom if

it satisfies supfu) C I, [|allg.0 < 7218 for a certaine > 0 and [ a(x)x*dua(z) = 0, k =
R

0,1,...,25 + 1, wheres = [(a + 1)(8 — 1 + 1/q)] (the integer part ofa + 1)(3 — 1 + 1/q)).

In [32], the authors established the following atomic decomposition theorem for the Herz-type
Hardy spacesf K7

Theorem4.l—Let0<p<l<g<oo,f>1-1/gandN € N,N > 2(2s + 3+ «). Then
f e HKSZPY if and only if there exist, for alj € N\{¥}, an (8, ¢)-atoma, and\; € C, such that
> 21 NP < ocand f =322, Aja;. Moreover,

o0

HfHHKg:g,N ~ inf(Z \)\ij>

J=1

1/p
M

where the infimum is taken over all atomic decompositiorys of

The aim of this section is to establish the following some new real-variable characterizations
theorem of these spaces.

Theorem4.2 —Let0 < p<1<qg<oo,f>1-1/gandN € N, N > 2(2s+ 3 + a).
Supposep € S(R) such thatf ¢(z)dua(z) = 1 and¢y(z) = marrd(£), for t > 0. Then for
f € §'(R), the following conditions are equivalent.

(A). 6% o(f) € K52,
(B). My, o(f) € K&2.

(C). My,o n(f) € KP.
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(D). Ga,n(f) € Ko,

(E). There exist, for alj € N\{0}, an (3, ¢)-atoma; and \; € C, such thatd 2%, |A;|P < oo
andf = Z;.ozl )\jaj.

PROOF: 1. Theorem 4.1 give§D) < (E).

2. Itis easily to verifyMy o n(f) < My o(f) and My (f) < ¢4 ,(f), then(C) = (B) =
(A).

3. Since there is a real numbétrsuch thatV/, .(f) < CGan(f), thus(D) = (B).

4. Now we prove thatA) = (C). Fore > 0 andy € S(R), we define

Nt !
1+ eNy))™
M) (LHeNlyD ™,

Nt )k( Nt
Nt+|y—z|/ \Nt+e

Myf(z) = sup | wa ()l

ly—z|<Nt<1/e

TFf) = s [f ) )+ Ny,

yeR,Nt<1/e

Mif(r) = sup  t|Aaf*a %Z)t(?/)\(
ly—z|<Nt<1/e

Nt
Nt +e€

l
) (1+eNly) ™.

Itis clear from the equation (2.4), Proposition 2.2 and Lemma 2.6.

Mo (Myf)(x) = SUP{M/R|M12JC(Z)%(X]t,t[(_z)’dﬂa(z)}

t>0

1 /
> M f(2)Texr —2)|dpa(2)
MO‘(I\@(Iy—mI—&-Nt)) R | v ) ﬁ(\y—z|+Nt>( | (
1 /
> | M f(2)TyX1n, (—2)|dpa(2)
talyzyapine) Jr " yAN
1 /
> |M7'f(z)7' XI (—z)|d,ua(z)‘
'ua(l\/iﬂy*zHNt)) Raig(_y) ¥ YAIN

Sincesupp(7yx)—ne,ne) N Raigyy € {2/]2 —y| < Nt} then

(1 w0 )| (5 ) (14 NIy Ly
J

M, (M), >
( ¢f)(l‘) :UJO&(I\/iﬂyf:tHNt))

Ty X1 (2)]dpa(2).

sig(y)

From Lemma 2.6 and Proposition 2.2, we have

/R TyXin (2)dpta(2) 2 % /R

sig(y)

(a5 [ a2

sig(y) Rsig(—v)
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=5 [ i ()da 2

=5 [ X @dnal)

1
= Zpa(In).
2M(Nt)
Then

(Mo @) " 2 .

Nt +e€

:U’oa(INt)l/r
Ma(I|yf:z:|+Nt)1/T

7 20 )l () (14 €Ny

Then there is a consta6t such that

Ty f(2) < C(Ma(MG f) (@ ))”’ﬂ (4.1)

We now prove that for any € (0, 1)
/T
M3 f@) < O (MO H@) (4.2)

We first note

HAa(f *a 1) (Y)| = [f *a (Aat))e(y)]-

From Lemma 2.8, we have

|f *a (Aat0)e(y)| = ‘/Rif*a Po-si(y — tw)T, y/te ) (y/t — )dﬂa(y/t—w)ds‘
5=0
i ot (Mt ey’

(1 + eNly — tw])' 7,0 (y/t — w)ldpa(y/t = w).

IN

k
But, (1 + eN|y — tw|)! < (1 + eN|y!(1 + |wl|)! and(%) < 28(1 4 |w|)* then

F 0 (Bati(y)] < TH'fa Z / 2021 ) (T

(1+ 6N!:t/l) |70 (y/t — w)|dpa(y/t — w).
Thus,

M f(z) < CTH f(z) Zzs”’“’f / (1+ | H¥]r, 69 5/t — w)|dtaly/t — w).
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Since
109 (2)] < ) () = [0 ()| + [0 (—a)|,

then from (2.1) we have
700 (2)] < 7.0 (2) + 7.6 (), (4.3)
wheret, ¢(®) f L OO (VrZ+ 22 = 222t)(1 — t2)o‘_’dt
Changing variable by —t andxz by —z in the integrals gives that
[ @269 @dnale) = [ (G(7(@) + F-0)76) @) o). (4.9
R R
Then
L+ )80t = ) = )
< /';(1 + |w‘)l+k(7—y/t¢(s) (y/t - w) + 7A—y/t(ﬁ(s) (y/t - w))d,u/oc(y/t - w)
=32 [ (1 I/t = ) 0 ()dia(0) + 172 [ (1 e+ 0) 1,008 )i ().

From Proposition 2.2 and since for alle R andh € [—1, 1]

ly/t £ w| < Vw? + (y/t)? — 2hwy/t + 2|y /1],

we obtain
/R (L4 [uw) 1y 8 (/¢ — w)\dpay/t — w)
< [ (1 1el + 20/e)'*460) () dpa(0)
e / (14 o] + 20y /2]) ) (1) dpe(w0).
R
Then

M; f(z) < CTH Z?”*“’f [ 20t () ).

Noting that there is a consta@tsuch that
(1++ [l + 20/t < (1 + w7+ (1 + 2ly/e]) ),
(14 2[y/t)!*0) < prygn (@) andppp.n () < 201405, (0%)), then by Lemma 2.8 we have

M;f(x) < CTy" f(x). (4.5)
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From equation (4.1) and (4.5), we deduce (4.2).

Let £ = {:1: e R/M f(z) < Conf(a:)}, E¢ =R\ E.andp; € (0,1) suchthat < p;8 <
1 —1/q. From Theorem 3.2 and the definition Bf, we get

IN

||M¢fXEg||Kggq 1/Co||MJ;fHKg§)q

C/CO||M<(wa)pl> Hzgzlq«p/m

o,q/p1

IN

1
C/C()H (szf)pl ”K/g;pp/m

a,q/p1

= C/Coll My gy

IA

Therefore

IN

1M flgpn < NMpfxmlgam + 1Mo fxeel gon

< HwaXEEHKg?q + C/COHwaHKggrq-

Taking C, such thatC/Cy < 3, we obtain

M0 f i, < 200 fxe g,

Now we prove that
1My fll e < ONY 1L o)l o
foranyr € (0,1).

Let us first prove that i € E. then
, . r 1/r
My f() < ONY (M[(v1a(n) @)
By the definition ofM (), there exisy € R andt € R, such thatz — y| < Nt < 1/eand

Nt

) 1 Nl 2 M ()2

(F 50 v @)l (

If z € E. and|z — z| < Nt then

Nt
Nt +e€

A ((f % )] < Co ) (14 N[y My f (z).

Thus ifz € E,, |z —y| < Ntand|z — z| < Nt then there is a constagy

A ((f *a P1)(2)] < CLlf *a Pe(y)l-
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From Theorem 1 in [31] and the mean value theorem, there existsdweenr andy such that
f@) = fy) = Aaf(Q)(@ —y).

It follows then, ifw € [x—Nt, 2+ NT|N[y—t/2C1, y+1t/2C;] there exists = dw+(1—0)y,
wheref € (0,1) such that

|(f *a Ye)(w) = (f *a 6) (W) = [Aalf *a ¢0)(2)]lw —y| < \%(f *a P1)(y)-

Thus .
|(f *a ) ()] 2 SI(f *a ¥e)(y)] 2 My f(2) /4.

For anyr € (0,1), we have

Mo (0an) @ 2 s [ (01a) ) (w)

Ha (IﬂNt) V2Nt

> oy L (e0) 10 () o)

Let x > 0 such that < ¢/2C; andk + |y — z| < Nt, similar to Lemma 2.6, we get

Ty (XIH> < Ty <XI\/§(K+|y—z\))

Then
1

Va[(v3a0) J@ 2 s [1(03000) 107 () e

> S (Mus@)

Choosingr sufficiently small so thab < 3 < (1 — 1/q) then

r " r 1/r

1My fxel o < CONY yy(M(zpm(f))) lign
= ONVIM(¢5.0D) 15
a,q/r

< ONYI9L (D)l g

This finish the proof of A) = (C') and we have

1M (D@l g2y < NV (Pl e
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wherer is sufficiently small and” is independent oV and f.

5. In the following we demonstratel) = (D), for this we define the functiop’* (z) by

wre = s 1 il ( )

(y.t)eR2. tt |z

By Lemma 2.8 we have,

1 ra @)l < S 1F *a ok ka D ()]
k=0

<3 / 1F o g (2) P (= 2) | dpia(2)
k=0“R

> / 20D F s by sy (2)7 0™ (20 dita2)
k=0"R

< Y [ 170 ol — )™t = )l )
k=0“R

> 27%¢ s
< ok (k) _ _ .
) LG mr=s) ™= oo/t =

Note that if|y — | < t, then (W) < 25(1 + w)®. By (4.3), (4.4) and similar to (4.5)
wegetifN >s+1

Fra®il < Cupt@) 3200 [ (15 1l + 2/t 6% ) (w)dpa(w)
k=0

Cps™ ().

IN

We obtain then
Gan(f)(z) < CY7 ().

It is easy to verify that

(x) < My o(f)(z) + Z 27ksMw,a,2k+1(f)<3?)-
k=0

Therefore we have

o0
Cl[My,o(f) HKQ;%,’ +C Z TksHMw,a,zkH (f) Hkg;g

IGan(Pllgpr <
) k:0
< O3 2 I ()l
k=0 |
<

Ol ol )l s
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if s > 1/r. This finishes the proof dfA) = (D) and hence the proof of Theorem 4.2. O
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