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The existence of an orthogonal labelling of a grapkvith respect to a certain group implies the
existence of the cyclic orthogonal double cover of the Circulant graphs on that group. In this
article, a technique for orthogonal labelling is produced for the corona product of two finite or
infinite graph classes such as path, cycle and star graphs. In addition, the nonexistence of the
orthogonalL-labelling is proved for the corona product &%, and an infinite cycle.
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1. INTRODUCTION

All groups used here are finite. All graphs considered here are undirected and simplegréplis).
The order and the size ¢t are|V (G)| and|E(G)|, respectively.

From here on, the usual notations shall be ugéglfor the complete graph of order, K for an
isolated vertex(,, for a cycle graph of order and size, S,, for a star graph of order + 1 and
sizem and P41 for a path graph of ordet + 1 and sizen. For notations and definitions not defined
here, the reader can refer to [1].
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Let G; and G2 be graphs with order§:; andng) and sizegm; andms), respectively. The
coronaG o G4 is defined as the graph produced by holding one cop§#0&ndn; copies ofGs,
and then linking the*" vertex ofG; with an edge to each vertex in tifé copy of G (see e.qg. [5] or
[9]). It follows from the definition of the corona that the order®f o G equal ton; + nyny and its
size is equal tony + nims + nins. Figure 1 showg’s o K

A collection C = {Gs : § € V(X)} of subgraphs ofX, all isomorphic toG, is called an
orthogonal double covefODC) of X by G if there is a bijective mapping : V(X) — C:

(1) every edge oKX is found in exactly two members Gfand

(2) for any different vertices x, y fror (X) :

Lif {z, y} € E(X),
0 otherwise.

[¥(x) N(y)| = {

This concept and its earlier version, an ODC foy and K, ,,, have been investigated by several
researcher (see the survey [7]). The main question is: what is théXai&') for which there is an
ODC of X by G?

If the automorphism group (the automorphism group of the grapbf an ODC,C = {Gs : § €
V(X)}, of X contains a cyclic group with order equal to that®f then it is called cyclic (CODC)

[6].
For combinatorial reasons, the grafihmust be regular and its degree is equal to the siz@ of
(see [7]).

Let L = {11, la, ..., I} be a sequence of positive integers such that [} < lp <--< [} <
|n/2], let X be the circulant graptiirc(n; L), the/(X) = Z,, = {0, 1, 2, ..., n — 1}; the edge
{z, y} € E(X)ifand only ifx —y = I}, (modn) for someh, h € {1, 2, ..., k}. For an edge
{z, y} in Circ(n; L), the length of z, y} ismin{|z — y|, n — |z — y|} (see e.g. [11])

Lete; = {x1, y1} andea = {z2, y2} be two edges of the same lendtin Circ(n; L), we
define the rotation distancel(/) betweere; andey asrd(l) = min{d;, do : {x1 + d1,y1 + d1} =
ea, {x2 + da, y2 + d2} = e1}. Note that the edges ande, are adjacent if-d(l) = [ and they are
non adjacent if-d(l) # .

A graph labellingis a giving of values to the vertices or edges, or both, to satisfy certain condi-
tions. There are many contributions and different kinds of labelling (see e.g. [2, 8, 12]).

In [6], considering the grapl,, = Circ(n; {1, 2, 3, ..., |n/2]}, the notion oforthogonal
labelling has been defined as follows.
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LetG = (V, E) with n > 1, a bijection mapping : V' — Z, is an orthogonal labelling off
if: (@) foreveryl € {1, 2, ..., |n—1/2]}, G has exactly two edges of lengthand single edge of
lengthn /2 if nis even, and (bjrd(l) : 1€ {1, 2, ..., [n—1/2|}}={1, 2, ..., [n—1/2]}.

In [6], Gronauet al. have proved the following theorem.

Theorem1.1— ([6]). A CODC of K,, = Cliren; {1, 2, 3, ..., |n/2]} by a graphG exists if
and only if there exists an orthogonal labelling@f

The orthogonal labelling has been called orthogofial 2, ..., |n/2]}-labelling by Sam-
pathkumaret al. in [13, 14] and they have generalized it to orthogohdbbelling whereL =
{l1, la, ..., lg}suchthatl <} <lp <<l < [n/2].

I. If nis odd orn is even andy, # n/2:

AssumeG is a subgraph of'irc(n; L) with size2k, a labelling ofG, from Z,,, is an orthogonal
L-labelling of G if: (1) for everyl € L, there exist exactly two edges of lengtiin G, and (2)
{rd(l):l e L} = L.

II. If nisevenand, =n/2.

Assume( is a subgraph ofirc(n; L) with 2|L| — 1 edges, a labelling of/, from Z,,, is an
orthogonalL-labelling of G if: (1) for everyl € L — {n/2}, there exist exactly two edges of lendth
and exactly a single edge with lengifi2 in G, and (2{rd(l) : l € L\ {n/2}} = L\ {n/2}.

In [14], Sampathkumaet al. have proved the following theorem.

Theoreml1.2— (14). A CODC of Cir¢Z,,; L) by a graphG exists if and only if there exists an
orthogonalL-labelling of G.

For any grapl, if G has an orthogondl-labelling, then the CODCs afirc(Z,,; L) by a graph
G are constructed effectively via the idea of translating the g@bly a group acting ofv (G).

In [10], an ODC of a graph of small degre¥,, by GG have been produced by Hartmaetral. and
by Scapellato, EI-Shanawany and Higazy in [15].

The existence of an ODC of Circulants of degebhas been proved in [10] and of Circulants
of degree3 in [15]. Using the technique presented in Theorem 1.2, Sampathkeinadr[14] have
constructed the pair€X, G) where X is 4-regular circulant graph, and in [3, 4], the CODCs of
circulants by some infinite graph classes have been produced. Applying Theorem 1.2, we produce a
technique to construct the CODCs of circulants of infinite orders by the corona of two graphs.
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In this paper, the main task is to show that the corona of two finite or infinite graph classes has
an orthogonall-labelling which imply the existence of the CODCs of the corresponding Circulant
graphs. The following theorem is our main result.

Theoreml.3—Form > 1, letG e {Kg oKy, Kzo Ko, Cy o Ko, K OPm+1, K; OCm, Ko
Sm, Koo Pm+1, Ps; o Pm+17 K3 o Pm+1a Pm+1 o KQ} and X = CiTC(Zn; L) All the tuples
(n, L, G, X), for which there exists a CODC of by G, are known.

PROOF: Fors = 1 and2, let G, be two graphs witlfordel(G;), sizgGs)) = (ns, ms). Then
from the definition of the coron@; o G, the(order(G o Gs), SizedG1 0 Ga)) = (n1 +ning, mi +

ning + n1m2).
The graphX is mj + ning + nymo-regularCirc(Z,; L), wheren > ny + nins.
The size of the grapty is my + nins + nyms.

In Section2, 3, 4 and5, the proof of the above result is obtained through Theorem 1.2. Namely,
for eachG we shall define the pairfs:, L) whose corresponding graph has an orthogdnkbelling
by G. Also, the nonexistence of the orthogoralabelling of the corona product @€, and an infinite
cycle is proved in Section 6. O

2. THE ORTHOGONAL L-LABELLING OF THE CORONA OF CERTAIN SMALL GRAPHS

In this section, we shall construct the orthogohdhbelling of C'5 o K1, C5 0 K5 andCy o K.

Lemma2.1 — Letly, s, I3 andn > 7 be integers such that # 21; + I3 andn # 2l — s — s
and letn — (I3 — I3) = lo. There exists a CODC of 6-regul@tirc(Zn; {l1, l2, l3}) by C3 0 Kj.

PROOF: The two edges of length are{0, /;} and{0, n — [}, the two edges of length are
{0, —l2} and{—I2, —2l»} and the two edges of lengthare{l, [y + I3} and{l; — I3, {1 }.

Because all couples of equal length edges are connected{thiéh) : | € L} = L where
L ={l1, I3, I3}. HenceC53 o K has an orthogondl;, [2, I3}-labelling. For illustration, see Figure
1.

Lemma2.2 — Letn > 13 be a positive integer. There exists a CODC of 12-regtilar(Z,,; {11, 21,
3l1, 4l1, 6l1, n— 8[1}) by K30 Ks.

PrROOF: K3 o K5 can be labelled as follows.
Let (I1, l2, I3, l4, I5, lg) = (l1, 211, 3ly, 41, 611, n — 8ly).

The two edges of length are{0, /;} and{n—{;, 0}; the two edges of length are{n—1;, [;}
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Figure 2: An orthogona{l;, 21, 3y, 4ly, 611, n — 811 }-labelling of C3 o K.

and{n — l;, n — 3l;}; the two edges of lengthy are{5l,, 8/1} and{8l;, 11l }; the two edges of
lengthly are{n — 311, n— 711} and{n — 7l;, n — 111, }; the two edges of length are{5/; , 11, }
and{n — [y, 5/;} and the two edges of lengthare{n — 3l;, n — 11l;} and{n — 31, 5l }.

Because all couples of edges that equally lengthed are connecteyitign [ € L} = L where
L ={li, 20y, 31y, 411, 611, n—8l1}. HenceK3 o K, has an orthogondly, 2y, 3l1, 411, 611, n—
811 }-labelling. For illustration, see Figure 2.

Lemma2.2 — Letl; > 1 be a positive integer andis chosen such that
12811 = 2611 (mod n).
Thete exists a CODC of 16-regul@tirc(Z,; {2*1; : 0 < x < 7}) by Cy o K.

PROOF: Let (ll, lo, I3, ly, 15, g, l7) = (l17 21y, 4lq, 811, 1611, 3211, 6411, 128l1).
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Figure 3: An orthogonaf2@iy, n/2: 0 < x < m — 1}-labelling of K7 o P,, 1 wheren = 2™ +1;.

The two edges of length are{0, [;} and{l;, 2{,},; the two edges of length are{0, 2/;} and
{0, n—2[; }; the two edges of length are{n —2l; , n—6[; } and{n— 611, n— 10l }; the two edges
of lengthly are{n — 201, n — 1011} and{n — 2y, 6l }; the two edges of lengthy are{6l, , 22i,}
and{22l;, 381} and the two edges of lengthare{n — 26l;, n — 90!, } and{n — 90l;, 154l; }; the
two edges of lengthy; are{n — 154{,, n — 261, } and{n — 26[;, 0}.

Because all couples of equal length edges are connected{thiéh) : [ € L} = L where
L ={ly, 20y, 4ly, 8y, 1611, 3211, 6411, 1281;}. HenceCy o K3 has an orthogongR*l; : 0 < z <
7}-labelling.

3. THE ORTHOGONAL L-LABELLING OF THE CORONA OF K; AND INFINITE: PATH, CYCLE
AND STAR GRAPHS
In this section, we shall construct the orthogohdhbelling of K; o P,,,1+1, Kj o Cy, @and Ky o S,,.

Proposition3.1 — Letm, [; > 1 andn = 2™*+1]; be positive integers, There exists a CODC of
2m + 1-regular Cir¢Z,,; {2*l;, n/2:0<x <m —1}) by K; o Py,1.

PROOF: For all0 < x < m — 1, the two edges of lengtefl; are{0, 2%I;} and{2%l;, 2711, }
and the edge of length/2 is {0, 2™}

Because all couples of equal length edges are connected{#hién : [ € {27]; : 0 < z <
m — 1}} = L. HenceK; o P, has an orthogondl2¥i;, n/2 : 0 < x < m — 1}-labelling. For
illustration, see Figure 3.

Proposition3.2 — Letm > 3,1; > 1 andn, such tha™l; = [;(modn), be positive integers.
There exists a CODC &fm-regular Cir¢Z,,; {2%1; : 0 <x <m — 1}) by Ky o Cp,.

PROOF: For all0 < z < m — 1, the two edges of lengt2¥l; are{0, 2%1;} and{2%l;, 211 }.
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¥

Figure 4: An orthogona{2®l; : 0 < = < m — 1}-labelling of K o C,,,.

Because all couples of equal length edges are connected{théh : [ € L} = L. Hence
K, o Cy, has an orthogongR¥l; : 0 < x < m — 1}-labelling. For illustration, see Figure 4.

Proposition3.3 — Letm > 2 andn > 2m + 2 be positive integers. There exists a CODC of
(2m + 1)-regular Cir¢Z,,; {l;, n/2:1<i<m})by K; o Sy,.

PrROOF: Casel. m is even.

AssumeL = {l;, n/2 =1, n/2 : 0 < x < m/2}, let{l,, n/2 -1, : 0 <z < m/2} C
{1, 2, 3, ...,n/2 — 1}, the two edges of length are{0, i, } and{0, n/2 — [, }; the two edges of
lengthn/2 — [, are{n/2, I} and{n/2, — .} and the edge of length/2 is {0, n/2}.

Because all couples of equal length edges are connected{thign : | € {l,, n/2 —1, : 0 <
x<m/2}} = {lz, n/2—1; : 0 <z <m/2}. HenceK oS, has an orthogondl,, n/2—1,, n/2:
0 <z < m/2}-labelling. For illustration, see Figure 5.

Case2. m is odd.

AssumeL = {l;, n/2 — g, n/4, n/2:0<z < (m—1)/2},let{l,: 0 <z < (m—1)/2} C
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Figure 5: An orthogong{l,, n/2—1,, n/2: 0 < x < m/2}-labelling of K; 0 S,,, where m is even,
n > 2m+ 2.

{1, 2, 3, ...,n/4 — 1}, the two edges of length. are{0, I} and{0, n/2 — [, }; the two edges
of lengthn/2 — I, are{n/2, I} and{n/2, —I,}; the two edges of length/4 are{0, n/4} and
{n/4, n/2} and the edge of length/2 is {0, n/2}.

Because all couples of equal length edges are connected{iti€n : [ € {l,, n/2 — I, n/4:
0<z<(m-1)/2} ={lz, n/2—1z, n/4:0 <z < (m—1)/2}, HenceK; o S,, has an orthogonal
{lzy n/2 =1z, n/4, n/2:0 <z < (m — 1)/2}-labelling. For illustration, see Figure 6.

4. THE ORTHOGONAL L-LABELLING OF THE CORONA OF K , P53, C3}-GRAPHS AND INFINITE
PATH GRAPHS

In this section, we shall construct the orthogohdhbelling of K0 Py, 11, Pso Py andCso P, 4 1.

Proposition4.1 — Letl; > 1, m > 1 andn = 22™12[; be positive integers. There exists a
CODC of4m + 3-regular Cir¢Z,; {2%11, n/2:0 <z <2m+1}) by K90 Py41.

PROOF: For0 < z < m — 1, the two edges of lengt2¥l; are{0, 2¥1;} and{2%l;, 2**1[;}; the
two edges of length™l; are{0, 2™/;} and{0, — 2™, for 1 <y < m; the two edges of length
2y are{—2"m1y, — (2Y +1)2™} and{—(2¥ + 1)2™1;, — (2¥*! +1)2™);} and the edge of
lengthn/2is {—2™1;, — (2™F! 4 1)271; ).



ORTHOGONAL DOUBLE COVERS OF CIRCULANT GRAPHS BY CORONA PRODUCT 1581

Figure 6: An orthogong{l,,, n/2—1,, n/4, n/2:0 <z < (m—1)/2}-labelling of K; o S,,, where
m is odd,n > 2m + 2.

Because all couples of equal length edges are connected{#tén : [ € {2%]; : 0 < z <
2m 4+ 1}} = {211 : 0 < x < 2m + 1}. HenceKs o P,, ;1 has an orthogondR2®l;, n/2: 0 <z <
2m + 1}-labelling, see Figure 7.

Proposition4.2 — Letl; > 1, m > 1 andn = 23™13]; be positive integers. There exists a
CODC of6m + 5-regular Cir¢Z,,; {2%11, n/2:0<x <3m+2})by P30 Py,41.

PROOF: For0 < z < m — 1, the two edges of lengt?®/; are{0, 2%1;} and{2%l;, 2**1];};
the two edges of lengt?™l; are{0, 2", } and{0, — 2™y, for 0 < @ < m — 1; the two edges of
length2m*1+i; are{—2™1;, — (21! 4+ 1)2™1} and{— (27 + 1)27™1;, — (272 + 1)2™1;}; the
two edges of lengte?™ 1], are{—2m1;, — (2™*! 4+ 1)2™};} and{—2™1;, (2™+! — 1)2™],}; for
0 < j < m—1, the two edges of leng¥™2+7]; are{(27+! —1)271;, (2mF! —142m+2+5)2m] )
and{(2mt1 — 1 4 2mF2Hi)omyy - (2mFL 1 4 om 2+l om] 11 the edge of length /2 = 237 +2
is {(2mF! — 1)2myy, (2mF — 1 22mH2)omy, ),

Because all couples of equal length edges are connectedtti@hn: [ € {21 : 0 < = < 3m+
2}} ={2%11 : 0 <z < 3m+2}. HencePso P, 11 has an orthogongR*ly, n/2 : 0 < x < 3m-+2}-
labelling, see Figure 8.

Conjecture4.3 — There exists a tuplg,, m, n, k) of integers for which there exists a CODC
of (2mn + 2m + 2n + 1)-regular Cir¢Zy; {2%11, k/2:0<x <mn+m+n})by P11 0 Pp41.

Proposition4.4 — Letl; > 1, m > 1 andn > 6m + 6, such thar3"+2; = (2m+!l —
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(2L 12T

2wl

(2 +1)(2")

Figure 8: An orthogona{2*ly, n/2 : 0 < = < 3m + 2}-labelling of P; o P,,,1, where for0 <
i, j<m—1:y; =—(2" +1)2™ andz; = (2™ — 1 4 2mF2H7)2m,,
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Figure 9: An orthogona{2?l; : 0 < z < 11}-labelling of K'3 o P, with respect t&Z; 9.

1)2™[;(modn), be positive integers. There exists a CODGof + 6-regular Cir¢Z,; {2%1; : 0 <
z<3m+ 2}) bng o Pm+1.

PROOF: For all0 < x < m — 1, the two edges of lengtefl; are{0, 21} and{2%l;, 2*+1;};
the two edges of lengt?™l; are{0, 2, } and{0, — 2™;}, forall 1 <y < m, the two edges of
length2m*v]; are {—2™1y, — (2Y + 1)2™11} and{—(2Y + 1)2™1;, — (2YT! +1)2™1;}; the two
edges of lengtR?™*1]; are{— (2™ 4+ 1)2™1;, — 2™} and{—2™1y, (2™*! — 1)2™y}; for all
1 < z < m, the two edges of lengt??™+=+1[; are{(2"F1 — 1)2™1;, ((2% +1)2™*! —1) 2™}
and {((27 4+ 1)2m*! — 1) 2™y, ((2** 4 1)2™*t! — 1) 2™, } and the two edges of leng#i™ 2/,
are{(2m*tt —1)2™m1y, (2™ +1)2mH —1) 2™}

Because all couples of equal length edges are connected{#tén : [ € {2%]; : 0 < z <
3m+2}} = {2%; : 0 < 2 < 3m+2}. HenceK3o0 P, 11 has an orthogongR®l; : 0 < z < 3m+2}-
labelling. For illustration, see Figure 9 in whidki; o P, has an orthogondl2®/; : 0 < =z < 11}-
labelling with respect t&9s.

5. THE ORTHOGONAL L-LABELLING OF THE CORONA OF ANINFINITE PATH AND K>

J
Proposition5.1 — Letm > 3 be an integer. Lefz;, n = 4x,,, y; = —2 > x; (modn) : 0 < i <
i=1
m, 1 < j < m} be positive integers such thgd, xo, 2x0, vi, yi + Tit1, ¥i + 2241 : 1 < i < m}
be a set. There exists a CODC®h + 3-regular Cir¢Z,,; {x;, 2x;, Tm, n/2:0<i<m—1})

by Pm+1 o K.

PROOF: Lety, = 0. Forall0 < i < m — 1, the two edges of length; are{y;, v; + x;}
and{y; + z;, y; + 2z;}; the two edges of lengtbz; are{y; + 2z;, v;} and{y;, y; — 2x;}; the
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30 0

Figure 10: An orthogond1, 2, 5, 10, 8, 16}-labelling of P; o Ky with respect t&ss.

two edges of length,,, are{ym, ym + xm} and{ym, + Tm, ym + 2z, }; the edge of length /2 is
{Ym + 2%m, Ym}-

Because all couples of equal length edges are connected{tléh : | € {z;, 2x;, x, :
0<i<m-—1}} = {a;, 22, ©p : 0 < i < m — 1}. HenceP,,;; o Ky has an orthogonal
{zi, 224, Tm, n/2:0 <i<m — 1}-labelling. For illustration, see Figure 10 in whiéh o K has
an orthogonall, 2, 5, 10, 8, 16}-labelling with respect t&.s.

6. NONEXISTENCE OF THEORTHOGONAL L-LABELLING OF K5 0 C,,

Proposition6.1 — Letn, m andl; > 1 be integers such that > 4m + 1. There is no CODC of
4m + 1-regular Cir¢Z,,; {2711, n /2: 0 <z < 2m — 1}) by K3 0 C,.

PROOF: Conversely, assume that there is a CODC of @rc {2711, n/2: 0 <z <2m —1})
by K5 o C,,.

Then letK> o C,, has the following orthogondlR¥l;, n/2 : 0 < z < 2m — 1}-labelling.

The edge of lengtm/2 is {0, n/2}; for 0 < = < m — 2;the two edges of length®/; are
{0, 2%1;} and {271y, 2°*'l;}; the two edges of lengtt™ 11, are {0, 2™~';} and {l;, 2™ 11}
and this imply that2™~! — 1)l; = 0(modn); for m < z < 2m — 2, the two edges of length
271y are{n/2, n/2 + 2%11} and{ n/2 + 2%1y, n/2 + 2%+, }; the two edges of lengte?™ 1/, are
{n/2, n/2 + 22m=1} and{n/2 + 2™y, n/2 + 22"~} and this imply that2?"~1 — 1)l; =
0(modn). The above labelling imply thdt has two inverses ifi,, and this is a contradiction. Then
there is no orthogongR*l; : 0 < x < 2m — 1}-labelling of K3 o C,,.
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