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In the present paper, we study one-dimensional inverse source problem of identifying a time-
dependent source function from the over-specification condition. The unknown source term is
recovered by solving an operator integral equation of the first kind. Due to the ill-posedness of
this operator integral equation, the Tikhonov regularization approach of the 1st order is applied
in order to acquire a stable approximation. The stable solution is defined by minimization of
the Tikhonov functional. The value of the regularization parameter in this method is obtained
as a function of error in input data. The finite element method is applied for numerical simula-
tion based on obtained results. The illustrative example is presented to show the accuracy and
applicability of the proposed method.
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1. INTRODUCTION

Inverse problems in parabolic partial differential equations of source identification type attracted more
attention during the last two decades in various fields of applications in engineering and basic science
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such as: heat conduction problems, controls problems, thermoelasticity and etc. These types of
problems have been one of the growing areas in Mathematics and engineering due to its variety of
applications and have been studied by many authors [1, 2, 4, 5, 9, 10, 12, 13, 21-23, 25]. Many real
world phenomena can be modeled from the mathematical point of view as an inverse source problem,
e.g. the specification of air or water pollution source in the living environment, the determination of
unknown heat sources and etc. Determination of unknown parameters or coefficients in the parabolic
problems has been considered widely in many practical applications when the unknown source is
a space-dependent function in [6, 11, 14, 15] or time-dependent in [18, 17] or dependent both in
space and time. Inverse problems basically are ill-posed problems from a mathematical point of view
and so by applying standard numerical techniques, a stable approximation can not be achieved. The
objective is to improved more accurate and stable methods both analytical and numerical for finding
a stable approximation solution. Our aim in this paper is to recover the time-dependent source term
in the governing heat equation from overdetermination condition which is given by heat flux history
at over the boundary = 0. This inverse problem can be reformulated as an operator equation of the
form Ah = G. Itis well known that the operator equatioth = G is an ill-posed operator, so the
solution is sensitive to small variations in input data. Since in the usual case where only a measured or
computation approximatiofs is available, employing regularization methods is required to obtain

a reasonable stable approximatibhto . The Tikhonov regularization technique is applied for
operator equatiodlh = G for retrieving solution in a stable manner. Applying general results in the
theory of Tikhonov regularization method which consists of solving the unconstrained minimization
problem, we can find a stable solution. Since the regularization parameter plays an important role in
applying the Tikhonov regularization method to the operator equation, we obtain this parameter based
on the error in input data directly, which can be one of the advantages of our method for selecting a
regularization parameter with respect to other methods [7, 16].

The organization of the present paper is as follows, In forthcoming Section, the mathematical for-
mulation of this inverse problem is introduced and the problem is reformulated as an operator integral
equation. In Section 3, the Tikhonov regularization approach is stated and a stable approximation is
constructed for the ill-posed operator. Some theoretical results will be proved about the approximate
solution and the choice of regularization parameter based the noise level in input data. In Section 4,
the numerical approach based on the Finite element method for discretizing of the Euler-Lagrange
equation is given to find a stable approximation based on the results obtained in Section 3. Numerical
experiments are presented and discussed in Section 5. Finally, the conclusions are given in Section 6.
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2. STATEMENT OF THE PROBLEM

This section is devoted to considering the following inverse parabolic problem of finding an unknown
source functiorh(t) and temperature distributian(z, ¢) from the following nonhomogeneous heat
equation in a quarter plane

Ut = Ugy + h(t), O<z, 0<t<T, Q)
with initial condition
u(z,0) = f(z),  0<u, 2)
and boundary condition
u(0,t) =p(t), 0<t<T, 3)

and an overdetermination conditigf¥), which is given by
uz(()?t) :g(t)7 0<t<T, (4)

wheref(z), p(t) andg(t) are piecewise known continuous functions. We assume that all the functions
appearing in heat equation (1) and initial and boundary conditions and overdetermination condition
are measurable in order to obtain uniqueness solution.

The forward problem (1)-(2) and (4), has the unique bounded solufior) in the form [3].

u(x,t) = /o h(r)dr — 2/0 K(z,t —71)g(T)dr
+oo
4 /O (K (2 +&1) + K(z — €)) F(€)de, 5)

whereK (z,t) is a fundamental solution of heat equation which is given by

1
K(x,t) = \/mefﬂ.

Due to the settingy = 0 and using (5) and (3) we obtain

1 too 2
u(0,1) = /0 s [ e ©)

which is written in the form

e — o L[ o g
[ e =p+ = [ I [ e pegae Y
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Now, we reformulate (7) in term of an operator integral equation:
(Ah)(t) =G(t), 0<t<T, (8)
where the operatad is defined by
(AR)(#) = /Ot h(r)dr, 0<t<T,

and

2

_ Loty 1t e
G(t)—p(t)—i—ﬁ/o o m/o FE)dE, 0<t<T.

The integral equation (8) cannot be reduced into an integral equation of the second kind because

the operator is inherently ill-posed. The operatbin L,[0,7] is a compact linear operator for

1 < p < co. Zero is not belong to the eigenvalues setdpfthus A~! exists and is unbounded. If
G(t) is in the range of4, thenh(t) is uniquely estimated fromw = A~1'G. In real cases, if the

right member of equation (8) is an elemeHr that differs from the exact right-hand memig&y

by no more thar, that is, if |G (t) — Gs(t)|| < d. It is obvious that the approximate solution

hs or h sy of equation (8) cannot be defined as the exact solution of the equation with approximate
right-hand membeg;, that is, according to the formufa= A~'G;, because small errors {w(t)

lead to large variations ih(t) since A~! is unbounded. It is natural to defirkg or ha(sy With the

aid of an operator depending on a parameter having a value chosen in accordance with thimerror
the input data’, if 6 — 0 the approximate solutioh,, ;) must approach the exact solutibi, so

the approximate solutioh,, s) is defined as, ;) = R(Gs, a(d)), where R(G, o) is a regularizing
operator for the equation (8). In the next section, the concept of regularizing operator is introduced
and Tikhonov regularization method for finding an approximate solutidri©ffor ill-posed integral
equation (8) is described.

3. REGULARIZATION APPROACH FOROPERATORINTEGRAL EQUATION

It is well known that the Tikhonov regularization technique is one of methods for solving an ill-posed
problem of the form (8) [7, 16, 26]. Since in practical applications, the input data are non-smooth, we
apply the Tikhonov regularization method to construct a stable solution for solving ill-posed equation
(8). Based on the main concept of the Tikhonov regularization method, we introduce smoothing
functional M “[h, G] which is called also Tikhonov functional and stabilizing functiofdh) as
follows

M?[h,G] = | Ah — G||2ap0.1y + aS2(h),
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where« is regularization parameter aft{h) is a stabilizer of the 1st order constant coefficients
which is defined as:

T
Qh) =| ht) s j0.m= /0 (h(7) + W2(7))dr.

We construct a regularize solutién, ;) for the integral equation (8) by using the following min-
imization problem of the functional/“[h, G] and to find an elemerit, s for minimizing it by the
following Theorem

Theoreml — For every functiorG(t) € L2[0,T], and every positive parameter there exists an
elementh,, 5 (t) € W3 for which the smoothing functionall* [k, G| attain it greatest lower bound.

z'nfMO‘[h, G] =M* [ha(g), G}

PROOF: The proof of the existence of a minimizer for the functiof&t [, G] can be found with
more details in [18]. We seek a regularized soluttopy (¢) in the Sobolov spacl/, it minimizes
the functional

T s T
M°[h,G] :/ (/O h(A)dA—G(s))2ds+a/o (h%(1) + W2(7))dr.

0

A condition for a minimum of this functional is vanishing of its first variation. This condition is
written in the form
1

d
37z MO [h +en, Gle=o = 0.

By calculating the left-hand side of the above relation and settiad), we have:
T

/oT (/OS nQ)dA) [/OS AAA = G(S)} ds + 0‘/0 (h(T)n(T) - h'(r)n’(r))dr — 0.

By changing the order of integration in double integral and using integration by part for the second
integral, we have

T T s T
/0 77()\)[/)\ /0 a(X)dAds — //\ G(s)ds — a(h”"(N) — h(\)]dA + ol V)n(N)[T =0, (9)

where,n(7) is an arbitrary variation ok () such that bott (7) andh(r) 4+ en(7) belong to the class
of admissible functions.

Condition (9) will be satisfied for every(\) if

T s T
/ / h(A)dAds — / Gls)ds = a(h"(\) — h(V)), (10)
A 0 A
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subject to the following consistency conditions

1 (0) = B(T) = 0. (11)

The equation (10) is called Euler-Lagrange equation corresponding to funcliftal, G] and
therefore an operatd®(G, «) is defined on the set of paif§7, ), whereG € Ly[0,7] anda > 0,
so that the elementi, = R(G,«) minimizes the functional/“[h,G]. The problem of finding
minimizer h,, thus reduces to find a solution of the integro differential equation (10) satisfying the
conditions (11). The solution of (10) with boundary conditions (11) is unique by classical theorems
in ODE.

Definition1 — An operator? (G, o) depending on a parametets called a regularizing operator
for the equatiomh = G in a neighborhood off = G if it satisfies the following properties

1- There exists a positive numbé&r such that the operatd?(G, «) is defined for everyx > 0
and everyG in U for which

||G - GTHU < o < 517

and
2- There exists a function = «(d) of ¢ such that, for every > 0, there exists a number
d(e) < 41 such that the inclusio&’s € U and the inequality

IGT = Gsllo < 6(e),

imply
Ihr = haw)lla <&,

whereh, = R(Gs, a(0)).
In the following theorem, the regularization parametéds defined as a function depending &n
(av = «(0)) such that the operatd®(G, «(9)) will be a regularizing operator for equation (8).

Theorem2 — Let ¢ is the noise level in the measured da{a&), so by equation (8) the function
G(t) contains an error which is represented 6. If the regularization parametet is selected as
a function ofé by a(6) = 67 where0 < ~ < 2, then the operatoR(G, «(d)) in previous section
is a regularizing operator for equation (8) that is, = R(Gs,(d)) and h,;) be the solution of
Ahys) = Gs.

ProOF: It will be sufficient to show that the operat®(G, «(J)) possesses the properties of the
definition of regularizing operator. For property 1 of the regularizing operator, it is clear that there
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exists a positive numbe¥ such that the operatd®(G, «(9)) is defined for everyy > 0 and every
G € Ly[0, T for which
1G(t) = Gr(t)|| La0,r) < 0 < 01

For property 2, letir denote exact solution of equation (8) in accordance with the exact right-
hand membef:; such thatdhr = Gr. Letd denote a fixed positive number. For aRy of L2[0, T']
such that

IGT(t) = Gs(®)ll ooy <6,

we have
17 (t) = hag)(®)llcpr) = IAT Ahp — A7 Ahg )|l < |ATH[[Ahr — Ahgs)ll,
on the other hand

|Ahr — Ahos)l| Lofo,m) < [ART — Gsll o011 + [ARe(sy — Gsll Lajo,my
< NG — Gsllpyo,m + 1 Ahags) — Gsll oo,

Now, by selecting regularization parametér) = 67 where0 < v < 2, sinceh,, is a minimizer
of functional M %, we have

MOy, G5] < MOy, Gy,
therefore,
| Ahq — G6H%2[O,T] < M) [ha, Gis]
T T
< / (Ahz(s) — Gy(s))2ds + a(6) / (h3.(r) + W3 (r))dr
0 0
T T
— / (Grs) — Gs(s))2ds + & / (h3(r) + W3 (r))dr
0 0
T
<6+ 57/ (h%(T) + h&g(T))dT
0
T
<51+ / (h3.(r) + W3 (r))dr)
0
— 5N,

with N = 1+ [/ (h2(7) + h2(7))dr.



1594 J. DAMIRCHilet al.

Hence| s || < N and||Ahq — Gs| 1,01 < 02 VN and so

2
W4[0,T)

|AhT — Aoz, < 62(1+ VN).

The above inequality implies that

11 () = o Ollcpr < IA ARz — Ahags | < 1471163 (1 + V).

Consequently, both elementis () andh,s)(t) belong to the compact subsgtof elementh of
C[0,T] such that

E = {h(s)| [hlly; < N}

SinceE is compact inC'[0, T'], and the operatod is continuous, the mapping : £ — AFE' is
continuous and one to one, therefore the inverse mappiig AE — FE is also continuous. So, for
everye > 0, there exist$)(¢) > 0 such that forGy andGs with Ahp = G and Ah, = Gy, the
inequality

IGr — Gsll < 6(e),

implies the inequality
[l (t) = ha(D)llcrom < &

The above results show thatifs) was chosen in the form

5(e) < | 1>

)

9
A1+ VN)

then for every > 0 there exists @(¢) such that, fol < §(e) < ¢; anda(d) = 67 where0 < v < 2,
the regularizing operatdR(G, «(d)) possesses property 2 of definition on regularizing operator and
so the Theorem is satisfied. O

4. NUMERICAL APPROACHBASED ONFINITE ELEMENT METHOD

In this section in order to investigate the applicability of the regularization method which is described
in Section 3, the Euler-Lagrange equation (10) subject to conditions (11) is discretized numerically
by finite element approach. The equation (10) is replaced with its finite element approximation. Let

V = H°([0,T]) = L[0, 7).
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The variational form of Eqg. (10) can be shown as [24],
B(h,v) = L(v), Vv eV,

where

( /OTh’ /Th()\) ()\)dA)
/O ' A ' /0 (A dAds) (\)d,
/ A TG A)dA,

wherev(\) € V is an arbitrary function.

Since the space V is an infinite dimensional space, we select a sub%’pat&/ with finite
dimension and so the problem is converted to find V such that

B(h,v) = a(— /OTE'(A)U’(A)CM - /OTE(A)U(A)CM)

_/OT(AT /OSE(A)dAds)U(A)dA,
_/OT<—//\TG(s)ds>v()\)d)\,

wherev(\) € V.

In the FEM, the basis functions are chosen as piecewise polynomials with arbitrary degree in
[0, 7). In this work, we have used the linear B-spline functions as the basis functidéhsutispace.
Let

0= <M <..<AIpy=T,

are mesh points in the time intervi@l, 7], so that\; = ik, i = 0,1,...., M; A\g = 0, Ay = T,

— L
K= A1
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The linear B-splines;(\) are defined as follows

1 (M=), A € [Ao, A1,

Po(A) = — .
K 0, otherwise
. (A —Xiz1), A€ N1, A,

¢z()\) = ; (/\i-‘rl — )\), A E P‘%)‘H—l]v 7= 1, ,M — 1,

0, otherwise
1 ()\*)\Mfl), A E [)\Mfl,)\/\/(],
dm(A) = = .

K 0, otherwise

Itis easy to verify thab;()\;) = 1 and zero at the other nodes. Hence, we ﬁzavezj]\io Bijdi(N)
and fori = 0,..., M, we can take» = ¢;(\). By substituting andv in the variational formulation,

we have

i}ﬁj <a(— /OT @G (N @i (N)dA — /OT Cf)j()\)gzﬁi()\)dA)

_/OT <AT/() gf)j()\)dAds)qbi(A)d)\)
:/OT<—//\TG(3)ds>¢i()\)d)\.

This yields the following system for the weight
CB=F, (12)
where

= en=a(~ [ dmsmn- [ o menn)

_/OT (/AT /0 65(\)dAds) ()X,

F= si= [ (-] ceas)aman

andf = (Bo, B1,-..,0u)", where”T” means transpose, is the vector of unknown functiéns
j=0,...,M.
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The unknown coefficients; are obtained by solving the linear system (12) and with these coef-
ficients, the approximate solution can be obtained.

5. NUMERICAL RESULTS

In this section in order to show the efficiency of the proposed method described in the current paper,
we employ the scheme presented in solving a test example. The illustrative example investigates the
inverse problem (1)-(4) by taking = 1, subject to conditions (2) and (3) given by

fr(z) = 0.0001z(1 — z?),
(t) e +0 0002\/?(1 +4t(e” 3 — 1))
= — — — . — t —
pr 3 2 7r ‘ ’

and the over-specified condition (4) given by

25645
- 3157

gr(t)

The exact smooth source term of this example is defined by

hy(t) = t2(t — 1)% (13)
By the above data we haver(t) = % - % + % in Eq. (8).
Since exact smooth data are not given exactly so, we investigate the stability of the numerical
approximation by adding the noise to the exact data (2)-(4) defined as follows

fs(z) = fr(z) + e,
ps(t) = pr(t) + ¢,
gs(t) = gr(t) +e

wheree is a Gaussian random variable with mean zero and standard deviatidrich is defined for
p(t) as follows

o =6 X mazyeo,7|p(t)],

whereé represents the percentage of noise level and simultaneousfy#dmandg(¢). The random
variables are generated using the random command in MATLAB. The numerical results for compar-
ison between the exact source teim(t) given by Eq. (13) and the approximate solutiayit) for
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different values of noise levéland known parameterare shown in given Tables with1 = 20 and
M = 10, respectively. The obtained numerical results for a large noise level are not presented.

The Fig. 1 and Fig. 2 show that when noise level goes to the zero and the paranenels
to 2, then the numerical approximation converges to the exact solution. Furthermore, the numerical
solutions are stable with respect to the noise in input data. Also, we present the root mean square
error (RMSE) defined by

N
RMSE(h(t)) = %Z[hT(ti) — hum (ti)]%,
=1

for the numerical results illustrated in Table 1, Table 2 and Table 3.

y=175 y=15 v=0.75
0.06 anN 0.06 ZanN 0.06

\
i A SN S W S 7/ S S I R 7/ B AN
W N e TN SN
o/ \ Wl I\ (R \

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

x X x

Exact solution Approximate solution Exact solution Approximate solution Exact solution Approximate solution

Figure 1: The plots of approximate and exact solution& @j for different values ofy andé =
0.0001, M = 20.

y=175 y=15 ¥=0.75

0.06 AN\ 00 PZaN 0.06

TN N
S5 S AV W 74 A\ [ . R
o/ \ | W/ \ ./ \

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

x X X

Exact solution Approximate solution Exact solution Approximate solution Exact solution Approximate solution

Figure 2: The plots of approximate and exact solutiorts(of for different values ofy andé = 0.001,
M = 10.
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¢ Exact solution pre’sye:nlt‘r;;thod presiiagethod pre’sy(zg?;thod
0.1 0.008100 0.008003 0.007985 0.017003
0.2 0.025600 0.025773 0.025770 0.027189
0.3 0.044100 0.044484 0.044481 0.039475
0.4 0.057600 0.058129 0.058126 0.049269
0.5 0.062500 0.063114 0.063112 0.053299
0.6 0.057600 0.058242 0.058240 0.050710
0.7 0.044100 0.044715 0.044712 0.043318
0.8 0.025600 0.026134 0.026131 0.034914
0.9 0.008100 0.008501 0.008464 0.029471
RMSE 0.000454 0.000488 0.012241

Table 1: The comparison between the values of the exact and numerical solutignsfof different
values ofy andd = 0.0001, M = 20.

¢ Exact solution pre’sye:nlt.r;;thod pres;zitlrgethod pre’syig'r;gethod
0.1 0.008100 0.007435 0.007340 0.016740
0.2 0.025600 0.025870 0.025763 0.027082
0.3 0.044100 0.044877 0.044803 0.039554
0.4 0.057600 0.058762 0.058692 0.049489
0.5 0.062500 0.063804 0.063743 0.053568
0.6 0.057600 0.058859 0.058803 0.050928
0.7 0.044100 0.045091 0.045038 0.043421
0.8 0.025600 0.026157 0.026112 0.034903
0.9 0.008100 0.007933 0.007877 0.029397
RMSE 0.000883 0.000902 0.012736

Table 2: The comparison between the values of exact and numerical solutiafyg &dr different
values ofy andd = 0.0001, M = 10.

6. CONCLUSIONS

In this work, the finite element method based upon the Tikhonov regularization method is applied for
solving an inverse parabolic problem with an unknown time-dependent source function. We show
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t

Exact solution present method present method present method

=175 =15 ~=0.75
0.1 0.008100 0.007643 0.007855 0.026794
0.2 0.025600 0.026011 0.025805 0.030919
0.3 0.044100 0.045017 0.044947 0.036147
0.4 0.057600 0.058868 0.058792 0.040769
0.5 0.062500 0.063904 0.063825 0.043482
0.6 0.057600 0.058948 0.058883 0.043830
0.7 0.044100 0.045169 0.045100 0.042315
0.8 0.025600 0.026257 0.025848 0.040128
0.9 0.008100 0.007871 0.008495 0.038548

RMSE 0.000867 0.001256 0.020242

Table 3: The comparison between the values of exact and numerical solutibfyg &r different
values ofy andé = 0.001, M = 10.

that in the present work the value of regularization parameter can be selected directly in accordance

with the error in input data to find a stable approximation. The proposed method is employed to solve

a one-dimensional inverse source problem. The numerical simulations show that there exists a good

agreement between exact and numerical solutions. The numerical results suggest that the method

is an accurate technique for solving the inverse parabolic problems. The method is very efficient

and easy from the computational point of view since it produces accurate results even for randomly

perturbed data and so the approximate solution is stable.

REFERENCES

1. J. R. Cannon, Determination of an unknown heat source from overspecified boundargldata,).

Numer. Anal,5(2) (1968), 275-286.

2. J.R.Cannon, Y. Lin, and S. Wang, Determination of a control parameter in a parabolic partial differential
equationJ. Aust. Math. Soc. Ser. B83(2) (1991), 149-163.

3. J. R. CannonThe One-dimensional Heat Equatiohddison-Wesley, Reading, MA, (1984).

N

. M. Dehghan, An inverse problem of finding a source parameter in a semilinear parabolic egyapion,
Math. Model, 25 (2001), 743-754.

5. M. Dehghan, Parameter determination in partial differential equation from the overspecifiei ata,
Comput. Mode].41(23) (2005), 196-213.



10.

11.

12.

13.
14.

15.

16.

17.

18.

19.

20.

21

IDENTIFICATION OF TIME DEPENDENT SOURCE TERM:- - 1601

. F.F.Dou, C. L. Fu, and F. Yang, Identifying an unknown source term in a heat equatierse Problem,
Sci. Eng, 17(7) (2009), 901-913.

H. W. Engle, M. Hanke, and A. Neubau&egularization of Inverse Problemsluwer Academic Pub-
lisher, Dordrecht, (1996).

A. Farcas and D. Lesnic, The boundary-element method for the determination of a heat source dependent
on one variable). Eng. Math, 54 (2006), 375-388.

A. G. Fatullayev and S. Cula, An iterative procedure for determining an unknown spacewise-dependent
coeifficient in a parabolic equatioAppl. Math. Lett,22 (2009), 1033-1037.

S. Foadian, R. Pourgholi, and S. H. Tabasi, Cubic B-spline method for the solution of an inverse
parabolic systemApplicable Analysis97(3) (2017), 438-465.

A. Hasanov, Simultaneous determination of source terms in a linear parabolic problem from the final
overdetermination: weak solution approadhMath. Anal. Appl.330(2007), 766-779.

Y. C. Hon and T. Wei, A fundamental solution method for inverse heat conduction prolegn Anal.
Bound. Elem.28 (2004), 489-495.

V. Isakov,Inverse Problems for Partial Differential EquationSpringer, New York, (1998).

B. T. Johansson and D. Lesnic, A procedure for determining a sapcewise dependent heat source and the
initial temperatureAppl. Anal, 87 (2008), 265-276.

B. T. Johansson and D. Lesnic, Determination of a spacewise dependent heatdsdboreput. Appl.
Math. 2091) (2007), 66-80.

J. J. Liu,Regularization Methods and Applications for the Ill-posed ProbleBtsence Press, Beijing,
(2005).

J. Liu, B. Wang, and Z. Liu, Determination of a source term in a heat equatibn]. Comput. Math.
87(5) (2010), 969-975.

G. L. Mazzieri, R. D. Spies, and K. G. Temperini, Existence, uniqueness and stability of minimizers of
generalized TikhonovPhillips functionaldournal of Mathematical Analysis and Applicatior396(1)
(2012), 396-411.

R. Pourgholi, N. Azizi, Y. S. Gasimov, F. Aliev, and H. K. Khalafi, Removal of numerical instability
in the solution of an inverse heat conduction probl€ommun. Nonlinear Sci. Numer. Simul4(6)
(2009), 2664-2669.

R. Pourgholi, H. Dana, and S. H. Tabasi, Solving an inverse heat conduction problem using genetic
algorithm: sequential and multi-core parallelization approgpl. Math. Modelling 38(7) (2014),
1948-1958.

. R. Pourgholi and A. Saeedi, Applications of cubic B-splines collocation method for solving nonlinear



1602 J. DAMIRCHilet al.

inverse parabolic partial differential equatiomNymerical Methods for Partial Differential Equations
34(8) (2016), 1-17.

22. A. G. Ramm, An inverse problem for the heat equatibrMath. Anal. Appl.264(2) (2001), 691-697.
23. A. G. Ramm,Inverse ProblemsSpringer, New York, (2005).

24. B. D. Reddy, Functional analysis and boundary-value problems: an introductory treatndeht Wiley
& Sons. Inc., (1986).

25. A. Shidfar, G. R Karamali, and J. Damirchi, An inverse heat conduction problem with a nonlinear source
term,Nonlinear Anal, 65 (2006), 615-621.

26. A. N. Tikhonov and Y. V. Arsenin Solution of lll-Posed Problem$Vinston and Sons, Washington D.C.,
(1997).



