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In this paper, we study the restricted injective dimensions of complexes. Some new char-

acterizations of the restricted injective dimensions are obtained. In particular, it is shown

that the restricted injective dimensions can be computed in terms of the restricted injective

resolutions. As applications, we get some results on the behavior of the restricted injective

dimensions under change of rings. In addition, a characterization of almost Cohen-Macaulay

ring is obtained.
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1. Introduction

Throughout this paper all rings are non-trivial, commutative, and noetherian. A complex

X : · · · −→ Xn+1

∂X
n+1−−−−→ Xn

∂X
n−−−→ Xn−1 −→ · · ·

is called acyclic if the homology complex H(X) is the zero-complex. If n is an integer and X is a

complex, then ΣnX denotes the complex X shifted n degrees (to the left); see for example Christensen

[3, A.1.3]. We use the notations Zn(X) for the kernel of differential ∂X
n and Cn(X) for the cokernel

of the differential ∂X
n+1. The notations sup X and inf X of a complex X are used for the supremum

and infimum of the set {n ∈ Z | Hn(X) 6= 0}, with the conventions sup ∅ = −∞ and inf ∅ = ∞. The

derived category is written D(R), and we use subscripts <, = and 2 to denote boundedness conditions.

The projective, injective and flat dimensions are abbreviated as pd, id, and fd, respectively. The full

subcategories P(R), I(R) and F(R) of D2(R) consist of complexes of finite, respectively, projective,

injective, and flat dimensions. We use the superscript f to denote finite homology and the subscript

0 to denote modules. For example, Pf
0 (R) denotes the category of finite modules of finite projective

dimension. We use the standard notations RHomR(−,−) and −⊗L
R − for the derived Hom and

derived tensor product of complexes.
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(1.1) Depth : Let (R, m, k) be a local ring and X an R-complex. The depth of X is defined as

depthR X = − supRHomR(k, X).

By Foxby and Iyengar [7, 1.5.(3)], for every R-complex X one has

(1.1.1) depthR

If supX = s is finite, then equality holds if and only if m is an associated prime of the top homology

module Hs(X).

(1.2) Width : Let (R, m, k) be a local ring. The width of an R-complex Y is defined as

widthR Y = inf (k ⊗L
R Y ).

By [7, 1.5.(1)], for every R-complex Y there is an inequality

R

and equality holds if H(Y ) is bounded below and degreewise finite by Nakayama lemma.

(1.3) Resolutions : A morphism of R-complexes that induces an isomorphism in homology is

called a quasi-isomorphism (denoted by“'”). An R-complex I is called semi-injective if each module

Ii is injective, and the functor HomR(−, I) preserves quasi-isomorphisms (equivalently, it preserves

acyclicity). Every bounded above complex of injective modules is semi-injective. Note that in [1]

Avramov and Foxby use “DG-injective” in place of “semi-injective”. Every R-complex X has a

semi-injective resolution. That is, there is a quasi-isomorphism ι : X → I, where I is a semi-injective

complex with Ii = 0 for all i > supX; see [1].

It is well known that Gorenstein homological dimensions are refinements of the classical homological

dimensions. In [3], Christensen gave some characterizations of Gorenstein projective, injective and

flat dimensions over a Cohen-Macaulay local ring with a dualizing module and such results have been

generalized in the more general setting of complexes over associative rings (see Christensen, Frankild

and Holm [5]).

As a refinement of injective dimension over almost Cohen-Macaulay ring (see [4, Proposition 5.13]),

Christensen, Foxby and Frankild in [4, Definition 5.10] defined the large restricted injective dimension

of a homologically bounded above complex Y by

RidRY = sup{− inf RHomR(T, Y )|T ∈ P0(R)}.
For an R-module N we get

RidRN =sup{m ∈ N0|Extm
R (T, N) 6= 0 for some T ∈ P0(R)}.

Note that the number RidRX was denoted by EdRX in Sharif and Yassemi [13].

X > − sup X.                                                       (1)

width Y > inf Y,                                                             (2)
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Let (R, m) be a Cohen-Macaulay local ring and X ∈ Df
�(R). It was shown that in [15] the large

restricted injective dimension satisfies the following Bass formula

R

The small restricted injective dimension [4, Definition 5.1] of a homologically bounded above com-

plex Y is

ridRY =sup{−inf(RHomR(T, Y ))|T ∈ Pf
0 (R)}.

It was shown that the restricted injective dimensions are finite for any homologically bounded

complex over commutative noetherian rings of finite Krull dimension and the small restricted injective

dimension satisfies the following Bass formula

R

whenever R is local and Y ∈ Df
<(R) (see [4, Corollary 5.5]).

In this paper, we further study the properties of the restricted injective dimensions. Firstly, we give

some new characterizations of the small restricted injective dimension as follows, where the concept

of restricted injective module is Definition 2.1.

Theorem A — Let X ∈ D(R) be a homologically bounded above complex and n ∈ Z. Consider the

following conditions:

(i) ridR X ≤ n.

(ii) X is equivalent to a bounded complex I of restricted injective R-modules with inf{i ∈ Z|Ii 6=
0} ≥ −n.

(iii) Hi(RHomR(T, X)) = 0 for any i < −n and T ∈ Pf
0 (R).

(iv) n ≥ − inf X and Z−n(I) is a restricted injective R-module whenever X ' I, where I ∈ D(R) is

a bounded above complex of restricted injective modules.

(v) n ≥ − sup U − inf RHomR(U,X) for any non-acyclic complex U ∈ Pf (R).

Then we have (i) ⇔ (ii) ⇔ (iii) ⇔ (iv) ⇐ (v). Furthermore, if X is a homologically bounded complex,

then all the above statements are equivalent. When condition (ii) is satisfied, I can be chosen such

that Il = 0 for l > supX.

Recall that the small restricted flat dimension [4, Definition 2.9] of a homologically bounded below

complex X is

rfdRX = sup{sup(T ⊗L
R X)|T ∈ Pf

0 (R)}.

As an application of the above theorem, we get the following result on the behavior of the restricted

injective dimension under change of rings.

Rid X = depth R− inf X.                                                      (3)

rid Y = depth R− inf Y,                                                       (4)
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Theorem B — Let ϕ : R → S be a module-finite ring homomorphism of finite flat dimension.

Assume that R has finite Krull dimension. If X ∈ Pf (S) and Y ∈ D�(R), then the following

inequalities hold,

(i) ridR(RHomR(X,Y )) ≤ rfdR X + ridR Y.

(ii) ridS(RHomR(X, Y )) ≤ rfdS X + ridR Y.

The Cohen-Macaulay defect cmd R of a local ring R is the difference dimR−depth R. For a non-local

ring R the Cohen-Macaulay defect is the supremum of the defects at all prime ideals p ∈ Spec R. Recall

that a local ring R is called almost Cohen-Macaulay if cmd R ≤ 1. There are a lot of characterizations

of almost Cohen-Macaulay rings (see [4] and Kang [10]). Another main result in this paper gives a

characterization of almost Cohen-Macaulay rings.

Theorem C — Let R be a local ring. Then the following conditions are equivalent.

(i) cmd R ≤ 1.

(ii) rfdR X = fdR X for any complex X ∈ F(R).

(iii) rfdR M = fdR M for any R-module M of finite flat dimension.

2. Measuring Restricted Injective Dimension

Firstly, we introduce the following definition.

Definition 2.1 — An R-module M is restricted injective if Exti
R(T, M) = 0 for any finite R-module

T of finite projective dimension and i > 0.

Remark 2.2 : Let M 6= 0 be an R-module. Then M is restricted injective if and only if ridR M = 0.

Lemma 2.3 — Let 0 → M ′ → M → M ′′ → 0 be an exact sequence of R-modules. If two modules

in the sequence have finite small restricted injective dimension, then so has the third. In particular,

the following statements hold.

(i) If ridR M ′′ < ridR M , then ridR M ′ = ridR M .

(ii) If ridR M ′′ > ridR M , then ridR M ′ = ridR M ′′ + 1.

(iii) If ridR M ′′ = ridR M , then ridR M ′ ≤ ridR M ′′ + 1.

(iv) If M ′ is restricted injective, then ridR M = ridR M ′′.

(v) If the sequence splits, then ridR M = max{ridR M ′, ridR M ′′}.

Proof : Straightforward.

Lemma 2.4 — If X ∈ D(R) is a bounded above acyclic complex of restricted injective modules and

P is a bounded complex of modules in Pf
0 (R), then HomR(P, X) is an acyclic complex.

Proof : We may assume that P is non-zero. Without loss of generality, we may assume that

Pl = 0 for l < 0. Let s = sup{i ∈ Z|Pi 6= 0}. We proceed by induction on s.
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If s = 0, then P ∈ Pf
0 (R). It is easy to see that Exti

R(P, Xl) = 0 for any i > 0 and l ∈ Z. Hence

HomR(P, X) is acyclic.

Let s > 0 and assume that HomR(P, X) is acyclic for any bounded complex P of modules in Pf
0 (R)

with sup{i ∈ Z|Pi 6= 0} ≤ s− 1 and Pl = 0 for l < 0. Consider the degree-wise split exact sequence

0 → <s−1P → P → ΣsPs → 0

of complexes, where the hard truncation <s−1P is the complex

0 → Ps−1 → Ps−2 → Ps−3 → · · ·

Thus we have the following exact sequence

0 → HomR(ΣsPs, X) → HomR(P,X) → HomR(<s−1P, X) → 0.

Since HomR(ΣsPs, X) and HomR(<s−1P, X) are acyclic, HomR(P,X) is also acyclic.

Lemma 2.5 — Let X ' I and U ' P , where I ∈ D(R) is a bounded above complex of re-

stricted injective modules and P is a bounded complex of modules in Pf
0 (R). Then RHomR(U,X) '

HomR(P, I).

Proof : Take a semi-injective resolution X → J , where J ∈ D(R) is a bounded above complex of

injective modules. Then RHomR(U,X) ' HomR(U, J). Since I ' J , there exists a quasi-isomorphism

α : I → J . Hence we have a morphism

HomR(P, α) : HomR(P, I) → HomR(P, J).

Since the mapping cone Cone(α) is an acyclic complex of restricted injective R-modules,

Cone(HomR(P, α)) ∼= HomR(P, Cone(α))

is acyclic by Lemma 2.6. Therefore, HomR(P, α) is a quasi-isomorphism. Moreover, HomR(U, J) '
HomR(P, I) and so RHomR(U,X) ' HomR(P, I).

Lemma 2.6 — Let I ∈ D(R) be a bounded above complex of restricted injective modules and

T ∈ Pf
0 (R). If X ∈ D(R) with n ≥ − inf X and X ' I, then for any i > 0, we have

Exti
R(T, Z−n(I)) = H−(i+n)(RHomR(T, X)).

Proof : Since inf X = inf I ≥ −n, we have <−nI ' Σ−n Z−n(I). Hence,

Σn
<−nI ' Z−n(I).
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For any i > 0, by Lemma 2.5, we have

Exti
R(T, Z−n(I)) = H−i(RHomR(T, Z−n(I)))

= H−i(HomR(T, Σn
<−nI))

= H−i(Σn HomR(T, <−nI))

= H−(i+n)(HomR(T, <−nI))

= H−(i+n)(HomR(T, I))

= H−(i+n)(RHomR(T, X)) .

Now we prove Theorem A from the introduction.

Proof of Theorem A : (i) ⇒ (iv): By [4, 5.2.1] we have − inf X ≤ ridR X ≤ n. Let T ∈ Pf
0 (R)

and X ' I, where I ∈ D(R) is a bounded above complex of restricted injective modules. Since

ridR X ≤ n, for any i > 0 by Lemma 2.6 we have

Exti
R(T, Z−n(I)) = H−(i+n)(RHomR(T, X)) = 0.

Hence Z−n(I) is a restricted injective R-module.

(iv) ⇒ (ii) : Take a semi-injective resolution X → I, where I ∈ D(R) is a bounded above complex

of injective modules with Il = 0 for any l > sup X. Since inf I = inf X ≥ −n, we have X ' I ' I−n⊃,

where

I−n⊃ = · · · → I−n+2 → I−n+1 → Z−n(I) → 0.

Clearly, I−n⊃ is a bounded complex of restricted injective R-modules.

(ii) ⇒ (iii) : Let T ∈ Pf
0 (R). By Lemma 2.5,

Hi(RHomR(T,X)) = Hi(HomR(T, I)).

Let i < −n. Note that It = 0 for any t < −n. So

HomR(T, I)i =
∏

t∈Z
HomR(Tt, It+i) = 0,

and hence Hi(RHomR(T, X)) = 0.

(v) ⇒ (iii) ⇒ (i) : Clearly.

(i) ⇒ (v) : Let X ∈ D(R) be a homologically bounded complex and U ∈ Pf (R) with H(U) 6= 0.

By [4, Propositon 5.3], we have

− inf RHomR(U,X) ≤ ridR X + sup U

≤ n + sup U.

Definition 2.7 — An R-module M is restricted flat if TorR
i (T, M) = 0 for any finite R-module T of

finite projective dimension and i > 0.

By using a dual argument of that in the proof of Theorem A, one has the following result.
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Theorem 2.8 — Let X ∈ D(R) be a homologically bounded below complex and n ∈ Z. Consider

the following conditions:

(i) rfdR X ≤ n.

(ii) X is equivalent to a bounded complex F of restricted flat R-modules with sup{i ∈ Z|Fi 6= 0} ≤ n.

(iii) Hi(T ⊗L
R X) = 0 for any i > n and T ∈ Pf

0 (R).

(iv) n ≥ sup X and Cn(F ) is a restricted flat R-module whenever X ' F , where F ∈ D(R) is a

bounded below complex of restricted flat modules.

(v) n ≥ − sup U + sup (U ⊗L
R X) for any U ∈ Pf (R) with H(U) 6= 0.

Then we have (i) ⇔ (ii) ⇔ (iii) ⇔ (iv) ⇐ (v). Moreover, if X is a homologically bounded complex,

then all the above conditions are equivalent. When condition (ii) is satisfied, F can be chosen such

that Fl = 0 for any l < inf X.

By Theorem 2.8, we immediately obtain the following result.

Corollary 2.9 — [Theorem 2.11(a)]. If X ∈ D(R) is a homologically bounded complex, then

rfdR X = sup {sup (U ⊗L
R X)− supU |U ∈ Pf (R) ∧H(U) 6= 0}.

Let X ∈ D(R) be a homologically bounded above complex. We say that I is a restricted injective

resolution of X if I is a bounded above complex of restricted injective R-modules such that X ' I.

A restricted injective resolution of an R-module is a sequence

0 → I0 → I−1 → · · · → Il → · · ·

of restricted injective R-modules which is exact at Ii(i 6= 0) and satisfies

M ∼= Ker(I0 → I−1).

That is, the sequence

0 → M → I0 → I−1 → · · · → Il → · · ·
is exact.

The next two corollaries are immediate consequences of Theorem A.

Corollary 2.10 — Let X ∈ D(R) be a homologically bounded above complex. Then

ridR X = inf {sup {l ∈ Z|I−l 6= 0}|I is a restricted injective resolution of X}.

Corollary 2.11 — [4, Proposition 5.3(b)]. Let X ∈ D(R) be a homologically bounded complex.

Then

ridR X = sup {− supU − inf RHomR(U,X)|U ∈ Pf (R) ∧H(U) 6= 0}.
In particular,

− inf RHomR(U,X) ≤ ridR X + sup U

for any U ∈ Pf (R).
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Lemma 2.12 — Let M be an R-module and let I ∈ D(R) be a bounded above complex of restricted

injective modules such that M ' I. Then

⊂0I = 0 → C0(I) → I−1 → · · · → Il → · · ·

is a restricted injective resolution of M .

Proof : Since M ' I, we have sup I = sup M ≤ 0. Hence M ' ⊂0I, i.e.,

M ∼= Ker(C0(I) → I−1).

There is an exact sequence

0 → M → C0(I) → I0 → I−1 → · · · → Il → · · ·

of R-modules. Next we show that C0(I) is a restricted injective R-module. Let u = sup {l ∈ Z|Il 6= 0}.
Consider the following exact sequence

0 → Iu → Iu−1 → · · · → I0 → C0(I) → 0.

Then C0(I) is restricted injective by Lemma 2.3. 2

Corollary 2.13 — Let M be an R-module and n ∈ Z. Then the following conditions are equivalent.

(i) ridR M ≤ n.

(ii) There is an exact sequence

0 → M → I0 → I−1 → · · · → I−n → 0,

where each Ii is a restricted injective R-module.

(iii) Exti
R(T, M) = 0 for any i > n and T ∈ Pf

0 (R).

(iv) For any restricted injective resolution 0 → M → I0 → I−1 → · · · of M , W−n = Coker(I−n+2 → I−n+1)

is a restricted injective R-module.

Proof : It follows from Theorem A and Lemma 2.12. 2

Dually, we have the following result by Theorem 2.14.

Corollary 2.14 — Let M be an R-module and n ∈ Z. Then the following conditions are equivalent.

(i) rfdR M ≤ n.

(ii) There is an exact sequence

0 → Fn → · · · → F1 → F0 → M → 0,

where each Fi is a restricted flat R-module.

(iii) TorR
i (T,M) = 0 for any i > n and T ∈ Pf

0 (R).

(iv) For any restricted injective resolution

· · · → Fl → · · · → F0 → M → 0

of M , Kn = Ker(Fn−1 → Fn−2) is a restricted flat R-module.
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3. Stability Results

Transfer of homological properties along ring homomorphisms is a classical field of study. It is an

interesting question to find the relationships of the Gorenstein dimensions of R-complexes with those

of S-complexes in the theory of Gorenstein dimensions. Notice that there are many stability results

on Gorenstein projective, injective and flat dimensions; see for example [3, 6.4], Christensen and Holm

[6], Khatami and Yassemi [11], Liu and Ren [12] and [14]. So it is natural to consider the behavior of

the restricted homological dimensions under change of rings. Let R → S be a ring homomorphism.

In this section, the restricted injective dimensions of R-complexes (or S-complexes) X ⊗L
R Y and

RHomR(X, Y ) are considered.

Proposition 3.1 — Let ϕ : R → S be a ring homomorphism, X ∈ D�(S) and Y ∈ D=(R). Then

the following inequalities hold.

(i) ridR(X ⊗L
R Y ) ≤ ridR X − inf Y.

(ii) ridS(X ⊗L
R Y ) ≤ ridS X − inf Y.

Proof : Choose T ∈ Pf
0 (R). Then

ridR(X ⊗L
R Y ) ≤ − inf RHomR(T, X ⊗L

R Y )

= − inf (RHomR(T, X)⊗L
R Y )

≤ − inf RHomR(T, X)− inf Y

≤ ridR X − inf Y.

The equality in the computation above follows from [3, A.4.23]Christensen2000 and the second

inequality follows from [7, 1.5(1)].

Similarly, we have ridS(X ⊗L
R Y ) ≤ ridS X − inf Y.

Now we prove Theorem B from the introduction.

Proof of Theorem B : (ii) Choose T ∈ Pf
0 (S). Then

ridS(RHomR(X,Y )) ≤ − inf RHomS(T,RHomR(X,Y )).

Since dim R < ∞, it follows from a well-known result of Gruson and Raynaud [8] and Jensen [9]

that fdR S < ∞ implies pdR S < ∞. From this, one has pdR(S ⊗L
R S) < ∞. Hence, for all finitely

generated projective S-modules P, Q we have pdR(P ⊗L
R Q) < ∞. It follows that pdR(T ⊗L

R X) < ∞
and so T ⊗L

R X ∈ Pf (R). By Corollary 2.11, we have

− inf RHomR(T ⊗L
S X, Y ) ≤ ridR Y + sup (T ⊗L

S X).
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This explains the second inequality in the computation below.

ridS(RHomR(X, Y )) ≤ − inf RHomS(T,RHomR(X, Y ))

= − inf RHomR(T ⊗L
S X, Y )

≤ ridR Y + sup (T ⊗L
S X)

≤ ridR Y + rfdS X.

Similarly, one has ridR(RHomR(X,Y )) ≤ rfdR X + ridR Y . 2

Recall the large restricted flat dimension RfdR X is defined by

RfdRX =sup{sup(T ⊗L
R X)|T ∈ F0(R)},

see [4, Definiton 2.1], and it is denoted by TdRX in [3] and Sharif and Yassemi [13].

Proposition 3.2 — Let R be a Cohen-Macaulay local ring and X, Y ∈ Df
�(R). If X has finite

projective dimension or Y has finite injective dimension, then the following equality holds,

RidR(RHomR(X, Y )) = RfdR X + RidR Y.

Proof : Suppose Y has finite injective dimension. Then RHomR(X,Y ) ∈ D�(R) by [3, A.5.2].

Hence RHomR(X,Y ) ∈ Df
�(R) by [3, A.4.4]. Now the first equality in the computation below follows

from (3.1), the second from Yassemi [16, Lemma 2.6] and the last from (3.1) and [4, Corollary 3.5].

RidR(RHomR(X, Y )) = depth R− widthR(RHomR(X,Y ))

= depth R− depthR X + depth R− widthR Y

= RfdR X + RidR Y.

If X has finite projective dimension, then the assertion follows similarly from [4, Theorem 4.14].

Similarly, we have the following result by (3.2).

Proposition 3.3 — Let R be a local ring and X,Y ∈ Df
�(R). If X has finite projective dimension

or Y has finite injective dimension, then the following equality holds,

ridR(RHomR(X,Y )) = rfdR X + ridR Y.

The next result follows from [4, Theorems 2.5 and 3.2]. However, we give here a direct proof.

Lemma 3.4 — For any homologically bounded below complex X ∈ D(R) there is an inequality

rfdR X ≤ fdR X,

and equality holds if fdR X < ∞ and cmd R ≤ 1.

Proof : The inequality is obvious and equality holds if X ' 0. Now assume that cmd R ≤ 1

and fdR X = n ∈ Z. By [1, Proposition 5.3.F], there exists a prime ideal p ∈ Spec R such that
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Hn((k(p)⊗L
Rp

Xp)) 6= 0. By [4, Lemma 3.1] we may take a module T ∈ Pf
0 (R) with p ∈ AssR T . The

short exact sequence

0 → R/p → T → C → 0

induces a long exact homology sequence which shows that Hn(T ⊗L
R X) 6= 0. Thus,

rfdR X ≥ sup (T ⊗L
R X) ≥ n.

Now we prove Theorem C from the introduction.

Proof of Theorem C : (i) ⇒ (ii): By Lemma 3.4.

(ii) ⇒ (iii): Clearly.

(iii) ⇒ (i): If dim R = 0, then there is nothing to prove. Now assume dim R > 0. Take an

R-module M with fdR M = dimR − 1. In fact, let x be an R-sequence of length dim R − 1. Then

fdR(R/xR) = pdR(R/xR) = dim R − 1; see Bruns and Herzog [2, 1.3.6]. Since R is local, one can

choose a finite R-module T of finite projective dimension such that rfdR M = sup (T ⊗L
R M); see [4,

2.10]. Now [3m A.5.6.1] and the Auslander-Buchsbaum formula (see for example [4, 1.5]) yield

dim R− 1 = sup (T ⊗L
R M) ≤ fdR T ≤ pdR T ≤ depth R.
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