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In this paper we investigate the compact operators under Orlicz function, named noncommutative
Orlicz sequence space (denoted$)y()), where is a complex, separable Hilbert space. We

will show that the space generalizes the Schatten claés$@$) and the classical Orlicz sequence
space respectively. After getting some relations of trace and norm, we will give some operator
inequalities, such asdfder inequality and some other classical operator inequalities. Also we
will give the dual space and reflexivity 6f, () which generalizes the results 8f(#). Finally,

as an application, we will show that the Toeplitz operafor .- on the Bergman spade? (D)

belongs to someS,(H), and the norm satisfies = 3" ¢ m) . Especially, if
n>0 1—z2lle

SN

o(T) = |TP, p > 1, the norm is| T, _ 2|, = [;0 (n+12)p] = (¢(p) — 1)» , where((p) is

the Riemann function.
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1. INTRODUCTION AND PRELIMINARIES

Let B(H) denote the algebra of all bounded linear operators in a complex, separable Hilbert space
H. If T'in B('H) is a compact operator afd" is its adjoint7™*7T : H — 'H is positive and compact,

also it7*T" has a unique positive square root denoted®y= (7*T")'/2. CorrespondinglyH has

an orthonormal basiéey, } ., each of which is an eigenvector [df)|.

The eigenvalue\;(|7’|) corresponding to each eigenvectgris necessarily non-negative, and it
is called a singular value of the operafdrwhich is denoted by, (7"). Without loss of generality, by
reordering the members of the orthonormal bdsis} if needed, we assumg,(7") are arranged in
decreasing order, that is, 1 (7") < si(T) fork =1,2,--- .

o0
If > sx(T) < oo, the operatofl” : H — H is called a trace class operator. The set of all trace
k=1

class oBerators is denoted By(H). It can be shown tha; (#) is a Banach space in which the trace

norm|| - |1 is given by||T||; = > si(7T).
k=1

On the other side, i’ : H — 'H is an operator inS;(H) and {ex}r(k = 1,2,...) is any
orthonormal basis fok, the seriesy _ (T'ex, ey) is absolutely convergent and the sum is independent
k=1
of the choice of the orthonormal basgis Thus, we can define the trade(7") of any linear operator

T:H — Hin S (H) by
Z Teg, ek).
k=1

By the spectral decomposition theorem of compact operators, fog anyH there exists an
orthonormal sequendg,, },, € H such that,

TS = Z Sn énv fna

n>1

hence one get

tr(T) =) sn(T).

n>1

For more details o (H) please refer to [9, 14].
The Schatten classés () is given as follows: for ang < p < oo, let7" a compact operator of
‘H, we define
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and for anyI" € S,(H), the norm is

3=

1Tl = | > (sn (1))

n>1

Especially,S2(H) is called Hilbert-Schmidt operator space [3], and the norm is

1Tl = { > (sa (T))°

n>1

Literatures on the Schatten class operators and their applications are very rich, please see the very
interesting recent papers ([2, 5, 7, 12, 18]) and references cited therein. Especially, Gil’, M.I. extended
some useful results on determinants of Schatten-von Neumann operators to the operators with the
Orlicz type norms and modular function, respectively ([7, 8]). In this paper we investigate the compact
operators under Orlicz function, named noncommutative Orlicz sequence space (densiet by

where’H is a complex, separable Hilbert space. The many results of the space could be extended the
Schatten clasS,, (), such as the Blder Inequality and other classical operator inequalities. Besides,
some applications are given to support our theory, such as Toeplitz operator on the Bergman space.

A convex functiony : [0,00) — [0, o0] is called an Orlicz function if it is nondecreasing and
continuous forx > 0 and satisfyingy(0) = 0, () > 0 ande(a) — oo asa — oo.

Let » an Orlicz function and® the set of all real sequences. We define the Orlicz sequence space
as follows

l, = {x el’: I,(\x(i)) = igp()\x(i)) < 00,3\ > 0} .
=1

It is well known thatl,, equipped with so called the Luxemburg norm
]| = inf{)\ S0:1, <“7(;)> < 1}

Further we say an Orlicz functiop satisfies conditiods near zero, shortly € d2(0), if there

is a Banach space.

exist constantiy > 0 andk > 2 such thatp(2u) < ke(u) for all |u| < ug. For the background of
Orlicz function and Orlicz space please see [4, 16].
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2. NONCOMMUTATIVE ORLICZ SEQUENCESPACE

By functional calculus, ifp is a continuous function, we have

tr(p(T) = Y _(e(Terser) = Y @(sa(T) =Y sale(T)).
k=

1 n>1 n>1

Hence, ify is an Orlicz function and” a compact operator 6, the definitions of the noncommuta-
tive Orlicz sequence spaces and its a useful subspace could be given.

In this section, after the definitions of noncommutative Orlicz sequence spaces and a subspace
which first appear in [6] are given, we will show this space could generalizeS,jti¢) and the
classical Orlicz sequence spaces respectively. At the end of this section, the Orlicz norm of the rank-
one operatoe,, ® e, will be given.

Definition2.1 — If T' € B(H) is a compact operator, we define the noncommutative Orlicz
sequence spacés,(H) and the subspadg, () as follows:

Sy(H) = {T 1 (p(AT)) = > p(Asn(T)) < 00, 3N > o} ,

n>1

Eo(H) =T :tr (p(AT)) = > p(Asn(T)) < 00,¥A > 0

n>1

wheretr is the usual trace functional &f( ).

For convenience, we us§,, F/, to denoteS,(H) and E,(H) respectively, which could be
equipped with the Luxemburg norm as

il = ez (¢(5)) <1}

T
= inf¢A>0 nl~ <1
in >,Z¢<s <A>_

n>1

— inf A>0,Z¢(S”§T)> <1

n>1

= |ls(T;n)l;

wheres(T'; n) is the singular value sequencemtnd|| - || is the Luxemburg norm of classical Orlicz
space. By the theory of classical Orlicz sequence, it is easy to kAgw|T'||,) and(E,, ||T||,) are
Banach spaces.
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Also, one can define another norm which is named as Orlicz noi$ af follows
T[S = sup {tr(|TB|) : tr(4(B)) < 1},

whereT € S, and® : [0,00) — [0,00] is defined byy(u) = sup{uv — p(v) : v > 0}.
Here we cally the complementary function @f. Similar with the classical case, one also could
give another equivalent definition of the Orlciz norm which is named as Amemiya rjkift‘n;‘ =
Ig%% (1+ tr((kT)). From [11] it is easy to know|T'||3, = || 7| 4.

By the classical Orlicz theory we also have the following relation of these norms
1Tl < ITNG < 2(1T [l
Itis obvious thatt, & S,,, butif ¢ € d2(0) one could get the following theorem.
Theorem2.1— S, = E, ifand only ify € 45(0).
PROOF: If ¢ € 2(0). Itis obvious thatt’, C S,. Hence we only need to provg, C E,,.

Foranyl € S, there exists &g > 0 such that

)\oT Z 2 )\Osn 00,

n>1

then for anyA > 0, one could get

=3 p(sn(T)) < o

n>1
In fact, if %0 < 1, by convexity ofy, we can obtain
Z@( )\OSn ><Z§0 )‘Osn
n>1 n>1

If % > 1, defineng = sup{n, s,(T) < up}, whereuy € (0,s1). Sincep € d2(0), we have

tr(p(AT) = Y @ (Asa(T))

n>1
no [ee] )\
= Se0n @+ X ()
0
n=1 n= n0+1
< nop(Asi(T)) + k Z (Mosn(IT]))
n=ng+1

IN

nop(As1(T)) + ktr(p(AoT))

< +00.
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Now, if S, = E,, similar to the Example 1.19 of [4] we hayec §5(0). O

Remarkl : (1) In the casep(T) = |T'?, 1 < p < oo for any compact operatdr € B(H), S, is

nothing but the Schatten classgsand the Luxemburg norm is
1
IT[lp = te(IT17) = D ((su(T))P)7 .
n>0

Especially, ifp = 1, S, = 51 and ifp = 2, S, is the Hilbert-Schmidt operator spase which
satisfyp € d2(0).

(2) If o € 52(0), letT : I3(N) — I3(N) with Te,, = a,e,, Wheree, is the orthonormal basis of
l2(N), then itis obvious thel’ € S, if and only ifa = {a,} € I, and||T||, = ||a|.

Let 1(n) denote the multiplicity of singular valus,(7"). The following theorem gives the Orlicz

norm of rank one operate, ® e,.

Theorem2.2— For each positive operataB € S,, with tr(/(B)) < 1, wherey is invertible on
R*, andy € §5(0). Let{e,} a orthonormal bases, then

lew enlly =0 (o ) o)

wheree @ h is rank one operator (a bounded operator) B H with £ — (h, &)e.

PROOF: First, by the Jensen Inequality,

bsn(B) =¥ | ——= 3 su(B) | < ——tr($(B)) < ——.
p(n) s

Using spectral decomposition of compact operators, we Bave >~ s, (B)e, ® e,. Therefore,
n>1

len ® a3 = sup {Z sa(B) : tr(1(B)) < 1} <y <u(1n)> p(n).

w(n)

On the other hand, observing that

(oo (o)) = e
we obtain

len @ eall?, > i (57 (gen @) en @) =07 (ks ) o
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Thus,

len @ enllg = 71 (M(ln)) ().

Corollary 2.1 — If T' € .S, is positive ang(n) is the multiplicity of singular valus,,(7"). Then

len ® enHz = U(n)l_p'

Corollary 2.2 — For a positive operatd?, if o(T) = 1|T|* anda > 1. Then

len ® eall?, = (M‘“n)> ().

3. TRACE AND THE LUXEMBURG NORM
In this section, we will give some relations of trace and the Luxemburg norm, which generalize the
corresponding results ¢f,.
Lemma3.1 —If T € S, andB € Sy, then we have
(D) IE([T]lp > 1, thentr(o(T)) = || 7|3

(2) If T # 0, thentr <(p (||TT|| )) <1

%]

(3) If |7, < 1, thentr(o(T)) < [Tl
(4) (Holder Inequality)tr(|TB]) < [|T1%]1Bl;
(5) TB, BT € S;.

ProOF: (1) If [|T']|, > 1, we choos® < ¢ < 1 such thafl — ¢)||T'||, > 1. Then

1 < tr <<P <MT)HTmO>>

1 1
S aoo, T <1 T a)\Tn@) tr((0))
1

= oo,
which implies

(1 =)l Ty < tr(e(T))-

Lete — 0 we can get the conclusion.
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(2) For any= > 0, there exists\. > 0 such thatr (gp (%)) < 1, by the definition of Luxemburg
norm. If \. < e + ||T'||, one can get thatr (cp (m)) < 1, by the arbitrariness of, then we

oo () =

(3)If T € S, and||T||, < 1, with T' # 0. By the definition of||T"|| ., there exists a decreasing
sequencé \,, } which converges td7||, such that

tr( ( )> E cp(sn ><1.
n>1
By Levy’s theorem,

o (e (7)) - ZS”(HTHW n) <t

Thanks to the convexity ap and||7'||, < 1,

e < (e () <

Z‘P sn(T)) < (|7

n>1

have

hence,

(4) By (3) and the definition of the Orlicz norm we hame(;g—ﬂ) < ||T)|%, which could deduce

the conclusion.

(5) Using 2.13 of [9] and the Orlicz &ung inequality, we have

(%)
w(ITB) = > snrma(ITB)
n+m=1
%S)

Y Gart(IThsmer(IB))

n+m=1

IN

> (@ (snnr(ITD) + 2 (smra(1BI)))
n+m=1
< o0

IN

Hence, we hav@' B € S;. Using the same method, one can 4t € S;.

Theorem3.1— If ¢ € 02(0), for anyT, B € S, we have
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W (o () =1

(2) |7, = 1ifand only iftr(p(T)) = 1;
(3) tr(¢(Ty)) — 0 if and only if|| T, ||, — 0;

(4) tr(p(T+B)) < g [tr(o(T)) + tr(¢(B))], wherek is the real number which satisfigg2a) <
ko(a) foranya > 0.

PROOF: (1) LetT € S, by Proposition 0 of [1],

w (o (7)) - 24 )

- 2+ ()

n>1

= 1

(2) It ||T']], = 1, then obviousr(p(T)) = 1. If tr(¢(T)) = 1, by Remark 8.15 of [15] we can
get the conclusion.

(3) This can be obtained by the Theorem 8.14 of [15] .
(4) We know there exist partially isometric operatdtd/ such thatT+B| < U|T|U*+V |B|V*,

by the convexity ofp,

tr(p(T + B)) < tr(eU[T|U* +V[B[V"))

T\U* BlV*
(o (U V)

[tr (@ (U|T|U*)) + tr (¢ (V|B[V"))]

Y@ (saUITIUN) + ) @ (sa(VIBIVY))

n>1 n>1

N N

Y0 (sa(ITD) + D @ (sullBD)

n>1 n>1

[tr(o(T)) + tr(p(B))] .0

IA

N N

Corollary 3.1 —(1) tr (Hgl’l’p> = 1. Especially, ifT" belongs taS; and.S, respectively, we have
©

T\ 72 _
tr (IITIH> = landtr (IITH%) =1

1641
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1642
(2)If T € S, , thenp(2T) = |2T'|P = 2P|T'|P. Letk = 2P and we can get
tr (1T + BP) < 2274 [tr (|TF) + t (| BP)]

n>1

{Z $n (TP) + > sn (BP)

or
> sn((T+B)P) <27

n>1

)

n>1

Especially, ifT" € Sq, we have
> sn(T+B)<D> su(T)+ Y sn(B)
n>1

n>1

n>1

If T e Sy, we have
Y s (T+B)?) <2 s (T +> sn (BY)] .
n>1

n>1
(3) (Holder Inequality ofS,): If T € S,, B € S,, Where% + % = 1 with p > 1, we have

tr(|TB[) < [Tl Blq

B =

(Z sz<B>) q

n=1

or

IN

(i SZ(T)>

n=1

> su(TB)
(tr (IT[P))7 (b (1T|%))7

n=1

1
2
q

PrROOF: First, if T" € S, similar with the Theorem 1.29 of [4] we know, if there exists> 0
p

such thati U(h(sn(kT))) = 1, then||T||9 = £ [1 + tr(e(k(|T])))], wherey) is the complementary
n=1
SLf
q

function of p satisfyingp(T') = 0‘T| h(t)dt.
If T € S, which meansy(T) = |T'|P, thenh(t) = ptP~! andy(B) = cB?, wherec =
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b(h(sn(KT))) = 1, then
1

3
Il

o wlok (ST = D ek (s (T))

= S L L my)

n=1 p; q

= S P
n=1 q

= D _(p—=DF(s3(T))

hence,
oL
(p—1) gl(sﬁ(T))
or
k= 11 )
(p =177
Now one can get
1Tl = %[1 + tr(p(k(|T1)))]

1 > (sh(T)
= (-7 |T||, |1+ —"F
(0 —1) 3 (H(T)
= plp— 1) YT,
- L .

(p—1)1

1643
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On the other hand,

lyll, = inf

oo
— inf{A>0, cciZ(sg(B))égA}
n=1
11
= —T—<lBlg
pbr g1

Finally, by (4) of Lemma 3.1, we get

P 11
tr(|7B|) < |T3l[Blle = ——<Tllp - =< I1Bllg = [ITl[p| Bllgs
(p—1)9 pr q1

or
1

s%(B)) ' .

Y su(TB) < (Z y;(T)) } (

n=1 n=1

In particular, forp = 2, we get the Schwarz inequality

L

tr(|TB[) < [[T]l2||Bll2,

or

[N

an(TB)§<Zs?L(T)> (ZSEL(BO in

n=1 n=1 n=1

Remark2 : This corollary is just the BElder Inequality ofS,, which has been obtained by Ruskai
in [17].

(4) If pisinvertible onR™, andy € d2(0), then
len ® eallp = —
e (& = —.
n S enlle = om1()
PROOF: Since|le, ® e,|| = 1 ande,, ® e, is a one dimensional compact operator, whHerd is
the operator norm, thes), (e, ® e,,) = 1 foranyn = 1,2, ---. By (1) of Theorem 3.1

1_tr( <6®6>)_ <S (e®e>>_ (1>
Nen@enle)) =\ \len@enlls)) =~ \llen @ enlly)
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therefore, we can get the conclusion. O

Example3.1 : In [19], in order to study entropy in information geometry the author consider
the quantum Orlicz functiop(T") = coshT — 1 with T" > 1. It is obvious a Orlicz function and
¢ € 562(0), then we havéle, ® e,ll, = m
¢~ 1(1) = In(2 + v/3), by (3) of Corollary 3.1 we can get the conclusion.

In fact, sincep(T") = coshT — 1 we have

Theorem3.2— If T' € B('H) is a positive compact operator, th@he S, if and only ifo(T) €
Sy.

PROOF: SinceT is a positive compact operator, then
U—Zso ), en)en, n€H

where{0} U {¢(\y)} is spectral set. By the spectral mapping theorépi{\,,)} = o(¢(7"))\{0}.
Sincey is nondecreasing and \,, ) is the singular value sequence(fl") we can get the conclusian.

Theorem3.3— For anyT € S, we have

W Tl = Tl = 1Tl
(2) S, is a x-two sides ideal of3(H), which means that for any3,C € B(H), one has
BTC,CTB € S, and
IBTCllp < [[BlloolI Tl ]| Cloo-

PrROOF: (1) By the definition of| - ||, we can gel||T|, = |||T|||¥, Let T = U|T| be the
polar decomposition of’. Then for anyA > 0 we haveU |T\ U = | " |, by the induction we get
U |Z|"U* = |L:|", hence for any polynomiaP we haveUP(\I|) U* =P (%
continuous functiorp, one get (¢ (|1])) U* = ¢ (|4

L-1). Then for any

). By the property ofr we get

w(we(3l)er) == (o (5D) = ([51)):

which can deduce the conclusion.

(2) If T € S, then there exists & > 0 such that

(M) =D @ (Nosn(T

n>1

By the inequality 2.3 of [9] and the nondecreasing propertyofor any B € B(H) let \; =
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ﬁ > 0, we have

r(e(MTB)) = > ¢ (Msa(TB))
n>1

< Yo Musu(@)]1Bll)

n>1

= > 9 (Xosa(T))
n>1
< OoQ.

On the other hand, combing the inequality 2.3 of [9], the nondecreasing propertyiti (2) of

5u(TB) 5u(T)|Blloe
2 ¢ (nTuernoo) =¥ ( HT\sauBuoo) =1

n>1 n>1

Lemma 3.1, we have

By the definition of the Luxemburg we get
ITBlle < | TllollBlloc-

Hence, one gets that, is a right ideal of3(#). Furthermore using the equality 2.1 of [8},(T") =
sp(T™)) one getsS,, is ax-right ideal of 3(+) and

ITBll < 1Tl Blloo- D
Then, by the equality 2.1 of [9] and using the similar methods above w gistax-left ideal of

B(H) and
BTl < IBlloollTl,- ()

Atlast, for anyB, C € B(H), sinceBT € S, andT'C € S, henceBTC € S, with
IBTClly < [IBlloolI Tl [ Clloo-
Using (1) and (2) one can complete the proof. O
Theorem3.4— (E,,)* = S5y in the sense that for anyt,;)*, there is a uniques € Sj, such that
Lp(T)=tr(TB) (T € (E,)")

and the mappind.p — B is isometric from(E,)* to S,

PROOF: By [4] of Lemma 3.1, one get thaL.(T)| = [tr(TB)| < ||B||||Tl, and|[ L]l <
1BII7-
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We define® : Sj — (E)* with ®(B) = Lp, then® is a linear bounded operator. For any
e > 0, find a unit vectoke € H such that| Be|j, > || B|[j, — . Find another unit vectdt € H such
that|| Be|[, = (Be, h) = tr(B(e ® h)), hence

Lp(e®h) =tr(B(e®h)) = (Be,h) = || B[y, — .
Itis obvious|le ® ||, = [e[[[|n]| = 1. Hence, one getLg|| > || B|l;, which implies that| L || =
|Bll7,- So, the mapping : Sy, — (E,)" is isometric.

Now, letting M € (E,)* itis easy to verifyM (e ® h) is a bounded bilinear functional, because
[M(e® h)| < [[M][lle® hl| = [[M]llle][[[A]]-

By Riesz theorem, there existdac Sy, such thatM/ (e ® h) = (Be, h) = tr(B(e ® h)). Hence
for any finite rank operatoF’, we haveM (F') = tr(BF'). Since finite rank operator is dense Bp,
thenM(T') = tx(T'B) = Lp(T) for anyT" € E,, which means\/ = Tz andM : Sj, — (Ey)" is
an isometric isomorphism. Then we can get the conclusion. O

Remarl3 : Using the similar method we also can get= (Ey)".
Combing the Theorems 2.1, 3.4 and Remark 1, one can gets the following corollary,

Corollary 3.2 —If ¢ € §2(0) andy) € 62(0), S, is reflexive. Especiallys), is reflexive forp > 1.

4. APPLICATION
The Bergman spack? (D) on open unit disk) = {z € C : |z| < 1} is as following
L:(D) = {f(z) is analytic functions on I : || f||* = 1/ |f(2)[PdA(2) < oo} ,
T Jp

whered A(z) is area metric. The?(DD) is a Hilbert space which has an orthonormal basis) =
vn+1z2",n =10,1,2,.-- . From the Example 5.17 of [10] we know, the Toeplitz operdfpr,.

on Bergman space is a compact self-adjoint operatoriand. = #2@” ® e, is the spectral

decomposition. Now we sholl, _ > belongs to somé,.

In fact, one could find some Orlicz functiopswith > ¢ (#1) < o0, then
n>0

= 1
P (Tl—\z|2) = @(p <n+2> en @ én
n=0
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and

(o (Ti)) = 2o (37) <

Hence,I'_|.;» € S,. Itis obvious,T;_,,» does not belong t&; butS,, p > 1.

Generally speaking, itis difficulty to calculate the norm of ffig_, 2 ||, since the Orlicz function
is abstract. However, ip € d2(0), by [1] of Theorem 3.1, the norm dfl,mz satisfies

1
1=2.¢ <<n+ 2>||T1|z|2||¢> '

n>0

Especially, ifp = |z|P, p > 1, one can get

1T el = [ (1 — () - 1),

P
= n+2)

where((p) is the Riemann function.
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