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In this paper we investigate the compact operators under Orlicz function, named noncommutative

Orlicz sequence space (denoted bySϕ(H)), whereH is a complex, separable Hilbert space. We

will show that the space generalizes the Schatten classesSp(H) and the classical Orlicz sequence

space respectively. After getting some relations of trace and norm, we will give some operator

inequalities, such as Ḧolder inequality and some other classical operator inequalities. Also we

will give the dual space and reflexivity ofSϕ(H) which generalizes the results ofSp(H). Finally,

as an application, we will show that the Toeplitz operatorT1−|z|2 on the Bergman spaceL2
a(D)

belongs to someSϕ(H), and the norm satisfies1 =
∑
n≥0

ϕ
(

1
(n+2)‖T1−|z|2‖ϕ

)
. Especially, if

ϕ(T ) = |T |p, p > 1, the norm is‖T1−|z|2‖p =

[
∑
n≥0

1
(n+2)p

] 1
p

= (ζ(p)− 1)
1
p , whereζ(p) is

the Riemann function.

Key words : Noncommutative Orlicz sequence spaces; compact operators; Schatten classes;

Orlicz function.

2010 Mathematics Subject classification: 2010, 46L89; 47L25.

1The research was supported by the China Postdoctoral Science Foundation (Grant No. 2019M661047), the Natural

Science Foundation of Hebei Province (Grant No. A2019404009) and Postdoctoral Foundation of Hebei Province (Grant

No. B2019003016).



1634 MA ZHENHUA, JI KUI AND LI YUCHENG

1. INTRODUCTION AND PRELIMINARIES

Let B(H) denote the algebra of all bounded linear operators in a complex, separable Hilbert space

H. If T in B(H) is a compact operator andT ∗ is its adjointT ∗T : H → H is positive and compact,

also itT ∗T has a unique positive square root denoted by|T | = (T ∗T )1/2. Correspondingly,H has

an orthonormal basis{ek}k, each of which is an eigenvector of|T |.

The eigenvalueλk(|T |) corresponding to each eigenvectorek is necessarily non-negative, and it

is called a singular value of the operatorT , which is denoted bysk(T ). Without loss of generality, by

reordering the members of the orthonormal basis{ek} if needed, we assumesk(T ) are arranged in

decreasing order, that is,sk+1(T ) ≤ sk(T ) for k = 1, 2, · · · .

If
∞∑

k=1

sk(T ) < ∞, the operatorT : H → H is called a trace class operator. The set of all trace

class operators is denoted byS1(H). It can be shown thatS1(H) is a Banach space in which the trace

norm‖ · ‖1 is given by‖T‖1 =
∞∑

k=1

sk(T ).

On the other side, ifT : H → H is an operator inS1(H) and {ek}k(k = 1, 2, . . .) is any

orthonormal basis forH, the series
∞∑

k=1

〈Tek, ek〉 is absolutely convergent and the sum is independent

of the choice of the orthonormal basisek. Thus, we can define the traceTr(T ) of any linear operator

T : H → H in S1(H) by

tr(T ) :=
∞∑

k=1

〈Tek, ek〉.

By the spectral decomposition theorem of compact operators, for anyξ ∈ H there exists an

orthonormal sequence{ξn}n ∈ H such that,

Tξ =
∑

n≥1

sn(T )〈ξn, ξ〉ξn,

hence one get

tr(T ) =
∑

n≥1

sn(T ).

For more details ofS1(H) please refer to [9, 14].

The Schatten classesSp(H) is given as follows: for any0 < p < ∞, let T a compact operator of

H, we define

Sp(H) =



T : tr (|T |p) =

∑

n≥1

sn (T p) =
∑

n≥1

(sn (T ))p < ∞


 ,
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and for anyT ∈ Sp(H), the norm is

‖T‖p =


∑

n≥1

(sn (T ))p




1
p

.

Especially,S2(H) is called Hilbert-Schmidt operator space [3], and the norm is

‖T‖2 =


∑

n≥1

(sn (T ))2




1
2

.

Literatures on the Schatten class operators and their applications are very rich, please see the very

interesting recent papers ([2, 5, 7, 12, 18]) and references cited therein. Especially, Gil’, M.I. extended

some useful results on determinants of Schatten-von Neumann operators to the operators with the

Orlicz type norms and modular function, respectively ([7, 8]). In this paper we investigate the compact

operators under Orlicz function, named noncommutative Orlicz sequence space (denoted bySϕ(H)),

whereH is a complex, separable Hilbert space. The many results of the space could be extended the

Schatten classSp(H), such as the Ḧolder Inequality and other classical operator inequalities. Besides,

some applications are given to support our theory, such as Toeplitz operator on the Bergman space.

A convex functionϕ : [0,∞) → [0,∞] is called an Orlicz function if it is nondecreasing and

continuous forα ≥ 0 and satisfyingϕ(0) = 0, ϕ(α) > 0 andϕ(α) →∞ asα →∞.

Let ϕ an Orlicz function andl0 the set of all real sequences. We define the Orlicz sequence space

as follows

lϕ =

{
x ∈ l0 : Iϕ(λx(i)) =

∞∑

i=1

ϕ (λx(i)) < ∞,∃λ > 0

}
.

It is well known thatlϕ equipped with so called the Luxemburg norm

‖x‖ = inf
{

λ > 0 : Iϕ

(
x(i)
λ

)
≤ 1

}

is a Banach space.

Further we say an Orlicz functionϕ satisfies conditionδ2 near zero, shortlyϕ ∈ δ2(0), if there

exist constantu0 > 0 andk > 2 such thatϕ(2u) ≤ kϕ(u) for all |u| ≤ u0. For the background of

Orlicz function and Orlicz space please see [4, 16].
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2. NONCOMMUTATIVE ORLICZ SEQUENCESPACE

By functional calculus, ifϕ is a continuous function, we have

tr(ϕ(T )) =
∞∑

k=1

〈ϕ(T )ek, ek〉 =
∑

n≥1

ϕ(sn(T )) =
∑

n≥1

sn(ϕ(T )).

Hence, ifϕ is an Orlicz function andT a compact operator ofH, the definitions of the noncommuta-

tive Orlicz sequence spaces and its a useful subspace could be given.

In this section, after the definitions of noncommutative Orlicz sequence spaces and a subspace

which first appear in [6] are given, we will show this space could generalizes theSp(H) and the

classical Orlicz sequence spaces respectively. At the end of this section, the Orlicz norm of the rank-

one operatoren ⊗ en will be given.

Definition 2.1 — If T ∈ B(H) is a compact operator, we define the noncommutative Orlicz

sequence spacesSϕ(H) and the subspaceEϕ(H) as follows:

Sϕ(H) =



T : tr (ϕ(λT )) =

∑

n≥1

ϕ(λsn(T )) < ∞, ∃λ > 0



 ,

Eϕ(H) =



T : tr (ϕ(λT )) =

∑

n≥1

ϕ(λsn(T )) < ∞,∀λ > 0



 .

wheretr is the usual trace functional ofB(H).

For convenience, we useSϕ, Eϕ to denoteSϕ(H) and Eϕ(H) respectively, which could be

equipped with the Luxemburg norm as

‖T‖ϕ = inf
{

λ > 0, tr
(

ϕ

(
T

λ

))
≤ 1

}

= inf



λ > 0,

∑

n≥1

ϕ

(
sn

(
T

λ

))
≤ 1





= inf



λ > 0,

∑

n≥1

ϕ

(
sn (T )

λ

)
≤ 1





= ‖s(T ;n)‖,

wheres(T ;n) is the singular value sequence ofT and‖ · ‖ is the Luxemburg norm of classical Orlicz

space. By the theory of classical Orlicz sequence, it is easy to know(Sϕ, ‖T‖ϕ) and(Eϕ, ‖T‖ϕ) are

Banach spaces.
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Also, one can define another norm which is named as Orlicz norm ofSϕ as follows

‖T‖o
ϕ = sup {tr(|TB|) : tr(ψ(B)) ≤ 1} ,

whereT ∈ Sϕ and ψ : [0,∞) → [0,∞] is defined byψ(u) = sup{uv − ϕ(v) : v ≥ 0}.
Here we callψ the complementary function ofϕ. Similar with the classical case, one also could

give another equivalent definition of the Orlciz norm which is named as Amemiya norm,‖T‖A
ϕ =

inf
k>0

1
k (1 + tr(ϕ(kT )). From [11] it is easy to know,‖T‖o

ϕ = ‖T‖A
ϕ .

By the classical Orlicz theory we also have the following relation of these norms

‖T‖ϕ < ‖T‖o
ϕ ≤ 2‖T‖ϕ.

It is obvious thatEϕ $ Sϕ, but if ϕ ∈ δ2(0) one could get the following theorem.

Theorem2.1— Sϕ = Eϕ if and only ifϕ ∈ δ2(0).

PROOF : If ϕ ∈ δ2(0). It is obvious thatEϕ ⊆ Sϕ. Hence we only need to proveSϕ ⊆ Eϕ.

For anyT ∈ Sϕ, there exists aλ0 > 0 such that

tr (ϕ(λ0T )) =
∑

n≥1

ϕ(λ0sn(T )) < ∞,

then for anyλ > 0, one could get

tr (ϕ(λT )) =
∑

n≥1

ϕ(λsn(T )) < ∞.

In fact, if λ
λ0
≤ 1, by convexity ofϕ, we can obtain

tr (ϕ(λT )) =
∑

n≥1

ϕ

(
λ

λ0
λ0sn(T )

)
≤ λ

λ0

∑

n≥1

ϕ (λ0sn(T )) < ∞.

If λ
λ0

> 1, definen0 = sup{n, sn(T ) ≤ u0}, whereu0 ∈ (0, s1). Sinceϕ ∈ δ2(0), we have

tr (ϕ(λT )) =
∑

n≥1

ϕ (λsn(T ))

=
n0∑

n=1

ϕ (λsn(T )) +
∞∑

n=n0+1

ϕ

(
λ

λ0
λ0sn(T )

)

≤ n0ϕ(λs1(T )) + k

∞∑

n=n0+1

ϕ (λ0sn(|T |))

≤ n0ϕ(λs1(T )) + ktr(ϕ(λ0T ))

< +∞.
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Now, if Sϕ = Eϕ, similar to the Example 1.19 of [4] we haveϕ ∈ δ2(0). 2

Remark1 : (1) In the caseϕ(T ) = |T |p, 1 ≤ p < ∞ for any compact operatorT ∈ B(H), Sϕ is

nothing but the Schatten classesSp and the Luxemburg norm is

‖T‖p = tr(|T |p) =
∑

n≥0

((sn(T ))p)
1
p .

Especially, ifp = 1, Sϕ = S1 and if p = 2, Sϕ is the Hilbert-Schmidt operator spaceS2 which

satisfyϕ ∈ δ2(0).

(2) If ϕ ∈ δ2(0), let T : l2(N) → l2(N) with Ten = anen, whereen is the orthonormal basis of

l2(N), then it is obvious thatT ∈ Sϕ if and only if a = {an} ∈ lϕ and‖T‖ϕ = ‖a‖.

Let µ(n) denote the multiplicity of singular valuesn(T ). The following theorem gives the Orlicz

norm of rank one operatoren ⊗ en.

Theorem2.2— For each positive operatorB ∈ Sψ with tr(ψ(B)) ≤ 1, whereψ is invertible on

R+, andψ ∈ δ2(0). Let{en} a orthonormal bases, then

‖en ⊗ en‖o
ϕ = ψ−1

(
1

µ(n)

)
µ(n),

wheree⊗ h is rank one operator (a bounded operator) onH → H with ξ 7→ 〈h, ξ〉e.

PROOF : First, by the Jensen Inequality,

ψ(sn(B)) = ψ


 1

µ(n)

∑

µ(n)

sn(B)


 ≤ 1

µ(n)
tr(ψ(B)) ≤ 1

µ(n)
.

Using spectral decomposition of compact operators, we haveB =
∑
n≥1

sn(B)en ⊗ en. Therefore,

‖en ⊗ en‖o
ϕ = sup





∑

µ(n)

sn(B) : tr(ψ(B)) ≤ 1



 ≤ ψ−1

(
1

µ(n)

)
µ(n).

On the other hand, observing that

tr
(

ψ

(
ψ−1

(
1

µ(n)
en ⊗ en

)))
=

1
µ(n)

tr(en ⊗ en) ≤ 1,

we obtain

‖en ⊗ en‖o
ϕ ≥

∞∑

n=1

sn

(
ψ−1

(
1

µ(n)
en ⊗ hn

)
en ⊗ en

)
= ψ−1

(
1

µ(n)

)
µ(n).
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Thus,

‖en ⊗ en‖o
ϕ = ψ−1

(
1

µ(n)

)
µ(n).2

Corollary 2.1 — If T ∈ Sp is positive andµ(n) is the multiplicity of singular valuesn(T ). Then

‖en ⊗ en‖o
p = µ(n)1−p.

Corollary 2.2 — For a positive operatorT , if ϕ(T ) = 1
α |T |α andα > 1. Then

‖en ⊗ en‖o
ϕ =

(
α

µ(n)

) 1
α

µ(n).

3. TRACE AND THE LUXEMBURG NORM

In this section, we will give some relations of trace and the Luxemburg norm, which generalize the

corresponding results ofSp.

Lemma3.1 — If T ∈ Sϕ andB ∈ Sψ, then we have

(1) If ‖T‖ϕ > 1, thentr(ϕ(T )) ≥ ‖T‖ϕ;

(2) If T 6= 0, thentr
(
ϕ

(
T

‖T‖ϕ

))
≤ 1;

(3) If ‖T‖ϕ ≤ 1, thentr(ϕ(T )) ≤ ‖T‖ϕ;

(4) (Hölder Inequality)tr(|TB|) ≤ ‖T‖o
ϕ‖B‖ψ;

(5) TB, BT ∈ S1.

PROOF : (1) If ‖T‖ϕ > 1, we choose0 < ε < 1 such that(1− ε)‖T‖ϕ > 1. Then

1 < tr
(

ϕ

(
T

(1− ε)‖T‖ϕ

))

≤ 1
(1− ε)‖T‖ϕ

tr(ϕ(T )) +
(

1− 1
(1− ε)‖T‖ϕ

)
tr(ϕ(0))

=
1

(1− ε)‖T‖ϕ
tr(ϕ(T )),

which implies

(1− ε)‖T‖ϕ < tr(ϕ(T )).

Let ε → 0 we can get the conclusion.
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(2) For anyε > 0, there existsλε > 0 such thattr
(
ϕ

(
T
λε

))
≤ 1, by the definition of Luxemburg

norm. If λε < ε + ‖T‖ϕ one can get thattr
(
ϕ

(
T

‖T‖ϕ+ε

))
≤ 1, by the arbitrariness ofε, then we

have

tr
(

ϕ

(
T

‖T‖ϕ

))
≤ 1.

(3) If T ∈ Sϕ and‖T‖ϕ ≤ 1, with T 6= 0. By the definition of‖T‖ϕ, there exists a decreasing

sequence{λn} which converges to‖T‖ϕ such that

tr
(

ϕ

(
T

λn

))
=

∑

n≥1

ϕ

(
1
λn

sn(T )
)
≤ 1.

By Levy’s theorem,

tr
(

ϕ

(
T

‖T‖ϕ

))
=

∑

n≥1

ϕ

(
1

‖T‖ϕ
sn(T )

)
≤ 1.

Thanks to the convexity ofϕ and‖T‖ϕ ≤ 1,

1
‖T‖ϕ

tr(ϕ(T )) ≤ tr
(

ϕ

(
T

‖T‖ϕ

))
≤ 1,

hence,

tr(ϕ(T )) =
∑

n≥1

ϕ (sn(T )) ≤ ‖T‖ϕ.

(4) By (3) and the definition of the Orlicz norm we havetr
( |TB|
‖B‖ψ

)
≤ ‖T‖o

ϕ, which could deduce

the conclusion.

(5) Using 2.13 of [9] and the Orlicz Ÿoung inequality, we have

tr(|TB|) =
∞∑

n+m=1

sn+m+1(|TB|)

≤
∞∑

n+m=1

(sn+1(|T |)sm+1(|B|))

≤
∞∑

n+m=1

(ϕ (sn+1(|T |)) + ψ (sm+1(|B|)))

< ∞.

Hence, we haveTB ∈ S1. Using the same method, one can getBT ∈ S1.

Theorem3.1— If ϕ ∈ δ2(0), for anyT,B ∈ Sϕ we have
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(1) tr
(
ϕ

(
T

‖T‖ϕ

))
= 1;

(2) ‖T‖ϕ = 1 if and only iftr(ϕ(T )) = 1;

(3) tr(ϕ(Tn)) → 0 if and only if‖Tn‖ϕ → 0;

(4) tr(ϕ(T+B)) ≤ k
2 [tr(ϕ(T )) + tr(ϕ(B))], wherek is the real number which satisfiesϕ(2α) ≤

kϕ(α) for anyα > 0.

PROOF : (1) Let T ∈ Sϕ, by Proposition 0 of [1],

tr
(

ϕ

(
T

‖T‖ϕ

))
=

∑

n≥1

ϕ

(
1

‖T‖ϕ
sn(T )

)

=
∑

n≥1

ϕ

(
1

‖s(T ; n)‖sn(T )
)

= 1.

(2) If ‖T‖ϕ = 1, then obvioustr(ϕ(T )) = 1. If tr(ϕ(T )) = 1, by Remark 8.15 of [15] we can

get the conclusion.

(3) This can be obtained by the Theorem 8.14 of [15] .

(4) We know there exist partially isometric operatorsU, V such that|T+B| ≤ U |T |U∗+V |B|V ∗,

by the convexity ofϕ,

tr(ϕ(T + B)) ≤ tr (ϕ (U |T |U∗ + V |B|V ∗))

= tr
(

ϕ

(
2
U |T |U∗ + V |B|V ∗

2

))

≤ k

2
[tr (ϕ (U |T |U∗)) + tr (ϕ (V |B|V ∗))]

=
k

2


∑

n≥1

ϕ (sn(U |T |U∗)) +
∑

n≥1

ϕ (sn(V |B|V ∗))




≤ k

2


∑

n≥1

ϕ (sn(|T |)) +
∑

n≥1

ϕ (sn(|B|))



=
k

2
[tr(ϕ(T )) + tr(ϕ(B))] .2

Corollary 3.1 —(1) tr
(

T p

‖T‖p
ϕ

)
= 1. Especially, ifT belongs toS1 andS2 respectively, we have

tr
(

T
‖T‖11

)
= 1 andtr

(
T 2

‖T‖22

)
= 1.
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(2) If T ∈ Sp , thenϕ(2T ) = |2T |p = 2p|T |p. Let k = 2p and we can get

tr (|T + B|p) ≤ 2p−1 [tr (|T |p) + tr (|B|p)]

or

∑

n≥1

sn ((T + B)p) ≤ 2p−1


∑

n≥1

sn (T p) +
∑

n≥1

sn (Bp)


 .

Especially, ifT ∈ S1, we have

∑

n≥1

sn (T + B) ≤
∑

n≥1

sn (T ) +
∑

n≥1

sn (B) ;

If T ∈ S2, we have

∑

n≥1

sn

(
(T + B)2

) ≤ 2


∑

n≥1

sn

(
T 2

)
+

∑

n≥1

sn

(
B2

)

 .

(3) (Hölder Inequality ofSp): If T ∈ Sp, B ∈ Sq, where1
p + 1

q = 1 with p ≥ 1, we have

tr(|TB|) ≤ ‖T‖p‖B‖q

or

∞∑

n=1

sn(TB) ≤
( ∞∑

n=1

sp
n(T )

) 1
p

( ∞∑

n=1

sq
n(B)

) 1
q

= (tr (|T |p)) 1
p (tr (|T |q)) 1

q .

PROOF : First, if T ∈ Sϕ, similar with the Theorem 1.29 of [4] we know, if there existsk > 0

such that
∞∑

n=1
ψ(h(sn(kT ))) = 1, then‖T‖o

ϕ = 1
k [1 + tr(ϕ(k(|T |)))], whereψ is the complementary

function ofϕ satisfyingϕ(T ) =
∫ |T |
0 h(t)dt.

If T ∈ Sp which meansϕ(T ) = |T |p, thenh(t) = ptp−1 andψ(B) = cBq, wherec = 1

p
p
q
· 1

q . If
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∞∑
n=1

ψ(h(sn(kT ))) = 1, then

∞∑

n=1

ψ(pkp−1(sp−1
n (T )) =

∞∑

n=1

cpqk(pq−q)(s(pq−q)
n (T ))

=
∞∑

n=1

1

p
q
p

1
q
pqkp(sp

n(T ))

=
∞∑

n=1

p

q
kp(sp

n(T ))

=
∞∑

n=1

(p− 1)kp(sp
n(T ))

= 1

hence,

kp =
1

(p− 1)
∞∑

n=1
(sp

n(T ))

or

k =
1

(p− 1)
1
p ‖T‖p

.

Now one can get

‖T‖o
ϕ =

1
k

[1 + tr(ϕ(k(|T |)))]

= (p− 1)
1
p ‖T‖p

[
1 +

∞∑

n=1

kp(sp
n(T ))

]

= (p− 1)
1
p ‖T‖p


1 +

∞∑
n=1

(sp
n(T ))

(p− 1)
∞∑

n=1
(sp

n(T ))




= p(p− 1)
1
p
−1‖T‖p

=
p

(p− 1)
1
q

‖T‖p.
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On the other hand,

‖y‖ϕ = inf
{

λ ≥ 0, tr
(

ψ

(
B

λ

))
≤ 1

}

= inf

{
λ ≥ 0,

∞∑

n=1

(
ψ

(
sn(B)

λ

))
≤ 1

}

= inf

{
λ ≥ 0,

∞∑

n=1

c

(
sq
n(B)
λq

)
≤ 1

}

= inf

{
λ ≥ 0, c

1
q

∞∑

n=1

(sq
n(B))

1
q ≤ λ

}

=
1

p
1
p

1

q
1
q

‖B‖q.

Finally, by (4) of Lemma 3.1, we get

tr(|TB|) ≤ ‖T‖o
ϕ‖B‖ϕ =

p

(p− 1)
1
q

‖T‖p · 1

p
1
p

1

q
1
q

‖B‖q = ‖T‖p‖B‖q,

or
∞∑

n=1

sn(TB) ≤
( ∞∑

n=1

sp
n(T )

) 1
p

( ∞∑

n=1

sq
n(B)

) 1
q

.

In particular, forp = 2, we get the Schwarz inequality

tr(|TB|) ≤ ‖T‖2‖B‖2,

or
∞∑

n=1

sn(TB) ≤
( ∞∑

n=1

s2
n(T )

) 1
2
( ∞∑

n=1

s2
n(B)

) 1
2

.2

Remark2 : This corollary is just the Ḧolder Inequality ofSp which has been obtained by Ruskai

in [17].

(4) If ϕ is invertible onR+, andϕ ∈ δ2(0), then

‖en ⊗ en‖ϕ =
1

ϕ−1(1)
.

PROOF : Since‖en ⊗ en‖ = 1 anden ⊗ en is a one dimensional compact operator, where‖ · ‖ is

the operator norm, thensn(en ⊗ en) = 1 for anyn = 1, 2, · · · . By (1) of Theorem 3.1

1 = tr
(

ϕ

(
en ⊗ en

‖en ⊗ en‖ϕ

))
= ϕ

(
sn

(
en ⊗ en

‖en ⊗ en‖ϕ

))
= ϕ

(
1

‖en ⊗ en‖ϕ

)
,
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therefore, we can get the conclusion. 2

Example3.1 : In [19], in order to study entropy in information geometry the author consider

the quantum Orlicz functionϕ(T ) = coshT − 1 with T ≥ 1. It is obvious a Orlicz function and

ϕ ∈ δ2(0), then we have‖en ⊗ en‖ϕ = 1
ln(2+

√
3)

. In fact, sinceϕ(T ) = coshT − 1 we have

ϕ−1(1) = ln(2 +
√

3), by (3) of Corollary 3.1 we can get the conclusion.

Theorem3.2— If T ∈ B(H) is a positive compact operator, thenT ∈ Sϕ if and only ifϕ(T ) ∈
S1.

PROOF : SinceT is a positive compact operator, then

ϕ(T )η =
∞∑

n=1

ϕ(λn)〈η, en〉en, η ∈ H

where{0} ∪ {ϕ(λn)} is spectral set. By the spectral mapping theorem,{ϕ(λn)} = σ(ϕ(T ))\{0}.
Sinceϕ is nondecreasing andϕ(λn) is the singular value sequence ofϕ(T ) we can get the conclusion.2

Theorem3.3— For anyT ∈ Sϕ, we have

(1) ‖T‖ϕ = ‖|T |‖ϕ = ‖T ∗‖ϕ;

(2) Sϕ is a ∗-two sides ideal ofB(H), which means that for anyB, C ∈ B(H), one has

BTC, CTB ∈ Sϕ and

‖BTC‖ϕ ≤ ‖B‖∞‖T‖ϕ‖C‖∞.

PROOF : (1) By the definition of‖ · ‖ϕ we can get‖T‖ϕ = ‖|T |‖ϕ. Let T = U |T | be the

polar decomposition ofT . Then for anyλ > 0 we haveU
∣∣T

λ

∣∣U∗ = |T ∗λ |, by the induction we get

U
∣∣T

λ

∣∣n U∗ = |T ∗λ |n, hence for any polynomialP we haveUP
(∣∣T

λ

∣∣) U∗ = P
(∣∣T ∗

λ

∣∣). Then for any

continuous functionϕ, one getU
(
ϕ

(∣∣T
λ

∣∣)) U∗ = ϕ
(∣∣T ∗

λ

∣∣). By the property oftr we get

tr
(

Uϕ

(∣∣∣∣
T

λ

∣∣∣∣
)

U∗
)

= tr
(

ϕ

(∣∣∣∣
T

λ

∣∣∣∣
))

= tr
(

ϕ

(∣∣∣∣
T ∗

λ

∣∣∣∣
))

,

which can deduce the conclusion.

(2) If T ∈ Sϕ, then there exists aλ0 > 0 such that

tr(ϕ(λ0T )) =
∑

n≥1

ϕ (λ0sn(T )) < ∞.

By the inequality 2.3 of [9] and the nondecreasing property ofϕ, for anyB ∈ B(H) let λ1 =



1646 MA ZHENHUA, JI KUI AND LI YUCHENG

λ0
‖B‖∞ > 0, we have

tr(ϕ(λ1TB)) =
∑

n≥1

ϕ (λ1sn(TB))

≤
∑

n≥1

ϕ (λ1sn(T )‖B‖∞)

=
∑

n≥1

ϕ (λ0sn(T ))

< ∞.

On the other hand, combing the inequality 2.3 of [9], the nondecreasing property ofϕ with (2) of

Lemma 3.1, we have

∑

n≥1

ϕ

(
sn(TB)

‖T‖ϕ‖B‖∞

)
≤

∑

n≥1

ϕ

(
sn(T )‖B‖∞
‖T‖ϕ‖B‖∞

)
≤ 1.

By the definition of the Luxemburg we get

‖TB‖ϕ ≤ ‖T‖ϕ‖B‖∞.

Hence, one gets thatSϕ is a right ideal ofB(H). Furthermore using the equality 2.1 of [9](sn(T ) =

sn(T ∗)) one getsSϕ is a∗-right ideal ofB(H) and

‖TB‖ϕ ≤ ‖T‖ϕ‖B‖∞. (1)

Then, by the equality 2.1 of [9] and using the similar methods above we getSϕ is a∗-left ideal of

B(H) and

‖BT‖ϕ ≤ ‖B‖∞‖T‖ϕ. (2)

At last, for anyB, C ∈ B(H), sinceBT ∈ Sϕ andTC ∈ Sϕ henceBTC ∈ Sϕ with

‖BTC‖ϕ ≤ ‖B‖∞‖T‖ϕ‖C‖∞.

Using (1) and (2) one can complete the proof. 2

Theorem3.4— (Eϕ)∗ = So
ψ in the sense that for any(Eϕ)∗, there is a uniqueB ∈ So

ψ such that

LB(T ) = tr(TB) (T ∈ (Eϕ)∗)

and the mappingLB 7→ B is isometric from(Eϕ)∗ to So
ψ.

PROOF : By [4] of Lemma 3.1, one get that|LB(T )| = |tr(TB)| ≤ ‖B‖o
ψ‖T‖ϕ and‖LB‖ ≤

‖B‖o
ψ.
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We defineΦ : So
ψ → (Eϕ)∗ with Φ(B) = LB, thenΦ is a linear bounded operator. For any

ε > 0, find a unit vectore ∈ H such that‖Be‖o
ψ ≥ ‖B‖o

ψ − ε. Find another unit vectorh ∈ H such

that‖Be‖o
ψ = 〈Be, h〉 = tr(B(e⊗ h)), hence

LB(e⊗ h) = tr(B(e⊗ h)) = 〈Be, h〉 = ‖B‖o
ψ − ε.

It is obvious‖e ⊗ h‖ϕ = ‖e‖‖h‖ = 1. Hence, one get‖LB‖ ≥ ‖B‖o
ψ which implies that‖LB‖ =

‖B‖o
ψ. So, the mappingΦ : So

ψ 7→ (Eϕ)∗ is isometric.

Now, lettingM ∈ (Eϕ)∗ it is easy to verifyM(e⊗ h) is a bounded bilinear functional, because

|M(e⊗ h)| ≤ ‖M‖‖e⊗ h‖ = ‖M‖‖e‖‖h‖.

By Riesz theorem, there exists aB ∈ Sψ such thatM(e⊗ h) = 〈Be, h〉 = tr(B(e⊗ h)). Hence

for any finite rank operatorF , we haveM(F ) = tr(BF ). Since finite rank operator is dense onEϕ,

thenM(T ) = tr(TB) = LB(T ) for anyT ∈ Eϕ, which meansM = TB andM : So
ψ 7→ (Eϕ)∗ is

an isometric isomorphism. Then we can get the conclusion. 2

Remark3 : Using the similar method we also can getSϕ = (Eo
ψ)∗.

Combing the Theorems 2.1, 3.4 and Remark 1, one can gets the following corollary,

Corollary 3.2 — If ϕ ∈ δ2(0) andψ ∈ δ2(0), Sϕ is reflexive. Especially,Sp is reflexive forp > 1.

4. APPLICATION

The Bergman spaceL2
a(D) on open unit diskD = {z ∈ C : |z| < 1} is as following

L2
a(D) =

{
f(z) is analytic functions on D : ‖f‖2 =

1
π

∫

D
|f(z)|2dA(z) < ∞

}
,

wheredA(z) is area metric. ThenL2
a(D) is a Hilbert space which has an orthonormal basisen(z) =√

n + 1zn, n = 0, 1, 2, · · · . From the Example 5.17 of [10] we know, the Toeplitz operatorT1−|z|2

on Bergman space is a compact self-adjoint operator andT1−|z|2 =
∞⊕

n=0

1
n+2en ⊗ en is the spectral

decomposition. Now we showT1−|z|2 belongs to someSϕ.

In fact, one could find some Orlicz functionsϕ with
∑
n≥0

ϕ
(

1
n+1

)
< ∞, then

ϕ
(
T1−|z|2

)
=

∞⊕

n=0

ϕ

(
1

n + 2

)
en ⊗ en
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and

tr
(
ϕ

(
T1−|z|2

))
=

∑

n≥0

ϕ

(
1

n + 1

)
< ∞.

Hence,T1−|z|2 ∈ Sϕ. It is obvious,T1−|z|2 does not belong toS1 butSp, p > 1.

Generally speaking, it is difficulty to calculate the norm of the‖T1−|z|2‖ϕ since the Orlicz function

is abstract. However, ifϕ ∈ δ2(0), by [1] of Theorem 3.1, the norm ofT1−|z|2 satisfies

1 =
∑

n≥0

ϕ

(
1

(n + 2)‖T1−|z|2‖ϕ

)
.

Especially, ifϕ = |x|p, p > 1, one can get

‖T1−|z|2‖p =


∑

n≥0

1
(n + 2)p




1
p

= (ζ(p)− 1)
1
p ,

whereζ(p) is the Riemann function.
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