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In this paper, our aim is to find the relations amongst the cohomology classes of Brill-Noether
subvarieties of the moduli space of semistable bundles over an elliptic curve. We obtain results
similar to the Poincédr relations on a Jacobian variety.
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1. INTRODUCTION

Suppose&” is a smooth projective variety of gengsdefined over the complex numbers. The Picard
variety Pic?(C) is the moduli space of isomorphism classes of line bundles of delgoee”. For

1 < i < g — 1, there are naturally defined subvarieties, namely the Brill-Noether subvari&ties
of Pic'(C), which parametrize line bundlel with R°(L) > 1. Let © denote the theta divisor
Wy—1 C Pic9~1(C). Choosing isomorphism®ic'(C) ~ J(C), the classical Poincarrelations
determine the relations between the cohomological classés,oh J(C):

. ![@]g—i c H*(J(C),Q).

See [1, Ch 1§5, p. 25].

Our aim in this paper is to investigate relations between the cohomology classes of the Brill-
Noether subvarieties in the moduli space of higher rank vector bundles on a curve. Brill-Noether
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subvarieties are more subtle in this situation and not much seems to be known in this direction. We
consider genus one case in this paper.

Let & denote a complex elliptic curve. The moduli space of semistable bundlegidvas been
computed by Atiyah (cf[2]). Tu (cf. [6]) explicitly described the Brill-Noether subvarieties in this
moduli space. In this papertautological classs the cohomology class of Brill-Noether subvariety
in the cohomology ring and the subalgebra of the cohomology ring generated by those tautological
classes is callethutological algebra We describe the relations amongst the tautological classes in
the cohomology ring of the moduli space in this paper.

We denote byf the strong equivalence clasg F', a vector bundle oveF, in the sense of [58,
p. 333]. LetMg(r,d) be the moduli space of strong equivalence classes of semistable bundles of
rankr and degree over E. Let X be a subvariety oM g(r, d)(or of SUE(r, L)), then by[X] we
denote the cohomology class &fin H*(Mg(r, d)) (respectively in*(SUg(r, L))).

By [6], we note that the Brill-Noether loci are trivial for positive degree vector bundles (either
empty or the whole moduli space), and for line bundles of de@résither empty or singleton).
Therefore, we consider the Brill-Noether loci when degree of a vector bun@leums the rank is
more thanl. Let L be a line bundle of degregand leti be any non-negative integer. The Birill-
Noether loci insideSU g (r, L) are defined as follows:

11(3) ={f €SUE(r,L) | h°(F) > i+ 1forsomeF € f}.

We denote bij}L(H)}, a tautological class it/ *(SUg(r, L), Z). We also consider the Brill-
Noether loci, denoted bWiO(H), insideMg(r, 0), defined as follows:

10(3) == {f € Mg(r,0) | h°(F) >i+1 for someF € f}.

(See [6]).

In §5, we prove the main theorems i*(SUg(r, L), Z) and H*(Mg(r,0),Z) on the relations
amongst the tautological classes. We show:

Theoreml1.1— Letr be any positive integer and Iét be a degred) line bundle overE. Then
WEL(H) is a divisor insideSU g (r, L). Moreover, inH*(SUEg(r, L), Z) we have,

W L) = W2, ey

forall 0 < i < r — 2 and the tautological algebra ofU/ (r, L) is Z[(]/(("), where( is the
cohomology class V), (3) in H*(SUk(r, L), Z).
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Furthermore, we show that the relations amor@@s,to(ﬂ)]’s in H*(Mg(r,0),7Z), is similar to
(2). In particular, we show:

Theoreml1.2— The tautological algebra aM g(r,0) is
HY(E) @ Z[§)/(£")-
Here¢ is the cohomology class of the diviswgo(ﬂ) onMg(r,0)in H*(Mg(r,0),7Z).

It is interesting to investigate if similar relations hold in higher genus case.

2. NOTATIONS
All the varieties are defined over the complex humbers.

1) SUg(r, L) denotes the moduli space of strong equivalence classes of semistable bundles of
rankr and fixed determinarf of degreead overE.

2) S™E is thenth symmetric product of the cune.

3) J(E) is the Jacobian variety of isomorphism classes of line bundles of degresr £.

4) J4(E) is the moduli space of isomorphism classes of line bundles of degreer £.

5) det I is the determinant bundle of a semistable vector buhtbwer E.

6) O(D) denotes the line bundle corresponding to a dividan E.

7) Og is the trivial line bundle oveFE.

8) hi(E, F) (or h*(F)) denotes the dimension &f‘(E, F') for a semistable bundIE over E.

9) By H*(X) we meanH*(X,Z), the cohomology ring of a complex variety with integral
coefficients.

3. BRILL-NOETHERLOCI OF SEMISTABLE BUNDLES OVER AN ELLIPTIC CURVE

3.1 Bundles with positive degree

In this section we recall a few results from [6] which will be relevant for the next section. The
following lemma is proved in [6]. For the sake of completeness we include the lemma with proof
here.

Lemma3.1 — [6, Lemma 17, p. 13]. Any semistable bundieof positive degree oveF is
non-special, that isy! (F) = 0.
PROOF: Let F' be a semistable vector bundle of degree- 0 and K be the canonical line

bundle overE. ThenKy = O asE is an elliptic curve. By Serre duality we have

hY(F) = h"(Kg ® F*) = h'(F*).
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As F* is also a semistable bundle and of negative degi&@;*) = 0. Therefore ! (F) = 0.
Moreover by Riemann-Roch theoreh?(F') = d. O

Remark3.2 : A consequence of Lemma 3.1 is that the map
R® . Mg(r,d) — Z, U {0}
f = hO(F)
is well defined ford > 0, and is the constant functiah

Definition3.3 — Letd > 0 and: > 0 be any two integers. Therill-Noether lociare defined by

La={f € Mg(r,d) | R°(F) >i+1}.

This definition is well defined by Remark 3.2.
The following lemma is a direct consequence of Lemma 3.1. See [6, p. 13].
Lemma3.4 — Letd > 0. Then

;o]0 if 1 <d<i;
T Mp(rd) ifd>i+1

Therefore Brill-Noether loci insidé1 z (r, d) are not of much interest wheh> 0. Moreover for
degred line bundles oveF’ we have the following result.
Lemma3.5 — The Brill-Noether loci fod = 0, r = 1 are

Y {0g) ifi=o.

PROOF: See [6, p. 13]. Ash°(L) = 0 or 1 for a line bundleL of degree zero oveF and
moreoverh’(L) = 1if and only if L = Op.

3.2 Degree zero bundles

Whend = 0, h° : Mg(r,0) — Z, U {0} is not well defined. For example, I&: be theAtiyah's
indecomposable bundtg rank2 and; be the trivial bundle of ranR. ThenFy =2 I, buth?(Fy) =
1 # 2 = hO(1), (cf. [2, Proof of Theorem 5, p. 432]).

In this case, Brill-Noether loci insid8U/ g(r, L) and M g(r,0) are defined, see (cf. [6, p. 5]).
HereL is a line bundle orE of degred).
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Definition3.6 —
W) (3) :={f € SUg(r,L) | h°(F) > i+ 1for someF € f}.
10(3) :={f € Mg(r,0) | h°(F) > i+ 1 for someF € f}.

We have the equality:
rp(3) = Wiy(3) NSUE(r, L).

We now have the following isomorphism of moduli spaces.

Proposition3.7 — Letr > 1 be a positive integer antl a degred) line bundle ovelr. Then we
have the isomorphisms:

PROOF: See [6, Theorem 2, 3, 4 and 5; Corollary 15; p. 4-5, 10]. O

4. TAUTOLOGICAL ALGEBRA OF SEMISTABLE BUNDLES OF
DEGREEZERO OVER AN ELLIPTIC CURVE

Consider the map:

m: J(E) x SUE(r,L) — Mg(r,d)

2
(I,F)—~1®F @

See [3, p. 338] and [4, p. 348].

This map as in (2) suggests that the cohomology subalgebra genereiwd,gjﬁ)]’s is the same
as that generated t{ijL(H)]’s with coefficients lying inH*(J(E)). We make this precise in the
next section.

Let det : Mpg(r,0) — J(E) be thedeterminantmap which send$’ to detF anda : SE —
Jr(F) be theAbel-Jacobimap defined as; + 22 + -+ - + x, — O(x1 + 22 + - - + z,-). Then we
have the following commutative diagram (cf. [6, p. 12]), which says thatldterminantmap and
the Abel-Jacobimap can be identified.
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Mpg(r,0) —— S"E
e l“ 3)
J(E) ——— J.(F)
Remarld.1: ByAbels theorem (cf. [1, p. 18]), fiber of the mapover any line bundlé, € J,.(E)
is the complete linear systejD | of a divisorD on E with O(D) = L. Now if » > 0, then by Serre
duality ' (E, O(D)) = 0 and by Riemann-Roch theoretf(E, O(D)) = r. Therefore each fiber
of the mapa : S"E — J,.(E) is isomorphic tdP"~! if » > 0. This is also another reason to work in
Mg(r,0) with r > 0.

Letdet : W} y(3) — J(E) be the restriction of theeterminanimapdet : Mp(r,0) — J(E).
Then we have the following commutative diagram (cf. [6, p. 16]) similar to (3).

W;o(3) —=— §"ilE
J{det J{a (4)
J(E) i} Jrfifl(E)

Here we assumeé < i < r — 2. So by Remark 4.1, the fiber efis isomorphic tdP"—~2.

5. MAIN THEOREMS

In this section we define the tautological subalgebrAl6M g (r,0),Z) andH*(SUg(r, L), Z) and
prove our main theorems.

Definition5.1 — The cohomology class@é’; ,(3)] € H*(Mp(r,0), Z) are called th¢autolog-
ical classesThe subalgebra dff *(Mg(r,0), Z) generated by these tautological classes is called the
tautological subalgebraf H*(Mg(r,0),Z).

Definition 5.2 — Let L be a degree zero line bundle ovBt Then the cohomology classes
[WT{L(H)] € H*(SUg(r,L),Z) are called theéautological classesThe subalgebra of
H*(SUEg(r,L),Z) generated by these tautological classes is calledati®logical subalgebraf
H*(SUE(r,L),7Z).

Following theorem shows that the tautological class: [WTO’L(H)} is the generator of the tauto-
logical subalgebra off *(SUE(r, L), 7).

Theorem5.3— Letr be any positive integer and Iét be a degred line bundle overE. Then
WBL(H) is a divisor insideSU g (r, L). Moreover, inH*(SUg(r, L), Z) we have,

(W, L) = WR,A)

Ty
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forall 0 < i < r — 2 and the tautological algebra ofi/(r, L) is Z[(]/(("), where( is the
cohomology class dV,?; (3) in H*(SUg(r, L), Z).

PrROOF: We have the following stratification insid&{ 5 (r, L) by Proposition 3.7.

SUp(r,L) =~ Pr-!

Ul Ul
wo(3) = pr?
Ul Ul
w3 = P
Ul Ul
Ul Ul
w3 = P
Ul Ul

wrpr@ = P0o= {4}

So,WQL(H) is a subvariety oS g (r, L) of codimensionl and hence a divisor. We can calculate
relations betweefP’|’s as follows. InsidéP"~! we have the following stratification:

Then we have:

z(]
<) ©)

where( is the cohomology class @ 2, that is,{ = [P"2] = ¢1(O(1)), c1(O(1)) being the first
Chern class 0O(1) overP™—!. Moreover inH*(P"~!, Z), we have:

H*(P17) =

P17 = ¢k, (6)

Therefore, by (5) and Proposition 3.7 we get:

Z[¢]

H(SUp(r,1),7) = .

Furthermore, by (6) and Proposition 3.7 we get the following equali®y 0SS/ g (r, L), Z):

[ TZ',L(ED] _ [Pr7i72] _ []prflf(l#l)] _ CiJrl — []P)er]iJrl _ [WBL(H)]Hl
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Hence the theorem follows.

The next theorem is about some relations between the generators of the tautological subalgebra of
H*(SUE(r,L),Z) and H*(Mg(r,0),Z). The theorem says that tautological algebra\ef;(r, 0)
is generated by the cohomology class of the Brill-Noether subvdﬂié}()(ﬂ) as anH*(FE)-algebra.

Theorem5.4— The tautological algebra aM g(r,0) is
HY(E) @ Z[§]/(£")-
Here¢ is the cohomology class of the divisidr(3) on Mg(r, 0) in H*(Mg(r,0), Z).
PrROOF: We have the following stratification insidet z(r, 0) by Proposition 3.7.

Mp(r,0) = S'E

Ul Ul
woh(@) = §lE
Ul Ul
W@ = S5°E
Ul Ul
Ul Ul

w3 = S'E > E

So, W,QO(H) is a subvariety ofM g (r,0) of codimensionl and hence a divisor. By (3) and by
Remark 4.1, the determinant morphism

Mpg(r,0) — J(E)
is a projective bundl@@zé) — J(E).

Hence, by projective bundle formula,

H*(Mpg(r,0),Z2) = H*(J(E)) @ Z[§]/(£")- ()

Here( is the first Chern class @ (1) on IP’S(];).

Therefore by (7) and Proposition 3.7 we get,

H*(Mg(r,0),Z) = H*(E) @ Z[¢]/{£").
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However, by (4), we have the equality of the cohomology classes:
Wio(3)] =&
forall 0 < i < r — 2. This gives the assertion.
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