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We consider a model of the spread of rumour among sceptical individualsX{,et, ... be

a {0, 1}-valued Markov chain angy, pi, ... a sequence of i.i.dN valued random variables
independent of the Markov chain. An individual located at site N* := N U {0} spreads the
rumour to the individuals located in the interyal: + p;] provided (i) X; = 1 and (i) if s/he has
received the rumour from at least two distinct sourggs < ¢ with X; = X, = 1. To start the
process we place two individuals at locations and—2, each of spread the rumour to a distance
p—1 andp_o respectively to the right of itself. Here ; andp_» are i.i.d. copies ofy. This
extends the work of Sajadi and Roy [7] who considered the case WheX, . .. is a sequence
of i.i.d. {0,1} valued random variables, i.e. the believé¢is: X; = 1} and the disbelievers
{i : X; = 0} are located in an i.i.d. fashion. Here we study the case when the the believers and
the disbelievers are located in a Markovian fashion.

Key words : Rumour process; Markov chain; complete coverage; eventual coverage; firework
process.
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1. INTRODUCTION

Sudbury [8] introduced a model to study the spread of a rumour among individuals. Subsequently
Junior, Machado and Zuluaga [4] christened this model as the ‘firework process’. For more recent
work on this model see [2, 3, 5]. Sajadi and Roy [7] tweaked this model to include sceptics, i.e.
individuals who require to hear the rumour from at least two sources before they spread it.
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Athreyaet al. [1] studied two different models, both related to rumor percolation. The first model
arises from genomic analysis and the second complements the results about the complete coverage
in stochastic geometry. In genomics, there is a method to determine the nucleic acid sequence of
molecules. After obtaining many identical copies of the DNA sequence, each copy is fragmented into
many random segments. Then to determine longer sequences, they are joined together by overlapping.
The question of interest is what should be the random length of these segments to ensure that they
cover the sequence significantly.

We now proceed to describe the model before we return to the discussion about the results.

Let Xo, X1,... be a{0,1}-valued Markov chain angy, p1, ... a sequence of i.i.dN valued
random variables independent of the Markov chain. In additiop letandp_ be to i.i.d. copies of
£0- Let

C= U @+0,p) U1, ~1+pa]U[-2,-2+p],
1>0,X;=1

be the ‘covered region’, and

D = {x € [0,00) : there existj, k > —1withj #k, X; =Xy =1
andz € ([,j + p;] N [k, k + px))}, (1)

the ‘doubly covered region’.

An individual located at sité is one of two types. S/he is either a disbeliever, which is when
X; = 0, or a believer, which is wheX; = 1. S/he receives the rumouriife C. The construction of
the random regio’ assumes that on receiving the rumour, the believespteads it to a distangeg
to the right. Whereas, for the construction of the random re@lowe think of the believer at site
being a sceptic. S/he will spread the rumour only if s/he heard the rumour from two different sources.

Thus the connected component@fcontaining the sité) describes the set of individuals who
received the rumour when each believer spreads the rumour once s/he receives it. While the connected
component ofD containing the sit® describes the set of individuals who received the rumour when
each believer is a sceptic and spreads the rumour once s/he receives it from two distinct sources. If
this connected component 6fis finite, then we say that the rumour dies out among believers, and if
the connected component bfis finite, then we say that the rumour dies out among sceptics.

WhenXy, X1,...is asequence of i.i.d Bernoullp) random variables, both models of spreading
rumour among sceptics and non-sceptics (when individuals accept the rumour if they receive it at
least from one individual) have been studied in the literature [4, 7].
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Here we study the case when the sequeXigeX;, X, ... is a{0, 1}-valued time homogeneous
Markov chain with the transition probabilitigs; = P(X,,+1 = j|X,, =1),7,5 = 0,1, foralln > 0
andp, p_1, p—2, po, p1, - - - IS & sequence of independent and identically distributed positive integer
valued random variables, independent of the Markov chain.

For non-sceptical believers, in context of stochastic geometry, the model of rumour spread when
the sequenc&, X1, ... is a Markov chain, has been considered in [1]. They considered this as a
problem of stochastic geometry and defined a notioevehtual coveragas follows:N is eventually
covered byC' if there existg > 1 such thaft, co) C C.

Sajadi and Roy [7], introduced the notion of rumour propagation among sceptics. They showed
the following equivalence

P(D =[0,00)) >0 <= P(D D [t,), for somet > 1) = 1. 2
Also, for a sequence of i.i.d. random variablgg, X1, ... they showed that the rumour model
survives among sceptics if and only if it survives among non-sceptic believei®( De= [0, >)) >

0 if and only if P(C' = [0,00)) > 0. In the next section we discuss the known results of this model
and state our main result.

2. THE RESULTS
Letl := liminf; . jP(p > j) > 1andL := limsup,_,, jP(p > j) < oc.

In the caseXy, Xi,... is an i.i.d. sequence of random variables Witth\, = 1) = p =1 —
P(X, = 0), Athreyaet al. [1] and, independently, Juniet al. [4] showed that

Theoreml — For 0 < p < 1, we have

>0 1 > 1/1
P(C is unbounded) fp>1/
=0 ifp<l1/L.
and Sajadi and Roy (2019) showed that
Theorem2 — For 0 < p < 1, we have
>0 1 >1/1
P(D is unbounded) Ip /
=0 ifp<l/L.

In the caseXy, X1, ... is a Markov chain witfP(X,,1 = j|X,, = i) = p;;, fori, j € {0,1} and
all n > 0in [1], Athreyaet al., showed that
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Theorem3 — For 0 < poo, p1o < 1, we have
1 D
>0 if ;- >1/1

_ ; p

P(C is unbounded)

Here we consider the Markov case and show that the same condition as in Theorem 3 guarantees
double coverage, in particular.

Proposition4 — Assume thad < pgg, p1o < 1. We have
i yY
>0 if B >1/1

_ i D
=0 if Plofpm < 1/L'

P(D is unbounded)

To conclude this section, just as in [7], the above proposition also holds for ‘k-coverage’ instead

of just double coverage.

3. PROOF OFPROPOSITION4

From the equivalence given in (2) we need to show that

Po1
p1o+po1 > 1/l

H p
0 if Plo-cl)-lpm < 1/L'

P(D D [t, c0) for somet > 0) =

Let F be the cumulative distribution function of F = 1 — I and for eachk € N, let 4;, :=
{k¢ C},B,:={k ¢ D}. Fork > 1let

P;(By) := P(By|Xo = i),i=0,1.

We first show that

> Pi(By) <ocoand Y Py(B) < oo, whenever— 2% = 1/1. (3)
. . D10 + Po1

A simple conditioning argument and Markov property yield the following relations:

Po(Br+1) = pooPo(Br+1|X1 = 0) + po1Po(B+1| X1 = 1), 4)

and

Py (Bi+1) = p1oP1(Bi41| X1 = 0) + priP1(Bg+1| X1 =1) . (5)
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Because of the Markov property, the conditional probability in the first term of the right hand
side of equation (4), i.ePy(By+1]|X1 = 0) is same as the conditional probability B, given that
Xo=0:

Po(Bg+1|X1 = 0) = Po(By)

That means, when for both individuals located at sitesd 1, the value of random variabl&
is 0, the probability that the individual located at site- 1 is not in the doubly covered regiadb, is
same as the probability that the individual located at/sitenot in D, provided X, = 0.

For the second conditional probability in the right side of equation (4), according to whether
p1 > korp; < k, we have

Po(Bit1|X1 =1) = Po(Brt1,p1 > k| X1 = 1) + Po(Bgt1,01 < k| X1 =1).

Therefore, equation (4) can be written as

Po(Br+1) = pooPo(Bk+1|X1 = 0) + po1Po(Bi+1/X1 = 1)
= poolPo(Bx) + po1 [Po(Br+1,p1 > k| X1 = 1) + Po(Bpy1, p1 < k| X1 = 1)]
= pooPo(Bi) + po1 [P1(AR)F(k — 1) + Py(By)F(k — 1)] (6)

Similarly, for the conditional probabilities in the right side of equation (5), we have

P1(Bi+1|X1 =0) = P1(Bgt1,p0 > k+ 1| X1 =0) + P1(Bgy1,p0 < k+ 1| X7 =0)
— Po(Ax)F(k) + Po(By) F(k),

and

P1(Br41|X1 = 1) = P1(Bit1,00 < k+ 1,01 < k[X1 =1)
+P1(Bry1,00 < k+ 1,01 > k[ X1 =1)
+ P1(Bgt1,00 > k+1,p1 <k|X1=1)
= [Py(By)F(k)F(k — 1) + Py (AR) F(k)F(k — 1) + Py (A F(k) F(k — 1)] .

Rewriting equation (5), we have the following recurrence formula:

P1(By11) = p1o [Po(Ar)F (k) 4+ Po(By) F (k)]
+ pu1 [P1(Br)F(k)F(k — 1) + Py (Ap) F(k)F(k — 1) + P1 (AR F(k)F(k — 1)] . (7)
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Forko > 1 to be chosen later, la;(s) := > 32, P;(By)standW;(s) := Y232, Pi(Ax)s", for

i =0, 1. To establish (3), we need to show thgi(1) < co and®;(1) < oo wheneverplg’jzp01 > 1/1.

Multiplying (6) by s*+1 and summing ovet > ko, we have

o0
Z Sk+1H’D0 (Bk‘—i-l)
k=ko

=poo Y 8" Po(Br) +po1 Y sTPI(AR)F(k = 1) +por Y s*TPU(BR)F(k—1). (8)
F=Fo F=Fo F=Fo

Rewriting equation (8) in terms of functiodsandPsi, we get

o (s) — "B (Bry) = poos®o(s) +por Y "1 (AR)F(k—1)+po Y s*HPy(By)F(k—1),
k=ko k=ko

or equivalently,

%P0 (Bry) + D01 Y opey " T PLAR)F (K — 1) + por Yoy, 8" P1(BR) F(k — 1)

q)O(S) = (1 — pOOS)

()]
SinceF(k —1) <landF(k — 1) < 1, we get from (9),
(1 — poos)Po(s) < s*Py(By,) + po1sPsi1(s) + po1sP1(s),

and consequently
SkO]P)O(BkU) + pmSPSil(S) + p()lS(I)l(s)
1 — poos

Po(s) < - (10)

Now multiplying (7) bys**! and summing ovet > kq, we have that

o0

> Py (Biga)

k=ko

=p1o Y s*TIE(R)Po(Ar) +p1o Y s*H F(k)Po(By)
k=ko k=ko

+pu Y sTHF(k = 1)F(k)Py(Ag) +pin Y s F(k)F(k — 1)Py(Ay)
k=ko k=ko

+pu Y s*HF(k)F(k — 1)Py(By) . (11)
k=ko
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Each of the above power series is uniformly convergentsoe 1 and hence differentiating (11)
term by term with respect towe obtain that, whefs| < 1,

o)

D (k+1)s"Pi(Brir) = pro Y (k+ 1)s*F(k)Po(Ax) + pro Y (k + 1)s" F(k)Po(By)

k=ko k=ko k=ko
oo
+pi1 Y (k+1)sEF(k — 1)F(k)Py (Ay)
k=ko
+pin Y (k+1)s" F(k — 1)F (k)P (Ay)
k=ko
+pn Y (k+1)s"F(k — 1)F(k)Py(By) . (12)
k=ko
Lete > 0 be given such that' := [ — € > 0, wherel is as in the statement of the theorem. There

exists akq such that,
]{30 + (1 — C) > 0, PO(Ak:O) > 0, Pl(Akg) > 0, PO(Bko) > 0, Pl(Bko) > 0,

and for allk > ky,

C
dF(k—1)F(k)<1———-.
and F(k = )F(k) <1-

C
_ < <1—
Fk—-1)<F(k)<1 )
Using these bounds fdr(k — 1), F(k) andF(k — 1)F(k) in (12), we have

o0

Z (k + 1)SkP1(Bk+1) < p1o Z (k + ].)SkP()(Ak)

k=ko k=ko
+pio Y (k+1)s"[1 - m]PO(Bk)
k=ko
+pu Y (k+1)s"[1 - m]Pl(Ak)
k=ko
+ P11 kzk;o(k? +1)s"[1 - m]Pl(Ak)

> C
+ k+1)s5[1 — ——Py(By).
pllkgk:o( +1)s"[ k:+1] 1(Bg)
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LetPsig, Psi}, @ and®] be the derivatives dfsiy, Psi;, o and®, with respect ta. Therefore,
the above inequality can be written as

P (5) — kos™ 1Py (By,) < prosPsig(s) + proPsio(s)
+ p10(sPh(s) + (1 — C)Po(s)) + pru(sPsiy(s) + (1 — C)Psiy(s))
+ p11(sPsi) () + (1 — C)Psiy(s)) + p11(s®(s) + (1 — O)P1(s)).

(13)
Using (9) we have,
kQSkO_l]P)o(Bk )
@/ — 0
0<8> (1 _ P003)2
N [po1 Y5y, (K + 1)s*P1(AR) F(k — 1) + po1 Yo pey, (k + 1)s"P1 (Bg) F(k — 1)] (1 — poos)
(1 — poos)?
L Poo (87 Po(Bry) + po1 Yo peg, s PL(AR)F (k= 1) 4+ po1 Yopey, 8" P1(BR) F(k — 1)]
(1 — poos)? '
(14)

SinceF(k — 1) < 1andF(k — 1) < 1, we obtain

[kos™ 1Py (Bg,) + po1Psi1(s) + po1sPsi) (s) + po1®1(s) + po1s®(s)](1 — poos)
(1 — poos)?

n Poo [SkO]P)o(BkO) +p01s]P’sz'1(s) —l—p01s<I>1(s)]

(1 — poos)? '

Pp(s) <

(15)

Substituting the upper bound df, (see the equation (10)) and the upper bound@gr(see
equation (15)) in (13), we get

P(s)®(s) < Q(s)®1(s) + R(s), (16)

where
~ po1p105>(1 = poos)

P(s):=1 (1= poos)?

— P11$,

Q(s) = po1p10s(1 — poos) . pooporpros® | (1 — C)poipios

(1 — poos)? (1 — poos)? (1 — poos) + (1= C)pn
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R(s) := kos™ 1Py (By,) + p1osPsif(s) + pioPsio(s)
1 — poos

P10kos*Po(By,) + prospoiPsii(s) + piopors®Psi) (s)

+
(1 — poos)?
105" Po( By, ) + p1opo1sPsii(s)
1 — poos

+(1-0)
17

P10P00s™ T Po (B, ) + po1p105*pooPsii (s)
+ 2p118Psi) () + 2p11(1 — C)Psiy (s).

Multiplying both sides of (16) by1 — pgos)?, we have that
P(s)®)(s) < Q(s)®1(s) + R(s)

P(s) = (1 = poos)(L = s)[1 = s(1 = po1 — p1o)],

where
Q(s) = (1 — poos)*(1 — C)p11 + (1 — C)propors(1 — poos)
+ p1ospo1 (1 — poos) + p1opoopo1 s,
(18)

t R, Q) 4 R(S) ds
P(s)

R, ~
tQ(%)ds/ eOP(r)
0

Dy(t) <eoPw

R(s) = (1 — poos)*R(s).
To solve the differential equation (17), we follow the method in [1]. For@nryt¢ < 1, we have

w

Observe that fos < 1,
Qls) U 14
P(s) 1—pps 1—s 1—s(1—por—pio)’

for some real numberg, V andWW and sinceppy < 1 and—1 < 1 — (pp1 + p1o) < 1, we get

1-pp1—-P10

id ln{(l —poot)%(l —t)fv(l —t(1 — po1 — p10))

Q(
P(s

[

S
S =

Now if we show thatP(s) > 0 and R(s) is bounded above by some constant, then by result in
[1], we haveforall < a < s <t < 1,
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®(t) < (constan)[(1 — t)_“//(l —o)’ %] . (19)

Since0 < pgp < land—1 < 1 — (po1 + p1o) < 1 whenever) < s < 1, both1 — pyy and
1 — s(1 — po1 — p1o) are bounded above bl and below by a strictly positive constant. Hence,

P(s) > 0. Fors < 1,

R(s) < h + m(Psig(s) + Psig(s) + Psii(s) + Psi|(s)),
whereh andm are positive constants. Howev@xig, Psi; and their derivatives are finite. From [1],
we have
P(s)Psiy(s) < Q(s)Psiy(s) +T(s),
where
T(S) = (1 — poos)Qkoskoflpl(AkO) + (li?o +1- C)plosko(l — pooS)PQ(AkO)

+ P05 T pooPo (A, ) -

Observe thaf’(s) is bounded above by some constank oo for s < 1. Therefore,

Y Q(S) . 131
Psiy(s) < %Pszl(s) + Bs)

Athreyaet al. [1], proved that fors < 1,Psi;(s) < Psii(1) < oo. Thus from above inequality,
we getPsi) (s) < oo since% andT are bounded from above. On the other hand, we have

sF0Po( Ay, ) + po1sPsii(s)
1 —poos

Psig(s) =

)

and

[kos™ 01 Po(Ag,) + po1Psi1(s) 4 po1sPsi(s)](1 — poos) + poo(s*°Po(Ag,) + po1sPsii(s))
(1 = poos)? '

Therefore bottPsi((s) andPsi(s) are finite (since they include finitesi; (s) andPsi(s)) and

Psig(s) =

hence we have thdt(s) is bounded above by some constant.

Note that®; (1) in (19) is finite whenevel” < 0. But,
Q(1)

(1 = poo)(po1 + p10)

~ (1= poo)(p1o+ (1 = C)po1)
(1 — poo) (po1 + p10)

~ pro+ (1 —C)por

B Do1 + P10 '

V=
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ThereforeV < 0 if and only if p1g + (1 — C)pp1 < 0. ThatisV < 0 if and only if

o1 1 1
_— > .
po1+pio C l—e¢

Sincee is arbitrary, we haveb;(1) < oo wheneverpofﬁlp10 > 1. It should be noted that the

condition cannot be relaxed because to stddywe need the full force of the condition. From the

Proof of Theorem 1.1(a) in [1] we hali; (1) < oowheneverpof’j)én10 > % Now from (10) we have

that®, (1) is also finite. Therefore the Borel-Cantelli lemma implies th@ 2O [¢, co) for somet >

— bo1
0) = 1 whenever. 20— > 1/1.

For the proof of second part of proposition, we use the result of Athe¢yal [1] that says
Wht—:‘neverpof’fp10 < % the single coverage &f does not happen and therefore double coverage also
will not happen, i.e.P(D D [t, o0) for some finitet) = 0.
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