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The Weinstein operator has several applications in pure and applied Mathematics especially in
Fluid Mechanics and satisfies some uncertainty principles similar to the Euclidean Fourier trans-
form. The aim of this paper is establish a generalization of uncertainty principles for Weinstein
transform inL?-norm. Firstly, we extend the Heisenberg-Pauli-Weyl uncertainty principle to
more general case. Then we establish three continuous uncertainty principles of concentration
type. The first and the second uncertainty principles/#yesersions and depend on the sets of
concentratiorf2 and:, and on the time functiory. However, the third uncertainty principle is
also L? version depends on the sets of concentration and he is independent on the band limited
functiony. TheseL? -Donoho-Stark-type inequalities generalize the results obtained in the case
p=q=2.
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1. INTRODUCTION

Uncertainty principles (UP) appear in harmonic analysis and signal theory in a varous different forms

involving not only the signap and its Fourier transfornf (), but fundamentally every representa-

tion of a signal in the time-frequency space. The (UP) are mathematical results that give limitations

on the simultaneous concentration of a signal and its Fourier transform and they have implications
in signal analysis and quantum physics. In qguantum physics they tell us that a particle’s speed and
position cannot both of them be measured with infinite precision. In signal analysis they tell us that
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if we observe a signal only for a finite period of time, we will lose information about the frequencies
the signal consists of. Timelimited functions and bandlimited functions are basic tools of signal and
image processing. Like, the simple form of the uncertainty principle tells us that a signal cannot be
simultaneously time and bandlimited. This leads to the inquiry of the set of almost time and almost
bandlimited functions, which has been initially by Landau, Pollak [8, 9] and then by Donoho, Stark

[3].

Motivated by the work of Laeng and Morpurgo [7, 12] and the work of Soltani and Ghazwani [15,
16], we propose an extension of the techniques and results of Ghobber [5, 6] to establish a variation
of the LP uncertainty principles for the Weinstein transform.

Many uncertainty principles have already been proved for the Weinstein trangfgrm [10,
11, 14]. The authors have established in [11] the Heisenberg-Pauli-Weyl inequality for the Weinstein
transform, by showing that, for evegyin Li(R‘fl)

2
Iellaz < 5o g Ilalellacl bl Fwa(e)las: (1.1)

Our first result will be the following variation of Heisenberg-Pauli-Weyl-type inequality.

TheoremA —Letl < p<2,g=p/(p—1),0 <s < (2a+d+2)/qandt > 0, then for all
p € LE(RT),

_S_
s+t

)
a,q

_t
1Fwa (@)l < E(s,t) [l*ellay [|lyl Fwa(e)

whereK (s, t) is a positive constant.

This theorem implies in particular that ¢f is highly localized in the neighbourhood of= 0,
thenFyy»(¢) cannot be concentrated in the neighbourhoog ef 0. In particular, forp = ¢ = 2,
we obtain the general case of Heisenberg-Pauli-Weyl-type inequality (1.1)

_s_
s+t

_t
1Fwa(@)llaz < K(s,t) [lzl*ell s [[lv] Fwale)| 2% -

The second and third results are two continuous-time uncertainty principles of concentration type
depend on the sets of concentratidrand, and on the time functiop.

TheoremB — Let(2, X be a measurable subsetsRf ™ andy € LL(RET™), 1 <p < 2. Ifpis
eq-concentrated t@2 in Lﬁ(Ri“)-norm andFw . (p) is ex-concentrated t& in Lg((Ri“)-norm,
q=p/(p—1), then we have

Q=

1
1 — &y ap

(1a (%))

|Fwal@)l,, <
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The statement of Theorem B depends on the time functiodowever although fop = ¢ = 2,
the continuous-time uncertainty principle becomes

1—cq — ex < a7 10 ()2

TheoremC — Let 2, ¥ be a measurable subsetsRf ™ andy € (L} N LE)(RETY), 1 <p < 2.
If  is eq-concentrated t@ in L5 (RT™)-norm andFyy () is ex-concentrated ta& in L (REH)-
norm,q = p/(p — 1), then we have

(1a ()1 (1a(9))7
17wy < ot oy 1l

As in Theorem B, the statement of the pervious Theorem depends on the time funeataihwe
have forp = ¢ = 2,

[SIE

1
(1 —ea)(I —ex) < pa(2)2pa(X)?.
The last result is a continuous-bandlimited uncertainty principle of concentration type depends

on the sets of concentratiéhand?:, but it is independent on the bandlimited function.

TheoremD — Let(2, X be a measurable subsets]R)ffrl and lety € LP(Ri) suchthatl <p <
2. Then ify is eg-concentrated t@§2 andey-bandlimited toX in L5 -norm, we have

(1a(2))7 .

S =

l1—cq—ex < (1+ex) (Ha(X))

The main body of the paper is organized as follows. In Section 2, we recall some harmonic
analysis results related to the Weinstein operator. In Section 3, we prove a variation of Heisenberg-
Pauli-Wey! uncertainty principle for the Weinstein operator. Finally in Section 4, we establish three
continuous uncertainty principles of concentration typd.frnorm. These estimations depend on
the sets of concentratian and 2, and on the band-limited functiop, only the last estimation is
independent op.

2. PRELIMINAIRES
The Weinstein operataky, , defined oriR{™" = R? x (0, 00), by

d+1
4 92 2a+1 0
W,a — 2

=1 (995] Td+1 a$d+1

=Ag+ Ly, a> —1/2,
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whereA is the Laplacian operator for th&first variables and.,, is the Bessel operator for the last

variable defined o0, co) by

B d%u 20+1 Ou
O3, Tay1 Orapr

Lou

The Weinstein operatcﬂs%‘,@ has several applications in pure and applied mathematics, especially

in fluid mechanics [1, 18].

Forallh = (\1,..., \gr1) € CTH1, the system

0%u 9 : .
asz (z) Au(z), f1<j<d
Lou(r) = —A3 u(z), (2.1)
w0 =1, 2 y=0, 20 =—ir, if1<j<d
0% g1 0

has a unique solution denoted h§{(}, .), and given by
Ag()‘vm) = 6_i<r/’>\/>ja(xd+1)\d+1) (2.2)

wherex = (2/,2411), A = (XN, Ag41) andj, is is the normalized Bessel function of indexefined

by

. 0o (—1>k$2k
Ja(r) =T(a+1) k;o W (a+k+1)

The function(\, z) — A% (), z) is called the Weinstein kernel and has a unique extensi@{ 6 x
C%*+1, and satisfied the following properties.

(i) Forall(\,z) € C! x C¥*! we have

AN, ) = Ad(z, \).
(i) Forall(\, z) € CH x C¥! we have
AL\, —2) = Ad(=\, z).
(iiiy Forall(\,z) € CH! x CH! we get

AL(X,0) = 1.
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(iv) Forally € Nt 2 € R¥*!and) € C! we have

‘DKAZ()\’:E)‘ < HxH'"‘ ellZlISAll

whereDY = 9" /(OAT'...0N 1)) and|v| = v1+...4+v441. In particular, for all(\, ) € R xR,
we have
‘AZ(A,:,;)‘ <1. (2.3)

In the following we denote by

(i) C.(R¥1), the space of continuous functionsBA*™!, even with respect to the last variable.

(i) S.(R4*1), the space of th€> functions, even with respect to the last variable, and rapidly
decreasing together with their derivatives.

(i) LE(RE™M), 1 <p < oo, the space of measurable functighen R4+ such that

1/p
1 flla,p = (/Rd+1 |f(x)P dMa(SC)) < o0, p€[l,0),

+

[flla00 = €SS sup [f(z)] < oo,
xeR‘frl
wheredpu, () is the measure o]iﬁffrl =R? x (0, 00) given by

2a+1

X
dpg () = d+l dz.
Hal®) = Goyizar2(q 3 1)

For a radial functiorp € L} (R%™) the functiong defined onR . such thatp(z) = @(|z|), for
all z € R4, is integrable with respect to the meastitet ! dr, and we have

/ o(z)dpa(r) = aq /OO @(T)r2a+d+1dr, (2.4)
RYH 0

where
1

2 HT(at+ 1)

(0%¢%

The Weinstein transform generalizing the usual Fourier transform, is givep torLa(R‘fl) and
A € R by
Firal@)N) = [ pl@)dw Adpalo)
R

We list some known basic properties of the Weinstein transform are as follows. For the proofs,
we refer [1, 13].
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(i) Forallp € L} (RT™), the functionFy,(p) is continuous o4 and we have
[Fw,all g 00 < el - (2.5)

(i) The Weinstein transform is a topological isomorphism frﬁmRi“) onto itself. The inverse
transform is given by

Fiao(N) = Fwap(=)), forall X € RT. (2.6)
(i) Parseval formula: For afh, ¢ € S, (R%), we have

Lo, #l0)3@na(a) = [ | Fcali) @) Pl )@ o)

RYM
(v) Plancherel formula: For ajp € L2 (R%™), we have
[Fw,abllyo = llella,z- (2.7)

(vi) Plancherel Theorem: The Weinstein transfaFix , extends uniquely to an isometric isomor-
phism onL2 (R%H).

(vii) Inversion formula: Letp € LL(R%H) such thatFiyap € LL(RE™), then we have

o) = fmago(x)Ai(—)\,x)dua(x), a.e\e Rf‘l. (2.8)

d+1
R+

Using relations (2.5) and (2.7) with Marcinkiewicz's interpolation theorem [17] we deduce that
for everyp € LA (R for all 1 < p < 2, the functionFiy () € L&(RE), ¢ = p/(p — 1), and

1Fwatllgg < lllay - (2.9)

3. LP-HEISENBERGPAULI-WEYL INEQUALITY

In this section, we extend the Heisenberg-Pauli-Weyl uncertainty principle (1.1) to more general case
for the Weinstein operator. We need to use the method of @iadli [3], which is the counterpart in
the Euclidean case. In the following we need this lemma.

Lemma3.1 — Letl < p < 2,q = p/(p—1)and0 < s < (2a+ d + 2)/q. Then for all
¢ € LA(RT) andz > 0,

—z\y|2f H Kq —5/2 s
e walp)| < |1+ 2 12l g » (3.1)
H a,q (2q)(a+%+1) P
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where

d d ~/a
K, = ((204 +d+2—qs)2° 20 (a + 3 + 1))

PROOF: Letp € LZ(Rfl). The inequality (3.1) holds if|z|*¢||,, , = co. Let us now assume
that|||z|*¢||,, < oc. Forp > 0, we putB, = {z € R{"" : |z| < p} andBS = R\ B,. Denote
by x5, andXB,g the characteristic functions. Lete Lﬁ(Ri“), l<p<2andg=p/(p—1). Like
that

lox g ()] < p~°lal®|o(),

then, by inequality (2.9), we get

< He—z\yP
a

He’z'y‘wa,a(cprg) wa,a(wxfe;)

« ,00 a,q

< He—z\yP

H‘PXB;

«,00 a,p

_ 2 _
<[] o kel

On the other hand, according to (2.5) anddttier’s inequality, we obtain

—olul2 2
He zlyl Fwalexs,) SHB 2yl
7q

I A COR] M

«

S\F’”yPquHWXBmHaJ

<[l Mzl Xm0 el ey

According to integral relationship (2.4), we have the following identity

1 (ot d _ _
= 7 (a+2+1) and H|$| SXBpHaq:Kap S+(20¢+d+2)/q

He—zly\2
g (2q)(a+g+1)

Hence, we get

Ca 5 (a+g+1)

< T —s+(2a+d+2)/q ||
aq (Qq)(a+§+1)

. 2
He W Py aloxs,) P 1Z[*@llap -

and

He_zly|27:w,a ()

_ 2
< | Fivatoxn,

2
+ He W Fwaloxns)
a,q a,q

a7q
<o (14— ke DG ) ey
) 20) 5]

By choosingp = 21/2 we get the resullt.
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Theorem3.2—Letl <p<2,g=p/(p—1),0 < s < (2a+ d+ 2)/qandt > 0, then for all
p € LL(RT),
e (3.2)

a?q

_t
1Fwa(@)lla, < E(s,t) [l*ellay [|lyl Fwal(e)

whereK (s, t) is a positive constant.

PROOF: Letp € LA (R%M) and1 < p < 2, such that

lz* @l + U Fwale)], , < oo

a7q

Suppose thal < s < (2a+ d + 2)/q andt < 2. Then, by Lemma 3.1 we have, for alt> 0,

2y
1Fwa(@) oy <[l Fale)

=) At
a7q

o,q

— _ 2
T el el + || (L = ) Fwale)

a?q

on the other hand, we have

|@ =) Fvate)

= 22| (alyP) 21 = eyl Fiva )|

a?q a7q

Take into accourft — e—“)u—s/2 is bounded for alt, > 0, if ¢ < 2. Consequently,
1Fwa(@)lag < K (22 M@l + 272 I Fiva(@lly,, ) - (33)

By taking

_2
o sllalel,, )\
My Fwalo)ln, )

It remains to show the result for> 2. Since, we have for af > 0, |y| < e + £ 7t|y|?, then it

we get the result for all < 2.

follows that
Y1 Fwa(@)lly < £ 1Fwa(@ll, + " 19 Fwal@)],, - (3.4)
By choosing,
1
Y Fwa(p) ‘
E:<t—1)% H Hoe,q 7
[Fwa@ll.,
we get
t 1 t=1 1
llFwa(@ll, < 7=t = D [ Fwal@)lofy (18" FwalllE, (3.5)
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Combining the inequalities (3.3) and (3.4), we obtain

1

1Fwa(@)ll,, < K lal®ellay 1yl Fwalo)llag

s(t—1)

< K |Fwa(@)llag™ lllzl el

1 s
1+s t(s+1)
a,p °

a?q

" Fw,a (o)

which implies
s+t

1
1Fwa@llag™ < K llzle)llay 1y1°Fwalo)l

which gives the rsult fot > 0.

s
tG+1)
a,q :

Remark3.3 : Letqg = 2. According to Placherel formula (2.7), we get

.
s+t
a2

t
1Fwa(@)llgo < K(s,t) llzlellals [1vI*Fwale)

which is the general case of the Heisenberg-Pauli-Weyl inequality (1.1) proved by Mejjaoli [11].
4. [P-DONOHO-STRAK UNCERTAINTY PRINCIPLES

Definition4.1 — Let{2 andX be a measurable subsethﬁfl. We define the timelimiting operator
Pq by Py = ¢xq and define the Weinstein integral operatbs by Fiy.o (Qx¢) = Fw.a(@)xs-

Proposition4.2 — Lety € L’;(R‘fl), 1 <p<2.1If uo(X) < oo, then we have

Qupl) = /2 AL (2, 2) Fira () V)t (N).

PROOF: Letp € Lﬁ(]R{i“), 1 <p<2andputg =p/(p—1). According to inequalities (2.3)
and (2.9) we obtain

Fal sl = [ 1Fwa(o)@)ldua(a)
< (12N | Fwa(@)llay,

< (Ma(z))l/p 1Pl ag -

In the same way, we get

Aol = ([ 1Al it )

< (ua(z))% ”FW,&(QO)HQ,(]

q=2
< (1a(2)) 2 [[#llag -
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Hence, Fiv.o(p)xs € L N L2(R%T) and by the definition of the Weinstein integral operator
Qs we obtain

Qs = Fiyl'o(Fwalp)xs)-

Finally, the inversion formula (2.8) gives the result. O

It is easy to see the following result by inequality (2.9).
Lemmad.3 — Letp € LA(RE™), 1 < p < 2and letg = p/(p — 1). Then we have

1Fwa( @)y < €]y -

Theorem4.4— Let() and X be a measurable subsets®f. Lety € LE(RTM), 1 < p <2
andg = p/(p — 1). Then we have

|Fia(@sPagl,, < (Ha(D)7 (1a(@)7 [¢lla, -

PROOF : Assume thaf,(X) < oo and () < co. Lety € Lﬁ(]R{i“), 1 <p<2and
q = p/(p —1). From the definition of the Weinstein integral operaibt, we get

Fw,a(Q@sPav) = Fw,a(Pay)xs

Therefore

1

IFa(@sPa o, = ( [ 1FnalPae) 1 ) ) (4.1)

Since
Fiva(Pap)(A) = /Q (@) A% (2, Ndpia (2),

then according to Holder’s inequality and (2.3), we obtain

Fva(Poe)| < ( [ 80| diol ) ([ 1o@P duate )

< (1a(0)7 @l g -

Hence, by (4.1), we get

1Fw (@) g < (1a(£)7 (1a(2)7 @], -0
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4.1 Concentration uncertainty principle

In this section we present two continuous-time uncertainty principles of concentration type and we
show there are depend on the sets of concentr&tiandy:, and on the time functiot.

Definition4.5 — Let(, & be a measurable subsetsksf™! andy € L5 (RT™), 1 < p < 2.

(i) We say thatp is eq-concentrated té! in LZ(Ri“)-norm, if
le = Paglla, < €allellqy- (4.2)
(i) Fw.a(p) isex-concentrated t& in Lg(Ri“)—norm,q =p/(p—1),if

[Fwa(e) = Fwa(@Qeo)ll, , < e I Fwalo)l,, - (4.3)

The following theorem, states the first continuous-time uncertainty principle of concentration type
for the L%, -theory.

Theorem4.6— Let(), ¥ be a measurable subsetsiff* andy € LA (RT), 1 < p < 2. If pis
eq-concentrated t&2 in L5 (RT™)-norm andFiy.(¢) is ex-concentrated ta& in L& (RE™)-norm,
q=p/(p—1), then we have

1
(1a()5 + 20
T [l

Q=

| Fwalo)l,, < Le)

PROOF: Letp € Lﬁ(Rﬁifl), 1 < p < 2. According to (4.2), (4.3) and Theorem 4.4 it follows
that

1Fw.ale) = Fw.a(QuPop)ll o <[[Fwalp) = Fwa(@sp)llq
+ 1Fwa(@s¢) = Fw.a(@sPorp)ll,
<es [Fwa(@)llyq + v = Poglla,
(

<ex H]:Wa So)Haq +ea ||90Hap

Applying the triangle inequality and think to Theorem 4.4, we show that

1Fwa(@)lay < 1Fwa(@sPag)ly, + 1Fwal@) — Fwa(@sPop)l,,
1 1
< ((#a(2)7 (1a(D)1 +20) [€]lap + &5 1 Fwal@)la, -

which gives the desired result.
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The following result gives the second continuous-time uncertainty principle of concentration type
forthe L., N L% theory.

Theorem4.7 —Let(, 3 be a measurable subsetsRf™ andy € (LLNLE)(RE), 1 < p < 2.
If ¢ is eq-concentrated t@2 in Lﬁ(Ri“)-norm andFyw . () is ex-concentrated t& in Lg(Ri“)-
norm,q = p/(p — 1), then we have

Q|
Q|

llo

|Fwa(@)l,, <

a?p :

(Ha(%)) 7 (1a($2))
(1-ea)(1—ex)

PROOF: Let ), ¥ be a measurable subsetsRﬁ+1 such thatu, () < co and . (X) < oc.
Assume thatp € (L}, N LE)(RT™), 1 < p < 2. Like that Fiy, () is ex-concentrated t& in
LL(RE)-norm,q = p/(p — 1),then we get

1Fwa(@lo, < ez 1Fwa@ll,, + 1Fwa@co)l.,
1
< ex [ Fwa(@)ll oy + (1a(D)7 | Fival@ll, . -

According to inequality (2.5), it follows

- (Ha(®))

17w (@)l < 5222 10l (4.4)
On the other hand, singeis ep-concentrated t6 in LZ(Ri*l)—norm, then
[ella1 < callellar + 1Peellaq
1
<eallellag + (Ba(@)? ol -
Hence
1
(1a(S2))?
[ollan < 71‘“ el g - (4.5)

e
Combining (4.4) and (4.5) we obtain the result of this theorem.

Remark4.8 : We observe at first that the statement of Theorem 4.6 depends on the time function
. However although fop = ¢ = 2, the continuous-time uncertainty principle becomes

N

1—cq—ex < pa(R)21a(2)7,
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and is independent on the time functign Likewise we observe that the statement of Theorem 4.7
depends on the time functian Like the first continuous-time uncertainty principle the statement of
Theorem 4.7 is independent on the time functiofor p = ¢ = 2, and we have

(1-ea)(1 - ex) < pa()2pa(2)2.

4.2 Continuous-bandlimited uncertainty principle

In this section, we establish continuous-bandlimited uncertainty principle of concentration. This
principle depends on the sets of concentrafiband X, but he is independent on the bandlimited
function .

Definition4.9 — Letl < p < 2 andy € LP(R%).

(i) We say that) is bandlimited toX if Qv = 1 and denote by3, () the set of functions
¥ € LP(R%) that are bandlimited t&.

(i) We say thatp is ex-bandlimited toX in L% -norm if there existg) € B5(X) such that

1o = Pllap <ellllay-

The space of bandlimited functiod#, () satisfies the following property.

Proposition4.10 — Let(2, > be a measurable subsetsIR)fl. Forally € BL(X),1 <p <2,
we have

1Pat oy < (1a(D)7 (1a(@)7 9], -

PROOF: The estimation is trivial if the measure @for X is infinite. Suppose that,(X) < oo
and,(Q) < oo. Lety € BL(X) such thatl < p < 2, then from Propostion 4.2, we have

(z) = /E A% (2, N) Fra () (Vi (N).

From the property (2.3) anddfder’s inequality, we obtain for atf = p/(p — 1)

¥(@) < (a(D)7 [Fwal)l,,
< (1a(D))7 (0]

a’p :
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Applying now the time-limiting operatoP, to the bandlimited function) and observing the
L2 -norm, we obtain

1Pl = ( [, \wm)pdua(x))’l’

< (12 ()7 (1a(2)7 6], -

RS

which yields the desired result.

Theorem4.11— Let 2, ¥ be a measurable subsets Bf™! and lety € LP(R%) such that
1 < p < 2. Thenify is ex-bandlimited to® in L5 -norm, we have

1Pty < (14 €5) (1a(E)P (1a(2)P +25) [W]la,,-

PROOF: Lety € LP(R‘i) such thatl < p < 2. Like thaty is ex-bandlimited toX in Lf,-norm,
then there existg € B4 (2) such that

o = Pllap < ellella,
and we have

1Pa@llap < 1Patlly, + [1Pale =)o, < 1Padlla, +esll@lla, - (4.6)

Observe now the result of Proposition 4.10 and the fact that

[Pllap < (T +ex) el

we obtain the desired result. O

Theorem4.12— Let 2, ¥ be a measurable subsets Bf™! and lety € LP(R%) such that
1 < p < 2. Thenify is eg-concentrated t62 andex-bandlimited toX in L%-norm, we have

(1a(2))7 .

B =

l—eq—ex < (1+ex) (1a(X))

PROOF: Letp € Lp(Ri) such thatl < p < 2. Like thatyp is e-concentrated t€) in Lf,-norm,
then by estimation (4.2) we obtain

1Pllap < e llella, + 1Poplla, -
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Therefore

||PQ(10||oc,p'

el <

1—eq
Finally, we deduce the desired estimation by inequality (4.5) and Theorem 4.11. O

Remarkd.13 : The continuous bandlimited uncertainty principle of concentration type fdrithe
norm given by pervious Corollary is independent on the bandlimited fungtimm everyl < p < 2.
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