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1. INTRODUCTION

1.1 Factorial functions and Operators

Factorial functions are of basic importance in combinatorics and many other fields of mathematics.

There are two kinds of factorials which are usually used, firstly we have, for a nonnegative integern

and any realx, the falling factorials denotedxn given by,

xn = x(x− 1)(x− 2) · · · (x− n + 1), (1)

the second kind are the rising factorials denotedxn given by,

xn = x(x + 1)(x + 2) · · · (x + n− 1). (2)
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There is also a third version introduced by Steffensen (see [23]), under the name ofcentral facto-

rials, denotedx[n], where,

x[n] = x(x + n/2− 1)(x + n/2− 2) · · · (x− n/2 + 1), (3)

we note that,x0 = x0 = x[0] = 1.

These functions are highly connected to the following operators,

shift operatorE(a),

E(a)f(x) = f(x + a),

difference operator∆,

∆f(x) = f(x + 1)− f(x),

central difference operatorδ,

δf(x) = f(x + 1/2)− f(x− 1/2).

Let us considerPn(x) a polynomial of degreen. Usingfactorial functions(xn, xn andx[n]) and

operators(E(a), ∆ andδ), the following expansions holds true [23],

Pn(x) =
n∑

k=0

xk

k!
∆kPn(0), (4)

Pn(x) =
n∑

k=0

xk

k!

(
E(−1)∆

)k
Pn(0), (5)

Pn(x) =
n∑

k=0

x[k]

k!
δkPn(0). (6)

These results correspond to Newton’s formula.

1.2 Geoemtric numbers and polynomials

Stirling numbers of the second kind, denotedS(n, k), are a main focus of research in enumerative

combinatorics, they count the number of different ways to partition a set ofn elements intok non-

empty subsets.

Algebraically, Stirling numbers of the second kind are the coefficients that connectxn by falling

factorials as,

xn =
n∑

k=0

S(n, k)xk. (7)
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Let us consider the linear transformationL that transformsxn into n!xn,

L(xn) = n!xn. (8)

By applying the transformationL on Relation (1.7), Tanny [24] introduced the geometric polyno-

mials (or Fubini polynomials or ordered Bell polynomials), denotedFn(x), as follows,

Fn(x) := L(xn) = L
(

n∑

k=0

S(n, k)xk

)
=

n∑

k=0

k!S(n, k)xk. (9)

Settingx = 1 in (1.9) leads to thenth geometric number (or ordered Bell number)Fn which

counts the number of preferential arrangements [11, 27] ofn-objects.

Recently, several authors have studied the geometric numbers and polynomials. In [2], Boy-

adzhiev obtains a transformation formula involvingFn(x). Dil and Kurt in [9] used the Euler-Seidel

matrix to obtain some recurrences and relations with derivatives. They also introduced in [10] a new

class of geometric numbers and polynomials calledharmonic-geometric polynomials. Mező in [18]

studies the periodicity ofFn and gives some congruences properties. In [3] Boyadzhiev and Dil

studied various properties of as those linked to Riemann zeta function.

An interesting generalization of Stiling numbers is that of Hsu and Shiue [12], authors defined

the generalized Stiling numbers pair of three parameters using two linear transformations between

generalized factorials, especially the Stirling numbers of the second kind are given as,

S(n, k;α, β, r) =
1

k!βk

k∑

j=0

(
k

j

)
(−1)k−j(βj + r|α)n, (10)

where(x|α)n = x(x− α) · · · (x− nα + α).

Using this generalization, Kargın and Corcino [16] gave a new generalization of geometric poly-

nomials by applying the generalized Mellin’s derivative and they obtained their basic properties. The

same author Kargın with Çekim [15], based on the previous work and using ther-Whitney numbers

of the second kind [5, 17], defined by,

Wβ,r(n, k) = S(n, k; 0, β, r) =
1

k!βk

k∑

j=0

(
k

j

)
(−1)k−j(βj + r)n, (11)

they evaluated some close formulas and investigated the relationship between the generalized

geometric polynomials of higher orders and some classical classes of polynomials (Bernoulli,

Euler, ...).
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In a recent work, Corcinoet al. [7], studied two new families of geometric polynomials called

r-Whitney-Fubinipolynomials and ther-Eulerian-Fubinipolynomials.

For more details we refer the reader to [2, 3, 7-11, 14-16, 18, 24, 27] and papers cited therein.

In the next sections we deal with a new generalized geometric polynomials which are closely

related to Hsu and Shiue generalized Stirling pairs of three parameters.

1.3 The generalized geometric polynomials

An interesting generalization of factorial functions was proposed by Steffensen [23]; for any realα

andβ, let

x{α,β}
n := x(x− αn− β)(x− αn− 2β) · · · (x− αn− (n− 1)β). (12)

Similarly to (4), (5) and (6), Steffensen obtained the following expansion

Theorem1.1— [Steffensen, 1936]. Letf a function onx, for all real x we have,

f(x) =
n∑

k=0

x
{α,β}
k

k!
Θkf(x)|x=0, (13)

whereΘ =
1
β

(
E(α+β) −E(α)

)
andβ 6= 0.

From (13) and (12) it’s clear that we can obtainxn, xn andx[n] and their expansion formulas by

settingx
{0,1}
n , x

{0,−1}
n andx

{−1/2,1}
n respectively.

Now we define the generalized geometric polynomials as follows

Definition1.2 — LetZ be a linear transformation defined by,

Z(x{α,β}
n ) = βnn!xn. (14)

By settingf(x) = xn on Theorem 1.1 and applying the transformationZ, the generalized geo-

metric polynomialsF (α,β)
n (x) is given by the following explicit formula.

Theorem1.3— The generalized Fubini polynomials satisfy,

F (α,β)
n (x) =

n∑

k=0

xk
k∑

j=0

(−1)j

(
k

j

)
(αk + β(k − j))n . (15)
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PROOF : Let us consider, for a given,f(x) = xn, Formula (13) will be,

xn =
n∑

k=0

x
{α,β}
k

k!
Θkxn|x=0

=
n∑

k=0

x
{α,β}
k

βkk!

(
Eα+β −Eα

)k
xn|x=0

=
n∑

k=0

x
{α,β}
k

βkk!

k∑

j=0

(−1)j

(
k

j

)
E(α+β)(k−j)Eαjxn|x=0

=
n∑

k=0

x
{α,β}
k

βkk!

k∑

j=0

(−1)j

(
k

j

)
(x + (α + β)(k − j) + αj)n |x=0

=
n∑

k=0

x
{α,β}
k

βkk!

k∑

j=0

(−1)j

(
k

j

)
((α + β)(k − j) + αj)n .

Furthermore by applying the operatorZ on the two sides of the equality, we get,

F (α,β)
n (x) = Z(xn) =

n∑

k=0

xk
k∑

j=0

(−1)j

(
k

j

)
(αk + β(k − j))n .2

Remark1.4 :

• We can rewrite the generalized geometric polynomials as

F (α,β)
n (x) =

∑

k

k!Sα,β(n, k)xk,

where,

Sα,β(n, k) =
1

k!βk

k∑

j=0

(−1)j

(
k

j

)
(αk + β(k − j))n ,

which can be considered as a generalization of Stirling numbers of the second kind.

• Settingα = 0, β = 1 we get the geometric polynomials (9).

• Settingx = 1 we can define the generalized geometric polynomialsF
(α,β)
n .

2. PROPERTIES

We begin by establishing the exponential generating function of the generalized geometric polynomi-

als.



1718 HACÈNE BELBACHIR AND YAHIA DJEMMADA

2.1 Exponential generating function

Theorem2.1— F
(α,β)
n (x) have the following exponential generating function,

∞∑

n=0

F (α,β)
n (x)

tn

n!
=

1
1− xeαt (eβt − 1)

. (16)

PROOF : Using Formula (15), we have

∞∑

n=0

F (α,β)
n (x)

tn

n!
=

∞∑

n=0

n∑

k=0

xk
k∑

j=0

(−1)j

(
k

j

)
(αj + (α + β)(k − j))n tn

n!

=
n∑

k=0

xk
k∑

j=0

(−1)j

(
k

j

)
e(α+β)(k−j)teαjt

=
n∑

k=0

xk
(
e(α+β)t − eαt

)k

=
1

1− xeαt (eβt − 1)
.2

2.2 Derivatives of higher order and recurrences

For all (α, β) ∈ R with β 6= 0, let Gα,β(x, t) be the exponential generating function ofF
(α,β)
n (x),

then we have

Proposition2.2 — For all integerr, therth derivative ofGα,β(x, t) with respect tox, satisfy

dr

drx
Gα,β(x, t) =

r!
xr

Gα,β(x, t)
(
Gα,β(x, t)− 1

)r
. (17)

PROOF : We use induction onr, denoteGα,β(x, t) := G(x, t). Forr = 1 we have,

d
dx

G(x, t) =
eαt

(
eβt − 1

)

(1− xeαt (eβt − 1))2
, (18)

and

G(x, t)
x

(G(x, t)− 1) =
eαt

(
eβt − 1

)

(1− xeαt (eβt − 1))2
. (19)

From (18) and (19) the proposition is true forr = 1.

Assume that Proposition 2.2 holds for a fixedr, i.e.,

dr

drx
G(x, t) =

r!
xr

G(x, t) (G(x, t)− 1)r ,
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then, forr + 1,

dr+1

dr+1x
G(x, t) =

d
dx

(
dr

drx
G(x, t)

)

=
d
dx

(
r!
xr

G(x, t) (G(x, t)− 1)r

)

=
−rr!

xr + 1
G(x, t)(G(x, t)− 1)r +

r!
xr

(G(x, t)− 1)r d
dx

G(x, t)

+
rr!
xr

G(x, t)(G(x, t)− 1)r−1 d
dx

G(x, t),

but
d
dx

G(x, t) =
G(x, t)

x
(G(x, t)− 1), so

dr+1

dr+1x
G(x, t) =

−rr!
xr+1

G(x, t)(G(x, t)− 1)r +
r!

xr+1
(G(x, t)− 1)r+1

+
rr!

xr+1
G2(x, t)(G(x, t)− 1)r

=
r!

xr+1
G(x, t)(G(x, t)− 1)r [−r + (G(x, t)− 1) + rG(x, t)]

=
(r + 1)!
xr+1

G(x, t) (G(x, t)− 1)r+1 .2

Using Proposition 2.2 we can establish the multinomial convolution below:

Theorem2.2— Therth derivative ofFα,β
n (x) is given by,

dr

drx
Fα,β

n (x) =
r!
xr

r∑

k=0

(
r

k

)
(−1)r−k

×
∑

j1+···+jk+1=n

(
n

j1, . . . , jk+1

)
Fα,β

j1
(x) · · ·Fα,β

jk+1
(x).

(20)

PROOF : Applying Cauchy product on the right hand side of Proposition 2.2 and identifying the

coefficients oftn/n! we get the result. 2

Corollaary2.3 — The first derivative ofFα,β
n (x) satisfy the binomial convolution bellow,

x
d
dx

Fα,β
n (x) =

n−1∑

k=0

(
n

k

)
Fα,β

k (x)Fα,β
n−k(x) (21)

PROOF : It holds by settingr = 1 in Theorem 2.2. 2

Let Dn be thenth derivative with respect tot, i.e.,Dn =
dn

dtn
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Proposition2.4 —Fα,β
n (x) satisfy,

Fα,β
n (x) =

∞∑

k=0

Dn
(
xeαt

(
eβt − 1

))k
∣∣∣∣∣
t=0

. (22)

PROOF : We have

∞∑

k=0

Dn
(
xeαt

(
eβt − 1

))k
∣∣∣∣∣
t=0

=
∞∑

k=0

xkDneαkt
k∑

j=0

(−1)j

(
k

j

)
e(k−j)βt

∣∣∣∣∣∣
t=0

=
∞∑

k=0

xk
k∑

j=0

(−1)j

(
k

j

)
Dne(αk+β(k−j))t

∣∣∣∣∣∣
t=0

=
∞∑

k=0

xk
k∑

j=0

(−1)j

(
k

j

)
(αk + β(k − j))n

= Fα,β
n (x).2

Lemma2.5 — Letpn(x) be a polynomial of degreen,

Z(pn(x)) = βxZ(Θpn(x)) (23)

PROOF : It suffices to prove the result forx{α,β}
n and it holds for all polynomialspn(x),

Z(x{α,β}
n ) = n!(β)n = nβ(n− 1)!(βx)n−1 = βxZ

(
nx

{α,β}
n−1

)
,

and from [23] we havenx
{α,β}
n−1 = Θx

{α,β}
n , which gives the lemma. 2

Theorem2.6— For any nonnegative integern ≥ 1 and real variablex, we have

Fα,β
n (x) = x

n−1∑

k=0

(
n

k

)
Fα,β

k (x)Θ
(
xn−k

)
|x=0, (24)

whereΘ(xn) =
1
β

((x + α + β)n − (x + α)n) .
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PROOF : We have,

Fα,β
n (x) = Z(xn) = βxZ(Θxn) = xZ ((x + α + β)n − (x + α)n)

= xZ



n−1∑

j=0

(
n

j

)
(x + α)jβn−j




= xZ



n−1∑

j=0

(
n

j

)
βn−j

j∑

k=0

(
j

k

)
αj−kxk




= x

n−1∑

k=0

(
n

k

)
Fα,β

k (x)
n−1∑

j=k

(
n− k

j − k

)
βn−jαj−k

= x

n−1∑

k=0

(
n

k

)
Fα,β

k (x)
(
(α + β)n−k − (α)n−k

)

= x
n−1∑

k=0

(
n

k

)
Fα,β

k (x)Θ
(
xn−k

)
|x=0.2

Remark2.7 : We obtain the binomial convolution given by Tanny [24] for the classical geometric

polynomials by setting(α, β) = (0, 1).

3. UMBRAL FORMULA

In the following result we use the umbral notationFα,β
n (x) ≡ Fn

x,α,β, the corollary bellow holds true,

Corollary 3.1 — Letn be a nonnegative integer, for any real variablex, we have

Fn
x,α,β = (Fx,α,β + α + β)n − (Fx,α,β + α)n + δn,0, (25)

whereδn,0 is the Kronecker delta.

PROOF: From Theorem 2.6 and using the umbral notationFα,β
n (x) ≡ Fn

x,α,β, a simple calculation

gives the umbral representation result. 2

Remark3.2 : We can use this representation to get the exponential generating function easily.

3.1 Dobiński formula

To calculate thenth geometric polynomials there exists several formulas, one of them is Dobiński-

like formula, in the following Theorem we give the generalized Dobiński-like formula forFα,β
n (x).

Theorem3.3— For all nonnegative integern and for allx ∈ R− {−1}, we have

Fα,β
n (x) =

1
1 + x

∑

k≥0

(
x

1 + x

)k k∑

j=0

(
k

j

) j∑

i=0

(−1)j−i

(
j

i

)
(αj + βi)n , (26)
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or, equivalently, from Remark 1.4,

Fα,β
n (x) =

1
1 + x

∑

k≥0

(
x

1 + x

)k k∑

j=0

j!βj

(
k

j

)
Sα,β(n, j). (27)

PROOF : We have,

1
1− xeαt(eβt − 1)

=
1

(1 + x)(1− x
1+x (eαt(eβt − 1) + 1))

=
1

1 + x

∑

k≥0

(
x

1 + x

)k (
eαt(eβt − 1) + 1

)k

=
1

1 + x

∑

k≥0

(
x

1 + x

)k k∑

j=0

(
k

j

)
eαjt(eβt − 1)j

=
1

1 + x

∑

k≥0

(
x

1 + x

)k k∑

j=0

(
k

j

) j∑

i=0

(−1)j−i

(
j

i

)
e(αj+βi)t,

by comparing the coefficients oftn/n! in both sides we get the result. 2

Corollary 3.4 — Forα = 0, for all β, we have

F 0,β
n (x) =

1
1 + x

∑

k≥0

(
x

1 + x

)k

(βk)n . (28)

By settingβ = 1 andx = 1, we get the well known Dobiński formula for the classical geometric

numbers (see [11]),

Fn =
∑

k≥0

kn

2k+1
.

3.2 Parity

A functionf(x) is said to be even iff(x) = f(−x) and it’s said to be odd iff(x) = −f(−x),

Theorem3.5— For any integern and realx, if β = −2α, then

Fα,β
n (x) = (−1)nFα,β

n (−x), (29)

i.e.,

Fα,β
n (x) is odd if and only ifn is odd.
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PROOF : Let us considerh(t) = eαt(eβt − 1), it is easy to verify thath(t) is odd if and only if

β = −2α, hence we can write,

1
1− xeαt(eβt − 1)

=
1

1 + xe−αt(e−βt − 1)
,

the comparison oftn/n! coefficients gives the results. 2

4. L INK WITH OTHER NUMBERS AND POLYNOMIALS

In this section we establish some links with other classes of numbers and polynomials as applications

of the exponential generating function.

4.1 Ther-Whitney numbers of the second kind

Thenth r-Whitney number of the second kindWm,r(n, k) was introduced by Mez̋o [17], as

∑

n≥0

Wm,r(n, k)
tn

n!
=

ert

k!

(
emt − 1

m

)k

. (30)

Using the previous generating function, we have,

Theorem4.1— For any integern and any real variablex the following identity holds true,

Fα,β
n (x) =

∑

k≥0

k!(βx)k
n∑

j=0

(
n

j

)
(α(k − 1))n−jWβ,α(j, k). (31)

PROOF : Using the exponential generating ofFα,β
n (x) we get,

1
1− xeαt (eβt − 1)

=
∑

k≥0

(x)keαkt
(
eβt − 1

)k

=
∑

k≥0

k!(βx)keα(k−1)t e
αt

k!

(
eβt − 1

β

)k

=
∑

k≥0

k!(βx)keα(k−1)t e
αt

k!

(
eβt − 1

β

)k

=
∑

k≥0

k!(βx)k
∑

n≥0

(α(k − 1))n tn

n!

∑

n≥0

Wβ,α(n, k)
tn

n!

=
∑

n≥0

∑

k≥0

k!(βx)k
n∑

j=0

(
n

j

)
(α(k − 1))n−jWβ,α(j, k)

tn

n!
.

by comparing the coefficients oftn/n! in both sides, the result holds true. 2
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Remark4.2 : • For (α, β) = (0, 1) we get the definition of the classical Fubini polynomials.

• Forα = 1 we get the link with translated Whitney numbers defined by Belbachir and Bousbaa

in [1].

4.2 Apostol-Euler polynomials of higher order

One of the analogues of the classical Euler polynomials are Apostol-Euler polynomialsEn(x, λ)

which is given by,
∑

n≥0

En(x, λ)
tn

n!
=

(
2

1 + λet

)
ext, (|t + log λ| < π). (32)

In a recent work, Luo and Srivastava [22], introduce the Apostol-Euler polynomials of higher

order by,
∑

n≥0

E(α)
n (x, λ)

tn

n!
=

(
2

1 + λet

)α

ext; (|t + log λ| < π; 1α := 1), (33)

whereE(α)
n (λ) := E(α)

n (0, λ) denotes the so-called Apostol-Euler numbers of orderα.

The following theorem gives a connection betweenFα,β
n (x) andE

(α)
n (x, λ).

Theorem4.3 — The generalized geometric polynomials is expressed in terms of Apostol-Euler

polynomials of higher order, forα 6= 0, as

Fα,β
n (x) =

αn

2

∑

k≥0

(x

2

)k
E(k+1)

n

(
(α + β)k

α
, x

)
. (34)

PROOF : Using the exponential generating function ofFα,β
n (x) we get,

1
1− xeαt (eβt − 1)

=
(

1
1 + xeαt

) 
 1

1−
(

x
1+xeαt

)
e(α+β)t




=
∑

k≥0

xke(α+β)kt

(
1

1 + xeαt

)k+1

=
1
2

∑

k≥0

(x

2

)k
e(α+β)kt

(
2

1 + xeαt

)k+1

=
1
2

∑

k≥0

(x

2

)k ∑

n≥0

αnE(k+1)
n

(
(α + β)k

α
, x

)
tn

n!
.

Cauchy product and the comparison of coefficients oftn/n! give the result. 2
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4.3 Eulerian numbers

Eulerian numbersa(n, k) are studied widely in literature, these numbers satisfy (see [4, 19]),

∑

n≥0

n∑

k=0

a(n, k)xk tn

n!
=

x− 1
x− e(x−1)t

. (35)

Before given the connection betweenFα,β
n (x) and Eulerian numbersa(n, k) we give the follow-

ing Lemma,

Lemma4.4 — The Apostol-Euler numbersEn(λ) satisfy,

En(λ) =
2

1 + λ

( −λ

1 + λ

)n n∑

k=0

(−1
λ

)k

a(n, k), (36)

PROOF : The generating function of the right hand side in Lemma 4.4 is,

∑

n≥0

2
1 + λ

( −λ

1 + λ

)n n∑

k=0

(−1
λ

)k

a(n, k)
tn

n!
=

2
1 + λet

. (37)

from Identity 33 the result holds true.

Theorem4.5— The generalized geometric polynomialsFα,β
n (x) satisfy,

Fα,β
n (x) =

∑

k≥0

xk
∑

i1+···+ik+2=n

(
n

i1, . . . , ik+2

)
((α + β)k)i1αn−i1Ei2(x) · · · Eik+2

(x) (38)

PROOF : From the exponential generating function, we have

1
1− xeαt (eβt − 1)

=
(

1
1 + xeαt

) 
 1

1−
(

x
1+xeαt

)
e(α+β)t




=
∑

k≥0

xke(α+β)kt

(
1

1 + xeαt

)k+1

=
∑

k≥0

xk
∑

n≥0

((α + β)k)n tn

n!


∑

n≥0

En(x)
tn

n!




k+1

=
∑

k≥0

xk
∑

n≥0

∑

i1+···+ik+2=n

(
n

i1, · · · , ik+2

)
((α + β)k)i1

× αn−i1Ei2(x) . . . Eik+2
(x)

tn

n!
,

by identifying the coefficients oftn/n! we get the result. 2
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Remark4.6 : From Lemma 4.4 and Theorem 4.5 we get the link between the generalized geomet-

ric polynomials and the Eulerian numbers.

ACKNOWLEDGEMENT

The authors are thankful to the anonymous referee for valuable comments and suggestions that im-

proved the clarity of this manuscript.

REFERENCES

1. H. Belbachir and I.-E. Bousbaa, Translated Whitney and r-Whitney numbers: A combinatorial approach,

Journal of Integer Sequences, 16(2) (2013), 3.

2. K. N. Boyadzhiev, A series transformation formula and related polynomials,International Journal of

Mathematics and Mathematical Sciences2005(23) (2005), 3849-3866.

3. K. N. Boyadzhiev and A. Dil, Geometric polynomials: Properties and applications to series with zeta

values,Analysis Mathematica42(3) (2016), 203-224.

4. L. Carlitz, Eulerian numbers and polynomials,Mathematics Magazine32(5) (1959), 247-260.

5. G.-S. Cheon and J.-H. Jung, r-Whitney numbers of Dowling lattices,Discrete Mathematics312(15)

(2012), 2337-2348.

6. L. Comtet, Advanced Combinatorics: The art of finite and infinite expansions,Springer Science &

Business Media, 2012.

7. C. B. Corcino, R. B. Corcino, I. Mez̋o, and J. L. Raḿırez, Some polynomials associated with ther-
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