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Our purpose is to give a generalization of geometric polynomials by applying an appropriate lin-
ear transformation on the generalized factorial function. Some identities are investigated includ-
ing explicit formula, generating function and recurrence relations. Furthermore, some relations
with other polynomials are given.
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1. INTRODUCTION

1.1 Factorial functions and Operators

Factorial functions are of basic importance in combinatorics and many other fields of mathematics.
There are two kinds of factorials which are usually used, firstly we have, for a nonnegative integer
and any reak, the falling factorials denoteg® given by,

t=z(x—-1)(z—-2)---(r—n+1), (1)
the second kind are the rising factorials denatédjiven by,

" =z(@+1)(z+2) - (z+n—1). (2
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There is also a third version introduced by Steffensen (see [23]), under the nasraral facto-

rials, denoted:!", where,
2 =gz +n/2-1)(2z+n/2-2) - (z—n/2+1), (3)
we note thatg? = 20 = 20 = 1.
These functions are highly connected to the following operators,

shift operatorE(®),
E®f(z) = f(z +a),

difference operator),

Af(z) = f(xz+1) - f(2),
central difference operataf,

0f(z) = f(z+1/2) — f(z = 1/2).

Let us consides’, (z) a polynomial of degree. Usingfactorial functions(z™, 22 andz) and
operators(E(®), A andé), the following expansions holds true [23],

nok
Po(x) = Y AP, 0), 4)
k=0
Paa) =3 g}j (BC04)" R0), (5)
=0
gl
Pa(w) =Y =70 Pa(0). 6)
k=0

These results correspond to Newton’s formula.

1.2 Geoemtric numbers and polynomials
Stirling numbers of the second kind, denotgth, k), are a main focus of research in enumerative
combinatorics, they count the number of different ways to partition a setebéments intds non-
empty subsets.

Algebraically, Stirling numbers of the second kind are the coefficients that confidost falling

factorials as,

" = i S(n, k)zk. (7)
k=0
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Let us consider the linear transformatigrthat transforms2 into n!z",

L(z™) = nla™. (8)

By applying the transformatiofi on Relation (1.7), Tanny [24] introduced the geometric polyno-
mials (or Fubini polynomials or ordered Bell polynomials), dendig:), as follows,

Fo(z) = L") =L (Z S(n, k)xk> = kS(n, k)", (9)
k=0 k=0
Settingz = 1 in (1.9) leads to thexth geometric number (or ordered Bell numbét) which
counts the number of preferential arrangements [11, 2#}dlbjects.

Recently, several authors have studied the geometric numbers and polynomials. In [2], Boy-
adzhiev obtains a transformation formula involviAg(x). Dil and Kurt in [9] used the Euler-Seidel
matrix to obtain some recurrences and relations with derivatives. They also introduced in [10] a new
class of geometric numbers and polynomials calladnonic-geometric polynomial$lezd in [18]
studies the periodicity of,, and gives some congruences properties. In [3] Boyadzhiev and Dil
studied various properties of as those linked to Riemann zeta function.

An interesting generalization of Stiling numbers is that of Hsu and Shiue [12], authors defined
the generalized Stiling numbers pair of three parameters using two linear transformations between
generalized factorials, especially the Stirling numbers of the second kind are given as,

S(n.kio,6r) = = mZ( ) (1045 4 vl (10

where(z|a)® = z(z — ) - - - (z — na + ).

Using this generalization, Kargin and Corcino [16] gave a new generalization of geometric poly-
nomials by applying the generalized Mellin’s derivative and they obtained their basic properties. The
same author Kargin with Cekim [15], based on the previous work and usingWigtney numbers
of the second kind [5, 17], defined by,

W, (n, k) = S(n, k;0,3,7) k'ﬁ’f Z ( ) DI (85 + )", (11)

they evaluated some close formulas and investigated the relationship between the generalized
geometric polynomials of higher orders and some classical classes of polynomials (Bernoulli,
Euler, ...).
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In a recent work, Corcinet al. [7], studied two new families of geometric polynomials called
r-Whitney-Fubinpolynomials and the-Eulerian-Fubinipolynomials.

For more details we refer the reader to [2, 3, 7-11, 14-16, 18, 24, 27] and papers cited therein.

In the next sections we deal with a new generalized geometric polynomials which are closely
related to Hsu and Shiue generalized Stirling pairs of three parameters.

1.3 The generalized geometric polynomials

An interesting generalization of factorial functions was proposed by Steffensen [23]; for any real
andg, let

2} = a(z —an— B)(z —an —28) -+ (x — an — (n — 1)A). (12)

Similarly to (4), (5) and (6), Steffensen obtained the following expansion

Theoreml.1— [Steffensen, 1936]. Let a function onz, for all real x we have,

fla) =3 0k f(a)] oo, (13)

where® = ; (E(O‘Jﬁg) - E(O‘)> andg # 0.

From (13) and (12) it's clear that we can obtait =" andz[" and their expansion formulas by
settingxio’l}, x,{lo’*l} anda:;{fl/ 21} respectively.

Now we define the generalized geometric polynomials as follows

Definition1.2 — Let Z be a linear transformation defined by,

Z(xiefh) = grpla. (14)

By settingf(x) = 2™ on Theorem 1.1 and applying the transformati®nthe generalized geo-
metric ponnomiaIsF,g""B) (x) is given by the following explicit formula.

Theorem1.3— The generalized Fubini polynomials satisfy,
n k

FeO@) =3 ") (-1) @ (ak + Bk = )" 13)
=0

k=0 J
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PROOF: Let us consider, for a giverf,(x) = 2™, Formula (13) will be,

n {ayﬁ}

Furthermore by applying the operat&ron the two sides of the equality, we get,

n k
F*(z) =2 kzo 2Fy (-1 <) (ak + B(k — 5))" .0
s

Remarkl.4 ;

e We can rewrite the generalized geometric polynomials as

x) = Zk!So"ﬁ(n, k)z*
k
where,
o, A\
5B (n, k) Mkz <j> (ak + B(k —j)",
which can be considered as a generalization of Stirling numbers of the second kind.
e Settinga = 0, 5 = 1 we get the geometric polynomials (9).

e Settingz = 1 we can define the generalized geometric ponnomﬁéféﬂ).

2. PROPERTIES

We begin by establishing the exponential generating function of the generalized geometric polynomi-
als.
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2.1 Exponential generating function

Theorem2.1— F,(LO"B) (x) have the following exponential generating function,

- tn 1
s _ 1
RZ% " (x)n' 1 — xeot (eft — 1) (16)

ProoF: Using Formula (15), we have

0o n i k ; k . ' ntn
D) IS NN (4 FRACERIICER
n=0k=0  j=0

n xk zk:(_l)j (j) e(a""ﬂ)(k—j)teajt

0 j=0
2k (e(a+ﬁ)t _ eat)

1
= O
1 — xeot (ePt — 1)

[e.9]

S RO
= n!

k

s

k

il
o

2.2 Derivatives of higher order and recurrences

For all (o, 3) € R with 3 # 0, let G*P(z,t) be the exponential generating functionzef™” (z),
then we have
Proposition2.2 — For all integer-, therth derivative ofG**(z, t) with respect tar, satisfy

dr ! "
= (oB — B a,B _
=G (1) = G (a,) (G (z,1) 1) : (17)

PROOF: We use induction on, denoteG*#(x,t) := G(x,t). Forr = 1 we have,

d eot (¢ — 1)

0@t = (1 2ot (Bt 1)) (18)
and
G(z,t) o et (et —1)
. (G(z,t) — 1) = 0~ 2ot (P T (19)

From (18) and (19) the proposition is true foe 1.

Assume that Proposition 2.2 holds for a fixed.e.,

T

drx

G(z,t) = %G(x,t) (G(z,t) —1)",
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then, forr + 1,

r+1 T
Csurile(:v,t) :% (dcixG(m,t)>
:% (QG(m,t) (G(x,t) — 1)T)
ZQ;T Gla, )G, ) — 1) + %(G(x,t) - l)T%G(:ﬁ,t)
+ ;—T;}G(:c,t)(G(x,t) - 1)“1%6*@,0,
but%G(:r,t) _ G(z’” (G, t) — 1), 50
dqr+t —rr! 7l
S G ) =5 G, )(Gla,t) = 1) + —5 (Gl ) = 1)
$1;7:1G2(1:,t)(G(33,t) )
:%G(x,t)(G(x,t) - 1" [-r+ (G(z,t) = 1) + rG(z,1)]
(r+1)!

= G(z,t) (G(z,t) — 1) .0

xr—i—l

Using Proposition 2.2 we can establish the multinomial convolution below:

Theorem2.2— Therth derivative ofFﬁ’ﬁ(x) is given by,

(20)

n a)ﬂ a?ﬂ
< X (5 )Ee e,

J1tikp1=n <y Jk+1

ProOF: Applying Cauchy product on the right hand side of Proposition 2.2 and identifying the
coefficients oft™ /n! we get the result. O

Corollaary 2.3 — The first derivative oFﬁ“’ﬁ(x) satisfy the binomial convolution bellow,

n—1
d ., nY\ a, a,
SRS BLACLEE (21)
PROOF: It holds by setting- = 1 in Theorem 2.2. O

n

Let D™ be thenth derivative with respect tg, i.e., D" = I
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Proposition2.4 — F2*? () satisfy,

k
FoB(g ZD” ( at ( 1)) . (22)
t=0
PROOF: We have
. n at [ _Bt k k yn okt —7)8t
Z D" [ xe™ (e 1 Z z"D"e Z
k=0 t=0 k=0 t=0
) k k
-3k Z<—1)j< ) D ek A=)t
k=0  j=0 J -0
00 k k
= Yot Y0 (ke - )
k=0  j=0 J
= FP(z).0
Lemma2.5 — Letp, (z) be a polynomial of degree,
Z(pn(z)) = BzZ(Opn(z)) (23)
ProoOF: It suffices to prove the result forif"ﬁ} and it holds for all polynomialg,, (x),
Z(:):if"ﬁ}) =n!l(B)" =nB(n - (Bz)" ' = pzZ <nx7{if}) ,
and from [23] we havewc{o‘ 5 — 9217 which gives the lemma. O

Theorem2.6— For any nonnegative integer > 1 and real variabler, we have

O A T

whereO(z") = = (z+a+ )" — (z+a)").

Q\*—‘
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PrRooOF: We have,

FoP(x) = Z(z") = Bz Z(@z™") = 2Z (z + a+ B)" — (z + a)")

2 (Y6 s e
S0 S
2
(.

)rea (@ 07 = @)

I
—

rZ

I\
o

J

,_.

n—

3
I

I
8
AN
e ————

I
8
3

I
8

MH I

T T
=

Il
8

( k) Fo (x)@(x"_k) loco.0

Remark2.7 : We obtain the binomial convolution given by Tanny [24] for the classical geometric

¥
[e=]

polynomials by settinga, 3) = (0, 1).

3. UMBRAL FORMULA
In the following result we use the umbral notatiﬁ)ﬁ’ﬁ( ) = F} .5 the corollary bellow holds true,
Corollary 3.1 — Letn be a nonnegative integer, for any real variableve have
vas = (Frap+a+0)" = (Fiaps+ )" +ono, (25)
whered,, o is the Kronecker delta.

PrRoOF: From Theorem 2.6 and using the umbral notaﬂtﬁ’lﬁ( = F}, > asimple calculation
gives the umbral representation result. O

Remark3.2 : We can use this representation to get the exponential generating function easily.
3.1 Dobinski formula

To calculate theith geometric polynomials there exists several formulas, one of them ishBkibi
like formula, in the following Theorem we give the generalized Dski-like formula forFﬁ“’ﬁ(x).

Theorem3.3— For all nonnegative integer. and for allz € R — {—1}, we have

J

o () EO B (s, e

1=
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or, equivalently, from Remark 1.4,

moe = 2 () R ()en @

PrRooOF: We have,

1 1
1—zet(ef —1)  (1+2)(1— % (e (et —1) + 1))

=

_ 1—|—mk>0(1j-w> ( at(eﬁt_1)+1>k

e () X ()
>

(e );()i (s,

1=

1+

by comparing the coefficients ¢f /n! in both sides we get the result. O

Corollary 3.4 — Fora = 0, for all 3, we have

k
F)(x) = 1ix;<1jx> (Bk)". (28)
>0

By settingd = 1 andx = 1, we get the well known Dobiski formula for the classical geometric
numbers (see [11]),

n
Fn:ZW.

k>0

3.2 Parity
A function f(x) is said to be even if (z) = f(—z) and it's said to be odd if (z) = — f(—z),

Theorem3.5— For any integem and realz, if 3 = —2«, then

FP(x) = (-1)"F2P (—w), (29)

FP(2) is odd if and only ifx is odd.
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PROOF: Let us consideh(t) = e*(eft — 1), it is easy to verify thah(t) is odd if and only if
8 = —2«, hence we can write,

1 1
1 —zeot(ePt —1) 1+ xe~t(e= Pt —1)’

the comparison of* /n! coefficients gives the results. O
4. LINK WITH OTHER NUMBERS AND POLYNOMIALS

In this section we establish some links with other classes of numbers and polynomials as applications
of the exponential generating function.

4.1 Ther-Whitney numbers of the second kind

Thenth r-Whitney number of the second kifl,, . (n, k) was introduced by Meéz[17], as

+n ert 6mt -1 k
Z Winr(n, k)a =70 ( ) : (30)

m
n>0

Using the previous generating function, we have,

Theorem4.1— For any integem and any real variable: the following identity holds true,

Fob(a) = YRGS (j) (alk — 1) W (i, k). (31)

k>0 =0

PrRoOOF: Using the exponential generatingE,f"ﬁ(a:) we get,

1 k akt (Bt F
1 — xeot (eft — 1) - Z(x) ¢ <€ B 1)

k>0
k1)t € Pt 1\"
:kzzok!(ﬂx)ke (k Dtk!< 3 >
aen €2t [Pt =1 ¥
:kzx)k:!(ﬁac)ke (k 1)tk!< 3 >
=> KB (alk-1)" % > Waln, k)%
k>0 n>0 n>0
- g;z) ’;0 K(Bz)" E% (j) (alle = 1)) Wy )
n>0 k> J=

by comparing the coefficients ¢f /n! in both sides, the result holds true. O
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Remark4.2 : e For(«, 3) = (0,1) we get the definition of the classical Fubini polynomials.

e Fora = 1 we get the link with translated Whitney numbers defined by Belbachir and Bousbaa
in [1].
4.2 Apostol-Euler polynomials of higher order

One of the analogues of the classical Euler polynomials are Apostol-Euler polynaipialsh)
which is given by,

2 xt
;5 x/\ - (1+)\et>e . (Jt+log \| < ). (32)

In a recent work, Luo and Srivastava [22], introduce the Apostol-Euler polynomials of higher
order by,

" 2 ¢
(o) _ xt, 1o
néoé'n (z, )\)n! = (1 )\et> e’ ([t +log\| < m; 1% := 1), (33)

Whereé’,({’)()\) = &S“)(o, A) denotes the so-called Apostol-Euler numbers of order
The following theorem gives a connection betwegh’ (z) andE (x,\).

Theorem4.3— The generalized geometric polynomials is expressed in terms of Apostol-Euler
polynomials of higher order, far # 0, as

FoB () = %n 3 (g)’“gwn <<0‘ zﬂ)k,x> . (34)

k>0

PROOF: Using the exponential generating functionla“;f’ﬂ(x) we get,

1 _( 1 > 1
1 —zeot (et —1)  \ 1+ zet 1_( wat>e(a+ﬁ)t

14+xe

1 E+1
_ Z Lk plo+B)kt
1+ zeat

k>0

k+1
_ lz (E)ke(aww _ 2z
2 2 1+ zeat

k>0

1 b LAk O\
=32 (5) Sereen (P 0) T

k>0 n>0

Cauchy product and the comparison of coefficients'gf.! give the result. O
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4.3 Eulerian numbers
Eulerian numbera(n, k) are studied widely in literature, these numbers satisfy (see [4, 19]),

= gt x—1

n>0 k=0

Before given the connection betweéﬁ’ﬁ(x) and Eulerian numbers(n, k) we give the follow-

ing Lemma,

Lemmad.4 — The Apostol-Euler numbe&, () satisfy,

=2 (2" (54wt (36)
mUT T =) T
PROOF: The generating function of the right hand side in Lemma 4.4 is,
2 A\ (1) n 2
;;01+/\<1+A> kzzo<>\) alm k) =T aet (37)

from Identity 33 the result holds true.

Theorem4.5— The generalized geometric ponnomiﬂ%’ﬁ(x) satisfy,

C z " o gn—h L E (n
o Z Z (il,...,ik+2> (a+ p)k)"a Eir () €1k+2( ) (38)

k>0 i1+ +igyo=n

PrROOF: From the exponential generating function, we have

1 _( 1 ) 1
1 —zeot (et —1)  \ 1+ zeot 1_( xat>e(a+,3)t

14-ze
=3 kelotm < )
t
0 1+ ze
k+1
=32t Sk R | ey
n! n!
k>0 n>0 n>0

D VD S (RN [CR O

k>0 n>041+-+igyro=n
. tn
xa"T"Ey(x) . iy, (:J:)H,

by identifying the coefficients of* /n! we get the result. O
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Remarld.6 : From Lemma 4.4 and Theorem 4.5 we get the link between the generalized geomet-
ric polynomials and the Eulerian numbers.
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