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In his lost notebook, S. Ramanujan recorded incomplete elliptic integral identities of the first kind.
In this paper, we give new proofs to Ramanujan’s incomplete elliptic integrals of the first kind
for level 5 using the parameté(q) = R(q)R*(¢?), whereR(q) is Rogers-Ramanujan continued
fraction. Also, we construct new identities for level 5 similar to ones found in Ramanujan’s work.
Further, we prove related identities of level 7, using theta function identities.
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1. INTRODUCTION

In his lost notebook [14, pp. 51-53], Ramanujan recorded several unusual identities involving inte-
grals of theta function and incomplete elliptic integral of the first kind. For example,

T F2(_p) £2(_45 2tan~ (574, /g9 (¢°) /1(q))
53/4/ f ( t)f ( 3 )dt: \/5/ df ’ (11)
0 Vi 0 V1—e5-1/25in20

wheree = @ and(q), f(—q) are the Ramanujan’s theta functions defined by (2.2) and (2.3)
respectively below. These identities are uncommon in nature, where we have a integral evaluation
of ratios of theta function equivalent to incomplete elliptic integrals. These type of elliptic integrals
have been extensively studied in the development of elliptic functions. Elliptic integrals and elliptic
functions were studied simultaneously on several occasions throughout history by L. Euler, J. L.
Lagrange, C. F. Gauss, A. M. Legendre and C. G. J. Jacobi.
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Raghavan and Rangachari [12] proved all these identities by employing the theory of modular
forms. Berndt, Chan and Huang [4] found proofs of all these identities based entirely on results found
in Ramanujan’s notebook [14]. In fact their proofs depend upon some Ramanujan—Eisenstein series
identities found in Chapter 21 of Ramanujan’s second notebook [3] and certain Ramanujan’s modular
equations found in [3].

In this paper, we give quite different proof of some of the Ramanujan’s identities involving in-
tegrals of theta function and incomplete elliptic integrals of the first kind. Further we derive certain
new identities which are analogous to that of Ramanujan’s.

Work is organized as follows: In Section 2, we recall some definitions, notations and certain
theta-function identities which will be used to prove the main results. In Section 3, we prove our
main results.

2. PRELIMINARY RESULTS

As usual, set for any complex numhbeandqg

(@; @)oo = [[(1 —ag™), la] <1,
n=0
and
(a;¢)o0
a;q)n = )
(@59) (ag™; q)oo

for any integem. Ramanujan’s general theta functiftu, b) is defined by

f(a,b): Z an(n+l)/2bn(n—1)/27 ]ab]<1.

n=—oo

By Jacobi’s triple product identity [3, p. 35, Entry 19], we have
f(a,b) = (—a; ab) oo (—b; ab) oo (ab; ab)oo.
The most important special casesfdt:, b) are given by

o) = flg.0) = Y. 0" = (4% %) (2.1)

n=—oo

9a) = fla,d®) = 3 e = (i) (2.2)
’ s (4:¢%)s0 '
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and

o0

f=a)=f=a.~) = > (~D)"¢"*" V2 = (g:9)e. (2.3)

n=—oo

Following Ramanujan, we also define

xX(@) == (—¢; %) so-

One can easily show that

_ B o _ R N _Nifs
¢(Q)—f12f427 (—q) = 7 Y(q) = R Y(—q) = 5
2 3
nwzzgz, x«ﬂ>:§§ and f@)=;3! (2.4)

wheref, = f(—q").

The famous Rogers-Ramanujan continued fraction is defined by

first appeared in the paper by Rogers [15] in 1894. Ramanujan later rediscovered the Rogers—
Ramanujan continued fraction, and offered many beautiful theorem®@rin his notebook [13]. In

fact Rogers [15] proved that

> n(n+1)

q

— 1/5M: 1/5&
R(q) =q¢ =g —g) 1 i e
= (¢ 0)n

The functionR(q) has since been extensively studied and applied, for more details, one can see
[1,2,5-7,9-11, 13-16, 20, 21].

Let k(q) := R(q)R?*(¢?), Ramanujan has recorded several identities involving the parameter
in his lost notebook [14]. For more details on the parametene may refer to [7, 9, 10]. On page
26 of his lost notebook [14], Ramanujan also defipég) := R(q)R(¢*). For details one may refer
to [10]. In this paper, we make use of the following identities involving paranietsrd ., whose
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proofs can be found in [9, 10]:

x(-q) _ k
) T 1R 22
2 2
©*(—q) 14k -k
2 (-¢?)  1-k* =9
V?(q) 14k — k2
— : 2.7
q¥*(¢°) k @D
x(q) [
= , 2.8
@) T - p? @8
elg)  1+4p
=— 2.9
e(@®) 1—p @9)
and
V) 1-3p+p’
= : 2.10
q¥?*(—=¢°) 1 e
In an interesting paper [7], Cooper defines another paramdigr
s = gL 1ogh. (2.11)
dq
and showed that
2 r3
z = flfgff’. (2.12)
fio

Analogues to this parameter in [17] another parameteo, with respect to the parametgris
defined by

d
w = qd—qlog,u. (2.13)

Then

_ fishfs [ eMa) ., ¥*(@)
N 21;5?550 \/904(6]5) N 2s02(q5) o (2.14)

Cooper and Ye in [8] have obtained the following Eisenstein series using the theory of modular

forms:
1 1 2 ¢4 pd
o [P+ P+ TP —TPu] = Safifafrfis = Tl (2.15)
fifz
L 8 fift
13 [P + 4Py + TP1y — 28 P25 — 3Nafihs= 55 (2.16)
f? 14
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where,P, := P(¢") =1 — 24 Z - . For an elementary proof of the above identities one may

refer [19].

3. INCOMPLETEELLIPTIC INTEGRALS

Theorem3.1—[1, p. 333], [4, 12], [14, p.52]. va-q f5 , then

! / TPEEOPER) / G a6

wheree = ¥Y5+1,
PrROOF: From (2.4), (2.6) and (2.7), we have

o W =PWD)
P 0(a)

1= N k
o\l —4k—k2? 1+k—k2)"

By logarithmic differentiation of the above identity and by using (2.11), we obtain

(3.1)

2dv  z(1+ k)K" — 4K + 6k + 4k + 1] (3.2)
vdg  q(1—k2)(1+k—k2)(1 — 4k — k2)’ '

From (3.1), we have

(1 + k2)%[k* — 4k3 + 6K% + 4k + 1)?
k(1= k2)2(1 + k — k2)(1 — 4k — k2)2°

1
— +22+1250° =
v

Using this in (3.2), we obtain

2dv _ 2VEVo~? 4+ 22 4 12502
vdg qV1+k— k2 '

Using (2.7) above and then using (2.4) and (2.12), we find that

o _ 1

dg — q'/?

V1 + 2202 + 12504,

or

f2 2
/ dv. (3.3)
\/1 + 2202 + 12504
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Settingy = 53/4 tang in the right-hand side of the above equation, we have

2dv sec?(6/2)do

2 1 .
V142207 + 1250 53/4 |1 + 5%32 tan?(6/2) + tan*(6/2)
df

1/2

2
53/4 cos4(«9/2) + sin*(0/2) + Y

do

2 sin?(6/2) cos?(6/2)]

- /2
53/4 (1 —[2 — 53/2]sm (0/2) cos?(6/2)
B o
53/4 /1 — £, sin? 0
Using this in (3.3), we obtain the required result.
Theorem3.2— [1, p. 333], [4, 12], [14, p. 52]. Ifv = ¢'/24 ) then

a)’

e (4 fA(=t) (=% 2tan(5'/10) o
5 —dt = ’
0 Vit 0 V1—€5-1/25in2 6

wheree is as in Theorem 3.1.

PROOF: From (2.7), we have

5 k
14k — k2

By logarithmic differentiation ot and then using (2.11), we obtain

20 z( k 1+ 12
vdg g \1+4+Fk—Ek?2 ko

1+k% 1 /1
= —\/ = — 2+ 502
k v\ 2 +ov%,

1 2
< i > Tk =+/1— 202+ 504

14k — k2 k

(3.4)

From (2.7), we have

or

Using this in (3.4) and then employing (2.12), we find that

2 £2
29@72 f1f5\/1-2024-5v&
dq Va
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Or

PP, O
/0 Vit dt_/o \/1—202+5U4dv

Settingv = 5~ /*tan(#/2) in the right-hand side of the above and then proceeding as in the
proof of previous theorem, we obtain the required result.

Theorem3.3— If v = ¢1/2 1/’(( )) then
q 2 2(45 2tan—1(51/4)
%/f(t)f(t)dt:/ de ’
0 Vit 0 V1 —e15-1/25in2¢

wheree is as in Theorem 3.1.

PrROOF: From (2.10), we have

2 _ H
1—3u+p?

By logarithmic differentiation of the above and the use of (2.13), we obtain

Gddv _ w(l—p?)
vdg 1—3u+p2

Upon using (2.8), (2.10) and (2.14) above, we obtain

qdv _ fishfs [¢'a) , ¥*(q)
2qu — ( H ) 2f5f20\/ 4(q) 2@2(q5)+5' (35)
We have from [9, eq. (2.8),(2.11)]
0 (q) x(q)
e >‘“4 (@)
(= 9 _X’(d%)
W (=) T oo

From the above two identities, we deduce that

©%(q) B 502 +1
X (q®)  vP41

Using above in (3.5) and then employing (2.4) and (2.10), we obtain

le — M*/504+21}2+1,

dq q'/?
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or

/q POLE) /”@ v
0 Vit 0 Vit + 202 +1

Settingv = 5~ /4 tan(#/2) in the right-hand side of the above, we obtain the required result.

Theorem3.4— If v = qffo, then
2

an—1(53/4y
9 59/4 / L) (-0t = / ey 4 .
0 0 V1 —€e55-3/25in2 6

wheree is as in Theorem 3.1.

PROOF: From (2.4), (2.6) and (2.7), we have

2 _ 29 ()W)
©?(—=q)¥*(q)

1k k 2
T1-4k—k2\1+k—k2)

By logarithmic differentiation of above and the use of (2.11), we obtain

qdv (14 k) (k* +2k3 — 2k + 1)

v dg _Z(l—k‘Q)(l—l—k—k:?)(l_4k_k2)' (3.6)

One can see that

(14 k2)2(k* + 2k3 — 2k + 1)?
k2(1 — k2) (1 + k — k2)2(1 — 4k — k2)

1 2
— +2241250° =
v

Using this in (3.6), we obtain

dv k [ 1—k2?
qdq Z(l—k2> 1_4k_k2\/125v + 22v° + 1.

Upon using (2.5), (2.7) above and then using (2.4) and (2.12), we find that

d
d—v = £2f2\/1250% + 2202 + 1,
q

or

/q f2(—t2)f2(—t10)dt B /v(q) dv
0 0 V1250F +2202 1
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Settingy = 5-3/* tan(6/2) in the right-hand side of the above, we obtain the required result.

Theorem3.5—[1, pp. 356-361], [4, 12]. Leb = q%, then

dv

i F1 o fr fray/vt — 1403 + 1902 — 14v + 1.
q

PROOF: From (2.4), we have

J it
f1f7
By logarithmic differentiation of above and then using the definitio®gfwe find that
d 1
9 _ 2 1py — 2Py — TPy + 14Pu). (3.7)
vdg 6

From [19, eq. 3.19, 3.20], we have

Py — 2P, — TP; + 14P1y = 6[¢*(—q)¢*(—q") — 8¢°¢*(9)v*(q")].

Substituting the above in (3.7) gives

1o = PP = S0

From (2.4) and above equation, we have

v firs f3 1
E@_qflf2f7fl4 quf&igqff’f? '

(3.8)

From [19, eq. 3.14], we have

X' xX'(=¢") . _
x4 ax*(—q) q X3(=a)x3(—q")

Upon using (2.4) in left-hand side of the above equation, we obtain

£ B 1
+ 8¢ =v+-—-T.
af3 fi fio’f%r3 v
This implies
I B Vo -4 £ 1907 — o + T
—oq = .
afsfin R v
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Using the above in (3.8), we obtain the required result.

I 7
Theorem 8.5], have obtained the following Ramanujan’s identity:

Remark: Settingcosf = ¢ (“_”;), wherec = Y13116V2 in Theorem 3.7, Berndét al. [4,

1

q 1 cos” ¢ do
FOF(=2) F(—0) f2(—t1)dt = .
/0 V8v?2 cos™1(c1y) \/1 — 716_3[3;13 sin? 6

Theorem3.6— If v? = q;<<jq5> , then
x*(—4°)

[ (fﬁ<—¢>f3<—¢2>f<—¢5>f<—¢10>)l/zdt L
0 t 0

PrROOF: From (2.5), we have

9 k

V=T

By logarithmic differentiation of above and the use of (2.11), we find that
2qdv _(1+K
vdg ~\1—k2)’

2qdv 5 (1+K?

or

From (2.5), we have

1+k  Vivl+1

ko v2

Using the above in (3.9) and employing (2.4) and (2.12), we obtain

1/2
§%_<ﬁﬁﬁﬁﬂ/ Tl
dq q

or

/q <m>1/2dq:/v(@m'
0 q 0 Vvt +1

Settingv = 2-1/2 tan(#/2) in the right-hand side of the above, we obtain the required result.
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Theorem3.7— If v2 = 249 then
x°(¢°)

q f12(—t2)f4(—t10) 1/2 i 1 [2tan'(v2v) do
/0 (t f3(—t)f3(—t4)f(—t5)f(—t2°)) - 16/0 /1~ Len2g
PROOF: From (2.8), we have

=t (3.10)

By logarithmic differentiation and the use of (2.13), we have

2qdv _ L4 n

vdq_wl—u'

Upon using (2.9) and (2.14), above we obtain

2gdv _ »(q) < f§f1f4> \/904(61) _ 5 2%)
vdg o) \ 27215 )\ ©4(@®) 22y T (3.11)

From [9, eq. 2.8], we have

=1+ 402,

By using above in (3.11) and the use of (3.10) and (2.4), we obtain

1/2
dv_1< 1321 >/ ey

dg 4 \qf} f} fsf0

Settingv = 2~ /2 tan(#/2) in the right-hand side of the above, we obtain the required result.

Theorem3.8— If v = q’;}i.f%’, then
2J5
-
[ <f5(—t)f5( ') )1/2 P /r v a0
2 _ 42 _ 45 - 1/4 [ . _ :
0 t f( t)f( t) \/55/ sin™! 9?_}4/\5/5 \/1—(2;'\/‘%5)sin20

ProOOF: From (2.6) and (2.7), we have

U_l—4l<:—k:2 k
1k \14+k—k?)
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By logarithmic differentiation of the above and the use of (2.11), we have

gdv  (1+K?) [k* +8k® — 6k° — 8k +1]

vdg Ok (1= dk—k2) (3.12)
One can easily see that
v —18v+1 [k 8k — 6k — 8k +1]°
v ORI —E)(1+ k- k2)(1 — 4k — k?)
and
1—v= (L+ k2)2
1=+ k—E2)
Using above in (3.12) and then employing (2.12), we obtain
dv qf25f55)1/2
— = v(l —v)(v2 — 18v + 1),
Tdq (flfl() Vol ) )
or
55\ 1/2
(‘Jf?ff’) dg = dv . (3.13)
Ji/f10 Vol —v)(v?2 —18v +1)
Setting
—8\/5
in= —— 3.14
in?f = (3.14)

it follows that

v—1 2+V5\ .,
_ =1 sm9
v—9—4v5 25

and

do (—2+/5)1/2

(59— 4B o9+ 4V
Using the above in the right-hand side of (3.13), we obtain
dv db

VA —v)(v? — 180 + 1) \/551/4\/1 — (2”5) in2g

2v/5

Which is the required result.
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Next two identities are due to Berndt al. [4], where they have proved the identities using the
theory of modular forms.

4
Theorem3.9—[4]. If v =¢ (%) , then

d
o= 0P ) Vol + D6 120+ ).
PROOF: Foru = qug]{go we have from (3.13)
2J5
du ([ f313 >” ?
— = w(l —u)(u? — 18u + 1). 3.15
dq (Qflflo Vil ) ) (3.15)
_ f(= _ (=
From [18], we have foP = W(q_)q% andQ = Wg_;w)
3 3
P2Q? + 4 _ Q _P (3.16)

P2Q2~ P3 Q%

This can be written as

1 1
— 4+ 4v=—— V. 17
¢5+V@ 7 Vu (3.17)
Which implies,
1 1
—+16v=—+u—10 (3.18)
v u
a2 — 180 + 1
1oy L= LWV~ 18ut (3.19)
v u
and
2
u—%: (1+4v)\/16: +12v+1' (3.20)

Differentiating (3.17) with respect g we obtain

o vw=d) du
dqg u(le—%) dq

Upon using (3.15), (3.17) and (3.18) above, we obtain the required result

Theorem3.10— If v = Qf§f§4, then
115

dv

dq fifafrfia/(8v+ 1) (v +1)(8v2 + 5v + 1).
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PROOF: From Theorem 3.7, we have far = q];}];“
2J7
dw
e fifofrfuv/wt — 14w + 19w? — 14w + 1. (3.21)
From [18], we have folP = 1/24f and@ = UTfM
8 Q!
33 —
P°Q +P3Q3+7 @4—7
This implies
1 1
w4 —=8v+ —+7, (3.22)
w v
1 1
W= = ;\/(8v+1)(v+1)(81)2+5v+1) (3.23)
and
1 1
Sy — — — E\/w4 — 14w3 4 19w? — 14w + 1. (3.24)
(%

Differentiating (3.22) with respect i@ we obtain

dv v(w—l)dw
dg w(8v—%)dq'

Using (3.21), (3.22), (3.23) and (3.24) in the above and simplifying, we obtain the required result.
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