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The main goal of this study is to introduce the description of soft Leibniz subalgebras (respec-
tively soft Leibniz ideals) and to state some properties. Moreover, in this note, we investigate the
concept of soft intersection Leibniz subalgebras (respectively soft intersection Leibniz ideals).
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1. INTRODUCTION

The concept of the soft set theory was introduced as a new mathematical tool dealing with uncer-
tainties and vagueness by Molodtsov [11] in 1999. The soft set theory is an interesting area, which
was studied in many papers (see [1, 2]). Loday [10] discovered Leibniz algebras which are certain
non-(anti)commutatible analogs of Lie algebras. Then Akram [3] investigated the Fuzzy Lie alge-
bras. Our main starting point is given by the paper [4] Akramval. in 2013 which initiated the

study of soft Lie subalgebras (resp. soft Lie ideals) and soft intersection Lie subalgebras (resp. soft
intersection Lie ideals). Moreover, in the paper [4], the authors gave some of fundamental proper-
ties on soft Lie subalgebras (resp. soft Lie ideals) and soft intersection Lie subalgebras (resp. soft
intersection Lie ideals). The aim of this paper is to define the concepts of soft Leibniz subalgebras
(resp. soft Leibniz ideals) and soft intersection Leibniz subalgebras (resp. soft intersection Leibniz
ideals). Moreover, we state some main properties on soft (intersection) Leibniz subalgebras and soft
(intersection) Leibniz ideals.
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2. PRELIMINARIES

In this section we begin by setting up some definitions and notations which we need for our aims
throughout this paper. We refer to [5-9] for more details. Edie a field with characteristic zero and
L be an algebra over with the multiplication[, | : L x L — L. If L satisfies the Leibniz identity

[[CL, b]v C] = [(Z, [bv CH - [b7 [av C]]

foralla,b,c € L, thenL is called a (left) Leibniz algebra. Leibniz algebras are non-anticommutative
generalization of Lie algebras. As an immediate consequence, every Lie algebras are Leibniz alge-
bras. For the subspac&sandiV of L, [U, W] is a subspace generated by the elempnts] where

u € Uandw € W. A subspacé/ is said to be a Leibniz subalgebra bf if [a,b] € V for all

a,b € V. A subalgebrd/ is called an ideal of, if [a,b],[b,a] € V foralla € V andb € L.

Let L; and L, be two Leibniz algebras. A linear map: I, — Lo is called a homomorphism if

o[z, y]) =[p(), p(y)] forall z,y € Ly.

Let X be an initial universe and lef’ be a set of all possible parameters which are words or
sentences related to the objectsXin We denote a soft universe and the power seX akspectively
by the pair(X, F) and P(X).

Definition2.1 — A pairS4 = (S, A) is called soft set ovek', whereA C FE, S is a set-valued
functionS : A — P(X), thatis, a soft set oveX is a parameterized family of subsetsXf For any
a € A, S(a) is a set ofu-approximate elements of soft g&t A). A soft setS4 overE is represented
by the set of ordered pait$y = {(a, S(a))|a € E,S(a) € P(X)}.

Example2.2 : LetX = {1,2,3,4,5,6,7,8,9,10} andE = {a1, as, as, as} be the set of param-
eters such that; represents the parameter divisibility Byas represents the parameter divisibility
by 2, a3 represents the parameter divisibility bya, represents the parameter divisibility by
Let A = {a1,a2,a4}, then the soft seby = (5, 4) = {S(a1),S(az2),S(as)}, whereS(a;) =
{3,6,9}, S(az) = {2,4,6,8,10}, S(aq) = {5, 10}.

Definition2.3 — LetS4 andT be two soft sets over a common universe Then we define the
intersectionS4 N Tz asSa NTg(a) = S(a) NT(a) for all a € E. Moreover, the product 4 A T
is defined a4 A Tp(a,b) = S(a) NT'() for (a,b) € E x E.

3. THE MAIN RESULTS

In this section we give our main definitions and results.
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Definition3.1 — LetS4 = (S, A) be a soft set over a Leibniz algebfa If S(a) is a Leibniz
subalgebra (respectively Leibniz ideal) bffor everya € A, then the soft sef 4 is said to be a soft
Leibniz subalgebra (respectively soft Leibniz ideal) over a Leibniz algébra

We construct the following example.
Example3.2 : LetL be a Leibniz algebra over a field with the basisd = {e1, e2, 3, e4, €5} by
the following multiplication rule:
[627 61} - _627 [617 62] - 627 [617 64] - 647 [617 65] = 657

[62’ 63] = ¢4, [637 62] = €5, [647 61] = €5, [657 61] = —€s,

other products are zero and define

(

< €2,€4,€5 > if a = €2, €4, €5,
< eg > if a =e;
S(a) = ’
< e3,eq, 65 > if a =e3,
L otherwise.

Foralla € A, S(a) is a Leibniz subalgebra (ideal). Thus, the soft$gthecomes a soft Leibniz
subalgebra (ideal) ovdr.

Proposition3.3 — LetS 4 andTs be two soft Leibniz subalgebras (resp. soft Leibniz ideals) over
a Leibniz algebrd.. ThenS4NTp andS4 ATp are also soft Leibniz subalgebras (resp. soft Leibniz
ideals) overL.

PROOF: We need to show that for all € F and everyr,y € S4aNTp(a) = S(a) N T(a),
[z,y] € SaNTp(a) = S(a) NT(a). Foreveryz,y € S(a) NT(a), we haver,y € S(a) and
x,y € T(a). SinceS(a) andT (a) are Leibniz subalgebras, we hdvey] € S(a) and|x,y] € T(a).
Therefore[z,y] € SaNTg(a) = S(a) NT(a), thatis,S4 NTg is a soft Leibniz subalgebra over a
Leibniz algebral.. By a similar way, we prove thaf4 A T is a soft Leibniz subalgebra.

Now we prove that for alk € £ and everyr € SyNTg(a) = S(a)NT(a),z € L, [z, 2], [z,2] €
SaNTp(a) = S(a) NT(a). SinceS(a) andT'(a) are Leibniz ideals[z, z|, [z, z] € S(a) and
[z, 2], [z,2] € T(a). Thus,[z, 2], [z,z] € Sa NTgr(a) = S(a) NT(a), this means that4 N T is a
soft Leibniz ideal oveLr. O

Remark3.4 : If S4 andTp are two soft Leibniz subalgebras over a Leibniz algebrahen
[Sa,Tg| is a soft Leibniz subalgebra ovér. But if S4 and7s are two soft Leibniz ideals over a
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Leibniz algebral, then since the product space of two Leibniz ideals need not be ideal, in general,
[Sa,Tp] is not a soft Leibniz ideal ovek.

Definition 3.5 — Let S4 = (S5, A) be a soft set a Leibniz algebiéa If for everya € A,
S(a) = {0}, then the soft se$4 is called trivial overL. The soft setS4 is called whole over, if
Sa(a) = L for everya € A.

Definition3.6 — LetL; and L, be two Leibniz algebras and : L; — L, is a homomorphism
of Leibniz algebras. 154 is a soft set oveL;, theny(S4) is a soft set ovel, wherep(S) : E —
P(Ly) is defined byp(S)(a) = ¢(S(a)) for everya € E.

Proposition3.7 — LetL; and L, be two Leibniz algebras and: L; — Ly is @ homomorphism
of Leibniz algebras. I5 4 is a soft Leibniz algebra ovdr;, theny(S4) is a soft Leibniz algebra over
L.

PROOF SinceS4 is a soft Leibniz algebra ovdry, for all a € A, S(a) is a Leibniz subalgebra.
SinceSy is soft set ofL;, theny(S4) is a soft set ovel, wherep(S) : E — P(Ly) is defined by
©(S)(a) = ¢(S(a)) foralla € E. ¢(S(a)) is a Leibniz subalgebra df,, sop(S4) is soft Leibniz
algebra ovells.

Theorem3.8 — Lety : L1 — Lo be a homomorphism of Leibniz algebras a$ig is a soft
Leibniz algebra over,;.

(i) If S(a) = Keryforall a € A, thenp(S4) is the trivial soft Leibniz algebra ovels.

(i) If ¢ is surjective andS 4 is the whole soft Leibniz algebra oveér, theny(Sy4) is the whole
soft Leibniz algebra ovek.

PROOF: (i) Since Kery is an ideal ofL4, for alla € A, S(a) = Keryp is a Leibniz algebra.
HenceS 4 is a soft Leibniz algebra. By Proposition 3,5 4) is a soft Leibniz algebra over, and
since for everys € A, ¢(S(a)) = {0}, the soft Leibniz algebra(S4) is trivial.

(i) Let ¢ be onto, sap(L;) = L. By Proposition 3.7¢(S4) is a soft Leibniz algebra ovdr,.
Sincep(S4) = Lo, namely, for each € A, ¢(S(a)) = Lo, ¢(S4) is whole overLs. O

Definition 3.9 — Let L. = E be a Leibniz algebra anfi4 be a soft set ovet/. ThenS,4 is
satisfying the following conditions:

(i) S(a) N S(b) C S(a+10)

(i) S(a) € S(aa)
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(iii) S(a)NS(b) C S([a,d])
foralla,b € A,a € F, S4 is called a soft intersection Leibniz subalgebra ao¥er

Definition3.10 — LetL = F be a Leibniz algebra anf4 be a soft set ovet/. ThenS4 is
satisfying the following conditions:

(i) S(a) N S(b) € S(a+b)
(i) $(a) € S(aa)

(iii) S(a) € S([a,b]) andS(b) C S([a,b]) foralla,b € A,a € F, S, is called a soft intersection
Leibniz ideal overX.

Example3.11 : LetL be a Leibniz algebra over a field with the basisA = {ej, e2, e3,e4} by
the following multiplication rule:

le1,e1] = €2, [e1,e2] = —ea —e3,[e2,e1] =0, [e3,e1] =0,

le1,e3) = ea +e3, [es, e1] = ez +e3,[e1,e4] =0,

other products are zero and define

< ey, e3 > if a = eo,e3,
S(a) =14 < ey > if a =ey,ey,
L otherwise.

Foralla € A, S(a) is a Leibniz ideal. Thus, the soft s becomes a soft Leibniz ideal ovér
Furthermore, the soft séty satisfies all conditions at Definition 3.10, that is, this set becomes a soft
intersection Leibniz ideal ovel.

Proposition3.12 — Let L be a Leibniz algebra and be a Leibniz subalgebra (respectively
Leibniz ideal) of L. If S4 is a soft intersection Leibniz subalgebra (resp. soft intersection Leibniz
ideal) overX, then for everyu € A S(—a) = S(a) andS(a) C S(0).

PROOF: S(a) N S(0) € S(a + 0), soS(0) C S(a). Applying Definition 3.10 part (ii) with
a=—1,wegetS(—a) C S((—1)(—a), namelyS(—a) C S(a) andS(a) C S((—1)(a)). Therefore
S(—a) = S(a). O

Theorem3.13— Let L be a Leibniz algebra and, B be two Leibniz subalgebras (respectively
Leibniz ideals) ofL. If S4 and Ty are two soft intersection Leibniz subalgebras (resp. soft inter-
section Leibniz ideals) oveX, thenS4 A T is a soft intersection Leibniz subalgebra (resp. soft
intersection Leibniz ideal) ovex.
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PROOF : Let (aj,b1),(az2,b2) € A x B anda € F. Now we check all conditions for soft
intersection Leibniz subalgebra and soft intersection Leibniz ideal.

(SaANTg)(a1,b1) N (SaATg)(az,be) = (S(a1)NT(b1)) N (S(az) NT(b2))
(S(a1) N S(az)) N (T(br) NT(b2))

S(a1 +az2) NT(by + b2)

= (SaNTg)((a1 + ag,b1 + b2))

(SaATg)((a1,b1) + (az, b2)).

S(a1) NT(by)

S(aar) NT(aby)

(Sa ANTg)(aar, aby)

(SaATg)(a(ay,br)).

N

(
(

(SA AN TB)(al, bl)

N

(SA A TB)[al, bl] N (SA A TB)[CLQ, bg]

[S(a1), T(b1)] N [S(az), T (ba)]
= ([S(a1), S(a2)] N [T(b1), T(b2)])
S(la1, az]) NT([b1, ba])

(Sa A Tg)(la, az], [b1, ba])
(Sa A Tg)([(a1,b1), (az, b2)]).
S(a1)NT(by)
S([a1, a2]) NT([b1, b2])
(Sa A Tg)([a1, az], [b1, b2])
(Sa ATp)([(a1,b1), (a2, b2)])-
(SaANTg)lag,ba] = S(a2) NT(be)

€ S(la1, az]) NT([b1, ba])

= (SaATg)(lar, a2, [b1,b2])
(Sa A Tg)([(a1,b1), (az, b2)]).

N

[
[

(SA A TB)[CLl, bl]

N

Theorem3.14— Let L be a Leibniz algebra and be a Leibniz subalgebra (respectively Leibniz
ideal) of L. If S4 andT4 are two soft intersection Leibniz subalgebras (resp. soft intersection Leibniz
ideals) overX, thenS 4 NT}y is a soft intersection Leibniz subalgebra (resp. soft intersection Leibniz
ideal) overX.
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PROOF: The proof of theorem is similar to the proof of Theorem 3.13.

10.
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