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A spacetime is a connected 4-dimensional semi-Riemannian manifold endowed with a metric
tensorg with signature(— + ++). The geometry of a spacetime is described by the tejnaod

the Ricci tensorS of type (0, 2) whereas the energy momentum tensor of type2) describes

the physical contents of the spacetime. Einstein’s field equations rgl&tand the energy mo-
mentum tensor and describe the geometry and physical contents of the spacetime. By solving
Einstein’s field equations for empty spacetime (i%.= 0) for a non-static spacetime metric,

one can obtain the interior black hole solution, known as the interior black hole spacetime which
infers that a remarkable change occurs in the nature of the spacetime, namely, the external spatial
radial and temporal coordinates exchange their characters to temporal and spatial coordinates,
respectively, and hence the interior black hole spacetime is a non-static one as the metric coeffi-
cients are time dependent. For the sake of mathematical generalizations, in the literature, there
are many rigorous geometric structures constructed by imposing the restrictions to the curvature
tensor of the space involving first order and second order covariant differentials of the curvature
tensor. Hence a natural question arises that which geometric structures are admitted by the inte-
rior black hole metric. The main aim of this paper is to provide the answer of this question so that
the geometric structures admitting by such a metric can be interpreted physically.
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1. INTRODUCTION

In the theory of general relativity one of the exciting predictions is that there may exist regions of
the spacetime, where the gravity is so strong that nothing not even light, can ever escape. Such
regions are known as black hole of the spacetime. It is well known that the most general spherically
symmetric, static, vacuum, asymptotically flat exact solution to Einstein’s field equations is described
by the Schwarzschild metric

2 2m\ 7!
ds? = — <1 = m) dt® + (1 = m) d2% + 2 (d6° + sin® 0d¢?) (1.1)
z z

wherez, 6, ¢ are spherical polar coordinatéss the time measure by a clock at infinity amd= ]‘fQG

M being the mass of the central bodybeing the gravitational constant andeing the velocity of

light. Geometric properties of the Schwarzschild metric are presented among others in [6, Chapters
23-26], [65, Section 8] and [80, Chapter 13]. We also refer to [15, Chapter 4.7] for a short introduction
to this subject. Curvature properties of pseudosymmetry type of this metric are given in [53, 102].

On the sphere = 2m, the coefficient ofdz? in (1.1) tends to infinity and hence = 2m is
a singularity. The metric has also a singularityzat= 0 as the coefficient ait? in (1.1) tends to
infinity. We note that: = 0 is the centre of the spherical mass distribution of the star. Since the
metric coefficients are coordinate dependent: 0 is a coordinate singularity, which implies that
the inverse of the metric componergtg andg,4 diverges even though at that point there is nothing
such physical possibility. The geometry behaves very strangely wher2m and it is called the
Schwarzschild radius. The spherical surface associated with the Schwarzschild: raddus is null
and corresponds to the black hole’s “event horizon”, where a freely falling particle can approach to
the surface: = 2m but never cross it and hence the inward falling particle need infinite time to reach
the surface of the sphere= 2m, which was first pointed out by Oppenheimer and Snyder [81]. We
note that inside the Schwarzschild radiugnd¢ coordinates change their role in the sense that the
coordinate becomes spacelike ancbordinate becomes timelike. It is believed that the gravitational
collapse of a compact body results in a singularity hidden beyond an event horizon. If the singularity
were visible to the exterior region one would have a naked singularity which would open the realm



CURVATURE PROPERTIES OF INTERIOR BLACK HOLE METRIC 1781

for wild speculations [56]. This entails to Penrose’s cosmic censorship conjecture [82] which states
that all physically reasonable spacetimes are globally hyperbolic, forbidding the existence of naked
singularities, and only allowing singularities to be hidden behind event horizon. The realization that
black hole could actually exists prompted a renewed interest in their mathematical properties and the
last three decades have seen some remarkable developments in this respect. For details about the
black hole in cosmology and astrophysics we refer the article of Carr [10] and also references therein.

The empty annular region of spacetime for a spherical star inside its Schwarzschil®2rading
outside its physical radius a < 2m, that is for a black hole the spacetime geometry is characterized
by the spherical symmetric non-static line element

ds* = —B(z,t)dt* + A(z,t)d2? + t* (d6* + sin® 0d¢?) , (1.2)

where the coefficient functions can be obtained by solving Einstein’s field equations for empty space-
time S = 0. The solution takes the form

2 ! 2
ds? = — <f - 1> dt? + (f - 1> dz? + % (d9” + sin® 0do?) . (1.3)

Thus (1.3) represents metric for interior black hole [56, 70], wifemeay be determined from a
direct confrontation with the exterior Schwarzschild solution. The metric (1.3) is the interior black
hole solution which represents the empty spacetime in the exterior region of a black hole and
it is valid for a such tham < z < a. For physical significance and cosmological interpretation of
the interior black hole solution we refer the reader [56] and also references therein. However in the
interior black hole solution, a remarkable change occurs in the nature of spacetime namely the external
spatial radial and temporal coordinates exchange their characters to temporal and spatial coordinates,
respectively and hence the interior black hole solution is represented by a non-static spacetime as its
metric coefficients are time dependent.

The nature of a space is completely known by its curvature which can be explicitly determined
by the metric of that space. In the literature of differential geometry there are several kinds of gener-
alizations of various geometrical structures constructed by giving the curvature restrictions involving
first and second order covariant derivatives. The notion of local symmetry is a generalization of the
manifold of constant curvature and the study was initiated by Cartan in 1926 with full classification
of such a space [11, 12]. Also a full classification of locally symmetric semi-Riemannian space is
given by Cahen and Parker [8, 9]. During the last eight decades the process of generalization of
locally symmetric spaces have been carried out by many authors around the globe in different direc-
tions, for instance, recurrent manifold by Walker [118], 2-recurrent manifold by Lichnerowicz [79],
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quasi-generalized recurrent manifold by Shaikh and Roy [104], hyper-generalized recurrent mani-
fold by Shaikh and Patra [103], weakly generalized recurrent manifold by Shaikh and Roy [85, 105],
semisymmetric manifold by Cartan [13], pseudosymmetric manifold by Chaki [14], pseudosymmet-
ric manifold by Deszcz [28, 38], Ricci-pseudosymmetric manifold by Deszcz andd{dtd, weakly
symmetric manifold by &massy and Binh [113], weakly symmetric manifold by Selberg [84]. We
mention that pseudosymmetry by Chaki and Deszcz are different and also weak symmetry of Selberg
and Tamassy and Binh are different.

We consider the semi-Riemannian manifoM, ¢), dim M = 4, equipped with the interior black
hole metric given in (1.3). Then this manifold is a interior black hole spacetime. The main subject
of this paper is to investigate the geometric structures admitting by the interior black hole spacetime.
The paper is organized as follows. In Section 2 we present definitions of some special tensors. In
Section 3 we present basical facts on pseudosymmetric manifolds (in the sense of Deszcz [114]). In
Section 4 we deduce the curvature properties of interior black hole metric and found that interior
black hole spacetime is a pseudosymmetric manifold.

Finally, in the last section (Appendix) we present the local components of the considered tensors
of the metric (1.3). We also mention that we have made all the calculations by a programme in
Wolfram Mathematica.

2. SOME SPECIAL TENSORS

Let (M,g), n = dim M > 3, be a connected smooth semi-Riemannian manifold with Levi-Civita
connectionV and semi-Riemannian metric For (0, 2)-tensorsA and B on M we define their
Kulkarni-Nomizu productd A B by (see, e.qg., [36, 60, 94, 95, 96, 100, 106])

(A ANB)(X1,X2,X,Y) = A(Xl, Y)B(XQ, X) + A(XQ,X)B(Xl, Y)

We define the endomorphismds A4 Y, R(X,Y), C(X,Y), P(X,Y), W(X,Y) andK(X,Y)
by [18, 30, 34, 42, 43, 60, 62]
(X AaY)Z =AY, 2)X — A(X, 2)Y,
R(X,Y)Z = [Vx,Vy]Z - Vixy|Z,
C(X,Y)=R(X,Y) -

.
XAg LY +LX NgY — ——X N\, Y
(X NG LY + LX 1 —— XA Y),

1
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—— XA,

W(X,Y) =R(X,Y) —

1
K(X,Y) = R(X,Y) = (X Ag LY + LX 7, Y),

n—
respectively, whered is a (0,2)-tensor onM, X,Y,Z € x(M), x(M) being the Lie algebra of
smooth vector fields oi/. The Ricci tensolS, the Ricci operato and the scalar curvatureare
defined byS(X,Y) = tr{Z — R(Z,X)Y}, g(LX,Y) = S(X,Y) andr = tr L, respectively. We
define the tenso€, the Riemannian-Christoffel curvature teng@rthe Weyl conformal curvature
tensorC, the projective curvature tenséy, the concircular curvature tensidr and the conharmonic
curvature tensoK of (M, g), by [18, 30, 34, 42, 43, 60, 62]

G(X1e.. Xa) = (X1 Ay X2) X3, Xa) = ;(g Ag) (X1, Xa),
R(Xl,...,X4) :g( (Xl,XQ)Xg,X4),
C(X1,..., X4) = g(C(X1, X2) X5, X3)
1 r
= (R 29/\5 mG)(Xl,...,X4),

P(Xy,...,Xy) = g(P(X1, X2) X3, Xy)
1
= R(X1,. o, Xa) = == (9(X1, X9)S(Xa, X3) — 9(X2, X4)S (X0, X3)),

n(n—1)

1
K(Xi,..., Xq) = g(K(X1, X2) X3, Xo) = (B~ ———g A S) (X1, Xa)

W(Xl, .. .,X4) = g(W(X1,X2)X3,X4) = (R — G)(Xl, e ,Xr4)7

r

Ay

G)(X1,...,X4),

respectively. For af0, k)-tensor7’, k > 1, and a symmetri€0, 2)-tensorA we define the0, k + 2)-
tensorQ(A, T') [94, 95, 98, 99] by

QAT (X1, .., Xis X,Y) = (X Aa V) - T)(X1, ..., Xp)

=-T((XNaY)Xy, X, .o, Xg) = = T(Xq, .o, Xpo1, (X AL Y) X).
The tensoiQ (A, T') is called the Tachibana tensor of the tensdrandT’, or shortly the Tachibana
tensor [32, 33]. It is obvious that the teng9(g, G) vanishes identically on any semi-Riemannian

manifold. Therefore we hav@(g, R) = Q(g, W) andQ(g,C) = Q(g, K). For an endomorphism
D(X,Y) we define th€0, 4)-tensorD by

D(X17 s 7X4) = g(D<X17X2)X3)X4)'
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Now for an(0, k)-tensorT’, k > 1, and an endomorphisf( X, Y') we define th€0, k+2)-tensor
D - T [94, 95, 98, 99] by

(D-T)(X1,..., X X,Y) = (D(X,Y) -T)(X1,...,Xs)
= —T(D(X,Y)X1,Xo,...,Xp) — - —T(X1,..., X)_1, DX, Y)X}).  (2.1)

Setting in the above formuleB(X,Y) = R(X,Y), C(X,Y), P(X,Y), W(X,Y), K(X,Y),
T=R,S, C, P, W, KandA = g or S, we obtain the tensors® - R, R-S,R-C,R- P, R- W,
R-K,C-R,C-S5,C-Cc,Cc-P,C-W,C-K,P-R,P-S,P-C,P-P,P-W,P-K,W-R,
w.ssw.c,w-PW-W,W-K,K-RRK-SSK-C,K-P,K-W,K-K,Q(g,R),Q(g,5),
Qg,0), Qg, P), Qg, W), Q(g, K), Q(S, R), Q(S,C), Q(S, P), Q(S, W), Q(S, K).

Using the above presented definitions we can prove that the following identities hold on any
semi-Riemannian manifold\/, g), n > 4, (cf. [32, Proposition 1.1))R - K = R - C and

r

K-85=C85-—50—5906:5),
K~R:C-R——(n_l)(n_z)c?@,R),
K-K:C-C—mQ(g,C).

Moreover, we alsohav® - W = R- R, R-C=R-K,C-R=C-W,C-C =C -K,
W-R=W W, W-C=W-K,K-R=K-W,K-C=K-K,PR=P-WandP-C=P-K.

3. PSEUDOSYMMETRY TYPE MANIFOLDS

A semi-Riemannian manifoltM/, g), n > 3, is said to be an Einstein manifold [4] if at every point
of M its Ricci tensorS is proportional to the metric tensgri.e. S = ~ g on M. In particular, ifS
vanishes onV/ then it is called Ricci flat. We denote s the set of all points of\/ at which.S is
not proportional tgy, i.e.Us = {s € M : S — Zg # O atxz}.

As a generalization of Einstein manifold, the notion of quasi-Einstein manifold arose during the
study of exact solution of Einstein field equations as well as during the investigation of quasi-umbilical
hypersurfaces of conformally flat spaces. For instance, FLRW spacetimes are quasi-Einstein space-
times. The semi-Riemannian manifold/, g), n > 3, is said to be a quasi-Einstein manifold if
rank (S — ag) = 1 onUg C M, wherea is some function on this set (see, e.g., [16, 18, 29, 34, 47,
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48, 52, 57, 62, 90, 91, 92, 107, 108]). In particularaifik S = 1 on Ug then(M, g) is called Ricci-

simple [21]. For instance, thed@el spacetime is a Ricci-simple manifold (see, e.g., [45]). The semi-
Riemannian manifoldM, g), n > 3, is said to be &-quasi-Einstein manifold ifank (S — ag) < 2

onUg C M andrank (S—a g) = 2 on some open non-empty subsetif, wherea is some function

onUg (see, e.g., [35, 36, 37, 88, 95, 101]). Such manifolds also are called generalized quasi-Einstein
manifolds, cf. [57, 58] and references therein. It is easy to check that every non-Einstein warped
product manifold with ari-dimensional base and a semi-Riemannian Einsteipianl)-dimenional

fibre is a quasi-Einstein manifold. Similarly, it is easy to check that every non-quasi-Einstein warped
product manifold with ar2-dimensional base and a semi-Riemannian Einsteipian2)-dimenional

fibre is a2-quasi-Einstein manifold.

An extension of the class of Einstein semi-Riemannian manifdldsy), n > 3, also form Ricci-
symmetric manifolds [11-13], i.e. manifolds with parallel Ricci tens@iS(= 0). We note that the
scalar curvature of every Ricci-symmetric manifold is constant. In [64] Gray introduced two classes
of manifolds lying between the class of Ricci-symmetric manifolds and the class of manifolds of
constant scalar curvature, viz., the clagss the class of manifolds which are cyclic Ricci parallel
(Vx9S(Y,2)+ (VyS)(Z,X) + (VzS)(X,Y) = 0) and the clas# is the class with Codazi type
Ricci tensor((Vx S)(Y, Z) = (VyS)(X, Z)). Existence of both classes are given in [86] (see also
[45]). Codazzi type Ricci tensor was extensively studied by verious authors [3, 4, 7, 22, 23, 24, 59,
109]. Another important subclass of the class of Ricci-symmetric manifolds form locally symmetric
manifolds [11-13], i.e. manifolds for which we havek = 0. This implies the following integrability
conditionR(X,Y) - R = 0, in short

R-R=0. (3.1)

A semi-Riemannian manifoldM, g), n > 3, is called semisymmetric [13] if (3.1) holds ad
and a full classification of such manifolds, in the Riemannian case, is given by $rab-112].
Further, a semi-Riemannian manifdldl/, g), n > 3, is said to be pseudosymmetric (or, in the sense
of Deszcz) [17, 28, 38, 40, 66, 67, 68, 89, 98, 99, 114, 116, 117] if the teRsaksand@(g, R) are
linearly dependent at every point 8f. This is equivalent to

R-R=LrQ(g, R) (3.2)

onUgr = {x eM:R-— ﬁ(} 0 at:c}, where L is a function onUgi. Pseudosymmetric
manifolds (in the sense of Deszcz [114]) are also called Deszcz symmetric spaces (see, e.g., [17,
68, 115, 117]). A pseudosymmetric manifold is called a pseudosymmetric space of constant type if
the functionLp, is constant [75, 76]. We mention that a geometrical interpretation of (3.2), in the

Riemannian case, is given in [67].
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We note that pseudosymmetric tensors arose during the study of semisymmetric totally umbilical
submanifolds in manifolds admitting semisymmetric generalized curvature tensors [1, 25, 27]. For
example, every totally umbilical submanifold of a semisymmetric manifold, with parallel mean cur-
vature vector, is pseudosymmetric [1, 2]. The systematic study on pseudosymmetric manifolds was
initiated in [1]. We refer to [40, 68] for a wider presentation related to the last statement. We mention
that [38] is the first publication, in which a semi-Riemannian manifold satisfying (3.2) was called the
pseudosymmetric manifold.

The Schwarzschild spacetime, the Kottler spacetime, the Reissner-fandgiacetime and the
Reissner-Nordstim-de Sitter spacetime satisfy (3.2) with non-zero funcfign[53] (see also [39,
66]). We also refer to [18, 20, 49, 50, 51, 74] for further results on pseudosymmetric spacetimes. For
instance, a family of curvature conditions satisfied by the Reissner-Nontste Sitter spacetime
was determined in [74]. The Schwarzschild spacetime was discovered in 1916 by Schwarzschild and
independently by Droste, during their study on solutions of Einstein’s equations, see, e.g., [6, Sec-
tion 23.3] and [83] and references therein. It seems that the Schwarzschild spacetime, the Reissner-
Nordstbm spacetime, as well as some Friedmann-Lignedrobertson-Walker (FLRW) spacetimes
are the “oldest” examples of a non-semisymmetric pseudosymmetric warped product manifolds (cf.
[36, 40)).

Pseudosymmetric manifolds form a subclass of the class of Ricci pseudosymmetric manifolds.
A semi-Riemannian manifoldM, g), n > 3, is said to be Ricci-pseudosymmetric ([28, 41]) if the
tensorsR - S andQ(g, S) are linearly dependent at every point/af. This is equivalent to

R-S = LsQ(g, S) (3.3)

on Ug, whereLg is a function on this set. Ricci-pseudosymmetric manifolds are also called Ricci
Deszcz symmetric spaces (see, e.g., [117]). A Ricci-pseudosymmetric manifold is called a Ricci-
pseudosymmetric manifold of constant type if the functignis constant [61]. Itis obvious that (3.2)
implies (3.3). The converse statement is not true, providedithat, (see, e.g., [33]). However, (3.2)
and (3.3) are equivalent on evelydimensional semi-Riemannian manifold. The conditions (3.2) and
(3.3) are equivalent on evetydimensional warped products [26]. The conditions (3.2) and (3.3) are
also equivalent on hypersurfaces isometrically immerséddimensional semi-Riemannian space of
constant curvature [19]. It is known that every warped product manifold with@dimensional base

and a semi-Riemannian Einsteinian — 1)-dimenional fibre is a Ricci-pseudosymmetric manifold
[33, 41, 52]. For further results on Ricci-pseudosymmetric manifolds we refer to [33]. We mention
that a geometrical interpretation of (3.3), in the Riemannian case, is given in [72].
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We denote by« the set of all points of a semi-Riemannian manifoM, g), n > 4, at which
C # 0. We note thalls U U = Ug, See, e.g., [31].

A semi-Riemannian manifold)M, g), n > 4, is said to be a manifold with pseudosymmetric
Weyl tensor [26, 28, 31, 40, 54, 55] if the tensafs C andQ(g, C) are linearly dependent at every
point of M. This is equivalent to

C-C=LcQg,C) (3.4)

on Uq, whereL¢ is a function on this set. Every warped product manifold witleadimensional

base and &-dimenional fibre is a manifold with pseudosymmetric Weyl tensor [26, Theorem 2].
Recently in [36] it was proved that this statement is also true when the fibreis-ad)-dimensional

space of constant curvature,> 4. Thus in particular, thd-dimensional spacetime with the metric
(1.2), as well as thé-dimensional spacetime with the metric (3.7) arquasi-Einstein manifolds

with pseudosymmetric Weyl tensor. It may be mentioned that thdeGspacetime satisfies (3.4)
(see, [45]). We refer to [45, 46, 87, 88, 97, 101, 102, 107] for examples of various pseudosymmetric
type structures.

As it was stated in [55, Theorem 3.1], (M, g), n > 4, is a pseudosymmetric manifold with
pseudosymmetric Weyl tensor then

QS - ag,C - 5G) = 0 (3.5)

onU¢, wherea andg are some functions on this set. Moreover, from (3.5) it follows that at all points
of Us N U¢, at which rank.S — ag) > 1, we have (cf. [55, Theorem 3.2])

R=I1SANS+ LagN S+ LsgAg, (3.6)

whereLq, L, and L3 are some functions on this set. We refer to [33, 49, 50, 50, 51, 63, 73, 74] for
results on manifolds satisfying (3.6). The manifold satisfying (3.6) is said to be Roter type manifold.
Roter type manifolds are also called Roter spaces.

Some comments on pseudosymmetric manifolds (also called Deszcz symmetric spaces), as well
as Roter spaces, are given in [17, Section Eydm a geometric point of view, the Deszcz symmetric
spaces may well be considered to be the simplest Riemannian manifolds next to the real spdce forms.
and "From an algebraic point of view, Roter spaces may well be considered to be the simplest Rie-
mannian manifolds next to the real space fofrer further comments we refer to [117]. Recently
Roter spaces admitting geodesic mappings were studied in [44].
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4. GEOMETRIC STRUCTURESADMITTING BY INTERIORBLACK HOLE SPACETIME

Let (B,g) and(F, g) be semi-Riemannian manifolds of dimensjoix 1 andn —p > 1, respectively,
covered by the coordinate chag®; %} and {V;y*}, respectively. Letf be a smooth positive
function onB. The warped product/ = B x; F is the product manifold3 x F' furnished with
the metricg = 7*(g9g) + (f o m)o*(gr), wherer ando are the projections oB x F onto B and
F, respectively [77, 78]. The manifol® is called the base af/ = B x F', andF' the fiber. We
mention that for the warped product manifditix ; F, the metric can also be considered [5, 15] as
g = m(gB) + (f om)%0*(gr). However, throughout the paper we will consider the former warped
product metric but not later.

Let {U x V;a!, .. aP, 2Pt = ¢! . 2" = 4" P} be a product chart foB x F. The local
components of the metrig= g x y g with respect to this chart are given by the following:
ghk = Jap T h = aandk = b, gnp = fgap if h = aandk = 3 andg,, = 0, otherwise, where
a,byc,... € {1,...p},a, 8,7, ... € {p+1,..,n}andh,i, 5, k,I,m € {1,2,...,n}. We will mark by
bars (resp., by tildes) objects formed frgniresp.g).
The local componentE?k of the Levi-Civita connectiolV of B x  F" are given by the following:

po=Th TG, =T%, TIy=TI%=0, (4.1)
1_ ..~ 1 of
aﬁy = *igabfbgﬁ'ya Fgﬁ = ﬁfaéga Ja=0uf = %~ (4.2)
The local components
0

Rpijie = gniRljy, = gn(0pTh; — 0,5, + TTh = THRTL ), O = e

of the Riemann-Christoffel curvature tens@rand the local components; of the Ricci tensolS of
the warped producB x ¢ F which may not vanish identically are the following:

_ 1 _ ~ A+ f ~
Rabcd = Rabcda Raabﬁ = _5 ab9ap; Raﬂ'yé = fRa,B'y5 - TlfGaﬂ'yt% (43)
S = Sur — P70 Ss= G — = (tr(m) + "=L A F) (4.4)
ab = Pab 2f ab» af = RPaf 9 2f 1 Japs, .
= 1
Tap = Vofa— == fafo, tr(T) =7"Tw, Arf =75 fufs, (4.5)

2f
andT is the (0, 2)-tensor with the local componerity,. The scalar curvatureof B X f F satisfies
the following:

T n-p n—p-—1
r—r—i—?— 7 (tr(T)+4fA1f>. (4.6)
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For further details about warped products, we refer to [80]. Warped product pseudosymmetric
and Ricci pseudosymmetric manifolds are studied among others in [18, 26, 38, 50, 51, 54]. Also we
refer to [93] for the weakly symmetric and weakly Ricci symmetric warped product manifolds.

Let (M, g) be the manifold with the metrig defined by (1.3). Using the above presented formulas
we can compute the local components of tensors formed by the metric tensor defined by (1.3) (see
Section 5). We sef = % and{ = ‘;—f. We can check thaf = (r/4)g at all points of M at
which £ = 2£/t andrank(S + (2¢£/t2)g) = 2 at remains points ofi/, i.e. onUg C M. Thus
(M, g) is a2-quasi-Einstein manifold. We can also check that= (r/2)S — (2££/t%)g, and in
a consequencey? — (tr(L£2)/4)g = (1/2)(S — (r/4)g) onUs C M, whereS? is a (0, 2)-tensor
with the local components?; = Si.g"S;; andtr(L?) = g"S},. Thus the considered manifold is a
partially Einstein manifold.

We recall that a semi-Riemannian manifdltt, g), n > 3, is said to be partially Einstein mani-
fold [15, p. 20]if S = oS + Bg onUs C M, wherea and3 are some functions on this set. It is
easy to verify that every quasi-Einstein manifold is partially Einstein (see, e.g., [62, Introduction]). It
is obvious that the converse statement is not true. We also have [115, 117]: A conformally flat semi-
Riemannian manifold of dimensian > 4 is a Deszcz symmetric space if and only if it is partially
Einstein.

We present now results related to the interior black hole metric (1.3).

Theorem4.1— Interior black hole metric (1.3) satisfies the following
i) R-Z =11Q(9,2), L = 5*

3

(i) C- Z = LsQ(g, Z), Lo = S=4EHE

(i) W - Z = L2Q(g, 2),

(V) K - Z = LsQ(g. Z), Ly = 2455,

(V) P-S=1I11Q(g,9),

(Vi) P-Z = 1.1Q(g9, Z) - 5Q(S, 2),
whereZ is any one ofR, S, C, W, K and P.

From above theorem it follows thét) if ¢ = CitthenR-Z = 0andP-S = 0, (b) if £ = C1t2+
Cot3thenC - Z = 0andW - Z = 0, and(c) if ¢ = V/t (C’gcos (glogt) + (1 sin <§logt>>
thenK - Z = 0, whereC; andCy are some constants. Further, we have

Theorem4.2— Interior black hole metric (1.3) satisfies the following
WC-K=wW-K, C-K=W-.-C, C-C=W-(C,
iyw-K=Ww.C, C-K=C-C ((ifollows from (i)),
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iy W - K = C - C (iii) follows from (i) and (ii)),

(V) C-W =W -R,

WR-S=P-S, C-S=W-8,

W)LsR-K=1L,K-C,

(i) R-W — W - R = Ls Q(g, R), Ls = —2%.;;% =z,

(viil) C - K — K - C = Ls Q(g,C), Lg = — %55 =

(iX) C- R~ Q(S.C) = Lt Q(g,C), Ly = ¥HELE

() R-R-Q(S,R) = Ls Qg.C), Ly = Seieimies

(xi) LLg R- W + L1L1o Q(S, W) = L1L11 Q(S, R), Ly = —3t(6£(£ — t€) + (€ + 3£)E),
Ly = 6(—t262 + 2t€(td — €) +3%), Ly = t3(—13% + 267 + 2t€8) + 6t£(1€ — 48) +18¢2,

(Xi) Ly R- K + L1y K - R+ Ly Q(S, K) = 0, Ly = —2HUErE

(Xiii) LsLis R+ K — L3Ly K - R+ L1LoLg Q(S, R) = 0, Ly = Y28 20

(XV) Ly C-W — Ly W -C = Ly Q(S, O),

(V) LoLia C- W — 2oLy W - C = L3 Q(S, W), Ly = ¥=36-0¢

(Vi) Lys C - K + L2 Q(S, K) = LoLyg Q(S, C), Lys = ALEHALEHEE) - g0 26tie a2

(xvii) 18503011 W - K — L3L14 K- W + L3L3 Q(S,W) = 0,

(xviii) L1Ls W - K + LoLio K - W + Lo L3 Q(S, K) = 0,

(xix) Roter type condition wittR = %S NS+ pug A S+ nG, where

Ju—y

(o] b

b= B AP+ 130 6EE — 612+ BEE + 126 2(468% — 4t + 28LE + 12¢EP)
T T (1 —28)? |

From above theorem it follows thé&t) if £ = CitthenR- K = K -C, (b) if £ = —% + Cy then
R-W =W-RandC- K = K - C, (c) it ¢ = t5 (Cycos (Y logt) + Cysin (Y logt) ) then
C-R=Q(S,C), whereC, andC, are some constants.

In [50] it was proved that any Roter type manifold satisfies the relation (x) &t L +¢ 'y =
(n —2)¢~Y(u? — ¢n), n = 4, and the converse is also true as follows from (x) and (xix).

Let (M, g) be the manifold with the interior black hole metricirdimension is given by [69-71]
a2 = (B0} de o (B 1) a2 (00 4?06 4 sin? Osin? 6ds?), (BT
s=-\z"- —|—t—2— z° + ( + sin” 8d¢” + sin sm¢w), (3.7)
where¢ is the function of time. Similarly as above, we can obtain curvature properties of the interior
black hole metric (3.7). In particular, we again §et % and¢ = ‘Zl—f. We can check tha&f = (r/5)g

at all points ofM at whiché = 3¢/t andrank(S + (2£/t%)g) = 2 at remains points oM, i.e. on
Us C M. Thus(M, g) is a2-quasi-Einstein manifold. We can also check that- (tr(£2)/5)g =
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((r/2) + (£/t*))(S — (r/5)g) onUs c M. Thus the considered manifold is a partially Einstein
manifold.

Further, we have the following curvature properties of the considerd metric (3.7).

Theorem4.3— 5-dimensional interior black hole metric (3.7) satisfies the following:
() R-Z=NiQlg,Z), N, = 2,

4
.. — . 2“
(i) C-Z = N2Q(9,2), N2 = %
e — 2
(i) W - Z = N3Q(g, Z), Ny = 2E5EHE,

V) K - Z = NaQ(g, Z), Ny = 82+

(V) P-S = Ni1Q(g,5),

Vi) P-Z = NiQ(g,Z) — 3Q(S, Z),
whereZ is any one of?, S, C, W, K and P.

From above theorem it follows thdt) if ¢ = Cit> thenR-Z = 0andP - S = 0, (b) if
£ = C1tP + Cyt* thenC - Z = 0, (¢) if € = C1t° + Cot* thenW - Z = 0, and(d) if £ =
t2 (Cg cos (\/Tf’ log t) + Cy sin (VTE log t)) thenK - Z = 0, whereC; andC, are some constants.

Theorem4.4— 5-dimensional interior black hole metric (3.7) satisfies the following
HR-S=P-S,
@iy R-W —W - R=N5Q(g,R), Ns = —2-1

10t3
(i) C- K — K -C = NsQ(9,C), No = %55,
. 2
(IV) C-R- Q(Sa C) = N7Q(g,C), N7 = 45;;3 51

‘R — - _ 3(8E2—4te€—12€2421%¢E)
(V)R R Q(SvR) _NS Q(gac)a N8— t4(12§—6t§.+t25) y

(Vi) NsNg R-W + N1N1g Q(S, R) + N1Ng Q(S,W) =0, Ng = _ BEEBOHEUEHE)

3 ‘ £ : 5 2t7
Ny = _8052+64t§§—215225;;41526(26-&-256)+t4§2’

(Vi) Ny R- K + Ny K - R+ Ny Q(S,K) = 0, Nyj = =060+
(viii) NyNg R- K — N2Ny K - R+ NyNaNy Q(S, R) = 0,
(iX) N30-W—N7W-C:N3Q(S,C),

(X) NsN12 C- W + Nig W - C = N3Na Q(S, W), Niz = 205_11%#,

(xi) Nig C - K + NaNiy Q(S,C) + NZ Q(S, K) = 0, Nyg = SCH0EeHt?e
(Xii) NyNig W - K + NioN1g K- W = NyNi4 Q(S, W),

Noy — 24062 —216t6£+48t2E2 432426 — 1413 £ 4112
14 — 60t8 ]

(xiii)) NyN4 W - K + N3N11 K- W + N3Ny Q(S, K) =0,
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(xiv) Roter type condition witi® = £S5 A S + ug A S + 1G, where

oo L0 —6)) BE(S = 319) + 1(AE + tE)E
(B¢ —td)2 1(3¢ — t€)? ’
_ 2683 + £(9€2 + 266 + £282))
- (3¢ — t€)? '

From above theorem it follows thét) if £ = —% +CythenR-W =W . -RandC - K =

K-C, (b)ife =i (02 cos (@ logt) + Oy sin (@bgt)) thenC - R = Q(S, C), and(c) if
2

&= M thenR - R = Q(S, R), whereC; andC, are some constants.

However, we note that for thedimensional interior black hole metric the following tensors are
non-zero tensors

OWC-K-W-K,i)C-K-W-C,@yyc-c-w-C,(ivyC-W-W-R,(v)C-5-W-8§
and (V)R- K — K - C.

In [50] it was proved that any Roter type manifold satisfies the relation (v) Wigh= N7 +
¢ tu=(n—2)¢"(u?— ¢n),n =5, and hence from (xiv), it follows that the converse of the result
is also true.

We can check that thedimensional spacetime with the metric (1.3) anditmensional space-
time with the metric (3.7) are non-quasi Einstein manifolds. Furthermore from the considerations
presented in Section 3 and Theorems 4.1 (i) and 4.4 (ii) it follow that those spacetimes satisfy (3.6)
and hence are Roter type spacetimes.

We also note that interior black hole metrics (1.3) and (3.7) do not admit any one of the follow-
ing structures: Ricci semisymmetric, quasi-Einstein, Codazzi type Ricci tensor, cyclic Ricci sym-
metric, Chaki pseudo symmetric, Chaki pseudo Ricci symmetric, weakly symmetric, weakly Ricci
symmetric, hyper generalized recurrent, weakly generalized recurrent, quasi generalized recurrent,
as well as any pseudosymmetric type structure defineR by = LQ(S,Z2), C - Z = LQ(S, Z),

W.-Z =LQ(S,Z),K-Z =LQ(S,Z2), P-Z = LQ(S,Z),andP - Z = LQ(g,Z), respec-

tively, whereL is any smooth function and is any one of the tenso®, C, W, K and P. It can

also be mentioned that both the interior black hole metrics does not realize any one of the generalized
Einstein metric condition (iR - C — C - R = L1Q(g,R), (i) R-C — C - R = L2Q(g,C), (iii)
R-C—-C-R=L3Q(S,R)and (V)R- C — C - R = L4Q(S,C). We mention that a survey on
semi-Riemannian manifolds satisfying the last four conditions is given in [33].
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5. APPENDIX

Part | : From (1.3) and (4.1)-(4.6), the local components of the Christoffel symbols of second kind,
the curvature tensor and the Ricci tensor (upto symmetry) which may not vanish identically are the

following:
£t : 1 (t = 26)(t€ — )
%1:_m:_F%27 P?3:Pil4:za F%QZ_ 3 )
M, =2¢—t, Iy =coth, Th =—(t—2¢)sin’0, T3, = —sinfcosd,
. -2t R _tE—¢  sin?0(t€ — €)
12 =y R =os Muu = e
t— 26)(t€ — t — 2¢) sin? O(¢€ — .
P = (RO U2 ey
_ & _ ¢ _t-2¢ €
S = TR Sao = 2 = 9

. of N of 22 + tf
533 = _25 = _75932% 544 = _25 Sln29 = _759447 r= _(étzg)a

where¢ denotes the differentiation @f with respect tar and¢ the second order differentiation of

& with respect tat. The local components of the Weyl conformal curvature tensor (upto symmetry)

which may not vanish identically are given by

Coo_ SE—t(a—t)) o GE—t(dE—te) _ sin?0[6€ — t(4E — )]
1212 — 343 ) 1313 — 6<t—2§) ) 1414 — 6(t—2§) )
Conre = E=20[66 — A€ —2E)] (£ = 2€) sin® [6€ — H(4€ — 10)]
2323 — 6(t—2§) ) 2424 — 6(t—2§) )

Clytsn = —étSmQ 0[6¢ — 1(4€ — t8)].

The local components of the covariant derivatives of curvature tensor and Ricci tensor (upto sym-
metry) which may not vanish identically are given by:

363 4 326 — 6t€ + 6¢ (t—2¢) (t(tf—Sé) +3§>
Ri9121 = m » Rioggs = 3 = —Ro323.1,
(t = 2¢) sin® 0 (#(t - 36) + 3¢) 28 316 1 3¢
Riooaa = 3 = —Roaps1, Rizizn = EZET T

sin? 6 (t(té —36) + 35)
t(t —2¢) ’

. : 1
Rizsa4 = sin® 0(3¢ — t£) = —Riuza 3 = —§R3434,1, Rig141 =
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— &3 26 . 1
S = té—ftg’ S133 = 75 &= 5533,17
t—26)(te® - & sin?0(26 —t€) 1
S = ( §)t(3€ O, S144 = sin 6(2¢ — 1) f &) _ 55,1

In terms of local coordinate system, the local compon€itd, T'); ;,..;, «» Of the Tachibana

’LlZ2.

tensorQ(A, T') of an(0, 2)-tensorA and an(0, k)-tensorI” are given by

QA T)i iy iww = AiuTviy.i, +AiguTijvei, + o+ Ai uLiiyn

k

—Ai wTuiyi, — AigoTijuei, = — Ai oTij iy

In particular, for a symmetri0, 2)-tensorA and a generalized curvature ten§gmwe have

Q(A, T)nijkim = QA T) jknhitm = —Q(A, Tinjkim = —Q(A, T)hijkmi,
Q(A, T)nijkim = QA T)ijnkim = Q(A, T) jnikim
Q(A, T)nijkim + QA T) jkimni + Q(A, T)tmpijr = 0.

If A andB are symmetri¢0, 2)-tensors then
Q(A, B)niji = Q(A, B)injx = —Q(A, B)pik;-

If D(X,Y)=R(X,Y) then (2.1) yields

(R : T)'leQz uw _gpq(TpiQ---ilc Ruvqi1 + Elp"'ik Ruvqi2 +-- 4+ T:ilz'Q---pRuvqik )a

k

whereg??, R;;; andT; ;,..;, are the local components of the tensgrs, R andT, respectively.
Similarly in terms of local coordinate system we can write the componerts @, P-7, W - T and
K -T. Moreover, if By;;;, andT},;;, are the local components of generalized curvature tedsansd
T then the local components of tf@ 6)-tensorB - T' are following

(B Thijkim = =" (TpijkBimng + ThpjkBimiq + Thipk Bimjq + ThijpBimkq)

= gpq(TpijkBlmqh - TphjkBlmqi + TpkhiBlmqj - pjhiBlmqk)'

We have

(B - T))nijkim = (B - T) jkhitm = —(B - T)injkim = — (B - T) hijkmi,
(B - T)hijrim + (B - T)ijhkim + (B - T) jhikim = 0.
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Forthe tensorst - R, R- S, R- C andR - P we have the following relations:

(t€ — ) (t(t€ - 3¢) + 3¢)

(R R)122313 = " = —(R- R)121323,

(R Ry — S 0UE 3 —8) _

—(R - R)133414,

t(t —2¢)
sin? Q(t€ — €) (t(té —3¢) + 35)
(R- R)122414 = m = (R R)121424,
_ in?2 - -
—(R - R)243423 = (t ~ 2¢)sin 9(535 )8 _ (R - R)233424;

(€ — t€)(t€ — 26) sin” 0(¢ — t6) (t€ — 2¢)

(R-S)1313 = , (R-8)1414 =

t2(t — 2¢) £2(t — 2€) ’
(R-S)2323 = (t = 20)(t ;5)(t§ — 25), (R-8)2404 = (t — 2¢) sin 9(;45 f)(tf - 25)

(t€ — ) (t(t — 46) + 6¢)

(R-C)i122313 = = —(R- C)i21323,

2t4

sin® B(¢ — t€) ( (1€ — 4€) + )
(R-C)raznz = 20(t = 26) —(R - C)133114,

sin? Ot — €) ( (t€ — 4€) + 65)
(R-C)122414 = o7 —(R - C)121424,

(t — 2€)sin? O(t€ — €) (t(tg" —46) + 65)
(R C)2u3a03 = 573 = —(R - C)a334243
(t€ — ) (t(€ — 38) + 3¢)
(R-P)iagsis = —(R- P)izi223 = —(R- P)aso113 = —(R- P)121323 = m ;

(6 — 1) (1(2t — 7€) + 9¢)

(R-P)i23213 = —(R-P)132123 = —(R-P)231213 = —(R-P)123123 =

3t ’
16— €)(t€ — 2 € —t&)(t — 26
(R-P)i3i113 = ( 3t(t)—( 2)? )v (R P)isgsiz = ( 3(25)E 2¢) )7
sin? 0(¢& — t€) (t(té —5¢) + 95)
(R-P)iasars = —(R-P)3arz1a = (R-P)izagia = —(R-P)3ara13 = 3t(t — 2¢) 7

sin® 0(t€ — 36)(t£ - €)

(R Piagziz = (R~ P)zaans = (R~ Pizzars = —(R - P)3azna t(t — 26) ’
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sin? 0(t€ — €) (t(té —38) + 35)
(R-P)122414 = —(R-P)osa2114 = —(R-P)121424 = —(R-P) 141224 =

z :
sin? 0(¢& — t€) (t(Qté — 76 + 95)
(R-P)igazia = —(R-P)asizig = —(B-P)ioazia = —(B-P)raziza = 34 )
2 0(1€ — EVHE — 2¢ A6 18V (4 o
(R- P)ia1114a = = ;tg(t _gg(g)i 5), (R - P)iaga1s = sin (g(t _5)2(§>§ 5)’
0n\2(46  V(4E  of B VI
(R - P)a3ages = -2%) (t§3t5§)(t§ 25)7 (R - P)a33ses = U 25)(t£3t2§)(t§ 26),
(R - P)243423 = (R - P)342423 = (R - P)234324
(t — 2¢) sin? 0(t€ — €) (1€ — 5€) + 9¢ )
= —(R- P)3azzoa = 2 7
9f ain2 Al — .
(R‘P)244323 - (R'P)344223 = (R‘P)233424 = —(R.P)343224 — (t 25) S111 9(;35 35)(t§ 5)7
oM\2 w2 Al N(4E of B haii ek of
(R-P)242224 = ( = 26)"sin 93(;55 )t 26), (R-P)osaazs = (t —2¢)sin ai(;tf? FIGS 25).

For the tensorg)(g, R), Q(g,5), Q(g, C) andQ(g, P) we have the following relations:

3¢ _

Q(g, R)122313 = —t€ + 3¢ — - —Q(g, R)121323,

t2sin? 0(3¢ — t€)
t— 26

sin? 6 (t(té' —36) + 35)
" = —Q(g, R)122414,

Q(g, R)aaza23 = (t — 26) sin? 0(t€ — 3¢) = —Q(g, R)233404;

Q(9, R) 143413 =

= —Q(9, R) 133414

Q(9, R)121424 =

L agE g
Q(g,S)1313 = t(lf_ 225), Q(g, S)1a14 = tsin r Et; 25)7
Q(g,5)2323 = _ 25)2(;55 25)7 Q(g,5)2424 = - 2) Smt o 25);
1. . 3¢
Q(9,C)122313 = —§t£ +2¢ — 5= —Q(g,C) 121323,

t2sin% 0 (t(té —48) + 6§>
2(t - 2¢)
sin? § (t(té —4é) + 65)
2t

Q(9,C) 143413 = = —Q(9,C)133414,

Q(9,C)121424 = = —Q(9,C) 122414,
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Q(9,C)233424 = %(t — 2¢)sin? 0 (t(té— 4€) + 65) = —Q(g, C)243423;

Q(g, P)131223 = Q(g, P)232113 = Q(g, P)121323 = —Q(9g, P)122313 = t€ — 36 + 3*5
Q(g, P)123213 = —Q(9, P)132123 = —Q(9g, P)231213 = —Q(g, P)123123 = *tfl — é + £
_ 3 _
Q(g, P)131113 = ((t£ 252)52), Q(g, P)133313 = 753((?—225)’
t2sin2 6 (t(té —58) + 95)
Q(9, P)1azarz = Q(g, P)isasia = Q(9, P)zarars = —Q(g, P)sazia = 30— 2€) ;
22 pid
Q(9, P)1aaz1z = Q(9, P)issara = Q(9, P)saaniz = —Q(g, P)zazi1a = ! s1nt0_(t2§€ 35)7
sin 6 (t(té —36) + 35)
Q(g, P)1a1224 = Q(9, P)2s2114 = Q(9g, P)121424 = —Q(g, P)122414 = ; ;
sin? 0 (t(zté — 7€)+ 95)
Q(g, P)1a2124 = Q(g, P)124124 = Q(g, P)241214 = —Q(g, P)124214 = — e :
t2 sin® 0(t€ — 2€) t3 sin* 0(t€ — 2¢)

Q(g, P)1a1114 = — , Q(9, P)iaaa1a =

3(t —2£)? 3(t —2¢) ’
_ 2046 _ 9f . .
Q(g, P)232223 = _¢ 25)375(55 2£)> Q(g, P)233323 = —ét(t —28)(t€ — 26),

Q(g, P)24za2z = Q(9, P)3a2423 = Q(9g, P)234324
= —Q(g, P)342324 = —é(t — 25) sin’ 0 (t(té — 5{) + 95) ,

Q(g, P)aas323 = Q(g, P)3a223 = Q(g, P)23za2a = —Q(g, P)3azazs = —(t — 2€) sin? (¢ — 3¢),

(t — 26)? sin? O(t€ — 2€)

P =—
Q(g, P)242224 32

» Q(g, P)osgazs = —ét(t — 2€) sin® O(t€ — 2€).

Part Il. Forthetensor§' - R,C - S,C - C andC - P we have the following relations:

(t(té —48) + 65) (t(té —36) + 35)
64 -

sin? O(t€ — 3¢) (t(té —48) + 65)
61(t — 26) = —(C - R)143413,

sin? 0 (t(té —4€) + 65) (t(té —38) + 35)
o = —(C'- R)122414,

(C - R)121323 = —(C' - R)122313,

(C-R)i33414 =

(C - R)121424 =
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(t — 2€) sin? O(t€ — 3¢) (t(téf —4€) + 65)

(C'- R)243423 = o3 = —(C - R)a33424;
(1 - 26) (1(t€ - 4€) + 6¢)
S 612(t — 2¢) ’
sin® Q(t€ — 2€) (t(té 46+ 6{)
(© Shaia = 662(t — 2€) ’
(t - 26)(¢€ — 2) (1(¢ — 4d) + 6¢)
(C-S)2323 = — o ,
(t - 26)sin? (1€ — 2€) (1(t€ — 4€) + 6¢)
(C-S)2424 = — P ;
(t(té —4€) + 65)2
(C-C)i21323 = = —(C - O)122313,

12t4

sin? 6 (t(té —48) + 65)2
(C- C)razarz = 126( = 26) = —(C - C)i33414,

sin?6 (t(té —46) + 65)2

(C - C)i21424 = 1374

= —(C - C)122414,

(t — 2€) sin? 0 <t(té —4) + 65)2

(C- C)azzaza = 1253 = —(C' C)243423;
(C' - P)i31223 = (C - P)azi213 = (C - P)121323

(t(té —46) + 65) <t(té —36) + 35)

6t4 ’
(C - P)i32123 = (C - P)azi213 = (C - P)123123
(t(té —46) + 65) (t(2t£ —76) + 95)

18t4 ’
(t - 28) (#(t€ — 46) + 6¢)

18(t — 2€) ’

= —(C - P)122313 =

= —(C - P)123213 = —

(1 — 26) (1t - 4€) + 6¢)
18t(t — 2¢)2 ’

(C - P)1g3a13 = (C - P)3a1a13 = (C - P)134314

sin? 6 (t(té —5) + 95) (t(té —4€) + 65)
18t(t — 2€) ’

(C-P)iginz = — (C - P)i3ss13 =

= —(C - P)3q1314 =
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sin? (t€ — 3¢) (t(té —48) + 65)

P —(C.P —(C.P — _(C.P —
(C-P)144313 = (C-P)344113 = (C-P)133414 (C-P)343114 61t — 20) ,
(C - P)is1224 = (C - P)2s2114 = (C - P)121424

sin? 0 (t(té —48) + 65) (t(té —36) + 35)
= —(C - P)ig2a1a = G ;

(C - P)1a2124 = (C - P)241214 = (C - P)124124
sin? 0 (t(té —4€) + 6{) (t(2té — 7€) + 95)

= —(C - P)i24214 = —

18t ’
sin? O(t€ — 2€) (t(tg" —4€) + 65)
(C- Pliaina = — 18t 5 ;
(t—2¢)
sin® G (t€ — 2€) (t(té 46+ 6§)
(C - P)iaaara = F :
(t—2¢)
(t — 2)2(t€ — 2€) (1(t — 46) + 6¢)
(C'- P)asages = — 1365 ;
(t - 26)(¢€ — 26) (#(¢ — 4€) + 6¢)
(C - P)asszos = — 132 ;

(C' - P)aazazz = (C - P)3agaa3 = (C - P)23azo4

(t —2¢) sin? 0 (t(té —56) + 95) (t(té —48) + 65)
= —(C - P)3azzoa = — 136 ,

(C - P)asazaz = (C - P)3aa223 = (C - P)azgaza
(t — 26)sin? 0(t — 3¢) (#(t - 4€) + 6¢)

= —(C - P)343204 = —

6t3 ’
(t = 2)?sin? 0(¢€ — 26) (#(t€ — 4€) + 6¢)
(C - P)osgaos = — 135 ,
(t — 2€) sin* O(t€ — 2€) (t(té —48) + 65)
(C- P)osaaza = — 5P :

For the tensordV - R, W - S, W - C'andW - P we have the following relations:

(t(té —48) + 6«5) (t(té —36) + 35)

(W - R)121323 = o = —(W - R)122313,

sin? (€ — 3¢) (t(té —48) + 6§>

(W - R)133414 = 6t(t — 2€)

= —(W - R)143413,
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sin? 6 (t(téf —4€) + 65) (t(té —38) + 35)

(W - R)121424 = o = —(W - R)1z2414,
(t — 2¢) sin® 0(t€ — 3¢) (#(t — 4€) + 6¢))
(W - R)243403 = e = —(W - R)a33424;
(1 - 2€) (1€ - 4€) + 6¢)
(W - S)iz13 = 612(t — 26) ;
ﬂﬁﬂi—%NW$%8+%)
(W S)ia1a = o ;
(t—29¢)
(t - 26)(¢€ — 2) (t(¢ — 48) + 6¢)
(W - S)az23 = — o ,
(t — 2€) sin? O(t€ — 2€) (t(té —4€) + 65)
(W - S)aa24 = — G ;
(t(té —4€) + 65)2
(W - C)121323 = 127 = —(W - C)122313,
sin? 0 (t(té 46+ 65)2
(W - C)1aza13 = 126( = 26) = —(W - C)i33414,
sin? 0 (t(té —4€) + 65)2
(W - C)121424 = 13 = —(W - C)122414,
(t —2¢)sin? 6 (t(té —4€) + 65)2
(W - C)aszaza = 1265 = —(W - C)243423;
(t(té —4€) + 6§) (t(té -3¢+ 3§)
(W - P)i21z2s = —(W - P)i22313 = o ,
(1€ — 1) + 6¢) (1(2t€ — 7€) + 9%
(W - Pliaza1z = —(W - Piagiaz = —(W - P)io123 = 1341 ;
| (1 — 26) (1(t€ — 4) + 6¢)
(W - P)133313 = sin40(W - P)1aga1s = 180t — 2€) :

sin? 9 (t(té —5¢) + 95) (t(té —46) + 6§>
18¢(t — 2€) ’
sin? 0(t€ — 3¢) (t(té —4€) + 65)
Gt(t — 2€) ’

(W - P)iazarz = (W - P)igazia =

(W - P)iaaziz = (W - P)igza1a = (W - P)aaar13 =
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sin? ¢ (t(té —4€) + 65) (t(té —38) + 35)
(W - P)12gg1a = —(W - P)121424 = —

6t ’
. e . . sin? 9 (t(t§ 46+ 6§) (t(2t§ )+ 95)
124214 142124 124124 18t4 )
| (t - 26)(t€ — 2€) (1(2€ — 4€) + 6¢ )
(W - P)as3zes = = 9(W * P)osasss = — 182 ;
(t — 2¢) sin® 0 (t(té —5¢) + 95) (t(té —46) + 65)
(W - P)aazazs = (W - P)agagoa = — 138 ;
(t — 2€) sin® O(t€ — 3¢) (t(té —4€) + 65)

(W - P)agasaz = (W - P)3aagaz = (W - P)azsags = —

613

Forthetensord - R, K-S, K -C, K -W, K - K andK - P we have the following relations:

(126 +2¢) (1(t - 3€) + 3¢)
24

o .
(K - R)133414 = = H(t;(t?)_&);;)g +2) = —(K - R)143413,

(K - R)121323 = = —(K - R)122313,

sin? O(t2€ + 2€) (t(té —36) + 3{)
24

(t — 26) sin® O(t€ — 3€)(12€ + 2¢)
2t3

(K - R)121424 =

= —(K - R)122414,

(K - R)243423 = = —(K - R)233424;

(B4 20) (8 — 20) sin? (426 + 26)(t€ — 2€)
(K -S)1313 = 22t —26) (K - S)1a14 = 221 — 26) ,
- ) . e n e .
(K - S)aga = — L= 2E ;420@5 20 (K- 8)ppps = — L= 2)sin 0<t2 ti +20)(t6 =26,

(12 +2¢) (1t - 4€) + 6¢)

(K -C)i21323 = = —(K - C)122313,

4t4
sin? 0(+2€ + 2¢€) (t(té —4é) + 65)
(K - C)143a13 = Tt = 26) = —(K - C)133414,
sin? 0(+2€ + 2¢€) (t(té —4é) + 65)
(K - C)121424 = g = —(K - C)122414,

(t - 2¢) sin? 0(12€ + 2¢) (1(t€ — 4€) + 6¢)
4¢3

(K - C)azzaoq = = —(K - C)243423;
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1
(K - P)122313 = —(K - P)121323 = o (K - P)122414

in26
| (12 + 2¢) (#(t — 39) + 3¢
" sin?6 (- Phioazs = = 24 ’
(t2€ + 2¢) (t(2té —76) + 95)
614 ’
. .
(K - P)i3s313 = ﬁ(K - P)1aaa1a = (%€ —g(ig_)(;i) 25),
sin? O(t2€ + 2¢) (t(té —58) + 95)
6t(t — 2€) ’
sin? (€ — 3€) (12 + 2¢)
2(t — 2€) ’
(t — 26)(t2€ + 2€) (€ — 2€)
612 ’
(t — 2¢) sin® O(t€ — 3€)(12€ + 2¢)
213 ’
sin? 0(1%€ + 2¢) (t(zté 76+ 95)
614 ’
(t — 2¢) sin? O(t2€ + 2¢) (t(té —58) + 95)
613

(K - P)i23213 = —(K - P)132123 = —(K - P)123123 =

(K - P)iaga13 = (K - P)134314 =

(K - P)iaaz13 = (K - P)133414 = (K - P)3aa113 =

(K - P)osaaos = —

1
K-P -
( )233323 ey,

(K - P)asazaz = (K - P)3aazo3 = (K - P)aggaos = —

(K - P)i24124 = (K - P)142124 = —(K - P)124214 = —

(K - P)23az2s = (K - P)2y3a23 = —
Forthetensor® - R, P-S,P-C,P-W,P- K andP - P we have the following relations:

12¢ (55' . 2té) + ot (2té _ 75) +9¢2

P-R =
( )121323 3

= (P - R)122331,

sin2 0 (t2§‘ (55 _ 2té) +2t€ (2té‘ —~ 75) + 952)

(P - R)i21424 = = (P - R)124214,

3t
sin? 0 (tQSQ +2t¢ (tg" - 55') + 952)
(P R)143413 = 34t — %) = (P - R)134314,
(t — 2¢)sin? 0 (t25'2 + 2t¢ (té - 55') + 952)
(P R)233424 = ovE; = (P - R)244323;
(P-S)1313 = (6~ )16 ~26) _ —(P - S)1331,

£2(t — 26)
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sin® (€ — 1) (t€ — 2€)

(P - S)a1a = 120 = 26) = —(P-S)iaa1,
(P §)gpgs = (=200 t—45>(té’ “2%) _ (P S,

(P 8)pps = L2 SinQH(Zf — &t -28) _ (P S
i (t (té - 55) + 9§1>8 t(4t (tg" - 45') + 65) -
s sin® 0 (t (té - 5¢) +1zf4) (t (té —4¢) + 6¢) O
b sin? 0 (1 (1€ - 45)1 ;((tifg) 2(;(2755 — 7€) + 9¢) s

P O — sin? 0 (¢ (t — 4€) + 6¢) (¢ (26€ — 7€) +9¢)

= (P - C)244323;

e
A (¢ (¢ - 5¢) +9§zt§t (# - 3¢) +3¢) P
by < (€5 +9i§) (fe=s)wse) o
- P = §§f35> s B
I sin? 0 (t€ — 3¢ §;<té —3¢) +3¢) P
> =L 25)9§ft(_tz)f V) o
P P — L _93(?_(;;_ %) . P
A G 32@( t_fif SR

sin? ¢ (té —2¢ (t (té - 35) + 35)

(P P)ia11a1 = 9t(t —26)?

= —(P - P)i41114,
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—(P - P)144414,

9(t - 2¢)
(P - P)asaozs = i (té - %gtgt (t£ - 36) . 35) = —(P - P)232223,
(P - P)agszs = i <t£ ;;£> (t5 _ 25) = —(P - P)a33332,

(P P)asgasz = (7)o <t§ - 392 (t (2té - 7€> i ) = (P - P)344232,
T (t — 2¢) sin® 6 (1€ - Z);) (¢ (€ —3¢) + ) I
(P P)aazaz = (2o (t§ _92;) <t ( ) > —(P - P)aa2224,

(t — 2€)sint 0 (tg’ - 35) (té - 25)
(P - P)agaaos = o = —(P - P)24aa42.

For the tensorg) (S, R), Q(S,C), Q(S, W), Q(S, K) andQ(S, P) we have the following rela-
tions:

4E(E —t€) +t(tE+ EE _
t3
2sin2 0 (g(té +é) - téQ)

Q(S, R)133414 = — P—T: = —Q(S, R) 143413,

Q(S, R)122313 =

—Q(S, R)121323,

sin2 6 (4§(§ — 1) + t(t€ + §)é> -

Q(S, R)122414 = —Q(S, R)121424,

.
0. = %) sin? 6 Sf(té +6) - ) s s
25O = Sjj “*5) o5 o
25O = L) §t3<t§ %) _ 65, Chume
Q(S,C>133414—Sinze(t“gt(_% %) _ (5, O

(t—2¢)sin0 (#+€) (¢ (1€ — 4€) + 6¢)
3t2

Q(S,C)a3a324 = = Q(S, C)243423;
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13¢2 4 4¢ (65 - 7t5> + 6t (té + 5) 3

Q(S, W)i21332 = o

= Q(S, W)122313,
Q(S, W)121442 == Sin2 0 <t3é:2 " 46 (66 B 7t£> + o (té- + 5) &)

= Q(S, W)122414,

613
sin2 6 (125 (té n é’) ¢ (t2é"2 + 852))
Q(S, W)133414 = 60— 26) = Q(S, W)14za31,
sin2 6 (t3é2 4 8EE2 — 12¢ (tg" + 5))
Q(S, W)133441 = 6(t = 20) = Q(S, W)143413,
(t — 26)sin2 (t?’é? F8EE2 —12¢ (té + 5))
Q(S, W)as3404 = o2 = Q(S, W)243432;

362 4 2teé + 8¢ (5 — té)
213

Q(S, K)i21332 = = Q(S, K)122313,

005 K at1es sin? 6 (t3é2 + 2tEE + 8¢ (E - tg’))

= —Q(S, K)242114,

23
sin? 0 (255’ +t (25 _ tg') é)
Q(S, K)133414 = 26 = Q(S, K)341431,
sin2 6 (t (tg' — 2§) £ 2§§')
Q(S, K)133441 = 26 = Q(S, K)344131,

Q(S, K)233424 = (t — 26)sin®0 (t (t§ B 25) £ - 255)

= Q(S, K)342432;

2
(t+4€) (¢ (- 3€) +3¢)
Q(S, P)i21332 = RYE; = Q(S, P)122313 = —Q(S, P)131223,
sin? § (té + 45) (t (tg'—‘ - 35') + 35)
Q(S; P)121a42 = 273 = Q(S, P)122a14 = —Q(S, P)141224,
1€ (e —t€) +t(te+¢)é
Q(S, P)123123 = 3 = Q(S, P)132132 = Q(S, P)231231,

sin®0 (16 (¢~ 1€) +1 (1€ +€) )

Q(S, P)i24124 = 5

= Q(S, P)124214 = Q(S, P) 142142,

t (té - 25')

Q(& P)131113 = W

= —Q(S, P)131131,

1805
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oté (1€ — 25')
Q(S, P)133331 = a2 = —Q(S, P)133313,
2sin2 ¢ (tgf . 35) o
3(t — 2¢

(tf + 5)
Q(S, P)133441 = ] = —Q(S, P)1aaz13 = Q(S, P)343114,

2sin? (g (té n g’) - t§2)
t— 2t

Q(S, P)134341 = = —Q(S, P)13a314 = —Q(S, P)341413,
tsin? 6€ (t§ — 25)

3(t—202 —Q(S, P)a1nat,

Q(S, P)ia1114 =

2t sin? Gé <t§ — 25)

Q(S, P)1aaaa1 = = —Q(S, P)144414,

3(t —26)
(1 26)% (1€ - 26)
Q(S, P)232023 = 373 = —Q(S, P)232232,
(e 26)¢ (1 2¢)
Q(S, P)233323 = m = —Q(S, P)233332,

2(t — 2€) sin? (tf - 3§> (tf + ‘£> = Q(S, P)3uzoa2 = —Q(S, P)344032,

Q(S, P)233424 =

3t2
2(t — 2€) sin2 6 (5 (té + é) — t§2>
Q(S, P)asazzs = 12 = —Q(S, P)3a2324 = —Q(S, P)243432,
(t — 26)?sin” 6 (t{ — 2{)
Q(S, P)24a2224 = 73 = —Q(S, P)242242,
2(t — 2€) sin’ ¢ (té = 25')
Q(S, P)aasazs = m = —Q(S, P)24aa42.

6. CONCLUSION

From the above results and discussion we conclude that Deszcz symmetric spaces are geometric mod-
els of the interior black hole spacetime and hence the defining conditions of Deszcz symmetric spaces
are, physically, very stronger. However, for a specific valugtbg interior black hole spacetime turns

into a semisymmetric spacetime and also a generalized Ricci pseudosymmetric spacetime.
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