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A spacetime is a connected 4-dimensional semi-Riemannian manifold endowed with a metric

tensorg with signature(−+ ++). The geometry of a spacetime is described by the tensorg and

the Ricci tensorS of type (0, 2) whereas the energy momentum tensor of type(0, 2) describes

the physical contents of the spacetime. Einstein’s field equations relateg, S and the energy mo-

mentum tensor and describe the geometry and physical contents of the spacetime. By solving

Einstein’s field equations for empty spacetime (i.e.S = 0) for a non-static spacetime metric,

one can obtain the interior black hole solution, known as the interior black hole spacetime which

infers that a remarkable change occurs in the nature of the spacetime, namely, the external spatial

radial and temporal coordinates exchange their characters to temporal and spatial coordinates,

respectively, and hence the interior black hole spacetime is a non-static one as the metric coeffi-

cients are time dependent. For the sake of mathematical generalizations, in the literature, there

are many rigorous geometric structures constructed by imposing the restrictions to the curvature

tensor of the space involving first order and second order covariant differentials of the curvature

tensor. Hence a natural question arises that which geometric structures are admitted by the inte-

rior black hole metric. The main aim of this paper is to provide the answer of this question so that

the geometric structures admitting by such a metric can be interpreted physically.
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1. INTRODUCTION

In the theory of general relativity one of the exciting predictions is that there may exist regions of

the spacetime, where the gravity is so strong that nothing not even light, can ever escape. Such

regions are known as black hole of the spacetime. It is well known that the most general spherically

symmetric, static, vacuum, asymptotically flat exact solution to Einstein’s field equations is described

by the Schwarzschild metric

ds2 = −
(

1− 2m

z

)
dt2 +

(
1− 2m

z

)−1

dz2 + z2
(
dθ2 + sin2 θdφ2

)
, (1.1)

wherez, θ, φ are spherical polar coordinates,t is the time measure by a clock at infinity andm = MG
c2

,

M being the mass of the central body,G being the gravitational constant andc being the velocity of

light. Geometric properties of the Schwarzschild metric are presented among others in [6, Chapters

23-26], [65, Section 8] and [80, Chapter 13]. We also refer to [15, Chapter 4.7] for a short introduction

to this subject. Curvature properties of pseudosymmetry type of this metric are given in [53, 102].

On the spherez = 2m, the coefficient ofdz2 in (1.1) tends to infinity and hencez = 2m is

a singularity. The metric has also a singularity atz = 0 as the coefficient atdt2 in (1.1) tends to

infinity. We note thatz = 0 is the centre of the spherical mass distribution of the star. Since the

metric coefficients are coordinate dependent,z = 0 is a coordinate singularity, which implies that

the inverse of the metric componentsg33 andg44 diverges even though at that point there is nothing

such physical possibility. The geometry behaves very strangely whenz = 2m and it is called the

Schwarzschild radius. The spherical surface associated with the Schwarzschild radiusz = 2m is null

and corresponds to the black hole’s “event horizon”, where a freely falling particle can approach to

the surfacez = 2m but never cross it and hence the inward falling particle need infinite time to reach

the surface of the spherez = 2m, which was first pointed out by Oppenheimer and Snyder [81]. We

note that inside the Schwarzschild radius,z andt coordinates change their role in the sense that thet

coordinate becomes spacelike andz coordinate becomes timelike. It is believed that the gravitational

collapse of a compact body results in a singularity hidden beyond an event horizon. If the singularity

were visible to the exterior region one would have a naked singularity which would open the realm
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for wild speculations [56]. This entails to Penrose’s cosmic censorship conjecture [82] which states

that all physically reasonable spacetimes are globally hyperbolic, forbidding the existence of naked

singularities, and only allowing singularities to be hidden behind event horizon. The realization that

black hole could actually exists prompted a renewed interest in their mathematical properties and the

last three decades have seen some remarkable developments in this respect. For details about the

black hole in cosmology and astrophysics we refer the article of Carr [10] and also references therein.

The empty annular region of spacetime for a spherical star inside its Schwarzschild radius2m and

outside its physical radiusa, a < 2m, that is for a black hole the spacetime geometry is characterized

by the spherical symmetric non-static line element

ds2 = −B(z, t)dt2 + A(z, t)dz2 + t2
(
dθ2 + sin2 θdφ2

)
, (1.2)

where the coefficient functions can be obtained by solving Einstein’s field equations for empty space-

timeS = 0. The solution takes the form

ds2 = −
(

2ξ

t
− 1

)−1

dt2 +
(

2ξ

t
− 1

)
dz2 + t2

(
dθ2 + sin2 θdφ2

)
. (1.3)

Thus (1.3) represents metric for interior black hole [56, 70], whereξ may be determined from a

direct confrontation with the exterior Schwarzschild solution. The metric (1.3) is the interior black

hole solution which represents the empty spacetime in the exterior regionz > a of a black hole and

it is valid for a such that2m < z < a. For physical significance and cosmological interpretation of

the interior black hole solution we refer the reader [56] and also references therein. However in the

interior black hole solution, a remarkable change occurs in the nature of spacetime namely the external

spatial radial and temporal coordinates exchange their characters to temporal and spatial coordinates,

respectively and hence the interior black hole solution is represented by a non-static spacetime as its

metric coefficients are time dependent.

The nature of a space is completely known by its curvature which can be explicitly determined

by the metric of that space. In the literature of differential geometry there are several kinds of gener-

alizations of various geometrical structures constructed by giving the curvature restrictions involving

first and second order covariant derivatives. The notion of local symmetry is a generalization of the

manifold of constant curvature and the study was initiated by Cartan in 1926 with full classification

of such a space [11, 12]. Also a full classification of locally symmetric semi-Riemannian space is

given by Cahen and Parker [8, 9]. During the last eight decades the process of generalization of

locally symmetric spaces have been carried out by many authors around the globe in different direc-

tions, for instance, recurrent manifold by Walker [118], 2-recurrent manifold by Lichnerowicz [79],
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quasi-generalized recurrent manifold by Shaikh and Roy [104], hyper-generalized recurrent mani-

fold by Shaikh and Patra [103], weakly generalized recurrent manifold by Shaikh and Roy [85, 105],

semisymmetric manifold by Cartan [13], pseudosymmetric manifold by Chaki [14], pseudosymmet-

ric manifold by Deszcz [28, 38], Ricci-pseudosymmetric manifold by Deszcz and Hotloś [41], weakly

symmetric manifold by T́amassy and Binh [113], weakly symmetric manifold by Selberg [84]. We

mention that pseudosymmetry by Chaki and Deszcz are different and also weak symmetry of Selberg

and T́amassy and Binh are different.

We consider the semi-Riemannian manifold(M, g), dimM = 4, equipped with the interior black

hole metric given in (1.3). Then this manifold is a interior black hole spacetime. The main subject

of this paper is to investigate the geometric structures admitting by the interior black hole spacetime.

The paper is organized as follows. In Section 2 we present definitions of some special tensors. In

Section 3 we present basical facts on pseudosymmetric manifolds (in the sense of Deszcz [114]). In

Section 4 we deduce the curvature properties of interior black hole metric and found that interior

black hole spacetime is a pseudosymmetric manifold.

Finally, in the last section (Appendix) we present the local components of the considered tensors

of the metric (1.3). We also mention that we have made all the calculations by a programme in

Wolfram Mathematica.

2. SOME SPECIAL TENSORS

Let (M, g), n = dimM ≥ 3, be a connected smooth semi-Riemannian manifold with Levi-Civita

connection∇ and semi-Riemannian metricg. For (0, 2)-tensorsA andB on M we define their

Kulkarni-Nomizu productA ∧B by (see, e.g., [36, 60, 94, 95, 96, 100, 106])

(A ∧B)(X1, X2, X, Y ) = A(X1, Y )B(X2, X) + A(X2, X)B(X1, Y )

− A(X1, X)B(X2, Y )−A(X2, Y )B(X1, X).

We define the endomorphismsX ∧A Y , R(X, Y ), C(X, Y ), P(X, Y ), W(X,Y ) andK(X, Y )

by [18, 30, 34, 42, 43, 60, 62]

(X ∧A Y )Z = A(Y,Z)X −A(X, Z)Y,

R(X, Y )Z = [∇X ,∇Y ]Z −∇[X,Y ]Z,

C(X,Y ) = R(X, Y )− 1
n− 2

(X ∧g LY + LX ∧g Y − r

n− 1
X ∧g Y ),

P(X, Y ) = R(X,Y )− 1
n− 1

X ∧S Y,
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W(X,Y ) = R(X, Y )− r

n(n− 1)
X ∧g Y,

K(X,Y ) = R(X, Y )− 1
n− 2

(X ∧g LY + LX ∧g Y ),

respectively, whereA is a (0, 2)-tensor onM , X,Y, Z ∈ χ(M), χ(M) being the Lie algebra of

smooth vector fields onM . The Ricci tensorS, the Ricci operatorL and the scalar curvaturer are

defined byS(X, Y ) = tr {Z 7→ R(Z, X)Y}, g(LX, Y ) = S(X, Y ) andr = trL, respectively. We

define the tensorG, the Riemannian-Christoffel curvature tensorR, the Weyl conformal curvature

tensorC, the projective curvature tensorP , the concircular curvature tensorW and the conharmonic

curvature tensorK of (M, g), by [18, 30, 34, 42, 43, 60, 62]

G(X1, . . . , X4) = g((X1 ∧g X2)X3, X4) =
1
2
(g ∧ g)(X1, . . . , X4),

R(X1, . . . , X4) = g(R(X1, X2)X3, X4),

C(X1, . . . , X4) = g(C(X1, X2)X3, X4)

= (R− 1
n− 2

g ∧ S +
r

(n− 1)(n− 2)
G)(X1, . . . , X4),

P (X1, . . . , X4) = g(P(X1, X2)X3, X4)

= R(X1, . . . , X4)− 1
n− 1

(g(X1, X4)S(X2, X3)− g(X2, X4)S(X1, X3)),

W (X1, . . . , X4) = g(W(X1, X2)X3, X4) = (R− r

n(n− 1)
G)(X1, . . . , X4),

K(X1, . . . , X4) = g(K(X1, X2)X3, X4) = (R− 1
n− 2

g ∧ S)(X1, . . . , X4)

= (C − r

(n− 1)(n− 2)
G)(X1, . . . , X4),

respectively. For an(0, k)-tensorT , k ≥ 1, and a symmetric(0, 2)-tensorA we define the(0, k + 2)-

tensorQ(A, T ) [94, 95, 98, 99] by

Q(A, T )(X1, . . . , Xk; X, Y ) = ((X ∧A Y ) · T )(X1, . . . , Xk)

= −T ((X ∧A Y )X1, X2, . . . , Xk)− · · · − T (X1, . . . , Xk−1, (X ∧A Y )Xk).

The tensorQ(A, T ) is called the Tachibana tensor of the tensorsA andT , or shortly the Tachibana

tensor [32, 33]. It is obvious that the tensorQ(g,G) vanishes identically on any semi-Riemannian

manifold. Therefore we haveQ(g, R) = Q(g,W ) andQ(g, C) = Q(g, K). For an endomorphism

D(X, Y ) we define the(0, 4)-tensorD by

D(X1, . . . , X4) = g(D(X1, X2)X3, X4).
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Now for an(0, k)-tensorT , k ≥ 1, and an endomorphismD(X,Y ) we define the(0, k+2)-tensor

D · T [94, 95, 98, 99] by

(D · T )(X1, . . . , Xk;X,Y ) = (D(X,Y ) · T )(X1, . . . , Xk)

= −T (D(X, Y )X1, X2, . . . , Xk)− · · · − T (X1, . . . , Xk−1,D(X, Y )Xk). (2.1)

Setting in the above formulasD(X,Y ) = R(X, Y ), C(X,Y ), P(X, Y ), W(X,Y ), K(X, Y ),

T = R, S, C, P, W, K andA = g or S, we obtain the tensors:R ·R, R · S, R · C, R · P , R ·W ,

R ·K, C · R, C · S, C · C, C · P , C ·W , C ·K, P · R, P · S, P · C, P · P , P ·W , P ·K, W · R,

W · S, W ·C, W · P , W ·W , W ·K, K ·R, K · S, K ·C, K · P , K ·W , K ·K, Q(g, R), Q(g, S),

Q(g, C), Q(g, P ), Q(g, W ), Q(g, K), Q(S,R), Q(S,C), Q(S, P ), Q(S,W ), Q(S,K).

Using the above presented definitions we can prove that the following identities hold on any

semi-Riemannian manifold(M, g), n ≥ 4, (cf. [32, Proposition 1.1]):R ·K = R · C and

K · S = C · S − r

(n− 1)(n− 2)
Q(g, S),

K ·R = C ·R− r

(n− 1)(n− 2)
Q(g, R),

K ·K = C · C − r

(n− 1)(n− 2)
Q(g, C).

Moreover, we also haveR · W = R · R, R · C = R · K, C · R = C · W , C · C = C · K,

W ·R = W ·W , W ·C = W ·K, K ·R = K ·W , K ·C = K ·K, P ·R = P ·W andP ·C = P ·K.

3. PSEUDOSYMMETRY TYPE MANIFOLDS

A semi-Riemannian manifold(M, g), n ≥ 3, is said to be an Einstein manifold [4] if at every point

of M its Ricci tensorS is proportional to the metric tensorg, i.e. S = r
n g on M . In particular, ifS

vanishes onM then it is called Ricci flat. We denote byUS the set of all points ofM at whichS is

not proportional tog, i.e. US =
{
x ∈ M : S − r

ng 6= 0 atx
}

.

As a generalization of Einstein manifold, the notion of quasi-Einstein manifold arose during the

study of exact solution of Einstein field equations as well as during the investigation of quasi-umbilical

hypersurfaces of conformally flat spaces. For instance, FLRW spacetimes are quasi-Einstein space-

times. The semi-Riemannian manifold(M, g), n ≥ 3, is said to be a quasi-Einstein manifold if

rank (S− α g) = 1 onUS ⊂ M , whereα is some function on this set (see, e.g., [16, 18, 29, 34, 47,
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48, 52, 57, 62, 90, 91, 92, 107, 108]). In particular, ifrank S = 1 onUS then(M, g) is called Ricci-

simple [21]. For instance, the G̈odel spacetime is a Ricci-simple manifold (see, e.g., [45]). The semi-

Riemannian manifold(M, g), n ≥ 3, is said to be a2-quasi-Einstein manifold ifrank (S− α g) ≤ 2

onUS ⊂ M andrank (S−α g) = 2 on some open non-empty subset ofUS , whereα is some function

onUS (see, e.g., [35, 36, 37, 88, 95, 101]). Such manifolds also are called generalized quasi-Einstein

manifolds, cf. [57, 58] and references therein. It is easy to check that every non-Einstein warped

product manifold with an1-dimensional base and a semi-Riemannian Einsteinian(n−1)-dimenional

fibre is a quasi-Einstein manifold. Similarly, it is easy to check that every non-quasi-Einstein warped

product manifold with an2-dimensional base and a semi-Riemannian Einsteinian(n−2)-dimenional

fibre is a2-quasi-Einstein manifold.

An extension of the class of Einstein semi-Riemannian manifolds(M, g), n ≥ 3, also form Ricci-

symmetric manifolds [11-13], i.e. manifolds with parallel Ricci tensor (∇S = 0). We note that the

scalar curvature of every Ricci-symmetric manifold is constant. In [64] Gray introduced two classes

of manifolds lying between the class of Ricci-symmetric manifolds and the class of manifolds of

constant scalar curvature, viz., the classA is the class of manifolds which are cyclic Ricci parallel

((∇XS)(Y, Z) + (∇Y S)(Z, X) + (∇ZS)(X, Y ) = 0) and the classB is the class with Codazi type

Ricci tensor((∇XS)(Y,Z) = (∇Y S)(X,Z)). Existence of both classes are given in [86] (see also

[45]). Codazzi type Ricci tensor was extensively studied by verious authors [3, 4, 7, 22, 23, 24, 59,

109]. Another important subclass of the class of Ricci-symmetric manifolds form locally symmetric

manifolds [11-13], i.e. manifolds for which we have∇R = 0. This implies the following integrability

conditionR(X,Y ) ·R = 0, in short

R ·R = 0. (3.1)

A semi-Riemannian manifold(M, g), n ≥ 3, is called semisymmetric [13] if (3.1) holds onM

and a full classification of such manifolds, in the Riemannian case, is given by Szabó [110-112].

Further, a semi-Riemannian manifold(M, g), n ≥ 3, is said to be pseudosymmetric (or, in the sense

of Deszcz) [17, 28, 38, 40, 66, 67, 68, 89, 98, 99, 114, 116, 117] if the tensorsR ·R andQ(g, R) are

linearly dependent at every point ofM . This is equivalent to

R ·R = LRQ(g, R) (3.2)

on UR =
{

x ∈ M : R− r
n(n−1)G 6= 0 atx

}
, whereLR is a function onUR. Pseudosymmetric

manifolds (in the sense of Deszcz [114]) are also called Deszcz symmetric spaces (see, e.g., [17,

68, 115, 117]). A pseudosymmetric manifold is called a pseudosymmetric space of constant type if

the functionLR is constant [75, 76]. We mention that a geometrical interpretation of (3.2), in the

Riemannian case, is given in [67].
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We note that pseudosymmetric tensors arose during the study of semisymmetric totally umbilical

submanifolds in manifolds admitting semisymmetric generalized curvature tensors [1, 25, 27]. For

example, every totally umbilical submanifold of a semisymmetric manifold, with parallel mean cur-

vature vector, is pseudosymmetric [1, 2]. The systematic study on pseudosymmetric manifolds was

initiated in [1]. We refer to [40, 68] for a wider presentation related to the last statement. We mention

that [38] is the first publication, in which a semi-Riemannian manifold satisfying (3.2) was called the

pseudosymmetric manifold.

The Schwarzschild spacetime, the Kottler spacetime, the Reissner-Nordström spacetime and the

Reissner-Nordström-de Sitter spacetime satisfy (3.2) with non-zero functionLR [53] (see also [39,

66]). We also refer to [18, 20, 49, 50, 51, 74] for further results on pseudosymmetric spacetimes. For

instance, a family of curvature conditions satisfied by the Reissner-Nordström-de Sitter spacetime

was determined in [74]. The Schwarzschild spacetime was discovered in 1916 by Schwarzschild and

independently by Droste, during their study on solutions of Einstein’s equations, see, e.g., [6, Sec-

tion 23.3] and [83] and references therein. It seems that the Schwarzschild spacetime, the Reissner-

Nordstr̈om spacetime, as well as some Friedmann-Lemaı̂tre-Robertson-Walker (FLRW) spacetimes

are the “oldest” examples of a non-semisymmetric pseudosymmetric warped product manifolds (cf.

[36, 40]).

Pseudosymmetric manifolds form a subclass of the class of Ricci pseudosymmetric manifolds.

A semi-Riemannian manifold(M, g), n ≥ 3, is said to be Ricci-pseudosymmetric ([28, 41]) if the

tensorsR · S andQ(g, S) are linearly dependent at every point ofM . This is equivalent to

R · S = LSQ(g, S) (3.3)

on US , whereLS is a function on this set. Ricci-pseudosymmetric manifolds are also called Ricci

Deszcz symmetric spaces (see, e.g., [117]). A Ricci-pseudosymmetric manifold is called a Ricci-

pseudosymmetric manifold of constant type if the functionLS is constant [61]. It is obvious that (3.2)

implies (3.3). The converse statement is not true, provided thatn ≥ 4, (see, e.g., [33]). However, (3.2)

and (3.3) are equivalent on every3-dimensional semi-Riemannian manifold. The conditions (3.2) and

(3.3) are equivalent on every4-dimensional warped products [26]. The conditions (3.2) and (3.3) are

also equivalent on hypersurfaces isometrically immersed in5-dimensional semi-Riemannian space of

constant curvature [19]. It is known that every warped product manifold with an1-dimensional base

and a semi-Riemannian Einsteinian(n − 1)-dimenional fibre is a Ricci-pseudosymmetric manifold

[33, 41, 52]. For further results on Ricci-pseudosymmetric manifolds we refer to [33]. We mention

that a geometrical interpretation of (3.3), in the Riemannian case, is given in [72].
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We denote byUC the set of all points of a semi-Riemannian manifold(M, g), n ≥ 4, at which

C 6= 0. We note thatUS ∪ UC = UR, see, e.g., [31].

A semi-Riemannian manifold(M, g), n ≥ 4, is said to be a manifold with pseudosymmetric

Weyl tensor [26, 28, 31, 40, 54, 55] if the tensorsC · C andQ(g, C) are linearly dependent at every

point ofM . This is equivalent to

C · C = LCQ(g, C) (3.4)

on UC , whereLC is a function on this set. Every warped product manifold with an2-dimensional

base and a2-dimenional fibre is a manifold with pseudosymmetric Weyl tensor [26, Theorem 2].

Recently in [36] it was proved that this statement is also true when the fibre is an(n−2)-dimensional

space of constant curvature,n ≥ 4. Thus in particular, the4-dimensional spacetime with the metric

(1.2), as well as the5-dimensional spacetime with the metric (3.7) are2-quasi-Einstein manifolds

with pseudosymmetric Weyl tensor. It may be mentioned that the Gödel spacetime satisfies (3.4)

(see, [45]). We refer to [45, 46, 87, 88, 97, 101, 102, 107] for examples of various pseudosymmetric

type structures.

As it was stated in [55, Theorem 3.1], if(M, g), n ≥ 4, is a pseudosymmetric manifold with

pseudosymmetric Weyl tensor then

Q(S − αg, C − βG) = 0 (3.5)

onUC , whereα andβ are some functions on this set. Moreover, from (3.5) it follows that at all points

of US ∩ UC , at which rank(S − αg) > 1, we have (cf. [55, Theorem 3.2])

R = L1S ∧ S + L2g ∧ S + L3g ∧ g, (3.6)

whereL1, L2 andL3 are some functions on this set. We refer to [33, 49, 50, 50, 51, 63, 73, 74] for

results on manifolds satisfying (3.6). The manifold satisfying (3.6) is said to be Roter type manifold.

Roter type manifolds are also called Roter spaces.

Some comments on pseudosymmetric manifolds (also called Deszcz symmetric spaces), as well

as Roter spaces, are given in [17, Section 1]: ”From a geometric point of view, the Deszcz symmetric

spaces may well be considered to be the simplest Riemannian manifolds next to the real space forms.”

and ”From an algebraic point of view, Roter spaces may well be considered to be the simplest Rie-

mannian manifolds next to the real space forms.” For further comments we refer to [117]. Recently

Roter spaces admitting geodesic mappings were studied in [44].
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4. GEOMETRIC STRUCTURESADMITTING BY INTERIOR BLACK HOLE SPACETIME

Let (B, g) and(F, g̃) be semi-Riemannian manifolds of dimensionp ≥ 1 andn−p ≥ 1, respectively,

covered by the coordinate charts{U ; xa} and {V ; yα}, respectively. Letf be a smooth positive

function onB. The warped productM = B ×f F is the product manifoldB × F furnished with

the metricg = π∗(gB) + (f ◦ π)σ∗(gF ), whereπ andσ are the projections ofB × F ontoB and

F , respectively [77, 78]. The manifoldB is called the base ofM = B × F , andF the fiber. We

mention that for the warped product manifoldB ×f F , the metric can also be considered [5, 15] as

g = π∗(gB) + (f ◦ π)2σ∗(gF ). However, throughout the paper we will consider the former warped

product metric but not later.

Let {U × Ṽ ; x1, ..., xp, xp+1 = y1, ..., xn = yn−p} be a product chart forB × F . The local

components of the metricg = g ×f g̃ with respect to this chart are given by the following:

ghk = gab if h = a andk = b, ghk = fg̃αβ if h = α andk = β andghk = 0, otherwise, where

a, b, c, ... ∈ {1, ..., p}, α, β, γ, ...∈ {p + 1, ..., n} andh, i, j, k, l, m ∈ {1, 2, ..., n}. We will mark by

bars (resp., by tildes) objects formed fromg (resp.g̃).

The local componentsΓh
jk of the Levi-Civita connection∇ of B ×f F are given by the following:

Γa
bc = Γa

bc, Γα
βγ = Γ̃α

βγ , Γα
ab = Γa

αb = 0, (4.1)

Γa
βγ = −1

2
gabfbg̃βγ , Γα

aβ =
1
2f

faδ
α
β , fa = ∂af =

∂f

∂xa
. (4.2)

The local components

Rhijk = ghlR
l
ijk = ghl(∂kΓl

ij − ∂jΓl
ik + Γm

ij Γ
l
mk − Γm

ikΓ
l
mj), ∂k =

∂

∂xk
,

of the Riemann-Christoffel curvature tensorR and the local componentsSij of the Ricci tensorS of

the warped productB ×f F̃ which may not vanish identically are the following:

Rabcd = Rabcd, Rαabβ = −1
2
Tabg̃αβ, Rαβγδ = fR̃αβγδ − ∆1f

4
G̃αβγδ, (4.3)

Sab = Sab − n− p

2f
Tab, Sαβ = S̃αβ − 1

2

(
tr(T ) +

n− p− 1
2f

∆1f

)
g̃αβ , (4.4)

Tab = ∇bfa − 1
2f

fafb, tr(T ) = gabTab, ∆1f = gabfafb, (4.5)

andT is the(0, 2)-tensor with the local componentsTab. The scalar curvaturer of B ×f F̃ satisfies

the following:

r = r +
r̃

f
− n− p

f

(
tr(T ) +

n− p− 1
4f

∆1f

)
. (4.6)
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For further details about warped products, we refer to [80]. Warped product pseudosymmetric

and Ricci pseudosymmetric manifolds are studied among others in [18, 26, 38, 50, 51, 54]. Also we

refer to [93] for the weakly symmetric and weakly Ricci symmetric warped product manifolds.

Let (M, g) be the manifold with the metricg defined by (1.3). Using the above presented formulas

we can compute the local components of tensors formed by the metric tensor defined by (1.3) (see

Section 5). We seṫξ = dξ
dt and ξ̈ = dξ̇

dt . We can check thatS = (r/4)g at all points ofM at

which ξ̈ = 2ξ̇/t and rank(S + (2ξ̇/t2)g) = 2 at remains points ofM , i.e. onUS ⊂ M . Thus

(M, g) is a 2-quasi-Einstein manifold. We can also check thatS2 = (r/2)S − (2ξ̇ξ̈/t3)g, and in

a consequence,S2 − (tr(L2)/4)g = (r/2)(S − (r/4)g) on US ⊂ M , whereS2 is a (0, 2)-tensor

with the local componentsS2
ij = Sikg

klSlj andtr(L2) = gklS2
kl. Thus the considered manifold is a

partially Einstein manifold.

We recall that a semi-Riemannian manifold(M, g), n ≥ 3, is said to be partially Einstein mani-

fold [15, p. 20] if S2 = αS + βg on US ⊂ M , whereα andβ are some functions on this set. It is

easy to verify that every quasi-Einstein manifold is partially Einstein (see, e.g., [62, Introduction]). It

is obvious that the converse statement is not true. We also have [115, 117]: A conformally flat semi-

Riemannian manifold of dimensionn ≥ 4 is a Deszcz symmetric space if and only if it is partially

Einstein.

We present now results related to the interior black hole metric (1.3).

Theorem4.1— Interior black hole metric (1.3) satisfies the following:

(i) R · Z = L1Q(g, Z), L1 = ξ−tξ̇
t3

,

(ii) C · Z = L2Q(g, Z), L2 = 6ξ−4tξ̇+t2ξ̈
6t3

,

(iii) W · Z = L2Q(g, Z),

(iv) K · Z = L3Q(g, Z), L3 = 2ξ+t2ξ̈
2t3

,

(v) P · S = L1Q(g, S),

(vi) P · Z = L1Q(g, Z)− 1
3Q(S, Z),

whereZ is any one ofR, S, C,W,K andP .

From above theorem it follows that(a) if ξ = C1t thenR ·Z = 0 andP ·S = 0, (b) if ξ = C1t
2+

C2t
3 thenC · Z = 0 andW · Z = 0, and(c) if ξ =

√
t
(
C2 cos

(√
7

2 log t
)

+ C1 sin
(√

7
2 log t

))

thenK · Z = 0, whereC1 andC2 are some constants. Further, we have

Theorem4.2— Interior black hole metric (1.3) satisfies the following:

(i) C ·K = W ·K, C ·K = W · C, C · C = W · C,

(ii) W ·K = W · C, C ·K = C · C ((ii) follows from (i)),
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(iii) W ·K = C · C ((iii) follows from (i) and (ii)),

(iv) C ·W = W ·R,

(v) R · S = P · S, C · S = W · S,

(vi) L3 R ·K = L1 K · C,

(vii) R ·W −W ·R = L5 Q(g,R), L5 = −2ξ̇+tξ̈
6t2

= r
12 ,

(viii) C ·K −K · C = L6 Q(g, C), L6 = −2ξ̇+tξ̈
3t2

= r
6 ,

(ix) C ·R−Q(S,C) = L7 Q(g, C), L7 = 3ξ+tξ̇+2t2ξ̈
3t3

,

(x) R ·R−Q(S,R) = L8 Q(g, C), L8 = 6ξ2−4tξξ̇−2t2ξ̇2+4t2ξξ̈

t3(6ξ−4tξ̇+t2ξ̈)
,

(xi) L6L9 R ·W + L1L10 Q(S,W ) = L1L11 Q(S, R), L9 = −3t(6ξ̇(ξ − tξ̇) + t(tξ̇ + 3ξ)ξ̈),

L10 = 6(−t2ξ̇2 +2tξ(tξ̈− ξ̇)+ 3ξ2), L11 = t2(−t2ξ̈2 +2ξ̇2 +2tξ̇ξ̈)+ 6tξ(tξ̈− 4ξ̇)+ 18ξ2,

(xii) L3 R ·K + L12 K ·R + L3 Q(S, K) = 0, L12 = −2ξ+4tξ̇+t2ξ̈
2t3

,

(xiii) L3L13 R ·K − L2
1L2 K ·R + L1L2L3 Q(S,R) = 0, L13 = 3ξ2−2tξξ̇−t2ξ̇2+2t2ξξ̈

3t6
,

(xiv) L2 C ·W − L7 W · C = L2 Q(S,C),

(xv) L2L14 C ·W − 1
18t6

L11 W · C = L2
2 Q(S, W ), L14 = 3ξ−5tξ̇−t2ξ̈

3t3
,

(xvi) L15 C ·K + L2
2 Q(S, K) = L2L16 Q(S, C), L15 = 4t2ξ̇+4t3ξ̇ξ̈+t4ξ̈2)

3t6
, L16 = 2ξ−4tξ̇−t2ξ̈

2t3
,

(xvii) 18t6L3L11 W ·K − L2
2L14 K ·W + L2

2L3 Q(S, W ) = 0,

(xviii) L1L3 W ·K + L2L12 K ·W + L2L3 Q(S,K) = 0,

(xix) Roter type condition withR = φ
2S ∧ S + µg ∧ S + ηG, where

φ = −6tξ − 4t2ξ̇ + t3ξ̈

(tξ̈ − 2ξ̇)2
, µ = −6ξξ̇ − 6tξ̇2 + 3tξξ̈ + t2ξξ̈

t(tξ̈ − 2ξ̇)2
, η = −2(4ξξ̇2 − 4tξ̇3 + 2tξξ̇ξ̈ + t2ξξ̈2)

t3(tξ̈ − 2ξ̇)2
.

From above theorem it follows that(a) if ξ = C1t thenR ·K = K ·C, (b) if ξ = −C1
t +C2 then

R ·W = W · R andC ·K = K · C, (c) if ξ = t
1
4

(
C2 cos

(√
23
4 log t

)
+ C1 sin

(√
23
4 log t

))
then

C ·R = Q(S, C), whereC1 andC2 are some constants.

In [50] it was proved that any Roter type manifold satisfies the relation (x) withL8 = L1+φ−1µ =

(n− 2)φ−1(µ2 − φη), n = 4, and the converse is also true as follows from (x) and (xix).

Let (M, g) be the manifold with the interior black hole metric in5-dimension is given by [69-71]

ds2 = −
(

2ξ

t2
− 1

)−1

dt2 +
(

2ξ

t2
− 1

)
dz2 + t2

(
dθ2 + sin2 θdφ2 + sin2 θ sin2 φdψ2

)
, (3.7)

whereξ is the function of time. Similarly as above, we can obtain curvature properties of the interior

black hole metric (3.7). In particular, we again setξ̇ = dξ
dt andξ̈ = dξ̇

dt . We can check thatS = (r/5)g

at all points ofM at which ξ̈ = 3ξ̇/t andrank(S + (2ξ̇/t3)g) = 2 at remains points ofM , i.e. on

US ⊂ M . Thus(M, g) is a2-quasi-Einstein manifold. We can also check thatS2 − (tr(L2)/5)g =
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((r/2) + (ξ̇/t3))(S − (r/5)g) on US ⊂ M . Thus the considered manifold is a partially Einstein

manifold.

Further, we have the following curvature properties of the considerd metric (3.7).

Theorem4.3— 5-dimensional interior black hole metric (3.7) satisfies the following:

(i) R · Z = N1Q(g, Z), N1 = 2ξ−tξ̇
t4

,

(ii) C · Z = N2Q(g, Z), N2 = 12ξ−6tξ̇+t2ξ̈
6t4

,

(iii) W · Z = N3Q(g, Z), N3 = 20ξ−8tξ̇+t2ξ̈
10t4

,

(iv) K · Z = N4Q(g, Z), N4 = 6ξ−2tξ̇+t2ξ̈
3t4

,

(v) P · S = N1Q(g, S),

(vi) P · Z = N1Q(g, Z)− 1
4Q(S, Z),

whereZ is any one ofR, S, C,W,K andP .

From above theorem it follows that(a) if ξ = C1t
2 thenR · Z = 0 andP · S = 0, (b) if

ξ = C1t
3 + C2t

4 then C · Z = 0, (c) if ξ = C1t
5 + C2t

4 then W · Z = 0, and (d) if ξ =

t
3
2

(
C2 cos

(√
15
2 log t

)
+ C1 sin

(√
15
2 log t

))
thenK ·Z = 0, whereC1 andC2 are some constants.

Theorem4.4— 5-dimensional interior black hole metric (3.7) satisfies the following:

(i) R · S = P · S,

(ii) R ·W −W ·R = N5Q(g, R), N5 = −2ξ̇+tξ̈
10t3

,

(iii) C ·K −K · C = N6Q(g, C), N6 = −2ξ̇+tξ̈
6t3

,

(iv) C ·R−Q(S,C) = N7Q(g, C), N7 = 4ξ+t2ξ̈
2t4

,

(v) R ·R−Q(S, R) = N8 Q(g, C), N8 = 3(8ξ2−4tξξ̇−t2ξ̇2+2t2ξξ̈)

t4(12ξ−6tξ̇+t2ξ̈)
,

(vi) N5N9 R ·W + N1N10 Q(S, R) + N1N8 Q(S, W ) = 0, N9 = −3ξ̇(4ξ−3tξ̇)+tξ̈(4ξ+tξ̇)
2t7

,

N10 = −80ξ2+64tξξ̇−2t2ξ̇2−4t2ξ̈(2ξ+tξ̇)+t4ξ̈2

20t8
,

(vii) N4 R ·K + N11 K ·R + N4 Q(S,K) = 0, N11 = −6ξ+6tξ̇+t2ξ̈
3t4

,

(viii) N4N8 R ·K −N2
1 N2 K ·R + N1N2N4 Q(S, R) = 0,

(ix) N3 C ·W −N7 W · C = N3 Q(S, C),

(x) N3N12 C ·W + N10 W · C = N3N2 Q(S, W ), N12 = 20ξ−16tξ̇−3t2ξ̈
10t4

,

(xi) N13 C ·K + N2N11 Q(S,C) + N2
2 Q(S, K) = 0, N13 = 6ξ̇2+5tξ̇ξ̈+t2ξ̈2

6t6
,

(xii) N4N10 W ·K + N12N14 K ·W = N4N14 Q(S, W ),

N14 = 240ξ2−216tξξ̇+48t2ξ̇2+32t2ξξ̈−14t3ξ̇ξ̈+t4ξ̈2

60t8
,

(xiii) N1N4 W ·K + N3N11 K ·W + N3N4 Q(S, K) = 0,



1792 ABSOS ALI SHAIKHet al.

(xiv) Roter type condition withR = φ
2S ∧ S + µg ∧ S + ηG, where

φ = − t2(12ξ + t(tξ̈ − 6ξ̇))
(3ξ̇ − tξ̈)2

, µ = −3ξ̇(4ξ − 3tξ̇) + t(4ξ + tξ̇)ξ̈
t(3ξ̇ − tξ̈)2

,

η = −2(−6tξ̇3 + ξ(9ξ̇2 + 2tξ̇ξ̈ + t2ξ̈2))
t4(3ξ̇ − tξ̈)2

.

From above theorem it follows that(a) if ξ = −C1
t + C2 thenR · W = W · R andC · K =

K · C, (b) if ξ =
√

t
(
C2 cos

(√
15
2 log t

)
+ C1 sin

(√
15
2 log t

))
thenC · R = Q(S, C), and(c) if

ξ =
C2(3+10t5C1)

2
3

t2
thenR ·R = Q(S, R), whereC1 andC2 are some constants.

However, we note that for the5-dimensional interior black hole metric the following tensors are

non-zero tensors

(i) C ·K −W ·K, (ii) C ·K −W ·C, (iii) C ·C −W ·C, (iv) C ·W −W ·R, (v) C ·S−W ·S
and (vi)R ·K −K · C.

In [50] it was proved that any Roter type manifold satisfies the relation (v) withN8 = N1 +

φ−1µ = (n− 2)φ−1(µ2− φη), n = 5, and hence from (xiv), it follows that the converse of the result

is also true.

We can check that the4-dimensional spacetime with the metric (1.3) and the5-dimensional space-

time with the metric (3.7) are non-quasi Einstein manifolds. Furthermore from the considerations

presented in Section 3 and Theorems 4.1 (i) and 4.4 (ii) it follow that those spacetimes satisfy (3.6)

and hence are Roter type spacetimes.

We also note that interior black hole metrics (1.3) and (3.7) do not admit any one of the follow-

ing structures: Ricci semisymmetric, quasi-Einstein, Codazzi type Ricci tensor, cyclic Ricci sym-

metric, Chaki pseudo symmetric, Chaki pseudo Ricci symmetric, weakly symmetric, weakly Ricci

symmetric, hyper generalized recurrent, weakly generalized recurrent, quasi generalized recurrent,

as well as any pseudosymmetric type structure defined byR · Z = LQ(S, Z), C · Z = LQ(S, Z),

W · Z = LQ(S, Z), K · Z = LQ(S, Z), P · Z = LQ(S, Z), andP · Z = LQ(g, Z), respec-

tively, whereL is any smooth function andZ is any one of the tensorsR, C,W,K andP . It can

also be mentioned that both the interior black hole metrics does not realize any one of the generalized

Einstein metric condition (i)R · C − C · R = L1Q(g,R), (ii) R · C − C · R = L2Q(g, C), (iii)

R · C − C · R = L3Q(S,R) and (iv)R · C − C · R = L4Q(S, C). We mention that a survey on

semi-Riemannian manifolds satisfying the last four conditions is given in [33].
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5. APPENDIX

Part I : From (1.3) and (4.1)-(4.6), the local components of the Christoffel symbols of second kind,

the curvature tensor and the Ricci tensor (upto symmetry) which may not vanish identically are the

following:

Γ1
11 = − ξ − tξ̇

t2 − 2tξ
= −Γ2

12, Γ3
13 = Γ4

14 =
1
t
, Γ1

22 = −(t− 2ξ)(tξ̇ − ξ)
t3

,

Γ1
33 = 2ξ − t, Γ4

34 = cot θ, Γ1
44 = −(t− 2ξ) sin2 θ, Γ3

44 = − sin θ cos θ,

R1212 = − t2ξ̈ − 2tξ̇ + 2ξ

t3
, R1313 =

tξ̇ − ξ

t− 2ξ
, R1414 =

sin2 θ(tξ̇ − ξ)
t− 2ξ

,

R2323 = −(t− 2ξ)(tξ̇ − ξ)
t2

, R2424 = −(t− 2ξ) sin2 θ(tξ̇ − ξ)
t2

, R3434 = 2tξ sin2 θ,

S11 = − ξ̈

t− 2ξ
= − ξ̈

t
g11, S22 =

(t− 2ξ)ξ̈
t2

= − ξ̈

t
g22,

S33 = −2ξ̇ = −2ξ̇

t2
g33, S44 = −2ξ̇ sin2 θ = −2ξ̇

t2
g44, r = −2(2ξ̇ + tξ̈)

t2
,

whereξ̇ denotes the differentiation ofξ with respect tot and ξ̈ the second order differentiation of

ξ with respect tot. The local components of the Weyl conformal curvature tensor (upto symmetry)

which may not vanish identically are given by

C1212 = −6ξ − t(4ξ̇ − tξ̈)
3t3

, C1313 = −6ξ − t(4ξ̇ − tξ̈)
6(t− 2ξ)

, C1414 = −sin2 θ[6ξ − t(4ξ̇ − tξ̈)]
6(t− 2ξ)

,

C2323 =
(t− 2ξ)[6ξ − t(4ξ̇ − tξ̈)]

6(t− 2ξ)
, C2424 =

(t− 2ξ) sin2 θ[6ξ − t(4ξ̇ − tξ̈)]
6(t− 2ξ)

,

C3434 = −1
3
t sin2 θ[6ξ − t(4ξ̇ − tξ̈)].

The local components of the covariant derivatives of curvature tensor and Ricci tensor (upto sym-

metry) which may not vanish identically are given by:

R1212,1 =
−t3ξ3 + 3t2ξ̈ − 6tξ̇ + 6ξ

t4
, R1223,3 =

(t− 2ξ)
(
t(tξ̈ − 3ξ̇) + 3ξ

)

t3
= −R2323,1,

R1224,4 =
(t− 2ξ) sin2 θ

(
t(tξ̈ − 3ξ̇) + 3ξ

)

t3
= −R2424,1, R1313,1 =

t2ξ̈ − 3tξ̇ + 3ξ

t2 − 2tξ
,

R1334,4 = sin2 θ(3ξ − tξ̇) = −R1434,3 = −1
2
R3434,1, R1414,1 =

sin2 θ
(
t(tξ̈ − 3ξ̇) + 3ξ

)

t(t− 2ξ)
,
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S11,1 =
ξ̈ − tξ3

t2 − 2tξ
, S13,3 =

2ξ̇

t
− ξ̈ =

1
2
S33,1,

S22,1 =
(t− 2ξ)(tξ3 − ξ̈)

t3
, S14,4 =

sin2 θ(2ξ̇ − tξ̈)
t

=
1
2
S44,1.

In terms of local coordinate system, the local componentsQ(A, T )i1 i2 ...i
k
uv of the Tachibana

tensorQ(A, T ) of an(0, 2)-tensorA and an(0, k)-tensorT are given by

Q(A, T )i1 i2 ...i
k
uv = Ai1uTvi2 ...i

k
+ Ai2uTi1v···i

k
+ · · ·+ Ai

k
uTi1 i2 ···v

−Ai1vTui2 ···ik −Ai2vTi1u···i
k
− · · · −Ai

k
vTi1 i2 ···u.

In particular, for a symmetric(0, 2)-tensorA and a generalized curvature tensorT , we have

Q(A, T )hijklm = Q(A, T )jkhilm = −Q(A, T )ihjklm = −Q(A, T )hijkml,

Q(A, T )hijklm = Q(A, T )ijhklm = Q(A, T )jhiklm,

Q(A, T )hijklm + Q(A, T )jklmhi + Q(A, T )lmhijk = 0.

If A andB are symmetric(0, 2)-tensors then

Q(A,B)hijk = Q(A,B)ihjk = −Q(A,B)hikj .

If D(X, Y ) = R(X, Y ) then (2.1) yields

(R · T )i1 i2 ···ikuv = −gpq(Tpi2 ···ik Ruvqi1
+ Ti1p···i

k
Ruvqi2

+ · · ·+ Ti1 i2 ···pRuvqi
k
),

wheregpq, Rhijk andTi1 i2 ···ik are the local components of the tensorsg−1, R andT , respectively.

Similarly in terms of local coordinate system we can write the components ofC ·T , P ·T , W ·T and

K · T . Moreover, ifBhijk andThijk are the local components of generalized curvature tensorsB and

T then the local components of the(0, 6)-tensorB · T are following

(B · T )hijklm = −gpq(TpijkBlmhq + ThpjkBlmiq + ThipkBlmjq + ThijpBlmkq)

= gpq(TpijkBlmqh − TphjkBlmqi + TpkhiBlmqj − TpjhiBlmqk).

We have

(B · T ))hijklm = (B · T )jkhilm = −(B · T )ihjklm = −(B · T )hijkml,

(B · T )hijklm + (B · T )ijhklm + (B · T )jhiklm = 0.
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For the tensorsR ·R, R · S, R · C andR · P we have the following relations:

(R ·R)122313 =
(tξ̇ − ξ)

(
t(tξ̈ − 3ξ̇) + 3ξ

)

t4
= −(R ·R)121323,

(R ·R)143413 =
sin2 θ(tξ̇ − 3ξ)(tξ̇ − ξ)

t(t− 2ξ)
= −(R ·R)133414,

(R ·R)122414 =
sin2 θ(tξ̇ − ξ)

(
t(tξ̈ − 3ξ̇) + 3ξ

)

t4
= (R ·R)121424,

−(R ·R)243423 =
(t− 2ξ) sin2 θ(tξ̇ − 3ξ)(tξ̇ − ξ)

t3
= (R ·R)233424;

(R · S)1313 =
(ξ − tξ̇)(tξ̈ − 2ξ̇)

t2(t− 2ξ)
, (R · S)1414 =

sin2 θ(ξ − tξ̇)(tξ̈ − 2ξ̇)
t2(t− 2ξ)

,

(R · S)2323 =
(t− 2ξ)(tξ̇ − ξ)(tξ̈ − 2ξ̇)

t4
, (R · S)2424 =

(t− 2ξ) sin2 θ(tξ̇ − ξ)(tξ̈ − 2ξ̇)
t4

;

(R · C)122313 =
(tξ̇ − ξ)

(
t(tξ̈ − 4ξ̇) + 6ξ

)

2t4
= −(R · C)121323,

(R · C)143413 =
sin2 θ(ξ − tξ̇)

(
t(tξ̈ − 4ξ̇) + 6ξ

)

2t(t− 2ξ)
= −(R · C)133414,

(R · C)122414 =
sin2 θ(tξ̇ − ξ)

(
t(tξ̈ − 4ξ̇) + 6ξ

)

2t4
= −(R · C)121424,

(R · C)243423 =
(t− 2ξ) sin2 θ(tξ̇ − ξ)

(
t(tξ̈ − 4ξ̇) + 6ξ

)

2t3
= −(R · C)233424;

(R ·P )122313 = −(R ·P )131223 = −(R ·P )232113 = −(R ·P )121323 =
(tξ̇ − ξ)

(
t(tξ̈ − 3ξ̇) + 3ξ

)

t4
,

(R ·P )123213 = −(R ·P )132123 = −(R ·P )231213 = −(R ·P )123123 =
(ξ − tξ̇)

(
t(2tξ̈ − 7ξ̇) + 9ξ

)

3t4
,

(R · P )131113 =
(tξ̇ − ξ)(tξ̈ − 2ξ̇)

3t(t− 2ξ)2
, (R · P )133313 =

(ξ − tξ̇)(tξ̈ − 2ξ̇)
3(t− 2ξ)

,

(R·P )143413 = −(R·P )341314 = (R·P )134314 = −(R·P )341413 =
sin2 θ(ξ − tξ̇)

(
t(tξ̈ − 5ξ̇) + 9ξ

)

3t(t− 2ξ)
,

(R · P )144313 = (R · P )344113 = (R · P )133414 = −(R · P )343114 = −sin2 θ(tξ̇ − 3ξ)(tξ̇ − ξ)
t(t− 2ξ)

,
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(R·P )122414 = −(R·P )242114 = −(R·P )121424 = −(R·P )141224 =
sin2 θ(tξ̇ − ξ)

(
t(tξ̈ − 3ξ̇) + 3ξ

)

t4
,

(R·P )124214 = −(R·P )241214 = −(R·P )124214 = −(R·P )142124 =
sin2 θ(ξ − tξ̇)

(
t(2tξ̈ − 7ξ̇) + 9ξ

)

3t4
,

(R · P )141114 =
sin2 θ(tξ̇ − ξ)(tξ̈ − 2ξ̇)

3t(t− 2ξ)2
, (R · P )144414 =

sin4 θ(ξ − tξ̇)(tξ̈ − 2ξ̇)
3(t− 2ξ)

,

(R · P )232223 =
(t− 2ξ)2(tξ̇ − ξ)(tξ̈ − 2ξ̇)

3t5
, (R · P )233323 =

(t− 2ξ)(tξ̇ − ξ)(tξ̈ − 2ξ̇)
3t2

,

(R · P )243423 = (R · P )342423 = (R · P )234324

= −(R · P )342324 =
(t− 2ξ) sin2 θ(tξ̇ − ξ)

(
t(tξ̈ − 5ξ̇) + 9ξ

)

3t3
,

(R ·P )244323 = (R ·P )344223 = (R ·P )233424 = −(R ·P )343224 =
(t− 2ξ) sin2 θ(tξ̇ − 3ξ)(tξ̇ − ξ)

t3
,

(R·P )242224 =
(t− 2ξ)2 sin2 θ(tξ̇ − ξ)(tξ̈ − 2ξ̇)

3t5
, (R·P )244424 =

(t− 2ξ) sin4 θ(tξ̇ − ξ)(tξ̈ − 2ξ̇)
3t2

.

For the tensorsQ(g, R), Q(g, S), Q(g, C) andQ(g, P ) we have the following relations:

Q(g,R)122313 = −tξ̈ + 3ξ̇ − 3ξ

t
= −Q(g, R)121323,

Q(g, R)143413 =
t2 sin2 θ(3ξ − tξ̇)

t− 2ξ
= −Q(g, R)133414,

Q(g, R)121424 =
sin2 θ

(
t(tξ̈ − 3ξ̇) + 3ξ

)

t
= −Q(g,R)122414,

Q(g, R)243423 = (t− 2ξ) sin2 θ(tξ̇ − 3ξ) = −Q(g,R)233424;

Q(g, S)1313 =
t(tξ̈ − 2ξ̇)

t− 2ξ
, Q(g, S)1414 =

t sin2 θ(tξ̈ − 2ξ̇)
t− 2ξ

,

Q(g, S)2323 = −(t− 2ξ)(tξ̈ − 2ξ̇)
t

, Q(g, S)2424 = −(t− 2ξ) sin2 θ(tξ̈ − 2ξ̇)
t

;

Q(g, C)122313 = −1
2
tξ̈ + 2ξ̇ − 3ξ

t
= −Q(g, C)121323,

Q(g, C)143413 =
t2 sin2 θ

(
t(tξ̈ − 4ξ̇) + 6ξ

)

2(t− 2ξ)
= −Q(g, C)133414,

Q(g, C)121424 =
sin2 θ

(
t(tξ̈ − 4ξ̇) + 6ξ

)

2t
= −Q(g, C)122414,
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Q(g, C)233424 =
1
2
(t− 2ξ) sin2 θ

(
t(tξ̈ − 4ξ̇) + 6ξ

)
= −Q(g, C)243423;

Q(g, P )131223 = Q(g, P )232113 = Q(g, P )121323 = −Q(g, P )122313 = tξ̈ − 3ξ̇ +
3ξ

t
,

Q(g, P )123213 = −Q(g, P )132123 = −Q(g, P )231213 = −Q(g, P )123123 =
2
3
tξ̈ − 7ξ̇

3
+

3ξ

t
,

Q(g, P )131113 = − t2(tξ̈ − 2ξ̇)
3(t− 2ξ)2

, Q(g, P )133313 =
t3(tξ̈ − 2ξ̇)
3(t− 2ξ)

,

Q(g, P )143413 = Q(g, P )134314 = Q(g, P )341413 = −Q(g, P )341314 =
t2 sin2 θ

(
t(tξ̈ − 5ξ̇) + 9ξ

)

3(t− 2ξ)
,

Q(g, P )144313 = Q(g, P )133414 = Q(g, P )344113 = −Q(g, P )343114 =
t2 sin2 θ(tξ̇ − 3ξ)

t− 2ξ
,

Q(g, P )141224 = Q(g, P )242114 = Q(g, P )121424 = −Q(g, P )122414 =
sin2 θ

(
t(tξ̈ − 3ξ̇) + 3ξ

)

t
,

Q(g, P )142124 = Q(g, P )124124 = Q(g, P )241214 = −Q(g, P )124214 = −
sin2 θ

(
t(2tξ̈ − 7ξ̇) + 9ξ

)

3t
,

Q(g, P )141114 = − t2 sin2 θ(tξ̈ − 2ξ̇)
3(t− 2ξ)2

, Q(g, P )144414 =
t3 sin4 θ(tξ̈ − 2ξ̇)

3(t− 2ξ)
,

Q(g, P )232223 = −(t− 2ξ)2(tξ̈ − 2ξ̇)
3t2

, Q(g, P )233323 = −1
3
t(t− 2ξ)(tξ̈ − 2ξ̇),

Q(g, P )243423 = Q(g, P )342423 = Q(g, P )234324

= −Q(g, P )342324 = −1
3
(t− 2ξ) sin2 θ

(
t(tξ̈ − 5ξ̇) + 9ξ

)
,

Q(g, P )244323 = Q(g, P )344223 = Q(g, P )233424 = −Q(g, P )343224 = −(t− 2ξ) sin2 θ(tξ̇ − 3ξ),

Q(g, P )242224 = −(t− 2ξ)2 sin2 θ(tξ̈ − 2ξ̇)
3t2

, Q(g, P )244424 = −1
3
t(t− 2ξ) sin4 θ(tξ̈ − 2ξ̇).

Part II. For the tensorsC ·R, C · S, C · C andC · P we have the following relations:

(C ·R)121323 =

(
t(tξ̈ − 4ξ̇) + 6ξ

)(
t(tξ̈ − 3ξ̇) + 3ξ

)

6t4
= −(C ·R)122313,

(C ·R)133414 =
sin2 θ(tξ̇ − 3ξ)

(
t(tξ̈ − 4ξ̇) + 6ξ

)

6t(t− 2ξ)
= −(C ·R)143413,

(C ·R)121424 =
sin2 θ

(
t(tξ̈ − 4ξ̇) + 6ξ

)(
t(tξ̈ − 3ξ̇) + 3ξ

)

6t4
= −(C ·R)122414,
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(C ·R)243423 =
(t− 2ξ) sin2 θ(tξ̇ − 3ξ)

(
t(tξ̈ − 4ξ̇) + 6ξ

)

6t3
= −(C ·R)233424;

(C · S)1313 =
(tξ̈ − 2ξ̇)

(
t(tξ̈ − 4ξ̇) + 6ξ

)

6t2(t− 2ξ)
,

(C · S)1414 =
sin2 θ(tξ̈ − 2ξ̇)

(
t(tξ̈ − 4ξ̇) + 6ξ

)

6t2(t− 2ξ)
,

(C · S)2323 = −
(t− 2ξ)(tξ̈ − 2ξ̇)

(
t(tξ̈ − 4ξ̇) + 6ξ

)

6t4
,

(C · S)2424 = −
(t− 2ξ) sin2 θ(tξ̈ − 2ξ̇)

(
t(tξ̈ − 4ξ̇) + 6ξ

)

6t4
;

(C · C)121323 =

(
t(tξ̈ − 4ξ̇) + 6ξ

)2

12t4
= −(C · C)122313,

(C · C)143413 =
sin2 θ

(
t(tξ̈ − 4ξ̇) + 6ξ

)2

12t(t− 2ξ)
= −(C · C)133414,

(C · C)121424 =
sin2 θ

(
t(tξ̈ − 4ξ̇) + 6ξ

)2

12t4
= −(C · C)122414,

(C · C)233424 =
(t− 2ξ) sin2 θ

(
t(tξ̈ − 4ξ̇) + 6ξ

)2

12t3
= −(C · C)243423;

(C · P )131223 = (C · P )231213 = (C · P )121323

= −(C · P )122313 =

(
t(tξ̈ − 4ξ̇) + 6ξ

)(
t(tξ̈ − 3ξ̇) + 3ξ

)

6t4
,

(C · P )132123 = (C · P )231213 = (C · P )123123

= −(C · P )123213 = −

(
t(tξ̈ − 4ξ̇) + 6ξ

)(
t(2tξ̈ − 7ξ̇) + 9ξ

)

18t4
,

(C · P )131113 = −
(tξ̈ − 2ξ̇)

(
t(tξ̈ − 4ξ̇) + 6ξ

)

18t(t− 2ξ)2
, (C · P )133313 =

(tξ̈ − 2ξ̇)
(
t(tξ̈ − 4ξ̇) + 6ξ

)

18(t− 2ξ)
,

(C · P )143413 = (C · P )341413 = (C · P )134314

= −(C · P )341314 =
sin2 θ

(
t(tξ̈ − 5ξ̇) + 9ξ

) (
t(tξ̈ − 4ξ̇) + 6ξ

)

18t(t− 2ξ)
,
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(C·P )144313 = (C·P )344113 = (C·P )133414 = −(C·P )343114 =
sin2 θ(tξ̇ − 3ξ)

(
t(tξ̈ − 4ξ̇) + 6ξ

)

6t(t− 2ξ)
,

(C · P )141224 = (C · P )242114 = (C · P )121424

= −(C · P )122414 =
sin2 θ

(
t(tξ̈ − 4ξ̇) + 6ξ

)(
t(tξ̈ − 3ξ̇) + 3ξ

)

6t4
,

(C · P )142124 = (C · P )241214 = (C · P )124124

= −(C · P )124214 = −
sin2 θ

(
t(tξ̈ − 4ξ̇) + 6ξ

)(
t(2tξ̈ − 7ξ̇) + 9ξ

)

18t4
,

(C · P )141114 = −
sin2 θ(tξ̈ − 2ξ̇)

(
t(tξ̈ − 4ξ̇) + 6ξ

)

18t(t− 2ξ)2
,

(C · P )144414 =
sin4 θ(tξ̈ − 2ξ̇)

(
t(tξ̈ − 4ξ̇) + 6ξ

)

18(t− 2ξ)
,

(C · P )232223 = −
(t− 2ξ)2(tξ̈ − 2ξ̇)

(
t(tξ̈ − 4ξ̇) + 6ξ

)

18t5
,

(C · P )233323 = −
(t− 2ξ)(tξ̈ − 2ξ̇)

(
t(tξ̈ − 4ξ̇) + 6ξ

)

18t2
,

(C · P )243423 = (C · P )342423 = (C · P )234324

= −(C · P )342324 = −
(t− 2ξ) sin2 θ

(
t(tξ̈ − 5ξ̇) + 9ξ

)(
t(tξ̈ − 4ξ̇) + 6ξ

)

18t3
,

(C · P )244323 = (C · P )344223 = (C · P )233424

= −(C · P )343224 = −
(t− 2ξ) sin2 θ(tξ̇ − 3ξ)

(
t(tξ̈ − 4ξ̇) + 6ξ

)

6t3
,

(C · P )242224 = −
(t− 2ξ)2 sin2 θ(tξ̈ − 2ξ̇)

(
t(tξ̈ − 4ξ̇) + 6ξ

)

18t5
,

(C · P )244424 = −
(t− 2ξ) sin4 θ(tξ̈ − 2ξ̇)

(
t(tξ̈ − 4ξ̇) + 6ξ

)

18t2
.

For the tensorsW ·R, W · S, W · C andW · P we have the following relations:

(W ·R)121323 =

(
t(tξ̈ − 4ξ̇) + 6ξ

)(
t(tξ̈ − 3ξ̇) + 3ξ

)

6t4
= −(W ·R)122313,

(W ·R)133414 =
sin2 θ(tξ̇ − 3ξ)

(
t(tξ̈ − 4ξ̇) + 6ξ

)

6t(t− 2ξ)
= −(W ·R)143413,
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(W ·R)121424 =
sin2 θ

(
t(tξ̈ − 4ξ̇) + 6ξ

)(
t(tξ̈ − 3ξ̇) + 3ξ

)

6t4
= −(W ·R)122414,

(W ·R)243423 =
(t− 2ξ) sin2 θ(tξ̇ − 3ξ)

(
t(tξ̈ − 4ξ̇) + 6ξ

)

6t3
= −(W ·R)233424;

(W · S)1313 =
(tξ̈ − 2ξ̇)

(
t(tξ̈ − 4ξ̇) + 6ξ

)

6t2(t− 2ξ)
,

(W · S)1414 =
sin2 θ(tξ̈ − 2ξ̇)

(
t(tξ̈ − 4ξ̇) + 6ξ

)

6t2(t− 2ξ)
,

(W · S)2323 = −
(t− 2ξ)(tξ̈ − 2ξ̇)

(
t(tξ̈ − 4ξ̇) + 6ξ

)

6t4
,

(W · S)2424 = −
(t− 2ξ) sin2 θ(tξ̈ − 2ξ̇)

(
t(tξ̈ − 4ξ̇) + 6ξ

)

6t4
;

(W · C)121323 =

(
t(tξ̈ − 4ξ̇) + 6ξ

)2

12t4
= −(W · C)122313,

(W · C)143413 =
sin2 θ

(
t(tξ̈ − 4ξ̇) + 6ξ

)2

12t(t− 2ξ)
= −(W · C)133414,

(W · C)121424 =
sin2 θ

(
t(tξ̈ − 4ξ̇) + 6ξ

)2

12t4
= −(W · C)122414,

(W · C)233424 =
(t− 2ξ) sin2 θ

(
t(tξ̈ − 4ξ̇) + 6ξ

)2

12t3
= −(W · C)243423;

(W · P )121323 = −(W · P )122313 =

(
t(tξ̈ − 4ξ̇) + 6ξ

)(
t(tξ̈ − 3ξ̇) + 3ξ

)

6t4
,

(W · P )123213 = −(W · P )123123 = −(W · P )132123 =

(
t(tξ̈ − 4ξ̇) + 6ξ

)(
t(2tξ̈ − 7ξ̇) + 9ξ

)

18t4
,

(W · P )133313 =
1

sin4 θ
(W · P )144414 =

(tξ̈ − 2ξ̇)
(
t(tξ̈ − 4ξ̇) + 6ξ

)

18(t− 2ξ)
,

(W · P )143413 = (W · P )134314 =
sin2 θ

(
t(tξ̈ − 5ξ̇) + 9ξ

)(
t(tξ̈ − 4ξ̇) + 6ξ

)

18t(t− 2ξ)
,

(W · P )144313 = (W · P )133414 = (W · P )344113 =
sin2 θ(tξ̇ − 3ξ)

(
t(tξ̈ − 4ξ̇) + 6ξ

)

6t(t− 2ξ)
,
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(W · P )122414 = −(W · P )121424 = −
sin2 θ

(
t(tξ̈ − 4ξ̇) + 6ξ

)(
t(tξ̈ − 3ξ̇) + 3ξ

)

6t4
,

(W ·P )124214 = −(W ·P )142124 = −(W ·P )124124 =
sin2 θ

(
t(tξ̈ − 4ξ̇) + 6ξ

)(
t(2tξ̈ − 7ξ̇) + 9ξ

)

18t4
,

(W · P )233323 =
1

sin4 θ
(W · P )244424 = −

(t− 2ξ)(tξ̈ − 2ξ̇)
(
t(tξ̈ − 4ξ̇) + 6ξ

)

18t2
,

(W · P )243423 = (W · P )234324 = −
(t− 2ξ) sin2 θ

(
t(tξ̈ − 5ξ̇) + 9ξ

)(
t(tξ̈ − 4ξ̇) + 6ξ

)

18t3
,

(W · P )244323 = (W · P )344223 = (W · P )233424 = −
(t− 2ξ) sin2 θ(tξ̇ − 3ξ)

(
t(tξ̈ − 4ξ̇) + 6ξ

)

6t3
.

For the tensorsK ·R, K · S, K · C, K ·W , K ·K andK · P we have the following relations:

(K ·R)121323 =
(t2ξ̈ + 2ξ)

(
t(tξ̈ − 3ξ̇) + 3ξ

)

2t4
= −(K ·R)122313,

(K ·R)133414 =
sin2 θ(tξ̇ − 3ξ)(t2ξ̈ + 2ξ)

2t(t− 2ξ)
= −(K ·R)143413,

(K ·R)121424 =
sin2 θ(t2ξ̈ + 2ξ)

(
t(tξ̈ − 3ξ̇) + 3ξ

)

2t4
= −(K ·R)122414,

(K ·R)243423 =
(t− 2ξ) sin2 θ(tξ̇ − 3ξ)(t2ξ̈ + 2ξ)

2t3
= −(K ·R)233424;

(K · S)1313 =
(t2ξ̈ + 2ξ)(tξ̈ − 2ξ̇)

2t2(t− 2ξ)
, (K · S)1414 =

sin2 θ(t2ξ̈ + 2ξ)(tξ̈ − 2ξ̇)
2t2(t− 2ξ)

,

(K ·S)2323 = −(t− 2ξ)(t2ξ̈ + 2ξ)(tξ̈ − 2ξ̇)
2t4

, (K ·S)2424 = −(t− 2ξ) sin2 θ(t2ξ̈ + 2ξ)(tξ̈ − 2ξ̇)
2t4

;

(K · C)121323 =
(t2ξ̈ + 2ξ)

(
t(tξ̈ − 4ξ̇) + 6ξ

)

4t4
= −(K · C)122313,

(K · C)143413 =
sin2 θ(t2ξ̈ + 2ξ)

(
t(tξ̈ − 4ξ̇) + 6ξ

)

4t(t− 2ξ)
= −(K · C)133414,

(K · C)121424 =
sin2 θ(t2ξ̈ + 2ξ)

(
t(tξ̈ − 4ξ̇) + 6ξ

)

4t4
= −(K · C)122414,

(K · C)233424 =
(t− 2ξ) sin2 θ(t2ξ̈ + 2ξ)

(
t(tξ̈ − 4ξ̇) + 6ξ

)

4t3
= −(K · C)243423;
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(K · P )122313 = −(K · P )121323 =
1

sin2 θ
(K · P )122414

= − 1
sin2 θ

(K · P )121424 = −
(t2ξ̈ + 2ξ)

(
t(tξ̈ − 3ξ̇) + 3ξ

)

2t4
,

(K · P )123213 = −(K · P )132123 = −(K · P )123123 =
(t2ξ̈ + 2ξ)

(
t(2tξ̈ − 7ξ̇) + 9ξ

)

6t4
,

(K · P )133313 =
1

sin4 θ
(K · P )144414 =

(t2ξ̈ + 2ξ)(tξ̈ − 2ξ̇)
6(t− 2ξ)

,

(K · P )143413 = (K · P )134314 =
sin2 θ(t2ξ̈ + 2ξ)

(
t(tξ̈ − 5ξ̇) + 9ξ

)

6t(t− 2ξ)
,

(K · P )144313 = (K · P )133414 = (K · P )344113 =
sin2 θ(tξ̇ − 3ξ)(t2ξ̈ + 2ξ)

2t(t− 2ξ)
,

(K · P )233323 =
1

sin4 θ
(K · P )244424 = −(t− 2ξ)(t2ξ̈ + 2ξ)(tξ̈ − 2ξ̇)

6t2
,

(K · P )244323 = (K · P )344223 = (K · P )233424 = −(t− 2ξ) sin2 θ(tξ̇ − 3ξ)(t2ξ̈ + 2ξ)
2t3

,

(K · P )124124 = (K · P )142124 = −(K · P )124214 = −
sin2 θ(t2ξ̈ + 2ξ)

(
t(2tξ̈ − 7ξ̇) + 9ξ

)

6t4
,

(K · P )234324 = (K · P )243423 = −
(t− 2ξ) sin2 θ(t2ξ̈ + 2ξ)

(
t(tξ̈ − 5ξ̇) + 9ξ

)

6t3
.

For the tensorsP ·R, P · S, P · C, P ·W , P ·K andP · P we have the following relations:

(P ·R)121323 =
t2ξ̇

(
5ξ̇ − 2tξ̈

)
+ 2tξ

(
2tξ̈ − 7ξ̇

)
+ 9ξ2

3t4
= (P ·R)122331,

(P ·R)121424 =
sin2 θ

(
t2ξ̇

(
5ξ̇ − 2tξ̈

)
+ 2tξ

(
2tξ̈ − 7ξ̇

)
+ 9ξ2

)

3t4
= (P ·R)124214,

(P ·R)143413 =
sin2 θ

(
t2ξ̇2 + 2tξ

(
tξ̈ − 5ξ̇

)
+ 9ξ2

)

3t(t− 2ξ)
= (P ·R)134314,

(P ·R)233424 =
(t− 2ξ) sin2 θ

(
t2ξ̇2 + 2tξ

(
tξ̈ − 5ξ̇

)
+ 9ξ2

)

3t3
= (P ·R)244323;

(P · S)1313 =
(ξ − tξ̇)(tξ̈ − 2ξ̇)

t2(t− 2ξ)
= −(P · S)1331,
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(P · S)1414 =
sin2 θ(ξ − tξ̇)(tξ̈ − 2ξ̇)

t2(t− 2ξ)
= −(P · S)1441,

(P · S)2323 =
(t− 2ξ)(tξ̇ − ξ)(tξ̈ − 2ξ̇)

t4
= −(P · S)2332,

(P · S)2424 =
(t− 2ξ) sin2 θ(tξ̇ − ξ)(tξ̈ − 2ξ̇)

t4
= −(P · S)2442;

(P · C)121323 =

(
t
(
tξ̈ − 5ξ̇

)
+ 9ξ

)(
t
(
tξ̈ − 4ξ̇

)
+ 6ξ

)

18t4
= (P · C)123213,

(P · C)121424 =
sin2 θ

(
t
(
tξ̈ − 5ξ̇

)
+ 9ξ

)(
t
(
tξ̈ − 4ξ̇

)
+ 6ξ

)

18t4
= (P · C)124214,

(P · C)134314 =
sin2 θ

(
t
(
tξ̈ − 4ξ̇

)
+ 6ξ

)(
t
(
2tξ̈ − 7ξ̇

)
+ 9ξ

)

18t(t− 2ξ)
= (P · C)143413,

(P · C)233424 =
(t− 2ξ) sin2 θ

(
t
(
tξ̈ − 4ξ̇

)
+ 6ξ

)(
t
(
2tξ̈ − 7ξ̇

)
+ 9ξ

)

18t3
= (P · C)244323;

(P · P )121323 =

(
t
(
tξ̈ − 5ξ̇

)
+ 9ξ

)(
t
(
tξ̈ − 3ξ̇

)
+ 3ξ

)

9t4
= (P · P )232113,

(P · P )121424 =
sin2 θ

(
t
(
tξ̈ − 5ξ̇

)
+ 9ξ

)(
t
(
tξ̈ − 3ξ̇

)
+ 3ξ

)

9t4
= (P · P )242114,

(P · P )123123 =

(
tξ̇ − 3ξ

)(
t
(
tξ̈ − 3ξ̇

)
+ 3ξ

)

3t4
= (P · P )231213,

(P · P )124124 =
sin2 θ

(
tξ̇ − 3ξ

)(
t
(
tξ̈ − 3ξ̇

)
+ 3ξ

)

3t4
= (P · P )241214,

(P · P )131113 = −

(
tξ̈ − 2ξ̇

)(
t
(
tξ̈ − 3ξ̇

)
+ 3ξ

)

9t(t− 2ξ)2
= −(P · P )131131,

(P · P )133331 =

(
tξ̇ − 3ξ

)(
tξ̈ − 2ξ̇

)

9(t− 2ξ)
= −(P · P )133313,

(P · P )133414 =
sin2 θ

(
tξ̇ − 3ξ

)(
t
(
2tξ̈ − 7ξ̇

)
+ 9ξ

)

9t(t− 2ξ)
= (P · P )344113,

(P · P )134341 =
sin2 θ

(
tξ̇ − 3ξ

)(
t
(
tξ̈ − 3ξ̇

)
+ 3ξ

)

3t(t− 2ξ)
= (P · P )341431,

(P · P )141141 =
sin2 θ

(
tξ̈ − 2ξ̇

)(
t
(
tξ̈ − 3ξ̇

)
+ 3ξ

)

9t(t− 2ξ)2
= −(P · P )141114,
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(P · P )144441 =
sin4 θ

(
tξ̇ − 3ξ

)(
tξ̈ − 2ξ̇

)

9(t− 2ξ)
= −(P · P )144414,

(P · P )232232 =
(t− 2ξ)2

(
tξ̈ − 2ξ̇

)(
t
(
tξ̈ − 3ξ̇

)
+ 3ξ

)

9t5
= −(P · P )232223,

(P · P )233323 =
(t− 2ξ)

(
tξ̇ − 3ξ

)(
tξ̈ − 2ξ̇

)

9t2
= −(P · P )233332,

(P · P )233442 =
(t− 2ξ) sin2 θ

(
tξ̇ − 3ξ

)(
t
(
2tξ̈ − 7ξ̇

)
+ 9ξ

)

9t3
= (P · P )344232,

(P · P )234324 =
(t− 2ξ) sin2 θ

(
tξ̇ − 3ξ

)(
t
(
tξ̈ − 3ξ̇

)
+ 3ξ

)

3t3
= (P · P )342423,

(P · P )242242 =
(t− 2ξ)2 sin2 θ

(
tξ̈ − 2ξ̇

)(
t
(
tξ̈ − 3ξ̇

)
+ 3ξ

)

9t5
= −(P · P )242224,

(P · P )244424 =
(t− 2ξ) sin4 θ

(
tξ̇ − 3ξ

)(
tξ̈ − 2ξ̇

)

9t2
= −(P · P )244442.

For the tensorsQ(S, R), Q(S, C), Q(S, W ), Q(S, K) andQ(S, P ) we have the following rela-

tions:

Q(S, R)122313 =
4ξ̇(ξ − tξ̇) + t(tξ̇ + ξ)ξ̈

t3
= −Q(S, R)121323,

Q(S, R)133414 = −
2 sin2 θ

(
ξ(tξ̈ + ξ̇)− tξ̇2

)

t− 2ξ
= −Q(S, R)143413,

Q(S, R)122414 =
sin2 θ

(
4ξ̇(ξ − tξ̇) + t(tξ̇ + ξ)ξ̈

)

t3
= −Q(S,R)121424,

Q(S,R)243423 =
2(t− 2ξ) sin2 θ

(
ξ(tξ̈ + ξ̇)− tξ̇2

)

t2
= −Q(S, R)233424;

Q(S, C)121332 =

(
tξ̈ + 4ξ̇

) (
t
(
tξ̈ − 4ξ̇

)
+ 6ξ

)

6t3
= Q(S, C)122313,

Q(S, C)121442 =
sin2 θ

(
tξ̈ + 4ξ̇

) (
t
(
tξ̈ − 4ξ̇

)
+ 6ξ

)

6t3
= Q(S, C)122414,

Q(S, C)133414 =
sin2 θ

(
tξ̈ + ξ̇

)(
t
(
tξ̈ − 4ξ̇

)
+ 6ξ

)

3(t− 2ξ)
= Q(S,C)144313,

Q(S, C)234324 =
(t− 2ξ) sin2 θ

(
tξ̈ + ξ̇

)(
t
(
tξ̈ − 4ξ̇

)
+ 6ξ

)

3t2
= Q(S, C)243423;
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Q(S,W )121332 =
t3ξ̈2 + 4ξ̇

(
6ξ − 7tξ̇

)
+ 6t

(
tξ̇ + ξ

)
ξ̈

6t3
= Q(S,W )122313,

Q(S, W )121442 =
sin2 θ

(
t3ξ̈2 + 4ξ̇

(
6ξ − 7tξ̇

)
+ 6t

(
tξ̇ + ξ

)
ξ̈
)

6t3
= Q(S, W )122414,

Q(S, W )133414 =
sin2 θ

(
12ξ

(
tξ̈ + ξ̇

)
− t

(
t2ξ̈2 + 8ξ̇2

))

6(t− 2ξ)
= Q(S, W )143431,

Q(S, W )133441 =
sin2 θ

(
t3ξ̈2 + 8tξ̇2 − 12ξ

(
tξ̈ + ξ̇

))

6(t− 2ξ)
= Q(S, W )143413,

Q(S,W )233424 =
(t− 2ξ) sin2 θ

(
t3ξ̈2 + 8tξ̇2 − 12ξ

(
tξ̈ + ξ̇

))

6t2
= Q(S,W )243432;

Q(S, K)121332 =
t3ξ̈2 + 2tξξ̈ + 8ξ̇

(
ξ − tξ̇

)

2t3
= Q(S, K)122313,

Q(S, K)121442 =
sin2 θ

(
t3ξ̈2 + 2tξξ̈ + 8ξ̇

(
ξ − tξ̇

))

2t3
= −Q(S,K)242114,

Q(S, K)133414 =
sin2 θ

(
2ξξ̇ + t

(
2ξ − tξ̇

)
ξ̈
)

t− 2ξ
= Q(S, K)341431,

Q(S, K)133441 =
sin2 θ

(
t
(
tξ̇ − 2ξ

)
ξ̈ − 2ξξ̇

)

t− 2ξ
= Q(S, K)344131,

Q(S,K)233424 =
(t− 2ξ) sin2 θ

(
t
(
tξ̇ − 2ξ

)
ξ̈ − 2ξξ̇

)

t2
= Q(S, K)342432;

Q(S, P )121332 =

(
tξ̈ + 4ξ̇

)(
t
(
tξ̈ − 3ξ̇

)
+ 3ξ

)

3t3
= Q(S, P )122313 = −Q(S, P )131223,

Q(S, P )121442 =
sin2 θ

(
tξ̈ + 4ξ̇

)(
t
(
tξ̈ − 3ξ̇

)
+ 3ξ

)

3t3
= Q(S, P )122414 = −Q(S, P )141224,

Q(S, P )123123 =
4ξ̇

(
ξ − tξ̇

)
+ t

(
tξ̇ + ξ

)
ξ̈

t3
= Q(S, P )132132 = Q(S, P )231231,

Q(S, P )124124 =
sin2 θ

(
4ξ̇

(
ξ − tξ̇

)
+ t

(
tξ̇ + ξ

)
ξ̈
)

t3
= Q(S, P )124214 = Q(S, P )142142,

Q(S, P )131113 =
tξ̈

(
tξ̈ − 2ξ̇

)

3(t− 2ξ)2
= −Q(S, P )131131,
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Q(S, P )133331 =
2tξ̇

(
tξ̈ − 2ξ̇

)

3(t− 2ξ)
= −Q(S, P )133313,

Q(S, P )133441 =
2 sin2 θ

(
tξ̇ − 3ξ

)(
tξ̈ + ξ̇

)

3(t− 2ξ)
= −Q(S, P )144313 = Q(S, P )343114,

Q(S, P )134341 =
2 sin2 θ

(
ξ
(
tξ̈ + ξ̇

)
− tξ̇2

)

t− 2ξ
= −Q(S, P )134314 = −Q(S, P )341413,

Q(S, P )141114 =
t sin2 θξ̈

(
tξ̈ − 2ξ̇

)

3(t− 2ξ)2
= −Q(S, P )141141,

Q(S, P )144441 =
2t sin4 θξ̇

(
tξ̈ − 2ξ̇

)

3(t− 2ξ)
= −Q(S, P )144414,

Q(S, P )232223 =
(t− 2ξ)2ξ̈

(
tξ̈ − 2ξ̇

)

3t3
= −Q(S, P )232232,

Q(S, P )233323 =
2(t− 2ξ)ξ̇

(
tξ̈ − 2ξ̇

)

3t
= −Q(S, P )233332,

Q(S, P )233424 =
2(t− 2ξ) sin2 θ

(
tξ̇ − 3ξ

) (
tξ̈ + ξ̇

)

3t2
= Q(S, P )343242 = −Q(S, P )344232,

Q(S, P )234324 =
2(t− 2ξ) sin2 θ

(
ξ
(
tξ̈ + ξ̇

)
− tξ̇2

)

t2
= −Q(S, P )342324 = −Q(S, P )243432,

Q(S, P )242224 =
(t− 2ξ)2 sin2 θξ̈

(
tξ̈ − 2ξ̇

)

3t3
= −Q(S, P )242242,

Q(S, P )244424 =
2(t− 2ξ) sin4 θξ̇

(
tξ̈ − 2ξ̇

)

3t
= −Q(S, P )244442.

6. CONCLUSION

From the above results and discussion we conclude that Deszcz symmetric spaces are geometric mod-

els of the interior black hole spacetime and hence the defining conditions of Deszcz symmetric spaces

are, physically, very stronger. However, for a specific value ofξ the interior black hole spacetime turns

into a semisymmetric spacetime and also a generalized Ricci pseudosymmetric spacetime.
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17. S. Decu, M. Petrović-Torgǎsev, A.Šebekovíc, and L. Verstraelen, On the Roter type of Wintgen ideal

submanifolds,Rev. Roumaine Math. Pures Appl., 57 (2012), 75-90.
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