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The Gallai graphΓ(G) of a graphG, has the edges ofG as its vertices and two distinct vertices

are adjacent inΓ(G) if they are adjacent edges inG, but do not lie on a triangle. In this paper

we find the adjacency spectrum of Gallai graph of some graphs derived from simple graphs by

certain operations, the characteristic polynomial for some graphs and exhibit the adjacency matrix

of some other graphs.
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1. INTRODUCTION

Let G be a simple graph onp vertices{1, 2, ..., p} with an adjacency matrixA(G) = (aij) where

aij =





1, if the vertex i is adjacent to the vertex j

0, otherwise.

ThenA(G) is a real symmetric matrix with zero as the diagonal entries. The eigen values ofA

are the roots ofdet(xI −A) = 0, the characteristic equation ofA or G. The set of eigen values ofG

is called the spectrum ofG and is denoted byspec(G) [5]. In this paper we denote the characteristic
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polynomial ofG by φ(G(x)). SinceA(G) is a real symmetric matrix all of its eigen values are real

and can be ordered asλ1 ≥ λ2, ...,≥ λp. The energy of a graphG denoted byEG is defined by

EG = Σp
i=1|λi|. The(i, j)th entry ofAk is the number ofi− j walks of lengthk [5]. Two graphs are

cospectral if they have the same spectrum. A graphG is said to be characterized by its spectrum, if

the only graphs cospectral withG are those isomorphic toG [5].

The line graph [7]L(G) of a graphG has the edges ofG as its vertices and two distinct edges

of G are adjacent inL(G) if they are adjacent inG. The adjacency spectrum of line graph of many

classes of graphs has been studied in [4-6]. The Gallai graphΓ(G) of a graphG, has the edges ofG

as its vertices and two distinct edges are adjacent inΓ(G) if they are adjacent inG, but do not lie on

a triangle.

Clearly Gallai graph is a spanning subgraph of line graph. ThoughL(G) has a forbidden sub-

graph characterization, Gallai graphs do not have the vertex hereditary property and hence, cannot

be characterized using forbidden subgraphs [2]. Motivated from the results regarding the spectrum

of line graph of a graph, we study the spectrum of Gallai graph of some classes of graphs for the

first time to add them to the literature on the spectrum of graphs, here we give an upper bound for

energy ofΓ(G) and give some characterization regarding the spectrum of some classes of graphs. In

the class of Gallai graphs we mean by saying that a graphΓ(G) is characterized by the spectrum if,

spec(Γ(G)) ∼= spec(Γ(H)) thenG ∼= H.

Let G1 andG2 be two vertex-disjoint graphs. Then thejoin, G1 ∨ G2, of G1 andG2 is the

supergraph ofG1 + G2 in which each vertex ofG1 is adjacent to every vertex ofG2 [2]. If G is any

class of graphs then the class of graphs{G ∨ K1/G ∈ G } is called aG − P. All graph theoretic

notations and terminology not mentioned here are from [2, 4].

2. SPECTRUM OFGALLAI GRAPH OFSOME GRAPHS

If the graph is a triangle free graph thenΓ(G) ∼= L(G). If G is regular,L(G) is regular; butΓ(G)

need not be regular. So, we cannot calculate the spectrum ofΓ(G) like the spectrum ofL(G). Here

we find the spectrum of Gallai graph of some classes of graphs. In this section we use the following

theorems.

Theorem2.1— [3]. Let Gj denote the graph obtained fromG by adding a pendant edge at the

vertexj. Then,Φ(Gj , x) = xΦ(G, x)− Φ(G− j, x)

Theorem2.2— [3]. Let G.H be the coalescence in which the vertexu of G is identified with the

vertexv of H.



SPECTRUM OF GALLAI GRAPH OF SOME GRAPHS 1831

φ(G.H, x) = φ(G, x)φ(H − v, x) + φ(G− u, x)φ(H,x)− xφ(G− u, x)φ(H − v, x)

In this section we give some analytic expression for the characteristic polynomial of some Gallai

graphs.

2.1 Cycle containing aK3

Consider a cycleCn+1 with an edge connecting any two vertices at a distance2 in Cn+1( or a cycle

Cn sharing a common edge with a triangle).

H = Γ(Cn+1 + e) is a cycleCn with two pendant edges attached to two alternative vertices. By

using Theorem 2.1 we have,

Φ(H, x) = x2Φ(Cn, x)− 2xΦ(Pn−1, x)− Φ(Pn−3 ∪K1, x)

= x2
n−1∏

i=0

(
x− 2cos

2πi

n

)
− 2x

n−1∏

i=1

(
x− 2cos

πi

n

)
− x

n−3∏

i=1

(
x− 2cos

πi

n− 2

)

2.2 Path sharing a common edge with a triangle

H= PathPn+1 sharing a common edge with a triangle.

Case1 : (common edge is the pendant edge ofPn+1)

G = Γ(H)= Pn+1 together with a pendant edge attached to the second vertex∪K1.

φ(G, x) = x

{
x

(
n∏

i=1

(
x− 2cos

πi

n + 1

))
− x

(
n−2∏

i=1

(
x− 2cos

πi

n− 1

))}
.

Case2 : Let the common edge be themth edge. Then,G = Γ(H)= Pn together with one

pendant edge attached to them − 1th vertex and one pendant edge at them + 1th vertex. So,
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by the same method we have,φ(G, x)= x2φ(pn, x) − xφ(pm−2, x)φ(Pn−m+1, x) − [xφ(Pm, x) −
xφ(Pm−2, x)]φ(Pn−m−1, x).

2.3 Path sharing a common vertex with a triangle

H= PathPn+1 sharing a common vertex with a triangle.

Case1 : The common vertex is the pendant vertex.

G = Γ(H)= pathPn+1 together with a pendant edge attached to the second vertex∪K1.

φ(G, x) = x{x(
∏n+1

i=1 (x− 2cos
πi

n + 2
))− x(

∏n−1
i=1 (x− 2cos

πi

n
))}

Case2 : The common vertex is themth vertex.

G = Γ(H) is

φ(G, x) is obtained by considering the theorem (LetG.H be the coalescence in which the vertex

u of G is identified with the vertexv of H).

φ(G.H, x) = φ(G, x)φ(H − v, x) + φ(G− u, x)φ(H,x)− xφ(G− u, x)φ(H − v, x).

HereG = (Pm−1.K4 − e).Pn−m+1 together with an isolated vertex.

Let G′ = Pm−1.K4 − e

φ(G′, x) = φ(Pm−1, x)φ(K1,2, x) + φ(Pm−2, x)φ(K4 − e, x)− xφ(Pm−2, x)φ(K1,2, x)

φ(G, x) = [φ(G′, x)φ(Pn−m, x) + φ(T ′, x)φ(Pn−m+1, x) − xφ(T ′, x)φ(Pn−m, x)]x (whereT ′

is Pm together with a pendant edge attached to the second vertex).

Thenφ(T ′, x) = xφ(Pm, x)− φ(Pm−2 ∪K1, x)

We have,

φ(G, x) = {[φ(Pm−1, x)φ(K1,2, x) + φ(Pm−2, x)φ(K4 − e, x)− xφ(Pm−2, x)φ(K1,2, x)]

φ(Pn−m, x) + [xφ(Pm, x)− xφ(Pm−2, x)]φ(Pn−m+1, x)−

x[xφ(Pm, x)− xφ(Pm−2, x)]φ(Pn−m, x) }x.
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2.4 Star graph sharing a common edge with a traingle

G = Γ(K1,n + e), i.e.,K1,n−1 sharing a common edge with a triangle.

HereG = (Kn − e) ∪K1

Spec(G) = (−1)n−3, 02,
(n− 3) +

√
(n + 1)2 − 8
2

,
(n− 3)−

√
(n + 1)2 − 8
2

Theorem2.3— Spec(Γ(G ∨Kn))= Spec(Γ(G)), Spec(Gc) (n times),0
n(n−1)

2

PROOF : We make the following observations, regarding the vertices corresponding to the edges

of G ∨Kn.

(1) The vertices corresponding to the edges ofG are adjacent inΓ(G ∨ Kn) if and only if they

are adjacent inΓ(G).

(2) The vertices corresponding to the edges ofKn are not adjacent inΓ(G ∨Kn) since they are

belong to aK3 in G ∨Kn.

(3) The vertices corresponding to the edges drawn from two different vertices ofKn in Γ(G∨Kn)

are not adjacent since they are belong to aK3 in G ∨Kn.

(4) The vertices corresponding to the edges drawn from the same vertex ofKn to G is adjacent in

Γ(G ∨Kn) if and only if the end vertices are non-adjacent inG.

Let M denotes the adjacency matrix ofΓ(G∨Kn). ThenM is of orderq+
n(n− 1)

2
+np. From

the above explanationM is,

M =




[Γ(G)] 0 0 0 . . . 0

0 [Gc] 0 0 . . . 0

0 0 [Gc] 0 . . . 0

. . . . . . . .

. . . . . . . .

. . . . . . . .

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0




whereGc occursn times and zero
n(n− 1)

2
times. 2

Corollary 2.4 —Spec(Γ(G ∨K1))= Spec(Γ(G)), Spec(Gc).

PROOF : It follows directly from the above theorem.
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Corollary 2.5 — If G is triangle free then theSpec(Γ(G ∨K1))= Spec(L(G)), Spec(Gc)

Corollary 2.6 — If G is triangle free r-regular graph withp vertices andq edges then,

φΓ(G∨K1)(x)) = (x + 2)q−pφG(x− r + 2).(−1)p.
x− p + r + 1

x + r + 1
φG(x + 1).

Theorem2.7— Let G be a semi-regular bipartite graph withn1 independent vertices of degree

r1 andn2 independent vertices of degreer2 wheren1 ≥ n2 ThenφL(G)(x) = (x + 2)βφG(
√

α1α2)√
α1

α2

n1−n2

whereαi = x− ri + 2 andβ = n1r1 − n1 − n2

Corollary 2.8 — If G is a semi-regular bipartite graph we can calculate the spectrum ofΓ(G∨K1)

PROOF: For a semi-regular bipartite graphΓ(G) ∼= L(G). Hence, by Corollary 2.5 and Theorem

2.7 the result follows. 2

By using Theorem 2.7 we have the following results.

3.1 Wheel graph

Gallai of Wheel graphWn

We knowWn = Cn−1 ∨K1

So, by the above result,

Spec(Γ(Wn)) = Spec(Γ(Cn−1)), Spec(Cc
n−1).

Therefore,

Spec(Γ(wn)) = {−2cos
2πj

n− 1
− 1, j = 1, ..., n− 2, n− 4, 2cos

2πj

n− 1
, j = 0, 1, ..., n− 2}

3.2 Star-Pyramid

H = K1,n ∨K1

Spec(Γ(H)) = Spec(Γ(K1,n)), Spec(Kc
1,n)

= Spec(Kn), Spec(Kn), Spec(K1)

= (n− 1)2, (−1)2n−2, 0
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3.3 Km,n-Pyramid

H = Km,n ∨K1

Spec(Γ(H)) = Spec(Γ(Km,n)), Spec(Kc
m,n)

= Spec(L(Km,n)), Spec(Kn), Spec(Km)

= (m + n− 2), (n− 2)(m−1), (m− 2)(n−1),−2(m−1)(n−1),

n− 1,m− 1,−1m+n−2

4.1 (Kn ∪Km) -Pyramid

H = Γ[(Kn ∪Km) ∨K1]

Spec(Γ(H)) = Spec(
n(n− 1) + m(m− 1)

2
K1), spec(Kmn)

= 0
n(n+1)+m(m+1)−4

2 ,−√mn,
√

mn

Similarly we can find the spectrum ofΓ(Pn ∨K1).

Corollary 2.9 —Spec(Γ(G ∨K2))= Spec(Γ(G)), Spec(Gc), Spec(Gc),0

PROOF : It follows directly from the above theorem.

K1,n ∨K2

HereH = Γ(K1,n ∨K2)

Spec(Γ(K1,n)), Spec(Kc
1,n)2’ to ’ Spec(H) = Spec(Γ(K1,n)), Spec(Kc

1,n)2, 0.

= (n− 1)3, (−1)3n−3, 03
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Similarly, for all the graphsG in the above examples we can find the spectrum of Gallai graph of

G ∨K2 easily by Corollary 2.9.

Result1

The matrix ofΓ(G ∨G) is




[Γ(G)] [0]q∗p . . . . [0]q∗p [0]q∗p [0]q
[0]p∗q [Gc] Ipor[0]p . . . Ipor[0]p Ipor[0]p [0]p∗q
[0]p∗q Ipor[0]p [Gc] . . . Ipor[0]p Ipor[0]p [0]p∗q

. . . . . . . . .

. . . . . . . . .

. . . . . . . . .

[0]p∗q Ipor[0]p . . . . [Gc] Ipor[0]p [0]p∗q
[0]p∗q Ipor[0]p . . . . Ipor[0]p [Gc] [0]p∗q
[0]q [0]q∗p . . . . [0]q∗p [0]q∗p [Γ(G)]




Let 1, 2, ..., p ande1, e2, ..., eq denote the vertices and edges ofG. In G ∨ G, let ei1, ei2, ...eip

denote the edges drawn from vertexi (in the second copy ofG) to the vertices ofG. Then the matrix

of Γ(G ∨G) is as given above. WhereIp, 0p denote the identity matrix and zero matrix respectively.

Ip occurs if vertexi is not adjacent to vertexj in G

Result2

The matrix ofΓ(G¤K2) is

M =




[Γ(G)] [0]q BT

[0]q [Γ(G)] BT

B B [0]p




(B denotes the incidence matrix ofG)

3. SOME CHARACTERIZATIONS REGARDING SPECTRUM OFΓ(G)

In this section we give some characterization for the graphs regarding the spectrum of Gallai graphs.

When we consider the class of Gallai graph of all graphs, we cannot characterize a graph belongs

to this class by using the spectrum. For example, considerΓ(C6) it cannot be characterized by the

spectrum in the class of Gallai Graphs. SinceΓ(K3¯K1) (where¯ denotes thecorona) has the same
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spectrum as that ofΓ(C6). Also it is proved that there exist infinitely many pairs of non-isomorphic

graphs of the same order with the same Gallaigraphs [1]. IfΓ(G) ∼= H thenG is called a root-graph

of H.

Theorem3.1— [5]. The number of closed walks of lengthk in a graphG is equal toSk, where

Sk= Σp
i=1λi

k

Theorem3.2— LetG be a graph withp vertices andq edges, with eigen valuesλ1, λ2, ..., λp. Let

µ1, µ2, ...µq denote the eigen values ofΓ(G) then,Σq
i=1|µi| ≤

√
2q(

Σp
i=1d

2
i

2
− q − Σp

i=1λ
3
i

2
) where

{d1, d2, ...dp} denote the degree sequence ofG.

PROOF : Let G be a graph withp vertices andq edges, with eigen valuesλ1, λ2, ..., λp. From

Theorem 3.1 we have, Σp
i=1

λ2
i

2
= q

Σp
i=1

λ3
i

6
= Number ofK3’s

In L(G), number of of vertices = q.

Number of edges of edges =Σp
i=1

d2
i

2
− q, whered1, d2, ...dp denote the degree sequence ofG.

Now for Γ(G), number of vertices = q.

Number of edges =Σp
i=1

d2
i

2
− q - 3 times the number of triangles inG

Let µ1, µ2, ..., µq denote the eigen values ofΓ(G), by Holder’s inequality we have,

Σq
i=1|µi| = Σq

i=1|µi.1|
≤ (Σq

i=1|µ2
i |)1/2(Σ12)1/2

≤ (2(
Σp

i=1d
2
i

2
− q − Σp

i=1λ
3
i

2
))1/2q1/2

≤
√

2q(
Σp

i=1d
2
i

2
− q − Σp

i=1λ
3
i

2
)

Also λ1 ≥ 2 ∗ no.ofedges

no.ofvertices

Thereforeµ1 ≥ (
Σp

i=1d
2
i

q
− 2− Σp

i=1λ
3
i

q
). 2

Theorem3.3 — Disjoint union ofKn’s are the only graphs whose Gallai graphs has only one

eigen value.

PROOF : SinceΓ(G) has only one eigen value the eigen value is zero. Hence,Γ(G) is the union

of isolated vertices. Hence, the root graph is the disjoint union ofKn’s. 2

Theorem3.4 — The following are the only graphs whose Gallai graphs have only two distinct
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eigen values.

(1) Disjoint union of stars.

(2) Disjoint union ofP3.

PROOF : Let A denote the adjacency matrix ofΓ(G). And λ1 andλ2 are the two distinct eigen

values with multiplicitym1 andm2 respectively. The following cases arise

Case1 : m1=m2

SinceΣλi = 0 in this caseλ1 = −λ2. Then the minimal polynomial ofA is

(A− λ1I)(A + λ1I) = 0

A2 = λ2
1I

Which means that[Γ(G)]2 is aλ2
1-regular graph and inΓ(G) there does not exist walk of length 2

connecting any two vertices. That isΓ(G) is eitherK2 or disjoint union ofK2’s. Let Γ(G) = ∪iK2,

with vertex setS = {v1, v2, ..., vi, ...} corresponding to the edgese1, e2, ... in G so thate2n ande2n−1

form an inducedP3 in G. Clearly if G is the disjoint union ofP3’s thenΓ(G) = ∪iK2. So, the next

possibility isP3’s sharing common vertices. Then the following cases arise,

Consider the first case. In this casee1 ande3 are incident, so inΓ(G) there is an edgee1e3. In

order to overcome this add an additional edge such thate1, e3 together with that edge induce aK3.

Since the eigen values are distinct, zero cannot be an eigen value,Γ(G) does not contains isolated

vertices. Therefore we cannot add edges outside the set{e1, e2, ...}. Hence, the next possibility is add

inducedP3’s i.e.,e2n ande2n−1 sharing common vertex. Then again we have edges sharing common

vertices but, the vertices corresponding to them are not adjacent inΓ(G). So, we have to repeat the

same procedure. But, in all the above cases the addition of such edges effect the adjacency of any of

the verticese2n ande2n−1 which are already adjacent inΓ(G). This leads to a contradiction.

Case2 : m1 6= m2

In this case the minimal polynomial ofA is
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(A− λ1I)(A− λ2I) = 0

A2 = (λ1 + λ2)A− λ1λ2I

From this equation it is clear that[Γ(G)]2 is −λ1λ2-regular and inΓ(G), for any two distinct

verticesei andej there exist a walk of length two if and only if there exists an edge between them.

So, when we consider the connected component ofΓ(G) all the vertices are adjacent to each other.

That is the connected component isKn. Γ(G) is disjoint union ofKn’s meansG is disjoint union of

K1,n’s.

Theorem3.5 — Γ(H) where,H is a graph obtained by making a vertex ofKn adjacent with a

vertex ofKm, can be characterized by the spectrum in the class of Gallai graphs of all graphs.

PROOF: Consider the spectrum ofΓ(H) which consists of the numbers
√

m + n− 2, 0
m2−m+n2−n−2

2 ,

−√m + n− 2. Consider a graphG with spectrum same as that ofΓ(H) in the class of Gallai graphs.

From the spectrum it follows that the number of vertices inG is
m2 −m + n2 − n + 2

2
. Therefore,

the number of edges in the root graph is
m2 −m + n2 − n + 2

2
. Since, sum of the cubes of the

spectral values is zero, there is noK3 in G. So, no two vertices have the same neighbors in the

root-graph. Hence, in the root graph, there is no inducedK13. SinceG has only three distinct eigen

values, diameter ofG ≤ 2. Hence, there is noP5 in the root graph. Also the number of edges inG is

m + n− 2 implies the root graph containsm + n− 2 inducedP3’s. So, by the above explanation the

root graph containsm + n − 2 inducedP3 with
m2 −m + n2 − n + 2

2
edges with outK13. So, in

the root graph the following cases arise.

Case1 : TwoP3’s joined to formP4’s.

Case2 : P3’s joined together to form stars. SinceK1,3 is forbidden the pendent edges excluding

one edge should form a complete graph.

Case3 : Two complete graphsKp andKq joined with an edge.

Case4 : Disjoint union of the above cases (same or different cases).

When we consider the graph as the disjoint union in Case 1, the corresponding Gallai graph is the

disjoint union ofP3. Clearly the spectrum is different from that ofG.

Again if the graph is the disjoint union of the above graphs, then the corresponding Gallai graph

is the disjoint union of stars with spectrum different from that ofG. So, Case 4 also not occur.

So, the only possibilities are Case 2 and 3. That isP3’s joined at the middle vertex, forming



1840 J. J. PALATHINGAL, G. INDULAL AND S. A. LAKSHMANAN

Km+n−1 with a pendant edge. In this case the corresponding Gallai graph has spectrum√
m + n− 2, 0

m2+n2+2mn−3m−3n
2 ,−√m + n− 2. This is same as the spectrum ofG only when

m2 + n2 + 2mn− 3m− 3n = m2 −m + n2 − n + 2

Solving this equation we getm = 1 which is same as the graphH (whenm = 1).

Consider Case 3 i.e., two complete graphsKp and Kq joined with an edge we prove that

p = m, q = n. When we consider the Gallai of the graph the spectum is
√

p + q − 2, 0
p2−p+q2−q−2

2 ,

−√p + q − 2. This implies,

m + n− 2 = p + q − 2

m2 −m + n2 − n− 2 = p2 − p + q2 − q − 2

Solving these two equations we getp = m, q = n. Hence, the theorem.

Theorem3.6 — Γ(C5) can be characterized by the spectum in the class of Gallai graph of all

graphs.

PROOF : Consider the spectrum ofΓ(C5) which consists of the numbers−1.618032, .618032, 2.

Consider a graphG with spectrum same as that ofΓ(C5). From the spectrum it is clear that the

number of vertices inG is 5 and the number of edges is5. Also G is 2-regular since,5λ1 = λ2
1 +

λ2
2 +λ2

3 +λ2
4 +λ2

5 [5]. So, clearlyG is either a cycle or disjoint union of cycles. SinceG is K3 freeG

is C5. Now consider the root graphs ofC5. Let v1, v2, ...v5 denote the vertices ofC5. Corresponding

to the vertexv1 there exists an edgee1 in the root graph such thate1 is incident to atleast two edges

out of whiche1 not formsK3 with edgese2 ande5. So, there is two possibilities eithere5, e1 and

e2 form a K1,3 or P3. For the first case, sinceG is K3-free root graph isK1,3-free. This force to

triangulatee2 ande5 by adding a new edge. Since there is no isolated vertex we can triangulate only

by adding the edgese3 or e4. But, it will effect the adjacency betweene2 ande3, e5 ande4. So, this

case is not possible. For the second case,e5, e1, e2 form aP3, sincee3 is adjacent toe2 we can attach

e3 to the pendant vertex ofe2 or to the other vertex. Ife3 is attached to the pendant vertex,e4 (since

e4 is adjacent to bothe5 ande3) can attach in such a way that all the edges together form aC5. If e3

is attached to the vertex ofe2 thene1 ande3 become incident. This forcee4 to be attached so that

e1, e3, e4 form aK3. Then it will effect the adjacency betweene3 ande4. So, this is also not possible.

Hence, the only root graph isC5.

4.1 We have the following theorem, proof of which is on similar lines

Theorem3.7— Γ(C7) andΓ(C9) can be characterized by the spectum in the class of Gallai graph

of all graphs.
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