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The Gallai grapH’(G) of a graphG, has the edges @ as its vertices and two distinct vertices

are adjacent if'(G) if they are adjacent edges @, but do not lie on a triangle. In this paper

we find the adjacency spectrum of Gallai graph of some graphs derived from simple graphs by
certain operations, the characteristic polynomial for some graphs and exhibit the adjacency matrix
of some other graphs.
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1. INTRODUCTION

Let G be a simple graph opvertices{1, 2, ..., p} with an adjacency matrid(G) = (a;;) where

1, if the vertex i is adjacent to the vertex j
aij =
0, otherwise.
Then A(G) is a real symmetric matrix with zero as the diagonal entries. The eigen values of
are the roots oflet(xI — A) = 0, the characteristic equation dfor G. The set of eigen values 6f
is called the spectrum @F and is denoted bypec(G) [5]. In this paper we denote the characteristic
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polynomial of G by ¢(G(x)). SinceA(G) is a real symmetric matrix all of its eigen values are real
and can be ordered &g > \o,...,> )\,. The energy of a grapt’ denoted byE is defined by
Eg =XI_ |\i|. The(i, ) entry of A* is the number of — j walks of lengthk [5]. Two graphs are
cospectral if they have the same spectrum. A gr@gh said to be characterized by its spectrum, if
the only graphs cospectral with are those isomorphic t@ [5].

The line graph [7]L(G) of a graphG has the edges aF as its vertices and two distinct edges
of G are adjacent irl.(G) if they are adjacent iiz. The adjacency spectrum of line graph of many
classes of graphs has been studied in [4-6]. The Gallai grggh of a graphG, has the edges af
as its vertices and two distinct edges are adjaceht @) if they are adjacent i, but do not lie on
a triangle.

Clearly Gallai graph is a spanning subgraph of line graph. Thdugh) has a forbidden sub-
graph characterization, Gallai graphs do not have the vertex hereditary property and hence, cannot
be characterized using forbidden subgraphs [2]. Motivated from the results regarding the spectrum
of line graph of a graph, we study the spectrum of Gallai graph of some classes of graphs for the
first time to add them to the literature on the spectrum of graphs, here we give an upper bound for
energy ofl'(G) and give some characterization regarding the spectrum of some classes of graphs. In
the class of Gallai graphs we mean by saying that a grgph is characterized by the spectrum fif,
spec(I'(G)) = spec(I'(H)) thenG = H.

Let G; and G5 be two vertex-disjoint graphs. Then tj@n, G; VvV Gs, of G; and G- is the
supergraph ofs; + G2 in which each vertex of7; is adjacent to every vertex 6f, [2]. If ¢ is any
class of graphs then the class of gragtisv K,/G € ¢} is called & — &2. All graph theoretic
notations and terminology not mentioned here are from [2, 4].

2. SPECTRUM OFGALLAI GRAPH OF SOME GRAPHS

If the graph is a triangle free graph th&\G) = L(G). If G is regular,L(G) is regular; but(G)

need not be regular. So, we cannot calculate the spectrdifdf like the spectrum oL (G). Here

we find the spectrum of Gallai graph of some classes of graphs. In this section we use the following
theorems.

Theorem2.1— [3]. Let G; denote the graph obtained froéi by adding a pendant edge at the
vertexj. Then,®(Gj,z) = 2®(G,z) — (G — j,x)

Theorem2.2— [3]. Let G.H be the coalescence in which the verieaf G is identified with the
vertexv of H.
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o(G.H,z) = ¢(G,x)p(H —v,z) + ¢(G —u,z)p(H,x) — 2dp(G — u,z)p(H — v, x)

In this section we give some analytic expression for the characteristic polynomial of some Gallai
graphs.

2.1 Cycle containing &3

Consider a cycle’, ;1 with an edge connecting any two vertices at a disténiceC,, .1 ( or a cycle
C,, sharing a common edge with a triangle).

G Gamma(G)

H =T(Cp4+1 + e) is a cycleC,, with two pendant edges attached to two alternative vertices. By
using Theorem 2.1 we have,

®(H,z) = 22°0(Cp,x)—22P(P,_1,2) — ®(P,_3U Ky, 2)

n—1 i n—1 i n—3 i
2 | | 27 | | m | | m
X 1 <CL' COS n > 2x 1 <CL' COS n > xr 1 (IE COSn 2>

2.2 Path sharing a common edge with a triangle
H= PathP,, sharing a common edge with a triangle.
Casel : (common edge is the pendant edgepf 1)

G =T'(H)= P,+ together with a pendant edge attached to the second veffex

el ({1 (3o )) o (| o))

Case2 : Let the common edge be the'* edge. Then(G = I'(H)= P, together with one
pendant edge attached to the— 1** vertex and one pendant edge at the+ 1t vertex. So,
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by the same method we hav&(G, )= 22¢(pp, ) — 2(Pm—2, T)S(Pr_mi1, ) — [20(Pm, ) —
m¢(Pm—27 x)]¢(Pn—m—17 (IZ‘)

2.3 Path sharing a common vertex with a triangle
H=PathP, ;1 sharing a common vertex with a triangle.
Casel : The common vertex is the pendant vertex.
G =T'(H)= path P, together with a pendant edge attached to the second veHegx

)

8(G,2) = a{a ([T @ — 20055 — o[ & — 2c0s 7))

Case2 : The common vertex is the!" vertex.

G=T(H)is

<o

¢(G, x) is obtained by considering the theorem (&7 be the coalescence in which the vertex
u of GG is identified with the vertex of H).

S(G.H, 2) = §(G, 2)b(H — v, 2) + &G — u,2)d(H, ) — 2d(G — u, 2)d(H — v, 7).
HereG = (Py,_1.Ky — ¢).Py_ms1 together with an isolated vertex.

LetG' = P,,_1. K4 —¢

(G, 2) = ¢(Pn—1, ) d(K12, %) + (P2, 2) (K4 — €,2) — 2¢(Prn—2,2)$(K1 2, 2)

O(G,z) = [p(G, 2) (P, @) + H(T", %) (Poms1, @) — (1", ©) §(Pon, )| (WhereT”
is P, together with a pendant edge attached to the second vertex).

Then¢(T,7 J}) = xqb(Pma JJ) - ¢(Pm72 U K17 33)
We have,

&G, x) = {[¢(Prn—1,2)0(K12,2) + ¢(Pn—2,2)p(K4 — €,2) — x( P2, 2)p(K1 2, )]
¢(Pn—m7 33) + [xgb(PMv x) - x¢(Pm—27 x)]qb(Pn—m-i-la Jj)_

2x¢( P, ) — 2¢(Pm—2, ¥)|¢(Prm, ®) } @
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2.4 Star graph sharing a common edge with a traingle
G =T(Ky,+e),ie.,K;, 1 sharingacommon edge with a triangle.

HereG = (K, —e) U K,

(n—3) n+1)2-8 (n—3)—+/(n+1)2-8
2 ’ 2

Theorem2.3— Spec(I'(G V K3,))= Spec(I'(G)), Spec(G®) (n times),O@

Spec(G) = (—1)"73, 02,

PrRooF: We make the following observations, regarding the vertices corresponding to the edges
of GV K,.

(1) The vertices corresponding to the edges-ddre adjacent in'(G Vv K,,) if and only if they
are adjacent i'(G).

(2) The vertices corresponding to the edgegqfare not adjacent if'(G Vv K,,) since they are
belongto ak5 in GV K.

(3) The vertices corresponding to the edges drawn from two different vertidés iof I' (G V K,)
are not adjacent since they are belong #1640 G vV K.

(4) The vertices corresponding to the edges drawn from the same ve&xtofG is adjacent in
I'(G v K,,) if and only if the end vertices are non-adjacentin

. . . —1
Let M denotes the adjacency matrixIofG Vv K,). ThenM is of orderqg + n(nQ) +np. From
the above explanatiol/ is,
r@] o 0 o0 ]
0 [G] 0 0
0 0 [G9 o
M =
0 0 0 0000 0
. n(n—1) .
whereG*¢ occursn times and zereT times. O

Corollary 2.4 — Spec(I'(G' V K1))= Spec(T'(G)), Spec(G®).

PrROOF: It follows directly from the above theorem.
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Corollary 2.5 — If G is triangle free then th8pec(T'(G V K1))= Spec(L(G)), Spec(G°)

Corollary 2.6 — If G is triangle free r-regular graph withvertices andy edges then,

_ — 1
brivien(®)) = (& + 21 P6a(z —r+2). (-1 I LTI

Theorem2.7— Let G be a semi-regular bipartite graph with; independent vertices of degree
r1 andny independent vertices of degreewheren; > ny Theng ) (z) = (z + 2)’pa(yaraz)

n1—"n9

aq

— wherea; = x — r; +2and8 = nyry — np — no
Q2

pa(z +1).

Corollary 2.8 — If G is a semi-regular bipartite graph we can calculate the spectrliif(s¥ K )

PROOF: For a semi-regular bipartite graphiG) = L(G). Hence, by Corollary 2.5 and Theorem
2.7 the result follows. i

By using Theorem 2.7 we have the following results.
3.1 Wheel graph
Gallai of Wheel grapiv,,

We knowW,, = C,,_1 V K3

So, by the above result,

Spec(I'(W,,)) = Spec(T'(Cp—1)), Spec(CE_,).

Therefore,

Spec(T'(wy)) = {—2cos 2n

.
1,j=1,.,n—2,n— 4,2co0s myj:&Lmn—ﬂ
n_

3.2 Star-Pyramid

H=Ki,V K

Spec(I'(H)) = Spec(I'(K1,n)), Spec(KT ,,)
= Spec(Ky,), Spec(K,,), Spec(K7)
=(n—1)%,(=1)*""2,0
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3.3 K, n-Pyramid
H=Kp,,V K

Spec(I'(H)) = Spec(I'(Kmn)), Spec(Ky, )
= Spec(L(Kppn)), Spec(Ky,), Spec(Ky,)

=(m+n—2),(n—2)""Y (m -2 _om-1n-1),

n—1,m—1,—1mtn=2

4.1 (K, UK,,) -Pyramid

H=T[(K,UKp)V Ki]
n(n—1)+m(m—1)
2

n(n+1)+m(m+1)—4
P , —v/mn, /mn

Similarly we can find the spectrum 8{ P, vV K3).

Spec(T'(H)) = Spec( K1), spec(Kmn)

Corollary 2.9 — Spec(I'(G V K3))= Spec(I'(G)), Spec(G°), Spec(G€),0
ProOF: It follows directly from the above theorem.

Kl,n V Ky

HereH =T'(K1, V K»)

Spec(I'(K1)), Spec(Kin)Q’ to ' Spec(H) = Spec(I'(K1 )), Spec(Kin)Q, 0.

- (n . 1)37 (_1)371—3703

1835
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Similarly, for all the graphg+ in the above examples we can find the spectrum of Gallai graph of
G V K, easily by Corollary 2.9.

Resultl

The matrix of['(G V G) is

[T(G)] [Olgsp : -~ [Olgp  [Olgwp [0l
[0]pq [G*] Ipor[0], . . . Lyor[0], Iyor[0], [0]pg
[0)prg  Ipor[0],  [G€] - - Ipor[0lp, Tpor[0],  [O]psg
[0]prg  Ipor[0]p . D (G Ipor[0]p  [0]pxq
[0]p+q  Ipor[0]p . - Ipor[0]p [G°] [0]p«q

| [0l [Olgep : ~ o [Olgp (Ol (G

Let1,2,...,p andey, ea, ..., e, denote the vertices and edgesof In G v G, lete;i, €0, ...
denote the edges drawn from verigfn the second copy afF) to the vertices of5. Then the matrix
of I'(G v G) is as given above. Whetg, 0,, denote the identity matrix and zero matrix respectively.
I,, occurs if vertex is not adjacent to vertexin G

Result2

The matrix of'(GOK?>) is

(B denotes the incidence matrix 69

3. SOME CHARACTERIZATIONS REGARDING SPECTRUM OFI(G)

In this section we give some characterization for the graphs regarding the spectrum of Gallai graphs.
When we consider the class of Gallai graph of all graphs, we cannot characterize a graph belongs
to this class by using the spectrum. For example, condigd€f) it cannot be characterized by the
spectrum in the class of Gallai Graphs. Sih¢&'s © K ) (where® denotes theorong has the same
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spectrum as that df(Cs). Also it is proved that there exist infinitely many pairs of non-isomorphic
graphs of the same order with the same Gallaigraphs [TI](¢f) = H then( is called a root-graph
of H.

Theorem3.1— [5]. The number of closed walks of lengthn a graph( is equal toSy,, where
Skz Ele)w'k
Theorem3.2— LetG be a graph withp vertices and; edges, with eigen values, Ao, ..., A,,. Let

1, f12, -.-puq denote the eigen values BfG) then,X7_, ;] < \/Qq(
{d1,ds, ...d,} denote the degree sequenceof

PROOF: Let G be a graph withp vertices and; edges, with eigen valuels;, Ao, ..., A,. From

\2
Theorem 3.1 we have, Efﬂ?z =q
23
Zleﬁz Number ofK3's
In L(G), number of of vertices = q.
2
Number of edges of edgesE—*'le% — g, wheredy, ds, ...d), denote the degree sequenceof

Now for I'(G), number of vertices = q.
2

d: , . ,
Number of edges @fﬂ?@ — ¢ - 3 times the number of triangles (&
Let pu1, po, ..., g denote the eigen values B{G), by Holder’s inequality we have,
Sl = 29 | 1]
< (B, |7 )2 (212) 2

P d? ¥P A3
< (2( 1_21 L _g— 2_21 z))1/2q1/2
P q2 TP 33

< 9 i=1" _ _ Ti=1"%

< \/ 9(—5 5 )
Also \; > 2 x no.ofec?ges

no.ofvertices
P d? P A3
Thereforey, > (== — 2 — =100, m
q

Theorem3.3 — Disjoint union of K,,’s are the only graphs whose Gallai graphs has only one
eigen value.

PROOF: Sincel'(G) has only one eigen value the eigen value is zero. HANE&) is the union
of isolated vertices. Hence, the root graph is the disjoint uniofi,g$. O

Theorem3.4— The following are the only graphs whose Gallai graphs have only two distinct
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eigen values.

(1) Disjoint union of stars.

(2) Disjoint union ofPs.

PROOF: Let A denote the adjacency matrix BfG). And A\; and )\, are the two distinct eigen
values with multiplicitym, andms respectively. The following cases arise

Casel : mi=ms

SinceX\; = 0 in this case\; = —\. Then the minimal polynomial ofl is

(A=MD(A+MI)=0

A2 =N

Which means thdl’(G)]? is aA2-regular graph and ifi(G) there does not exist walk of length 2
connecting any two vertices. Thatli$G) is eitherK or disjoint union ofKy’s. LetI'(G) = U; Ko,
with vertex setS = {v1, v9, ..., v;, ...} corresponding to the edges es, ... in G so thatey,, andeg,,—1

form an inducedP; in G. Clearly if G is the disjoint union ofPs’s thenT'(G) = U; K». So, the next
possibility is P;’s sharing common vertices. Then the following cases arise,

e2 ed a2 e2 ed

Consider the first case. In this caseandes are incident, so if'(G) there is an edge;es. In
order to overcome this add an additional edge suchethat together with that edge inducefg;.

Since the eigen values are distinct, zero cannot be an eigen Vatiigdoes not contains isolated
vertices. Therefore we cannot add edges outside tHeseb, ...}. Hence, the next possibility is add
inducedPs’s i.e., e, andes, 1 sharing common vertex. Then again we have edges sharing common
vertices but, the vertices corresponding to them are not adjac&itih So, we have to repeat the
same procedure. But, in all the above cases the addition of such edges effect the adjacency of any of
the vertices:q,, andes,—; Which are already adjacentI{G). This leads to a contradiction.

Case2 : my1 # mo

In this case the minimal polynomial of is
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(A= MI)(A—=XI)=0
A? = ()\1 + /\Q)A — A Aol

From this equation it is clear thaf (G)]? is —A; Xo-regular and ifl(G), for any two distinct
verticese; ande; there exist a walk of length two if and only if there exists an edge between them.
So, when we consider the connected componemt(6f) all the vertices are adjacent to each other.
That is the connected componentis. I'(G) is disjoint union ofK,,’'s meang is disjoint union of
Kip's.

Theorem3.5— I'(H) where,H is a graph obtained by making a vertexfsf, adjacent with a
vertex ofK,,,, can be characterized by the spectrum in the class of Gallai graphs of all graphs.

7m+n27n72

m2
PROOF: Consider the spectrum 6f H) which consists of the numbetgén +n — 2,07 2 |

—+v/m + n — 2. Consider a grapty with spectrum same as thatlof ) in the class of Gallai graphs.
m? —m+n?—n+2

From the spectrum it follows that the number of vertice&-irs 5 . Therefore,
2 2
. — — 2 .
the number of edges in the root graphnﬁs m +2n nt . Since, sum of the cubes of the

spectral values is zero, there is B in G. So, no two vertices have the same neighbors in the
root-graph. Hence, in the root graph, there is no indugegl SinceG has only three distinct eigen
values, diameter aff < 2. Hence, there is nd5 in the root graph. Also the number of edgegins

m + n — 2 implies the root graph contaims + n — 2 inducedPs’s. So, by the above explanation the
m? —m+n?—n+2

2

root graph containg: + n — 2 inducedP; with edges with ouf<y3. So, in

the root graph the following cases arise.
Casel : Two P5's joined to formP;,’s.

Case2 : Ps’s joined together to form stars. Siné€, 3 is forbidden the pendent edges excluding
one edge should form a complete graph.

Case3 : Two complete graph&, and K, joined with an edge.
Case4 : Disjoint union of the above cases (same or different cases).

When we consider the graph as the disjoint union in Case 1, the corresponding Gallai graph is the
disjoint union of P;. Clearly the spectrum is different from that Gt

Again if the graph is the disjoint union of the above graphs, then the corresponding Gallai graph
is the disjoint union of stars with spectrum different from thatofSo, Case 4 also not occur.

So, the only possibilities are Case 2 and 3. ThakPys joined at the middle vertex, forming
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Kin_1 With a pendant edge. In this case the corresponding Gallai graph has spectrum
m2 n2 mn—3m—3n . .
vm+n-—20 Frrgn e ,—vm +n — 2. This is same as the spectrum@fnly when

m2+n2+2mn—3m—3n=m?>—m+n>—n+2
Solving this equation we get = 1 which is same as the gragh (whenm = 1).

Consider Case 3 i.e., two complete grapkis and K, joined with an edge we prove that
—p+q?—q—2
2

2
p = m,q = n. When we consider the Gallai of the graph the specturjist ¢ — 2, 0,
—v/p+ q — 2. Thisimplies,
m4+n—2=p+q—2

m?—m+n?-n—-2=p>—p+q¢>—q—2

Solving these two equations we get m, ¢ = n. Hence, the theorem.

Theorem3.6 — I'(C5) can be characterized by the spectum in the class of Gallai graph of all
graphs.

PROOF: Consider the spectrum &% C5) which consists of the numbersl.618032, .618032, 2.
Consider a grapld’ with spectrum same as that 6{C5). From the spectrum it is clear that the
number of vertices ii7 is 5 and the number of edgesis Also G is 2-regular sincej\; = \? +
A+ 224+ A2+ )2 [5]. So, clearlyG is either a cycle or disjoint union of cycles. SinGés K3 freeG
is Cs. Now consider the root graphs 6%. Letvy, vs, ...v5 denote the vertices a@fs. Corresponding
to the vertexv; there exists an edgg in the root graph such thaj is incident to atleast two edges
out of whiche; not forms K5 with edgeses andes. So, there is two possibilities eitheg, e; and
eo form a K 3 or P;. For the first case, sina@ is K3-free root graph ig<; 3-free. This force to
triangulatees; andes by adding a new edge. Since there is no isolated vertex we can triangulate only
by adding the edges; or e4. But, it will effect the adjacency between andes, e5; andey. So, this
case is not possible. For the second cage:, eo form a P, sincees is adjacent te, we can attach
es to the pendant vertex @f, or to the other vertex. lf3 is attached to the pendant vertex,(since
e4 is adjacent to botls andeg) can attach in such a way that all the edges together foti df eg
is attached to the vertex ef thene; andes become incident. This force, to be attached so that
e1, es, e4 form aKs. Then it will effect the adjacency betweefnande,. So, this is also not possible.
Hence, the only root graph &s.

4.1 We have the following theorem, proof of which is on similar lines
Theorem3.7—I'(C7) andT'(Cy) can be characterized by the spectum in the class of Gallai graph
of all graphs.
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