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This paper is concerned with an analysis of the dynamics of a non-autonomous, single population
age based growth model with harvesting formulation. First, we derive sufficient conditions for
permanence and positive invariance. Then, by constructing a scalar function, namely the Lya-
punov function, we arrive at a suitable criterion for global attractivity. With the help of Brouwer
fixed point and continuation theorems, we obtain constraints for the existence of a positive pe-
riodic solution. Then we prove that there exists only one solution which is almost periodic in
nature that is distinct from every other solution. Further, we carry out a numerical simulation to
support the analytical findings.
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1. INTRODUCTION

Population dynamics speaks about the changes that occur in a given population as it varies with time,
due to factors like birth, death, and migration. It acts as the fundamental principle for interpreting
various patterns in fishery, predation, and harvesting. Population change in fishes is affected by many
factors like availability of food, diseases, predators and climate [30, 33, 46].
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We are particularly interested firenualosa ilishgHilsa shad), a unique species of marine fish that
migrates to inland waters in the Indian subcontinent in order to spawn [34]. Hilsa is usually found
in the Bay of Bengal area which consists of large river systems [35]. The length of the hilsa fish is
strongly related to its body weight [16]. During the first year, the growth is roughly at the rate of an
inch per month [25]. The spawning of hilsa is seasonal [5] and is observed during July-August to
October-November [37]. It takes 8-9 months for hilsa to grow to 163-225 mm in size. The fish attains
maturity, typically at the onset of the second year or upon reaching the end of the first year when it
undergoes reproduction [6, 44], generally when it is 250-300 mm in length [38]. Most commonly the
hilsa is found to be 350-400 mm in length which weighs around 1 kg. It may grow up to 600 mm in
size and weigh 3 kg at the age of four [35]. By the end of its first and second years, it is usually of 16
and 27cm (approximately) in size, respectively [32]. Though biological studies have shown that hilsa
can live up to 6.5 years of age, only a few fishes survive beyond 4 years [19]. Therefore, the lifespan
of hilsa is considered to be 4 years [19].

According to the data collected from upcountry waters, unrestricted fishing rights, water contam-
ination, non-selective harvesting of hilsa (particularly juveniles), the destruction of spawning grounds
lead to the decline in hilsa population [13, 20, 21]. If we continue harvesting hilsa before it attains
sexual maturity, the population would face extinction in the near future [23]. Therefore it is essential
to go for age-selective harvesting of hilsa fishes.

Think of a pine tree that has needle-like or scale-like leaves that are typically evergreen. Itis well
known that the photosynthetic ability of leaves changes as they mature and get old [8]. Photosynthesis
takes place at a low pace in young leaves, maximum pace in matured leaves, and the rate decreases
as leaves age [17, 43]. This is just one example which shows the variation in parametric influence at
young stand ages and old ages [45]. This kind of time-dependent variation is often seen in ecological
growth models that are influenced by environmental fluctuations. For an intricate ecological growth
model, itis of utmost importance to identify these influential, time-variant parameters and their impact
on the system dynamics. The same can be applied to the growth model in hilsa fish.

As discussed earlier, for biological and economic benefits, we can harvest the hilsa when it crosses
its maturity age and harvestable yield. By this, we can also assure that the population will be healthy
and sustainable. The rate of harvest can be measured in catch per man-hour (rate of catch) [14].
Several authors [14, 31] mentioned that temperature of water influences the rate of catch, since water
temperature is a major spawning stimulus [41]. This shows the dependence of birth rate on water
temperature. Also, water level, turbidity, heavy rains or lack of frequent rains, air temperature, etc
are some of the factors affecting the system parameters which in turn affect the rate of harvest [41].
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Some physical and chemical/biochemical factors like water temperature, pH, alkalinity, hardness, etc
are important to fish growth, mortality and harvestable yield [50]. All the above-mentioned factors
are time variant. They influence the system parameters, thereby suggesting the time dependence of
the rate of harvest and harvestable yield.

The standard population equilibrium model, namely Verhulst's growth model [49], is a typical
application of logistic equation which describes population growth in a limited environment. Many
illustrious people like Cunningham [12], Wright [54], Kakutani and Markus [26], Oster and Taka-
hashi [36], Auslandeet al. [2], Kaplan and Yorke [27], Beddington and May [4], Blyteeal. [7],

Seifert [42], Kuang [28], Walther [51], Rodriguez [39] and Ruan [40] worked towards developing

an appropriate logistic delay differential equation (DDE), leading to single species growth and age
structured DDE model. According to Arino, Wang and Wolkowicz [1] the rate at which population
changes depends on the following aspects: growth (includes dgldgath and intraspecific compe-

tition. Itis also assumed that the death rate and intraspecific competition rate both together contribute
to the rate of decline, which is instantaneous. The death rate is represented using a linear term and
a quadratic term is used to describe the rate of intraspecific competition [24]. Now in our model we
will assume that individuals of hilsa fish which are born before a timérom the present instarit

are sexually able to give rise to new offspring and we can harvest for our economic profit those hilsa

fishes which are born befo® time from now ¢). So, we can state that a densityt) of hilsa fish
0pZ(t—91)
pe?P14c(e??1 1)z (t—91

and we can further harvest a densityt) = ——; fijﬁg:ffz) o

given by the expressioa () = ] (see Appendix A) can give birth at tinte

] (see Appendix A) at time. So
our model of hilsa fish becomes [22]:

' opF (t — 1)

F(t) = qEpF (t — Us)
pe??t + c(e?"t — 1)F (t — V1)

e?% T c(e?% — 1) (1= )’
(1.1)

— F (t) — cF3(t) —

where £ (t) specifies the count of fishes @time), prime stands for differentiation with respect to
time, o represents the birth rate, andis natural mortality. Alsa;, E, andq indicate removal due

to intraspecific competition, fishing effort, and catchability coefficient, respectively. Various environ-
mental factors and human aspects have an effect on the vaiud off. Time-dependent catchability

is very common and is caused by environmental, anthropogenic and biological processes [53]. Note
that in the above represents the fishes reaching a certain size or reproductive gtaggudes non-

human predation, diseases and old dg@cludes particulars like the number of individuals involved

in fishing, the number of boats available, etc. Intraspecific competiti@ries in line with resource
attributes and grouping with respect to time and space, environmental factors, etc. [53]. Also, the size
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of the fish population affects the number of fishes caught (harvesting) and vice versa, which clearly
describes the time dependence of every parameter.

Jana, Dutta and Samanta [22] carried out a case study on the dynamics of model (1.1) wherein the
parameters are time-independent (autonomous system) at Sundarban estuary, Bay of Bengal, India.
For one patrticular set of parameters (constant values), if the autonomous system is stable, for a similar
parameter set which is time variant (non-autonomous system), the stability properties might not be
the same. This has motivated us to consider the time-variant environment at Bay of Bengal which in
turn affects the life of hilsa. Thus, incorporating the time factor into the parameters of the model (1.1)
we get a non-autonomous system as follows,

' o)) (t —91) oOF (D) — el
(PO L e(t) (P07 — 1) (t—b1)

A E@Re(0)F (t = 02)
P(eO% + c(t)(e?0% — 1) (t—03)

(1.2)

Many authors like Li and Takeuchi [29], Chen, Chen and Shi [10], Cui and Takeuchi [11], Fan
and Kaung [15], Zeng and Fan [55] have discussed non-autonomous dynamical systems, studied their
behavior and obtained rich dynamics. For the above age-based growth model (1.2) with time-variant
parameters, our objective here is to study the dynamical aspects like positive invariance, permanence,
and global attractivity by formulating a Lyapunov function. Also, we wish to verify the occurrence
of a positive solution that is periodic in nature and a unique almost periodic solution.

We proceed in a systematic manner starting with some basic definitions in section 2. Then in
sections 3, 4 and 5, we demonstrate positive invariance, permanence and global attractivity for system
(1.2), respectively. Then comes a set of proofs in sections 6 and 7 for the occurrence of positive
solutions that are periodic and (unique) almost periodic in nature to system (1.2), respectively. This is
followed by many numerical examples and their graphical interpretation in section 8. The paper ends
with a conclusion in section 9.

2. BAsIC DEFINITIONS

Some notations, assumptions and definitions used in the following sections are introduced here in this
section.

e Only those solutiong (¢) with F (t9) > 0V ¢, > 0 are taken into consideration (for biological
reasons).

e o(t), c(t), E(t), ¢(t) and¢(t) have both lower and upper bounds (positive constants) and are
assumed to be continuous.
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e For a bounded (enclosed within positive values) continuous funetibne R, ay, is the infimum
of a(t) anday, is the supremum af(¢) wheret(time) is a value irR.
e Every co-efficient of system (1.2) must satisfy

min{or, vr,qr,cL, Er} > 0 & max{ons, onm, qur, e, En} < oo.

Definition2.1 — The intervalF * — ¢, F* + ¢] with £* lying in it, such that any solutiof (¢)
of system (1.2), which is lying in the interval &t= tg, will remain in this intervaV t > tq and will
tend tof * ast — oo. This interval with reference to system (1.2) is positively invariant.

Definition2.2 — System (1.2) shall remain permanent whenéwvgationary valueg\; and A,
(both positive) withd < A1 < Ay > tligl inf £(t) > Ay andt lir+n supfF (t) < Aq holding good
for those solutions of system (1.2) that have positive initial values.

Definition2.3 — Iftlim |F(t) — F*(t)| = 0 holds for a solutiorF (¢) to system (1.2) thep*(¢),
which is a bounded non-negative solution to system (1.2), shall be globally attractive.

Definition 2.4 — The set of all solutions of system (1.2) is ultimately bounded when there is a
V > 0 > for every solutior¥ (¢) of (1.2),3W > 03 ||F (t)|| < Vforallt >ty + W.

Definition 2.5 — WhenC'(A) system (1.2) forms a collection of continuous functions over a
compact metric spacé andj € B C C(A), B can be called an equi-continuous family of functions
if foreverye > 03 A >0>d(z,y) < Aaslongasj(z) —j(y)| <eVje B.

3. POSITIVE INVARIANCE

Theoreml —If o1 > (car)?(M*)? then

K. ={F(t) e R/m& < F(t) < M}
OMPM
CL

will be a positively invariant set with reference to system (1.2). Héfe= +eandm® =

orpr — (ear)*(M*)?
cM
PROOF: Let us say that (t) (with initial conditionF (¢p) > 0) is a solution to system (1.2) with

ms < F(to) < ME. Thatis,F (t9) € K.. From system (1.2), when> t, we have

— e ande > 0 is sufficiently smalb m*® > 0.

F'(t) < omrparF (t—91) — ok (t) — el 2(t).

Rearranging the terms, we get,

ompmkb (t—731)  F (t)
0 L F 2 ertal®):
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F'(t), rate of change in hilsa population, is considered to be a very small positive value (for biological
reasons).

This implies that for every > ¢,

It means that

crLF (t) cr,
. t—
AssummgF( Y1) 1,
F(t)
OMPM > ﬂ#—F(t).
cr, Cr,
Therefore, we can say that
OMPM > F(t)
CL
For everys > 0 we write
F(t) < SMEM L oo e,
CL

From system (1.2), when> to we obtain

FI() > 22— ouk (1) = ear(M7)?.
M

We can also say that

F(t) s 2LPL = (cm)*(M#)*
- MM

And hence we get

) > orer — (ear)*(M*)?

¢
F( o

=me + €.
We write € > 0)
F(t) = Me.

Hencem® < F (t) < M¢ VYt > initial time (ty). This means thak; (t) € K. for everyt > initial
time (tg). Hencek. satisfies positive invariance property with reference to system (1.2).
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4. PERMANENCE

Theorem2 — If prop > (CM)Q(MO)Q condition is met we can say that system (1.2) is permanent,
where)© — 2MPM o CLPL ~ (ear)?(MO)?
Cr, ey

PROOF: As seen above, system (1.2) gives

Pt > 2L onr (1) — en(MF)2.
CMm
When2Z2L < ¢/ (M©)2 we get,
M 201 70\2
. — M
lim inf f(f) > 2L = () )7 o
t——+o0 CM

Also, system (1.2) implies
F'(t) < onspurF (t = 91) — oL F (t) — e F (L),

which implies that

lim supfF (t) < OMPM _ pro,

t——4o00 CL,
All the conditions in the definition of permanence are satisfied. That is, population of hilsa never
becomes extinct. Hence system (1.2) is going to be permanent whenever> (ca;)?(M°)2.

5. GLOBAL ATTRACTIVITY

Theorem3 — Let us consider *(t) to be a bounded (enclosed within positive values) positive)(
solution to system (1.2). Whenevgrp, > (car)?(M#)? and
M =
—o(t)p*( ) P10 . q(t) B(t)p? (t)er )7
4e(t 2p(t
(PO + (e — g T2 0 () e — 1)
(5.1)

>0

hold, thenr *(¢) is globally attractive.

PROOF: Considerf (t) to be any other solution to system (1.2). Sirdc€eis ultimately bounded
region of this systemj W >0> [ (¢t) € K. andfF *(t) € K.Vt >ty + W.

Consider the function
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Let us consider
tp(t,t — 1, F(t — 191),F*(t — 191)) =
[p(eP D7+ e(t)(O7 — D (£ — 90)][p(B)eF D7 4 e(t)( 0N — 1t — b)),
Ot t — 9o, F(t— V), F*(t —109)) =

[p(t)eP02 4 (t)(e 09 — 1)F (¢ = D)p()eP O 4 c(t) (PO — D *(t — 0)

The differentiation of/ (¢) with respect to time through system (1.2) is given by
o) p(t)F (t — )
(BP0 4 () (X7 —1)F (t = 1)

q(t)E@)p()F (t —J2)
p(t)erDP2 4 c(t)(e2()P2 — 1)F (t — V)

o(t)p()F*(t — V1)
o(t)eP®V1 4 c(t)(er®Pr — 1) *(t — 1)

q)E)et)F*(t — )
(t)er®V2 4 c(t)(er®V2 — 1) *(t —9) |

—p(tF ()

—c(t)F2(t) -

+ () (t)

+e(t)F2(t) +

The above implies

o(t)p? (t)er
o(t,t — 1, F(t —91), F*(t — 1))

U'(t) = | I[F (&) = FOIF (t = 1) = F*(t = 01)]

—c(O)[F () + F@IF () = F @] = p@)[F (t) = F(0)]

() B(1)*(1)e * *
TGt th Flt v iy T DI = V2) = PR = 0)).

Using fg < (% + ¢%),

, 1 —o(t)p? (t)er
U'(t) < —Q[w(t)ew(t)m + c(t) (erV1 — 1) Me)2

+ 4de(t)m® + 2p(t)

() E(t)@2(t)er D)2
(o(t)er®V2 4 ¢(t)(er®V2 — 1) Me)

+ SIF @) — ()7

By the definition ofU (¢) and the condition (1.2) we get,
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U'(t) < —MU(2).

Integrating the above inequality we have

logU (t) < —Mt.

SinceU (t) is positive, we get

lim U(t) =0.

t—+o00
That implies

lim |F (t) — F*(t)] = 0.

t——+00

Hencef *(t) happens to be globally attractive.

6. EXISTENCE OFPERIODIC SOLUTION

Due to seasonal factors like mating habits, weather conditions, scope of getting food, etc. every
parameter in the system (1.2) is periodic of some common period. Thus, incorporating a periodic
environment to system (1.2) we consider every parameter in the system (1.2ptpdréodic int;

ot +0) = o(t), (t +©) = (1), q(t + ©) = q(t), c(t + ©) = c(t), E(t + ©) = E(t).

For a continuous®-periodic function, denoté = é foe k(t)dt.

We make use of the following Lemmas 1 and 2 to prove Theorems 4 and 5 respectively.

Lemmal — (Brouwer fixed point theorem) [9] For a continuous mapping? —  where(Q is
a bounded closed convex sefhit, then() contains & * in such a way that(f *) = F *.

Theorem4 — If o1 > (car)?(M*)? holds, there exists a minimum of one positivel) ©-
periodic solutionf *(t), to system (1.2) where*(t) € K-.

PROOF : Construct a mapping : R — R by x(Fo) = F(to + ©,t0,Fo0),Fo € R and
F (t,to, F o) is a solution to system (1.2) through the pojtg, F o). We know that the sef(. is
positive invariant w.r.t system (1.2). HengemapsK. into K.. Hence, we can say tha{ K.) is
a subset ofi(.. Owing to the continuity of the solution to system (1.2) with reference to the initial
point, k is continuous. Alsoj. satisfies the definitions of a bounded set, closed set and convex set
in R. Using Lemma 1,K. contains minimum one fixed point in. This means thall F* € K. >
K(F*) = F*. We know thats(F *) = F (to+ O, to, F *) which impliesf* = F (to + ©, to, F *). That
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is, there exists atleast one positive periodic solufionand invariance of<. assures that* € K..
0

To derive Theorem 5, we make use of some facts about the degree theory:

Consider two normed vector spac&sand Z. Consider a linear operatdr. DomainL — Z
where DomainL is a subset ofX [56]. Let .S be any operator mapping from the normed vector
space X to normed vector space Z in such a way $higtcontinuous. Suppose dimension of Kernel
L and co-dimension of Imaggé are equal and finite and if Imageis a closed subset ¢f then L
becomes a zero index Fredholm mapping. If projectiBrasnd mapping fromX to X andZ to
7, respectively, are continuous and maintain equality between sets Ihage Kernell and sets
Kernel @, ImageL and Imaggl — ), and supposé is a zero index Fredholm mapping, then the
mappingL|DomainL N Kernel P from the set/ — P)X to ImageL will be an invertible mapping,
represented with the notatidiip. Over the sef?, S is known to beL-compact if Kp(I — Q)S
mapping from2 to the normed vector spacé becomes compact aglS(Q2) remains bounded (only
when a subset ok, 2 remains open and boundedi). J : Image@ — Kernel L, an isomorphism,
exists because, Imad@gis isomorphic to KerneL.

Lemma2 — (Continuation theorem) [58]. For a zero index Fredholm mapping L and a L-compact
set on(), denoted by S, if

(@) Any solutionz to Lz = ASzis>x ¢ 00 (VA3 0< A < 1),

(b) For everyzx lying in the setKernel L N 0L), @Sz is never zero. Also, the Brouwer degree,
given bydeg{JQS,Q2 N KernelL,0} never equals zero.

If the above two conditions hold, equatid: = Sz contains minimum one solution inside the
setQ N DomainL.

Theorem5 — If g > (¢M?)? holds, system (1.2) must possess minimum one positive(
©-periodic solution.

PROOF: Let F (t) = exp{n(t)}, F (t — ¥1) = exp{n(t — V1) }, F (t — V2) = exp{n(t — J2)}.

Then system (1.2) becomes

n'(t) = o(t)p(t)ent=11)

— _ n(t)
e [p(t)er®1 4 c(t)(ep®V1 — 1)en(t=01)) p(t) — c(t)e
_ q(t)E(t)go(t)e”(t—%)
e [p(t)er®V2 + c(t)(er)V2 — 1)en(t—02))]

(6.1)

Consider
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X={neCR,R): F(t+0O)=F()}and|n| = tIEI[IOa)G()} In(t)| forn € X.

)

X equipped with the mentioned norjr| becomes a complete normed space.

Suppose

Sn = S(t) - o)t (0 - c(t)en®
" e [p(1)e# D1+ o) (er®@I1 — 1yentt—on] P\ T ALE

a(OEW)p (b))
e Op()erD7 + c(0)(e#72 = 1)ent=Ta)]

We know thatL is a linear map,L: DomainL — Z where DomainL is a subset of. Let
L(n) = n’ wheren € X andn’ € Z. We also know that projectionB andQ mapping fromX to
X andZ to Z, respectively, are continuous. LB{n) = =5 fo t)dt for n that lies inX.
Then

KernelL = {n € X/n(t) =r € Rfort € R},

ImageL = {n € X/ fo t)dt = 0},

wherer € R, dimension KernellL and co-dimension of Imagé are equal to one and thus finite

(< ), also Imagel. € 7 is a closed set. Hence L becomes a zero index Fredholm mapping. Also,
the sets Imagé, Image(/ — ) and Kernel) maintain equality. The same holds true for sets Image
P and KernelL. Mapping K p defined byKp: Imagel. — DomainLnN Kernel P is given by

= Jon(s)ds =& J Jy n(s)dsdr.

Over the sef2, S is known to bel.-compact because the séf$ (I —Q)S andQS are continuous
(only when a subset of, 2 remains open and boundedXf). Then the equatiohf = ASF where
0 < A < 1gives

en(t) [gp(t)e@(t)ﬂl + C(t)(e@(t )
g(t) E(t)p(t)emt—"2)
en(t)[ ( )6<P(t)792 + C(t)(e@(tﬁ% 1)en(t*192)]

If n(t) € X is any arbitrary solution to the above equationfoe (0, 1),
we get, by integration of above equation o{@ro],

e e o(t)p(t)er =) O 1\
Jo n'(®)dt = A| e [p(1)e? 1 + ¢(t) (eI — 1)en(t=—91)] fo plt)dt — [y e(t)e"Vdt

iy a(OE@p(net)
O D p(B)er 072 + c{t) (er D72 — 1)en=a)]

dt|.
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Sincen is a periodic function inX, n(t + ©) = n(t). Takingt = 0 we getn(0©) = n(0). Hence
O n/(t)dt = n(©) — n(0) = 0. This implies

© n(t—"391) <) o
o(t)p(t)e »
/ D[RO + c(t) (DT — 1)entt=7] = || et [ et Oar

6.2
© a(O)B()p(t)e"—02) dt 2
Ty D [p()er 92 1 c(t) (72 — T)entt—2)]
Hence
o(t)p(t)er =) o
fo |n/(t)|dt < Afo ()P D91 1 o(t) (@O 1)en(t701)]dt+/\fo o(t)dt
g(t) E(t)p(t)ent—72)
—A fo ®at Afo en(t) [(p(t)ego(t)ﬂg n C(t)(etp(t)ﬁg _ 1)en(t—192)]dt'
Using equation (6.2) we get,
fo |n/(t)|dt < 2Af0 o(t)dt < 2]0 o(t)dt whereA € (0,1).
We can say that
e
/ |n/(t)|dt < 2¢0. (6.3)
0
We now denote
n(§1) = tén[oi%} n(t) andn(§2) = ax n(t). (6.4)
From equations (6.2), (6.4) we get
o(t)e(t) n(€r)
Iy en(él)c(t)dt > [y eltyerdt,
which is same as
1 e 0y FQen (1)
@y Jo Jo ; == (t)dt > ¢Oe™
That implies
@ 2 ceQn(sl)
C
Hence we obtain
1 04 .
n(&) < glog(7=3) = Jji- (6.5)

Adding equations (6.3), (6.5) we get
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n(t) < n(&) + fy o' (t)]dt < Slog( d )+ 250 = Ry.

Hence we obtain

From equations (6.2), (6.4) we get
Jo eWp(t)dt < [ e(t)erEdt,

which is same as

Usinge™&2)e < eMé2)e 4+ (6M°)?, we get
op < eME)E 4 (eMF)2.

Hence we get
—( cMe)?

n(&2) > |09( ) = Ja- (6.6)

Subtracting equation (6.3) from equation (6.6) we get
o — (6ME 2 _
n(t) — € ()t > |og(W(;>) — 230 = Ro.

Hence we obtain

n(t) Z RQ.

Thereforemax |n(t)] < max{|Ri|, |Rz|} = Dy (D; is independent oh).

t€[0,0)]
Take D = Dy + Do, whereDy > 0 such thatDy > |j1] + |j2| wherej; = flog(( )7 ) and
_( Ma)Q
jo = Iog(f). From the following equation whefe< ¢ < 1 is a parameter,
(&
t 191
e o(t)p(t)e” — [P e(t)dt — [ e(t)erDat

O P+ c{t) (er — ert=]

q(t) E(t)p(t)e =)
—¢ foe en[p(t)er®P2 1 (1) (P2 — 1)enlt- 1<,12)]d75 =0,
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It can be shown that a solutiotf to the above equation satisfigs< n* < js. LetQ = {n € X/
IIn|| < D}. We can prove tha2 obeys constraint (a) of Lemma 2.

Suppose: € Kernel L N 922 =RN 1Y, vectorn is a constantn| = ||n|| = D. From the definition
of D andj; < n* < ja, we haveSn = S;(t). Then,

QSn = QSi(t) = & [ Si(t)dt.

That implies
1 o)ty o
W =6 0 Gt + () (e — e 9T
1 .6 a(t)E(t )so() n(t—b2)
1 dt 0.
I a7 + cft) (e — Tyena) 70

That is the first part of constraint (b) of Lemma 2.

Let us have a look at the homotopy

H¢(n) = CQS(n) + (1 = ¢)G(n), ¢ € [0,1],

where

1 o(t)p(t)ent=n) 5 Gen
G(n) = o fo@ en[p(t)er®91 4 ¢(t)(er®V1 — 1)en(t=01)] e

Fromj; < n* < j2, 0 ¢ He (KernelL N 0€2) for 0 < ¢ < 1. G(n) = 0 possesses a unique
solution that belongs t®. As Image@ = Kernel L we haveJ = I and hence using homotopy
invariance property, we gdeg{JQS, 2 N Kernel L, 0} is same adeg{QS, 2 N Kernel L, 0} which
is same adleg{G, 2 N Kernel L, 0} which is not equal to zero. Therefore using Lemma 2, equation
LF = Sr has minimum one solution in the s@ DomainL. This implies, equation (6.1) has
minimum oneO-periodic solution in the s&2N Domain L, sayn*(t). Setf *(t) = exp{n*(t)} and
thusF *(t) becomes ®-periodic solution to system (1.2). Hence proved.

7. EXISTENCE OFALMOST PERIODIC SOLUTION

It is very well known that the prey-predator relationships in day to day life undergo several types
of perturbations, among which certain perturbations are periodic [15]. Sometimes the perturbations
can be quasi-periodic or almost periodic. A functipn R — Ris> f(t + 1) = f(t) holds for
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infinitely many values off’, with a random degree of precisioff {s spread over-co to +00) in a
way that empty intervals of arbitrarily great distance are not left, thensaid to be almost periodic
[48]. Now let us assume th#i(t), (1), c(t), o(t) andg(t) are functions irt(time) that satisfy almost
periodicity property.

Lemma3 — (Arzela-Ascoli theorem) [3]. Suppose thAtg are any two positive integerdy
C Rf and K is compact in it andr = {j/j € C(K,R9)}, then below mentioned properties are
identical:

(a) o is a bounded set and is equi-continuousion
(b) Each sequence incontains a subsequence that becomes convergéntimiformly.

Theorem6 — If every constraint in Theorem 3 is valid, there is a unique solution to system (1.2)
which is almost periodic in nature.

PrRoOOF: We know that all the solutions to system (1.2), satisfying the criteria given in Theorem 2,
will be ultimately bounded above. Therefore, it is said thatbounded (bordered by positive values)
positive(> 0) solutionr(¢) to system (1.2). Thus a sequencét, }, t,, — oo asn — oo 3 r(t + t,)
satisfies the next system,

, o(t +tn)p(t +tn)F (t — 1)
F(t) = Ot + tn)e?THDIT 1 c(t + tn)(e@<t+tn)ﬁ1 "D (t—0) —p(t+tn)F () —c(t+tn)F (1)

q(t +tn) E(t + tn)o(t 4 tn)F (t — 02)

Ot + tn)e?tHtn)V2 4 c(t +t,) (e?tHtn)d2 — 1) [ (¢ — )

Thus7(t + t,,) (derivative ofr(t + t,)) andr(t + ¢,) will be bounded uniformly and will also
be equi-continuous. By Lemma 3, for a sequeficg + ¢,,)} 3 a subsequencg-(t + t,,)} that is
uniformly convergent. And forany > 03 p(e) > 03 |r(t+tg) —r(t+tn)| < cif k,m > p(e) > 0.
Thus it can be deduced thaft) is asymptotically almost periodic. Thys(¢ + ¢,,)} is expressed
asr(t + tm) = r1(t + tm) + r2(t + t,,) where function (¢t + ¢,,,) is almost periodic and function
r2(t + t,,) is continuous/ t € R.

We also havelim ry(t+ty,) =0, lim ri(t+t,,) = r1(t) where function; is almost periodic.
m—0o0

m—0o0

Hence lim r(t + t,,) = ri(t).
m—0o0

Also,
t+1 h)—r(t+t
lim #(t+t) = lim Tim om0 = F )
m—oo m—o00 h—0 h
— lim lim r(t+tm +h) —7r(t+tn)
h—0 m—00 h
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— lim 7’1(t + h) — T‘l(t) )
h—0 h

Thus, we can say that exists. There is a sequeng,} > t, — oo asn — oo in which
olt + ta) — o(t), et + t) — c(t), @(t + o) — p(t), E(t + 1) — E(t) andq(t + 1) — q(t).

d . o(t +tn)p(t + ty)r(t + t, — 91)
lim —r(t+t,) = 1
nl—%lo dt T( + ) n1—>H;o gp(t + tn)e¢(t+tn)791 -+ c(t —+ tn)(QW(tJFtn)ﬁl — 1)7“(t +t, — 191)
—p(t + t)r(t + 1) — c(t + to)r2(t + )

B Q(t+tn)E(t+tn)@(t+tn)r(t+tn _192> .
Ot + tp)ePtttn)d2 4 c(t + t,) (e?t+tn)d2 — 1)p(t + ¢, — U2)

We get,
ot)p(t)ri(t — ¥1)
So(t)ekp(t)ﬁl + C(t)(e@l(t)ﬂl _ll)rl(t _ 191) - So(t)rl(t) - C(t)T'Q(t)

dE@p(t)ri(t — 9) |
P(0)er @72 4 c(t) (209 — D)y (t — d)

ry =

Thus we can conclude that satisfies system (1.2) and it is almost periodic. Hence, we proved
that system (1.2) possesses a unigue solution that is both positive and almost periodic in nature.

Remark Results proved in Theorems 1, 2 and 3 for positive invariance, permanence and global
attractivity remain valid for system (1.2) with almost periodic coefficients.

8. NUMERICAL SIMULATION

Example8.1 : Letp(t) = 1.3, ¢(t) = 0.005, p(t) = 0.02 + 0.01(cost), q(t) = 0.9, E(t) = 1.3,
¥ = 2,99 = 1, then system (1.2) becomes

F'(t) = (1.3)(0.02 4 0.01(cos t))F (t — 2)
~ (0.02 + 0.01(cos t))2(0-024+0.01(cos 1)) 1 (0.005) (e2(0-02+0.01(cost) — 1) f (¢ — 2)

—(0.02 + 0.01(cos t))F (t) — (0.005)F 2(t)

B (0.9)(1.3)(0.02 + 0.01(cos t))F (t — 1) _
(0.02 + 0.01(cos t))e(0-02+0.01(cost) 4 ((,005)(0-02+0.01(cost) — 1)f (¢ — 1)

_ 2 ME 2
OMPM | _ 78001, e — QLPL (en)*(M#)=
cr, CM

e = 2.2959 for e = 0.0001. K. = {F (t) € R/m® < F(t) < M} ={F (t) € R/2.2959 < F (t) <
7.8001} andorpy, = 0.013, (epr)?(M#)? = 0.001521 which implies thator¢r, > (car)?(M€)2.

By simple numerical computation/< =




REPRODUCTION AND AGE SELECTIVE HARVESTING DELAYS 1873

Then by Theorem 1 we can say tH&t satisfies the property of positive invariance (w.r.t system
(1.2)), which can also be seen from Figure 1.

By takinge = 0 in Theorem 1 we obtain Theorem 2 in whigth* = M° = 7.8 andm® = m® =
2.296. From Figure 1 itis clear that system 1 is permanent.

Example8.2 : Let Leto(t) = 1.3, ¢(t) = 0.029 + 0.05(sint), ©(t) = 0.033 + 0.01(sint),
q(t) =0.88, E(t) = 1.2,9; = 2,95 = 1, then system (1.2) becomes

/

Fl(t) =

(1.3)(0.033 4 0.01(sin t)) F (t — 2)
(0.033 + 0.01(sin t))e2(0-033+0.01(sin 1)) 4 (0.029 + 0.05(sin?(t)))(e2(0-033+0.01(sint)) — 1) (¢ — 2)

—(0.033 + 0.01(sin t))F (t) — (0.029 + 0.05(sin® t)) F 2(¢)

(0.88)(1.2)(0.033 + 0.01(sin ) F (t — 1)
(0.033 + 0.01(sin t))e(0-033+001(int) (0,029 4 0.05(sin2(£)))(0-033+0-01(sint) — 1) (£ — 1)

_ 2 £\2
We can calculate\/¢ = emom + e = 1.94247931, m¢ = orpr — (en)”(M7) —& =

cr, CM
0.3602627 for ¢ = 0.0001. And orp; = 0.030329, (car)?(M®)? = 0.0235487 which implies
thatoror, > (car)?(M*9)2. By takinge = 0 we getM® = 1.94237931, m® = 0.3603627. Also,
orer > (ear)*(MO)2.

From Theorem 2 we can say that system (1.2) is permanent, which is shown in Figure 2. Also,
K. ={F(t) € R/m® < F(t) < M¢} ={F (t) € R/0.3602627 < F (t) < 1.94247931} and we
just showed thab, o > (car)?(M*®)2. Therefore, from Theorem X, satisfies positive invariance
property (w.r.t system (1.2)), which can also be seen in Figure 2.

ExampleB.3 : Leto(t) = 4.9+ 0.11(cos? t), c(t) = 6.4 — 0.025(sin t), p(t) = 0.02 +0.01 cos t,
q(t) =3.29, E(t) = 0.9, %1 = 2,99 = 1, then system (1.2) becomes
F(t)=
(4.9 + 0.11(cos? £))(0.02 + 0.01(cos t))F (t — 2)
(0.02 + 0.01(cos t))e2(0:02+0.01(cost)) 4 (6.4 — 0.025(sin t))(e2(0-02+0.01(cost)) — 1) (¢ — 2)

—(0.02 4 0.01(cos t))F (t) — (6.4 — 0.025(sint))F 2(t)

(3.29)(0.9)(0.02 + 0.01(cos t))F (t — 1)
(0.02 + 0.01(cos t))e(0-02+0.01(cost) 4 (6.4 — 0.025(sint))(e0-02+0.01(cost) — 1) f (¢ — 1)

Fore = 0.0001, we can compute ¢y, = 0.049, (cpr)?(M#)? = 0.0231517 which implies that
orer > (car)?(M#)2. Also from equation (5.1),
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—o(t)p*(t) e a(D)E(t) > (1)er 2
(p(t)er®t + c(t) (e#)r — 1) M<)2 (p(t)er®?> + c(t) (e# ()72 — 1) Me)?
= 0.063903198 > 0. Hence from Theorem 3,*(¢), a bounded (enclosed within positive values) and
positive > 0) solution to system (1.2) is globally attractive, as seen in Figure 3(a). The difference
between the two trajectories starting at initial valuegy) = 0.06 and F (ty) = 0.07 is plotted
against time in Figure 3(b). It is now clear that @as— oo the difference between the two trajectories

+4e(t)ym® + 2p(t) +

tends to zero.

Example8.4 : Letp(t) = 8 — (sint), c(t) = 7+ (cost), ¢ = 0.023, ¢(t) = 0.48, E(t) = 9,

% = 2,99 = 1, then system (1.2) becomes
(8 — (sint))(0.023)F (t — 2)
(0.023)€2(0:023) 4 (7 4+ (cost))(e2(0023) — 1)f (¢t — 2)
A4 .02 -1
—(0.023)F (1) — (7 + cost))F2(t) — (0'023)60.02& f)ﬁ)igoos :)’;fe t—1) ST
By simple numerical computation, we hawey; = 0.161, (cpr)?(M®)? = 0.07661824 for ¢ =
0.0001. This implies thator o, > (cpr)?(M*)2. Also from equation (5.1),
—o(t)* (t)er ™ q(t)E(t)p? (t)er ")

(p(t)erD + c(t)(esr — 1) M=)? (p(t)ePv2 + c(t) (e? )2 — 1) M=)?
= 0.08561413 > 0. Hence from Theorem 3,*(¢), a bounded (enclosed within positive values) and
positive ¢~ 0) solution to system (1.2) is globally attractive, as shown in Figure 3(c). The difference
between the two trajectories starting at initial valuggy) = 0.1 andf£ (to) = 0.2 is plotted against

timet in Figure 3(d). It is now clear that as— oo the difference between the two trajectories tends

F(t) =

+4e(t)ym® + 2p(t) +

to zero.

Example8.5 : Letp(t) = 1.3 4+ 0.33sint, c¢(t) = 0.2 — 0.1428 cost, ¢ = 0.02 + 0.01 cost,
q(t) = 0.025 — 0.0166sint, E(t) = 1 — 0.5cos?t, ¥1 = 2,95 = 1 and choos® = 27 then system
(1.2) becomes
F'(t) =

(1.3 +0.33sint)(0.02 4+ 0.01 cos t)F (t — 2)
(0.02 + 0.01 cos t)e2(0-02+0.01cost) 1 ((.2 — (.1428 cos t)(e2(0-02+0.01cost) _ 1) (¢ — 2)
—(0.02 4 0.01(cos t))F (t) — (0.2 — 0.1428 cos t) ) F %(t)

(0.025 — 0.0166sint)(1 — 0.5 cos?¢))(0.02 + 0.01 cos t)F (t — 1)
(0.02 + 0.01 cos t)e0-02+0.0Lcost  (().2 — 0.1428 cos t) (€0-02+0-01cost — 1) f~(¢ — 1)

Fore = 0.0001, we can compute = 0.013, (¢M¢)? = 0.00081812 which implies thatgp >
(éM#)2. Hence from Theorem 5, system (1.2) possesses not less than one pssijv@{periodic
solution, which is also shown in Figure 4(a).
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Example8.6 : Leto(t) = 7+ 0.33cost, ¢(t) = 5 — 0.25sint, ¢ = 0.02 + 0.01 cost, q(t) =
0.025 — 0.0166sint, E(t) = 1 — 0.5cos?t, ¥; = 2,95 = 1 and choos® = 27 then system (1.2)
becomes
F(t) =

(7+0.33cost)(0.02 + 0.0Lcost)f (t —2)
(0.02 + 0.01 cos t)e2(0-02+0.01cost) 4 (5 — (.25 sin t) (e2(0-02+0.01cost)) — 1) f (¢ — 2)

—(0.02 4 0.01 cost)F (t) — (5 — 0.25sint)F 2(¢)

(0.025 — 0.0166 sint)(1 — 0.5 cos?))(0.02 4 0.01 cos t))F (t — 1)
(0.02 + 0.01 cos t)e0-02+0.0Lcost 4 (5 — (.25 sin ¢)(e0-02+0.01cost _ 1) (¢ — 1)

By simple numerical computationip = 0.07, (éM*®)? = 0.0514719 for ¢ = 0.0001. This
implies thatgy > (éM*¢)2. Hence we have, from Theorem 5, system (1.2) possesses minimum one
positive¢> 0) ©-periodic solution, as shown in Figure 4(b).

ExampleB.7 : Leto(t) = 14+0.1 cos? ¢, ¢(t) = 24+0.33sint, p = 0.032, ¢(t) = 0.03—0.01 sint,
E(t) = 235,91 = 2,92 = 1 and choos® = 27 then system (1.2) becomes
(14 4+ 0.1 cos? )(0.032)F (t — 2)
(0.032)e2(0:032) 4 (2 4 0.33sint)(e2(0-032)) — 1)F (¢t — 2)
(0.03 — 0.01sin t)(235)(0.032)F (t — 1)

~(0.082)F (1) = (2+ 033sin ) (1) (0.032)€%932 1 (2 4 0.33sin ¢) (9932 — 1)f (¢t — 1)

F(t) =

We can calculatgl = 0.4496, (¢M¢)? = 0.2915307 for ¢ = 0.0001. This implies thatgly >
(¢M*)2. Hence from Theorem 5, system (1.2) has one or more posiiv(©-periodic solutions.
From Figure 5 we can observe that system (1.2) admits triple-periodic solution. Also, a double
periodic solution can be seen in Figure 2.

Example8.8 : Leto(t) = 6 + Cosg(t), c(t) = 0.01 4 0.0011 cost, o(t) = 0.1, ¢(t) = 0.3,
E(t) = 10,91 = 2,92 = 1 and choos® = 27 then system (1.2) becomes
F(t) = t
(6+ ) (O.DF (t—2)

—(0.1)F (¢t
(0.1)e2(0-1) + (0.01 4 0.0011 cos t)(e2(0-1) — 1) F (¢t — 2) (0.D)F ()

(0.3)(10)(0.1)F (£ — 1)
—(0.01+0.0011 cos)F () (5 15,01 + 0.0011 con ) (™ — )F [ 1)

_ 2 £\2
We can calculatel: — ZMPM o _ 688077378, me — 2Pr— (em)"(ME)T

cr, CM
0.1423013 for ¢ = 0.0001. And pre; = 0.5875, (CM)Q(M€)2 = 0.584865337 which implies
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thatoror > (car)?(M#)2. By takinge = 0, we getM = 68.8976378, m® = 0.1424013. Also,
orer > (car)?(MP)2. From Theorem 2, system (1.2) is permanent, which is shown in Figure 6.

Also, K. = {F (t) € R/m® < F(t) < M®} ={F (t) € R/0.1423013 < [ (t) < 68.8977378}
and we just showed that,¢ 1, > (car)?(M#)2. Therefore, from Theorem X satisfies the property
of positive invariance (w.r.t system (1.2)), which can also be seen in Figure 6. Also from equation
(5.1),

o) (1) 5 (OB G2(1)er
(PO + (1) (@0 — Tyare)e 20O F w0 1 o) (er®: — AL

= 0.269876035 > 0. Hence from Theorem 3, *(¢), bounded (bordered by positive values) positive

(> 0) solution to system (1.2) is globally attractive, as seen in Figure 7(a). The difference between
two trajectories starting with initial valugs(ty) = 40 andf (o) = 50 is plotted over time in Figure

7(b). Itis clear that as — oo the difference between these trajectories tends to zero.

And g = 0.6, (¢M*)? = 0.474689827 which implies thatyp > (¢M¢)2. Hence using Theorem
5, there is minimum one positive(0) ©-periodic solution to system (1.2) as shown in Figure 8. A
double periodic solution can be noticed in Figure 9.

On the other hand, let(t) = 6 + w i.e, period is rationally independent. According
to Theorem 6, there is an almost periodic solution as shown in Figure 10.

Example8.9 : Leto(t) = 6 + =W, (1) = 0.10, ¢(t) = 0.01 — (0.0011)cos(t), q(t) = 0.3,
E(t) = 10. We plot the population curves for different valuesjgefand, in Figures 11 and 12. Our
observations are shown in Tables 1 and 2.

Example8.10 : Leto(t) = 1.3, ¢(t) = 0.02 + (0.01)cos(t), c(t) = 0.005, ¢(t) = 0.9, E(t) =
1.3. The population curves for different values#f and, are shown in Figures 13 and 14. Our
observations are shown in Tables 3 and 4.

9. CONCLUSION

The dynamical characteristics of any real-world ecological model depend explicitly on time. Most
of the environmental factors vary with time and thus incorporating temporal inhomogeneity into an
ecological model helps to understand it better.

The present work is essentially concerned with the age-based growth model of hilsa fish with time-
variant parameters. We have obtained the sufficient condition for positive invariance from Theorem 1
and the sufficient condition for permanence from Theorem 2, respectively. Alse; if in Theorem
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1, we obtain the condition in Theorem 2. This means thdt ifis positively invariant in system

(1.1), then system (1.1) must be permanent, which is pretty clear from Figures 1, 2 and 6. That is, if
the population of hilsa lies within a particular range (given[t, M¢] (see Theorem 1)) and lasts
forever (ag — oo) in that particular range then the population would never go extinct. In addition,
we attain suitable conditions for global attractivity of a bounded positive solution by formulating

a scalar function, namely the Lyapunov function in Theorem 3. In Figures 3(a) and (c) and 7(a),
there is one such trajectory (hilsa population) in each of these figures that attracts the other trajectory
(hilsa population starting at a different initial value) towards it, proving the global stability of hilsa
population.

It is known that birth, growth, spawning and, immigration of hilsa is very much seasonal, thus
indicating that the environmental factors that influence the life cycle of hilsa are seasonal. Taking this
into account, in Theorems 4 and 5, with the help of Brouwer fixed point and continuation theorems
we have obtained some constraints for a positive periodic solution of system (1.2). We can see that
if € is chosen suitably and condition in Theorem 1 holds, then the condition in Theorem 5 holds, that
is, Theorem 5 is weaker than Theorem 1. Finally, in Theorem 6 we have proved that there is only one
solution to system (1.2) which is almost periodic in nature that is distinct from every other solution.
Figures 4, 5, 8 and 9 show that hilsa population follows a periodic cycle and Figure 10 shows that hilsa
population can also be quasi-periodic. This means that the fluctuations in the hilsa population follow
a regular repeating pattern. For example, in Figure 4 we see that the changes in hilsa population that
includes changes due to various factors like birth, death, food resources, fishing, etc, repeat every five
years. This before hand prediction helps in taking precautionary measures to prevent a fall in the hilsa
population.

Hilsa stocks have been fast decreasing in the river systems. Thus conserving the population of
hilsa and maintaining its global stability is one of the major concerns of ecologists across India and
Bangladesh. The role played By and), (delay in maturity and delay in harvest respectively) in
shaping the dynamical aspects of the system (1.2) of hilsa is as shown in Tables 1, 2, 3 and 4. In
Table 1, we see that when the delay in matutifyincreases to 2.208 (critical value ¢f) with
9 remaining constant at 1, there is a drastic change in the dynamical characteristics of the system.
Then if ¢4 increases beyond 1, the system regains its dynamical characteristics. This means that for
a maturity delay of 2.208, the delay in harvest must be greater than 1. Similarly, from Table 3, for a
maturity delay of 2.24, the delay in harvest must be greater than 1 (see Figures 11, 12, 13 and 14).
This interplay betweer?; andv, plays a significant role in shaping the dynamical characteristics of
the system (1.2). Therefore, a change in the fishing pattern, by paying extra attention to immature
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hilsa and taking into account the size and body weight of hilsa before harvesting, and a change in
the approach towards the ecological model of hilsa, by acknowledging the importance of time-variant
parameters, can stop hilsa from becoming extinct.

APPENDIXA

The rate at which the population changes depends on the following aspects: birth rate, rate of death
and intraspecific competitiveness (either crowding or head-on intervention). Death rate and intraspe-
cific competition rate both together contribute to the decline rate, which is instantaneous. Considering
this we revise the standard logistic ordinary differential equation [1] into:

dilz(et) = oF (t) = ¢F (t) — cF (1), (A1)

wherep, ¢ andc denote the birth, death and removal (due to intraspecific competition) coefficients re-
spectively forf (t). If » = o— ¢ (i.e. intrinsic growth rate of (¢)) andK = ¢* (i.e. environmental
carrying capacity of (¢)), then Eq.(A1) becomes the classical logistic equation:

dF (t) F(t)
5 = rF (t) <1 — K) (A2)

Table 1: Population dynamics for various valuesipfand,

91 andd, Positive Permanance | Global Periodicity Figure
Invariance Attractivity

Y1 =0 No No Yes Yes Fig. (11) (a)

P =10

91 >0 Yes Yes Yes Yes Fig. (11) (b),(c),(d)

P9 =0

91 =0 No No Yes Yes Fig. (11) (e),(),(g

P9 >0

2 <% < 2.208 Yes Yes Yes Yes Fig. (12) (a),(b)

P9 =1

Y1 = 2.208 No No No No

¥y =1

2208 < 91 <3 Yes Yes Yes Yes Fig. (12) (c),(d)

1.01 < 99 < 1.47

2208 <91 <3 No No Yes Yes Fig. (12) (e)

147 <95 <3
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n (A1), the rate of decline and rate of growth (both of which depend on the density of population
at the current instart) are denoted byyr (t) + cf %(t)} andof (t) respectively. In order to acquire
an equation to describe the number of individuals that are alive dtshall be still alive at, consider
a first ordered ODE of (t) as a function of- (¢ — ) and solve it as follows:

dr (t)

i A Ol cF2(t).

Using variable separable technique and then integrating fremt to ¢, we get

z(t)
2620y mmiemmm @ = — Jigd

and hence Ft—0)
FO = ooy ;few =) (43)
Table 2: Population based on various valuegoénd,
91 andd, Nature of the system
9 =0 When there is no delay in maturity and harvestation the population
Y2 =0 grows immensely. (Fig. 11 (a))
%1 >0 When there is no harvesting delay the population decreases.
¥y =0 (Fig. 11 (b),(c).(d))
% =0 When there is no delay in maturity the population increases enormously.
U2 >0 (Fig. 11 (e),(f).(9))
2 <91 < 2.208 Population is positively invariant, permanent, globally stable and
Yo =1 periodic. (Fig. 12 (a),(b))
¥ = 2.208 Population curve(s) become unbounded i.e, It is not positively invariant
P9 =1 nor permanent nor globally stable nor periodic.
2208 <1 <3 Population is positively invariant, permanent, globally stable and
1.01 < Y < 1.47 | periodic. (Fig. 12 (c),(d))
2208 < 1 <3 Population increases rapidly hence it stops being positively invariant
147 < Y9 < 3 and permanent. But it stays globally attractive and periodic.
(Fig. 12 (e))
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Table 3: Population dynamics for various valuegofand,
Y1 andd, Positive Permanance | Global Periodicity Figure
Invariance Attractivity
Y1 =0 No No Yes Yes Fig. 13 (a)
P =
91 >0 Yes Yes Yes Yes Fig. 13 (b),(c),(d)
P9 =0
9 = No No Yes Yes Fig. 13 (e),(),(g)
Y9 >0
2<% <224 Yes Yes Yes Yes Fig. 14 (a)
99 =1
= 2.24 No No No No
P =
224 <Y1 <3 Yes Yes Yes Yes Fig. 14 (b),(c)
1.01 <9 < 1.3
224 < <3 No No Yes Yes Fig. 14 (d),(e)
1.3 <92 <3
Table 4: Population based on various valuegoénd,
¥, anddq Nature of the system
Y91 =0 When there is no delay in maturity and harvestation the population
P99 =0 grows immensely. (Fig. 13 (a))
91 >0 When there is no harvesting delay the population decreases.
U2 =0 (Fig. 13 (b),(c).(d))
% =0 When there is no delay in maturity the population increases enormously.
U2 > 0 (Fig. 13 (e).(H).(9))
2< 9 <224 Population is positively invariant, permanent, globally stable and
Vo = periodic. (Fig. 14 (a))
9 =2.24 Population curve(s) become unbounded i.e, It is not positively invariant
¥ =1 nor permanent nor globally stable nor periodic.
224 <91 <3 Population is positively invariant, permanent, globally stable and
1.01 <92 <13 periodic. (Fig. 14 (b),(c))
224 <91 <3 Population increases rapidly hence it stops being positively invariant
1.3 <9, <3 and permanent. But it stays globally attractive and periodic. (Fig. 14 (d),(g))
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Positive Invariance & Permanence
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Figure 1: Time series for Hilsa population F (t) showing positive invariance and permanence.
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Figure 2: Time series for Hilsa population F (t) showing positive invariance and permanence.



1886

0.08

0.075 1

Hilsa population
o
o
<

0.065

o
s
>

Hilsa population

Figure 3: Time series plots for population F (¢) being

N. S. N. V. K. VYSHNAVI DEVI, DEBALDEV JANA AND M. LAKSHMANAN

(a) Global Attractivity

T T T T T T

—— Population with initial value 0.06/ |
— Population with initial value 0.07

L L L L L L L L L

20 40 60 80 100 120 140 160 180
Time t

200

(c) Global Attractivity

T T T

T T T

— Population with initial value 0.1/ {
— Population with initial value 0.2

20 40 60 80 100

Time t

120 140 160 180 200

corresponding difference curves in (b) and (c).

Hilsa population

(a) Periodic Solution

T T T T T T T T T

—— Population with initial value 1.29
— Population with initial value 2.15] ]

Population with initial value 2.35
—— Population with initial value 3.00

! ! ! ! ! ! ! ! !

5 10 15 20 25 30 35 40 45 50
Time t

Difference between two population curves

Difference between two population curves

0.2

0.1

0.1

-0.2

05

(b) Difference Curve

T T

50 100
Time t

(d) Difference Curve

150

T T

05 1
1 . .
0 50 100 150
Time t
globally attractive in (a) and (c). The
(b) Periodic Solution
04 T T T T T T T T T
0.38 A
0.36 1
0.34 1
=
2
8
e
S032 .
Q
o}
°
=
03f A
028 1
—— Population with initial value 0.29
026 — Population with initial value 0.31 | |
Population with initial value 0.35
— Population with initial value 0.40
024 . . . . . . . . .
0 5 10 15 20 25 30 35 40 45 50

Time t

Figure 4: Time series graphs showing periodicity in population F ().
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Periodic Solution
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Figure 5: Time series diagram for population F (¢) being periodic in nature.
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Figure 6: Time series graph for Hilsa population F (¢) showing positive invariance and permanence.
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(a) Global Attractivity (b) Difference curve
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Figure 8: Time series plot of a periodic solution f (t).



REPRODUCTION AND AGE SELECTIVE HARVESTING DELAYS 1889

Periodic Solution
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(a) Population curve when 1,20 and 1,20
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Figure 11: Time series plots for Hilsa population F (¢) when 91 = 92 = 0 in (a); ¥; > 0, ¥2 = 0 in
(b),(c) and (d); ¥1 =0, 92 > 0 in (e), (f) and (g).
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Figure 12: Time series diagrams for Hilsa population F (¢) when 9 > 0, ¥2 > 0.
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(a) Population curve when 191:0 and 192:0
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Figure 13: Time plots for Hilsa population F (t) when ¥; = d2 = 0in (a); 91 > 0, ¥2 = 0 in (b),(c)
and (d); ¥; =0, 92 > 0in (e), (f) and (g).

(a) Periodicity when 191=2 and 192=1 (b) Periodicity when 191=2.24 and 192=1.01 (c) Periodicity when 1)1=2.24 and 192=1.3
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Figure 14: Time series plots for Hilsa population f (¢) when 91 > 0, ¥2 > 0.



