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A graph is symmetric if its automorphism group acts transitively on the set of arcs of the graph.
Letp be a prime. In this paper, we proved that there is only one connected heptavalent symmetric
graphs of orderOp, it is a vertex primitive graph of ordet0-3 = 120 admitting & as its full
automorphism group.
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1. INTRODUCTION

Throughout this paper graphs are assumed to be finite, simple, connected and undirected. For
group-theoretic concepts or graph-theoretic terms not defined here we refer the reader to [19, 21]
or [1, 2], respectively. LeGG be a permutation group on a $etandv € . Denote byG, the
stabilizer ofv in G, that is, the subgroup @ fixing the pointv. We say thatz is semiregularon

Qif G, = 1 for everyv € 2 andregularif G is transitive and semiregular.

For a graphX, denote byV' (X)), E(X) and Au{X) its vertex set, its edge set and its full auto-
morphism group, respectively. A graph is said to beG-vertex-transitivaf G < Aut(X) acts
transitively onV' (X). X is simply calledvertex-transitivef it is Aut (X )-vertex-transitive. An
s-arcin a graph is an ordere@ + 1)-tuple (vg, v1, - - - , vs—1, vs) Of vertices of the grapiX’ such
thatv;_ is adjacent ta; for 1 < i < s, andv;_; # v;41 for 1 < i < s—1. In particular, al-arc

is just an arc and @-arc is a vertex. For a subgrodp< Aut(X), a graphX is said to beG, s)-
arc-transitiveor (G, s)-regularif G is transitive or regular on the set efarcs inX, respectively.

A (G, s)-arc-transitive graph is said to &, s)-transitiveif it is not (G, s + 1)-arc-transitive.

In particular, a(G, 1)-arc-transitive graph is calle@-symmetric A graph X is simply called
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s-arc-transitive s-regular or s-transitiveif it is (Aut(X), s)-arc-transitive (Aut(X), s)-regular
or (Aut(X), s)-transitive, respectively.

As we all known that the structure of the vertex stabilizers of symmetric graphs is very useful

to classify such graphs, and this structure of the cubic or tetravalent case was given by Miller
[16] and Poténik [18]. Thus, classifying symmetric graphs with valericpr 4 has received
considerable attention and a lot of results have been achieved, see [5, 24, 25]. Guo [9] determined
the exact structure of pentavalent case. Following this structure, a series of pentavalent symmetric
graphs was classified in [14, 22, 23]. Recently, Guo [10] gave the exact structure of heptavalent
case. Then a series of results about classifying heptavalent symmetric graphs have been achieved,
see for example [12, 17]. Note that pentavalent symmetric graphs of ¢bgewith p a prime

were classified in [13]. Thus, in this paper, we classify connected heptavalent symmetric graphs
of order40p for each primep.

2. PRELIMINARY RESULTS AND GRAPH CONSTRUCTIONS

Let X be a connected@-symmetric graph witlz < Aut(X'), and letV be a normal subgroup of
G. Thequotient graphX y of X relative toV is defined as the graph with vertices the orbits of
N onV(X) and with two orbits adjacent if there is an edgeXnbetween those two orbits. In
view of [15, Theorem 9], we have the following:

Proposition2.1 — Let X be a connected heptavalertsymmetric graph witlz < Aut(X), and
let N be a normal subgroup @f. Then one of the following holds:

(1) N is transitive onV (X);

(2) X is bipartite andV is transitive on each part of the bipartition;

(3) N hasr > 3 orbits onV (X), N acts semiregularly of¥ (X'), the quotient graplX v is a
connected heptavale6t/ N-symmetric graph.

The following proposition characterizes the vertex stabilizers of connected heptavakemsitive
graphs (see [10, Theorem 1.1]).

Proposition2.2 — Let X be a connected heptavaleft, s)-transitive graph for somé&' <
Aut(X) ands > 1. Letv € V(X). Thens < 3 and one of the following holds:

(1) Fors =1,G,y = Zr, D14, Fo1, Dag, Fo1 X Zs;

(2) Fors =2,G, & Fyo, Fio xZs, FyaxZs3, PSWU3,2), A7, S;, Z3 xSL(3, 2) or Z3 < SL(3, 2);

(3) Fors = 3, G, & Fys X Zg, PSL(3,2) x Sy, A7 X Ag, S X Sg, (A7 X Ag) X Zo,
78 x (SL(2,2) x SL(3,2)) or [22°] x (SL(2,2) x SL(3,2)).



CLASSIFYING HEPTAVALENT SYMMETRIC GRAPHS OF ORDEROp 1895

From [6, pp.12-14], [20, Theorem 2] and [11, Theorem A], we may obtain the following propo-
sition by checking the orders of non-abelian simple groups:

Proposition2.3 — Letp be a prime, and le¥ be a non-abelian simple group of ordét | (227-3%.5%.7-p).
ThenG has3-prime factor4-prime factor or5-prime factor, and is one of the following groups:

Table 1:Non-abelian simple{2, 3,5, 7, p} —groups

3-prime factor
G Order G Order G Order
As 22.3-5 PSL(2,8) 23.32.7 PSU4,2) | 26.3%.5
Ag 23.32.5 PSL(2,17) | 2%.32.17 PSU3,3) | 2°-33.7
PSL(2,7) | 23.3.7 PSL(3,3) 24.33.13

4-prime factor
G Order G Order G Order
A, 23.32.5.7 PSL(2,27) | 22.33.7-13 PSU5,2) | 210.35.5-11
Ag 26.32.5.7 PSL(2,31) | 2°-3.5-31 PSH4,4) | 28.32.52.17
Ag 26.34.5.7 PSL(2,49) | 2%.3.52.72 PS[6,2) | 2°.3%.5.7
A1 27.34.52.7 PSL(2,81) | 2%.3%.5.41 My 24.32.5.11
PSL(2,11) | 22:3:5-11 PSL(2,127) | 27-32.7-127 Mo 26.33.5.11
PSL(2,13) | 22.3-7-13 PSL(3,4) 26.32.5.7 J 27.3%.52.7
PSL(2,16) | 24.3-5-17 PSU3, 4) 26.3.52.13 PQT(8,2) | 2!2.3%.52.7
PSL(2,19) | 22-3%2.5-19 PSU3,5) 24.32.53.7 Sz(8) 26.5.7.13
PSL(2,25) | 23.3-52:13 PSU3, 8) 29.34.7.19 2Ry (2) 211.33.52.13

5-prime factor
G Order G Order G Order
Ay 27.34.52.7.11 || PSL(2,449) | 26.32.52.7.449 || PS{8,2) | 216.3%.52.7.17
Al 29.35.52.7-11 || PSL(2,2%) | 26.32.5.7-13 Mas 27.32.5.7-11
PSL(2,29) | 22-3-5-7-29 PSL(2,251) | 22.32.53.7.251 || PQ™(8,2) | 2'2.3*.5.7-17
PSL(2,41) | 23.3-5:7-41 PSL(4,4) 212.34.52.7.17 || Ga(4) 212.33.52.7.13
PSL(2,71) | 23.32.5.7-71 | PSL(5,2) 210.32.5.7.31

In view of [12, Theorem 1.1] and [17, Theorem 1.1], the classifications of connected heptavalent
symmetric graphs of orddip are given, wheré = 8, 10 or 20, andp is a prime. Thus, we have
that following characterization of these graphs:

Proposition2.4 — Let X be connected heptavalent symmetric graph of okgewith p a prime
andk = 8,10 or 20. Letv € V(X)) ands a positive integer. Ik = 8 or 10, then the descriptions
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of [V (X)|, Aut(X), s-transitivity and AutX ), are as follows. It = 20, then there is no such
graph.

Table 2:Heptavalent s-transitive graphs of order kp

kp=|V(X)| | stransitive | Aut(X) Aut(X),

82 =16 2-transitive | Sg x Zy S;

83=24 1-transitive | PGL(2, 7) D1y

10-31 = 310 | 3-transitive | Aut(PSL(5,2)) | Z$ x (SL(2,2) x SL(3,2))

The following graph is a vertex-primitive-transitive graph of ordet20, defined on the group

Sr.

Construction2.5 — LetG = S;. ThenG has a maximal subgroufl = Fj, and hence~
has a primitive permutation representation @9 points. By Magma [3], this representation
has one self-paired suborbit of lengthand denoted the corresponding orbital graplSigy .
Moreover, AutSG1) = G.

3. CLASSIFICATION

This section is devoted to classifying connected heptavalent symmetric graphs od@sder
each primep.

Theorem3.1— Let X be a connected heptavalent graph of ordép with p a prime. ThenX is
symmetric if and only if = 3 and X = §G;29 with Aut(X) = S;.

PrROOF: Let A = Aut(X) andv € V(X). If p = 2, then|V(X)| = 80. By [8, Theorem 1.1],
there is no such graph of ord&f. If p = 3, then|V(X)| = 120. By [7, Theorem 1.1],
X =2 8G90 andA = S;. Thus, in what follows, we may assume that 5. Takev € V(X).
Then by Proposition 2.24,| | 224-3*.52.7 and henceA| | 227-3.5%.7-p. We separate the proof
into two casesA has a solvable minimal normal subgrouphas no solvable normal subgroup.

Casel : A has a solvable minimal normal subgroup.

Let N be a solvable minimal normal subgroup 4f Then|N||2%7-3%.53.7-p, and N is ele-
mentary abelian. Thugy = Z’; with ¢ = 2,3,5,7 or p andk a positive integer. Note that
|V (X)| = 23-5-p. By Proposition 2.1V is semiregular and y is also a connected heptavalent
A/N-symmetric graph. It follows thatV| | 40p and N = Z,, Z3, Z3, Zs or Z,. Since there is
no connected heptavalent regular graph of odd order, we havéVtiatZ3. Note that| X | =
40p/|N| andp > 5. By Proposition 2.4N % Zs, Z5 or Z,. Thus,N = Z% and|X x| = 10p.
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Again by Proposition 2.4y = 31 andA/N < PSL(5,2) x Zs. By Magma [3], PSI5,2) x Zs

is the only minimal arc-transitive subgroup and herdgeV = PSL(5,2) x Z,. It follows that
A/N has a normal subgrould /N = PSL(5, 2), which has two orbits o (X ). By Atlas [4],
Mult(PSL(5,2)) = 1. Thus, we have thal/ = PSL(5,2) x Z3 andA = (PSL(5, 2) x Z3).Z,. It
forces thatd has a normal subgrouli = Z, and Xy is a heptavalent symmetric graph of order
20-31. However, by Proposition 2.4, there is no such graph of c2fe¥1, a contradiction.

Case2 : A has no solvable normal subgroup.

For convenience, we still us&¥ to denote a minimal normal subgroup 4f ThenN is non-
solvable. LetN = T* with T" a non-abelian simple group arda positive integer. Thefi’ has
at least3-prime factors. SincéT| ]227~34-53~7-p, we have thafl’ is one of the simple groups
listed in Proposition 2.3. By Proposition 2. has at most two orbits ol (X'), and hence
|N| = 40p|N,| or 20p|N,|.

Assume that: > 2. SinceT is a non-abelian simple group, we have tB¢tT| andT, # 1.
If p > 7, thenp f|T| because? [|N| = |T*|. It follows thatp divides the order of{ . By
Proposition 2.1)N = T* is semiregular and hendg = 1, a contradiction. Thug < 7. Recall
thatp > 5, |T%| | 227-3%.5%.7-p and20-p | |T*|.

Letp = 5. Then7? J|T*| andT is a simple{2, 3, 5}-group. By Proposition 2.3V = AZ, A3,

A% or AZ. The normality of N in A implies thatN, < A,. If k > 4, then5?||N,| and hence
N, has a subgroup isomorphic to, Ay Proposition 2.2. It follows thaI| |T|, a contradiction.
Thus,N 2 A:. Suppose thalV == AZ. Then|N,| = 36 or 18. By Atlas [3], N,, = A, x Z3 or

S; x S for | N, | = 36, andN, =2 S3 x Z3 or Z% x Z for |N, | = 18. However,A, has no such
normal subgroup by Proposition 2.3, a contradiction. Suppose\tatA:. Then|N,| = 2160

or 1080. By Magma [3], N, has a characteristic subgroup isomorphic tQ Which is normal

in A,. However, A, has no normal subgroup isomorphic t@,/Aa contradiction. Suppose that
N = AZ. Then|N,| = 1296 or 648. By Magma [3], & has no subgroups of such orders, also a
contradiction. Thusp # 5.

Letp = 7. Then|T*||227.3%.53.72 and 20-7 | |T*|. It follows that7||T| andk = 2. By
Proposition 2.37 is isomorphic to A, Ag or PSL(3,4). Suppose thalV = AZ. Then|N,| =
24.3%.5.70r23.34.5.7. By Magma [3],N,, = A; x (Z32 xZz) or Ay x Z3. However,A, has no such
normal subgroups, a contradiction. Suppose Niat A2. Then|N,| = 2'9-3%.5.7 or 2°.3%.5.7.
By Magma [3], N,, has a normal subgroup isomorphic t@ 8 N, = A; x (Z3 x Sg). For the
former, Ag cannot be as a permutation of degrea contradiction. For the latted,, has no such
normal subgroup, also a contradiction. Suppose Mat PSL(3,4)2. Then|N, | = 210.3%4.5.7
or29.3*.5.7. Then by Atlas [4],V, = PSL(3,4) x (Z2 x Qs). However,A, has no such normal
subgroups, a contradiction.
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Thus,k = 1 and N = T is a non-abelian simple group listed in Proposition 2.3. It follows that
N, # 1 and by Proposition 2.1V has at most two orbits ol (X) and|N,| = |N|/20p or
|N|/40p.

Subcase.1 : Suppose that = 5. Then|N| | 227-3%.5%.7. By Proposition 2.3)V is isomorphic
to PSU3,5), J or P27 (8,2). Note thatf N,,| = |N|/20-5 or | N|/40-5.

Let N = PSU3,5) or P27 (8,2). Then|N,| = 22.32.5.7 or 2.32.5.7 for N = PSU2,5),
|N,| = 2°-3°-7 or 210.33.7 for N = PQ"(8,2). By Magma [3],N has no subgroups of such
orders, a contradiction.

Let N = J,. Then|N, | = 24.33.7 or 2°.33.7. By Atlas [4], | N, | = 2°-3%-7 andN, = PSU3, 3).
Clearly, PSU3, 3) cannot be as a permutation group of dedrea contradiction.

Subcase2.2 : Suppose that = 7. Then|N||227-3.5%.72 and 20-7 | N| or 40-7 | [N]|. In
particular,7? | |A|]. By Proposition 2.3V is isomorphic to one of the following simple groups:

A77 A87 A97 A107 PSL(2,49)
PSL(3,4), PSHG,2), b, PO*(8,2).

Let N = A;. Then|N,| = 32 or 2:3%2. Then by Magma [3] N, = Z% or Z3 x Z,. It forces
thatA, has a normal subgroup isomorphicZé, and by Proposition 2.24,, has no such normal
subgroups, a contradiction.

Let N = Ag. Then|N,| = 23.32 or 2*.32. By Magma [3],N,, = Z2 x Ds, (Z3 x Z3) x Z or
73 x Z2%. However,A, has no such normal subgroups, a contradiction.

Let N = Ag. Then|N,| = 23.3% or 24.3%. By Atlas [4], |N,| = 23-3* andN, = Z3 x S,.
However, A, has no such normal subgroups, a contradiction.

Let N = Ayg, PSL(2,49), PS[6,2), k or PQT(8,2). Then|N,| = 2*.3%.5 or 2°.3%.5 for N =
A1o, |Ny| = 2:3-5:7 or 22.3.5.7 for N = PSL(2,49), |N,| = 26-3% or 27-3% for N = PS[6, 2),
IN,| = 24-3%.5 or24.34.5 for N = , or |[N,| = 2°-3°5-5 or 210.3%.5 for N = PQ™"(8,2). By
Magma [3],/V has no subgroups of such orders, a contradiction.

Let N = PSL(3,4). Then|N,| = 23.32 or 24.32. By Magma [3],|N,| = 2%-32 and N, =
73 x Qs. However,A,, has no such normal subgroups, a contradiction.

Subcase2.3 : Suppose that > 7. Then|N||227-3*.55.7.p and20-p | [N | or 40-p | [N|. By
Proposition 2.2}V is isomorphic to one of the following simple groups:
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PSL(2,11), PSL(2,16), PSL(2,19), PSL(2,25), PSL(2,31)
PSL(2,81), PSU3,4), PSU5,2), PS[4,4), M1;, My,

Sz8), 2F,(2)', A1y, PSL(2,29), PSL(2,41), PSL(2,71), PSL(2,449)
PSL(2,251), PSL(4,4), PSL(5,2), Moy, PQ™(8,2), G2(4)

Note thatp > 7. Since|N,| = |N|/20p or |N|/40p, we have that a Sylow-subgroup ofN,
is also a Sylows-subgroup ofN. By Proposition 2.2, a Sylow-subgroup of4, is elementary
abelian, and so is that @f,,. With the calculation of Magma [3], we have tht2 M2, 2F4(2)’,
Aq1, PSL(4,4), PQ™(8,2) or Go(4).

Let N = PSL(2,11). Then|N,| = 3andN, = Zs. SinceN, JA,, we have thatl, = F5 X Zg,
Fy5 x Z3 or Fys x Zg by Proposition 2.2. Assume théts(N) = 1. Then by “N/C-Theorem”,
A= A/CA(N) < Aut(PSL(2,11)). This is impossible because ARSL(2,11)) = PGL(2,11)
and7| |A/N|. Thus,C4(N) # 1, and by our assumptior;4 (V) is non-solvable. Note that
Ca(N) = C4u(N)N/N < A/N. This is also impossible becaudé¢ N is solvable.

Let N = PSL(2,16). Then|N,| = 6 or 12. By Magma [3],N, = S; or A4. By the normality of
N, in A, and Proposition 2.24,, = PSL(3,2) x S, andN,, = A,. A similar argument as above,
C4(N) is non-solvable. Sinc€'4(N) < A/N, A,N/N = PSL(3,2) x Zy and|A : A,N| = 2,
we have thatC 4 (V) has a subgroup! = PSL(3,2), which is normal inA. It follows that H
acting onV (X) has at leas? orbits becausé [|H|. By Proposition 2.1H | 40p and henced

is solvable, a contradiction.

Let N = PSL(2,19). Then|N,| = 9 andN, = Zy. However, by Proposition 2.24,, has no
subgroup isomorphic tdg, a contradiction.

Let N = PSL(2,25), PSU3,4), PSU5,2), PSi4,4), PSL(2,29), PSL(2,71), PSL(2, 449),
PSL(2,251) or My2. Then|N,| = 15 or 30 for N = PSL(2,25), |N,| = 23-3-5 or 24.3:5

for N = PSU3,4) |N,| = 27-3° or 28.3° for N = PSU35,2), |N,| = 25-3%.5 or 26.32.5 for

N = PSf4,4), |N,| = 21 for N = PSL(2,29), |N,| = 2-32.7 or 32.7 for N = PSL(2,71),
|N,| = 23-3%.5.7 or 24.32.5.7 for N = PSL(2,449), |N, | = 3%2.52.7 for N = PSL(2,251), or
|N,| = 2%.32.7 or 2°.32.7 for N =2 Ma,. By Magma [3], N has no subgroups of such orders, a
contradiction.

Let N = PSL(2,31). Then|N,| = 12 or 24. By Magma [3],N,, = A, or S;. By Proposition 2.2,
A, = PSL(3,2) x Sy becauseV, < A,. Similar,C4(N) # 1 and A has a normal subgroup
H = PSL(3,2) andH < C4(N). Sinceb )(|H|, we have thatf is semiregular oV (X)) by
Proposition 2.1. It then forces that is solvable, a contradiction.

Let N = PSL(2,81). Then|N,| = 2-3* or 22.3%. By Magma [3], N, has a characteristic
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subgroup of orde3*. This implies thatd,, has a normal subgroup of ordgft, which is contrary
to the fact of Proposition 2.2.

Let N = My;. Then|N,| = 2-32 or 22.32. By Magma [3], N, has a normal Sylow-subgroup
P = 72, It follows that P < A,. However, A, has no normal subgroup isomorptig, a
contradiction.

Let N = Sz8). Then|N,| = 23.7 or 2*.7. By Magma [3],|N,| = 23-7 andN,, = Z3 x Z.
However, A, has no such normal subgroup, a contradiction.

Let N = PSL(2,41). Then|N,| = 21 or 42. By Magma [3],N,, & Z,; or D4>. However,A,
has no such normal subgroup, a contradiction.

Let N = PSL(2,2%). Then|N,| = 23.32.7 or2%.32.7. By Magma [3],| N, | = 23-32.7 andN,, =
PSL(2,8). However, PSI2, 8) cannot be as a permutation group of dedgte@ contradiction.

Let N = PSL(5,2). Then|N,| = 27-32.7 or 28.32.7. By Magma [3] and Atlas [4]|N,| =
27327 and N, = Z§ x (S3 x F»1). However, A, has no such normal subgroup, a
contradiction. O
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