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A graph is symmetric if its automorphism group acts transitively on the set of arcs of the graph.

Let p be a prime. In this paper, we proved that there is only one connected heptavalent symmetric

graphs of order40p, it is a vertex primitive graph of order40·3 = 120 admitting S7 as its full

automorphism group.
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1. INTRODUCTION

Throughout this paper graphs are assumed to be finite, simple, connected and undirected. For

group-theoretic concepts or graph-theoretic terms not defined here we refer the reader to [19, 21]

or [1, 2], respectively. LetG be a permutation group on a setΩ andv ∈ Ω. Denote byGv the

stabilizer ofv in G, that is, the subgroup ofG fixing the pointv. We say thatG is semiregularon

Ω if Gv = 1 for everyv ∈ Ω andregular if G is transitive and semiregular.

For a graphX, denote byV (X), E(X) and Aut(X) its vertex set, its edge set and its full auto-

morphism group, respectively. A graphX is said to beG-vertex-transitiveif G ≤ Aut(X) acts

transitively onV (X). X is simply calledvertex-transitiveif it is Aut(X)-vertex-transitive. An

s-arc in a graph is an ordered(s+1)-tuple(v0, v1, · · · , vs−1, vs) of vertices of the graphX such

thatvi−1 is adjacent tovi for 1 ≤ i ≤ s, andvi−1 6= vi+1 for 1 ≤ i ≤ s−1. In particular, a1-arc

is just an arc and a0-arc is a vertex. For a subgroupG ≤ Aut(X), a graphX is said to be(G, s)-

arc-transitiveor (G, s)-regular if G is transitive or regular on the set ofs-arcs inX, respectively.

A (G, s)-arc-transitive graph is said to be(G, s)-transitive if it is not (G, s + 1)-arc-transitive.

In particular, a(G, 1)-arc-transitive graph is calledG-symmetric. A graphX is simply called
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s-arc-transitive, s-regular or s-transitive if it is (Aut(X), s)-arc-transitive,(Aut(X), s)-regular

or (Aut(X), s)-transitive, respectively.

As we all known that the structure of the vertex stabilizers of symmetric graphs is very useful

to classify such graphs, and this structure of the cubic or tetravalent case was given by Miller

[16] and Potǒcnik [18]. Thus, classifying symmetric graphs with valency3 or 4 has received

considerable attention and a lot of results have been achieved, see [5, 24, 25]. Guo [9] determined

the exact structure of pentavalent case. Following this structure, a series of pentavalent symmetric

graphs was classified in [14, 22, 23]. Recently, Guo [10] gave the exact structure of heptavalent

case. Then a series of results about classifying heptavalent symmetric graphs have been achieved,

see for example [12, 17]. Note that pentavalent symmetric graphs of order40p with p a prime

were classified in [13]. Thus, in this paper, we classify connected heptavalent symmetric graphs

of order40p for each primep.

2. PRELIMINARY RESULTS AND GRAPH CONSTRUCTIONS

Let X be a connectedG-symmetric graph withG ≤ Aut(X), and letN be a normal subgroup of

G. Thequotient graphXN of X relative toN is defined as the graph with vertices the orbits of

N on V (X) and with two orbits adjacent if there is an edge inX between those two orbits. In

view of [15, Theorem 9], we have the following:

Proposition2.1 — LetX be a connected heptavalentG-symmetric graph withG ≤ Aut(X), and

let N be a normal subgroup ofG. Then one of the following holds:

(1) N is transitive onV (X);

(2) X is bipartite andN is transitive on each part of the bipartition;

(3) N hasr ≥ 3 orbits onV (X), N acts semiregularly onV (X), the quotient graphXN is a

connected heptavalentG/N -symmetric graph.

The following proposition characterizes the vertex stabilizers of connected heptavalents-transitive

graphs (see [10, Theorem 1.1]).

Proposition2.2 — Let X be a connected heptavalent(G, s)-transitive graph for someG ≤
Aut(X) ands ≥ 1. Let v ∈ V (X). Thens ≤ 3 and one of the following holds:

(1) Fors = 1, Gv
∼= Z7, D14, F21, D28, F21 × Z3;

(2) Fors = 2, Gv
∼= F42, F42×Z2, F42×Z3, PSL(3, 2), A7, S7,Z3

2oSL(3, 2) orZ4
2oSL(3, 2);

(3) For s = 3, Gv
∼= F42 × Z6, PSL(3, 2) × S4, A7 × A6, S7 × S6, (A7 × A6) o Z2,

Z6
2 o (SL(2, 2)× SL(3, 2)) or [220]o (SL(2, 2)× SL(3, 2)).
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From [6, pp.12-14], [20, Theorem 2] and [11, Theorem A], we may obtain the following propo-

sition by checking the orders of non-abelian simple groups:

Proposition2.3 — Letp be a prime, and letG be a non-abelian simple group of order|G|
∣∣ (227·34·53·7·p).

ThenG has3-prime factor,4-prime factor or5-prime factor, and is one of the following groups:

Table 1:Non-abelian simple{2, 3, 5, 7, p}−groups

3-prime factor

G Order G Order G Order

A5 22·3·5 PSL(2, 8) 23·32·7 PSU(4, 2) 26·34·5
A6 23·32·5 PSL(2, 17) 24·32·17 PSU(3, 3) 25·33·7
PSL(2, 7) 23·3·7 PSL(3, 3) 24·33·13

4-prime factor

G Order G Order G Order

A7 23·32·5·7 PSL(2, 27) 22·33·7·13 PSU(5, 2) 210·35·5·11

A8 26·32·5·7 PSL(2, 31) 25·3·5·31 PSp(4, 4) 28·32·52·17

A9 26·34·5·7 PSL(2, 49) 24·3·52·72 PSp(6, 2) 29·34·5·7
A10 27·34·52·7 PSL(2, 81) 24·34·5·41 M11 24·32·5·11

PSL(2, 11) 22·3·5·11 PSL(2, 127) 27·32·7·127 M12 26·33·5·11

PSL(2, 13) 22·3·7·13 PSL(3, 4) 26·32·5·7 J2 27·33·52·7
PSL(2, 16) 24·3·5·17 PSU(3, 4) 26·3·52·13 PΩ+(8, 2) 212·35·52·7
PSL(2, 19) 22·32·5·19 PSU(3, 5) 24·32·53·7 Sz(8) 26·5·7·13

PSL(2, 25) 23·3·52·13 PSU(3, 8) 29·34·7·19 2F4(2)′ 211·33·52·13

5-prime factor

G Order G Order G Order

A11 27·34·52·7·11 PSL(2, 449) 26·32·52·7·449 PSp(8, 2) 216·35·52·7·17

A12 29·35·52·7·11 PSL(2, 26) 26·32·5·7·13 M22 27·32·5·7·11

PSL(2, 29) 22·3·5·7·29 PSL(2, 251) 22·32·53·7·251 PΩ−(8, 2) 212·34·5·7·17

PSL(2, 41) 23·3·5·7·41 PSL(4, 4) 212·34·52·7·17 G2(4) 212·33·52·7·13

PSL(2, 71) 23·32·5·7·71 PSL(5, 2) 210·32·5·7·31

In view of [12, Theorem 1.1] and [17, Theorem 1.1], the classifications of connected heptavalent

symmetric graphs of orderkp are given, wherek = 8, 10 or 20, andp is a prime. Thus, we have

that following characterization of these graphs:

Proposition2.4 — LetX be connected heptavalent symmetric graph of orderkp with p a prime

andk = 8, 10 or 20. Let v ∈ V (X) ands a positive integer. Ifk = 8 or 10, then the descriptions
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of |V (X)|, Aut(X), s-transitivity and Aut(X)v are as follows. Ifk = 20, then there is no such

graph.

Table 2:Heptavalents-transitive graphs of order kp

k·p = |V (X)| s-transitive Aut(X) Aut(X)v

8·2 = 16 2-transitive S8 × Z2 S7

8·3 = 24 1-transitive PGL(2, 7) D14

10·31 = 310 3-transitive Aut(PSL(5, 2)) Z6
2 o (SL(2, 2)× SL(3, 2))

The following graph is a vertex-primitive2-transitive graph of order120, defined on the group

S7.

Construction2.5 — Let G = S7. ThenG has a maximal subgroupH ∼= F42 and henceG

has a primitive permutation representation on120 points. By Magma [3], this representation

has one self-paired suborbit of length7, and denoted the corresponding orbital graph bySG120.

Moreover, Aut(SG120) ∼= G.

3. CLASSIFICATION

This section is devoted to classifying connected heptavalent symmetric graphs of order40p for

each primep.

Theorem3.1— LetX be a connected heptavalent graph of order40p with p a prime. ThenX is

symmetric if and only ifp = 3 andX ∼= SG120 with Aut(X) ∼= S7.

PROOF : Let A = Aut(X) andv ∈ V (X). If p = 2, then|V (X)| = 80. By [8, Theorem 1.1],

there is no such graph of order80. If p = 3, then |V (X)| = 120. By [7, Theorem 1.1],

X ∼= SG120 andA ∼= S7. Thus, in what follows, we may assume thatp ≥ 5. Takev ∈ V (X).

Then by Proposition 2.2,|Av|
∣∣ 224·34·52·7 and hence|A|

∣∣ 227·34·53·7·p. We separate the proof

into two cases:A has a solvable minimal normal subgroup;A has no solvable normal subgroup.

Case1 : A has a solvable minimal normal subgroup.

Let N be a solvable minimal normal subgroup ofA. Then |N |
∣∣ 227·34·53·7·p, andN is ele-

mentary abelian. Thus,N ∼= Zk
q with q = 2, 3, 5, 7 or p andk a positive integer. Note that

|V (X)| = 23·5·p. By Proposition 2.1,N is semiregular andXN is also a connected heptavalent

A/N -symmetric graph. It follows that|N |
∣∣ 40p andN ∼= Z2, Z2

2, Z3
2, Z5 or Zp. Since there is

no connected heptavalent regular graph of odd order, we have thatN 6∼= Z3
2. Note that|XN | =

40p/|N | andp ≥ 5. By Proposition 2.4,N 6∼= Z2, Z5 or Zp. Thus,N ∼= Z2
2 and|XN | = 10p.
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Again by Proposition 2.4,p = 31 andA/N . PSL(5, 2) o Z2. By Magma [3], PSL(5, 2)o Z2

is the only minimal arc-transitive subgroup and henceA/N ∼= PSL(5, 2) o Z2. It follows that

A/N has a normal subgroupM/N ∼= PSL(5, 2), which has two orbits onV (XN ). By Atlas [4],

Mult(PSL(5, 2)) = 1. Thus, we have thatM ∼= PSL(5, 2)×Z2
2 andA ∼= (PSL(5, 2)×Z2

2).Z2. It

forces thatA has a normal subgroupH ∼= Z2 andXH is a heptavalent symmetric graph of order

20·31. However, by Proposition 2.4, there is no such graph of order20·31, a contradiction.

Case2 : A has no solvable normal subgroup.

For convenience, we still useN to denote a minimal normal subgroup ofA. ThenN is non-

solvable. LetN = T k with T a non-abelian simple group andk a positive integer. ThenT has

at least3-prime factors. Since|T |
∣∣ 227·34·53·7·p, we have thatT is one of the simple groups

listed in Proposition 2.3. By Proposition 2.1,N has at most two orbits onV (X), and hence

|N | = 40p|Nv| or 20p|Nv|.

Assume thatk ≥ 2. SinceT is a non-abelian simple group, we have that3
∣∣ |T | andTv 6= 1.

If p > 7, thenp 6 ∣∣ |T | becausep2 6 ∣∣ |N | = |T k|. It follows thatp divides the order ofXN . By

Proposition 2.1,N = T k is semiregular and henceTv = 1, a contradiction. Thus,p ≤ 7. Recall

thatp ≥ 5, |T k|
∣∣ 227·34·53·7·p and20·p

∣∣ |T k|.

Let p = 5. Then72 6
∣∣ |T k| andT is a simple{2, 3, 5}-group. By Proposition 2.3,N ∼= A2

5, A3
5,

A4
5 or A2

6. The normality ofN in A implies thatNv £ Av. If k ≥ 4, then52
∣∣ |Nv| and hence

Nv has a subgroup isomorphic to A7 by Proposition 2.2. It follows that7
∣∣ |T |, a contradiction.

Thus,N 6∼= A4
5. Suppose thatN ∼= A2

5. Then|Nv| = 36 or 18. By Atlas [3], Nv
∼= A4 × Z3 or

S3 × S3 for |Nv| = 36, andNv
∼= S3 × Z3 orZ2

3 o Z2 for |Nv| = 18. However,Av has no such

normal subgroup by Proposition 2.3, a contradiction. Suppose thatN ∼= A3
5. Then|Nv| = 2160

or 1080. By Magma [3],Nv has a characteristic subgroup isomorphic to A5, which is normal

in Av. However,Av has no normal subgroup isomorphic to A5, a contradiction. Suppose that

N ∼= A2
6. Then|Nv| = 1296 or 648. By Magma [3], A2

6 has no subgroups of such orders, also a

contradiction. Thus,p 6= 5.

Let p = 7. Then |T k|
∣∣ 227·34·53·72 and 20·7

∣∣ |T k|. It follows that 7
∣∣ |T | and k = 2. By

Proposition 2.3,T is isomorphic to A7, A8 or PSL(3, 4). Suppose thatN ∼= A2
7. Then|Nv| =

24·34·5·7 or23·34·5·7. By Magma [3],Nv
∼= A7×(Z2

3oZ2) or A7×Z2
3. However,Av has no such

normal subgroups, a contradiction. Suppose thatN ∼= A2
8. Then|Nv| = 210·34·5·7 or 29·34·5·7.

By Magma [3],Nv has a normal subgroup isomorphic to A8 or Nv
∼= A7 × (Z4

2 o S2
3). For the

former, A8 cannot be as a permutation of degree7, a contradiction. For the latter,Av has no such

normal subgroup, also a contradiction. Suppose thatN ∼= PSL(3, 4)2. Then|Nv| = 210·34·5·7
or 29·34·5·7. Then by Atlas [4],Nv

∼= PSL(3, 4)× (Z2
3oQ8). However,Av has no such normal

subgroups, a contradiction.
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Thus,k = 1 andN = T is a non-abelian simple group listed in Proposition 2.3. It follows that

Nv 6= 1 and by Proposition 2.1,N has at most two orbits onV (X) and |Nv| = |N |/20p or

|N |/40p.

Subcase2.1 : Suppose thatp = 5. Then|N |
∣∣ 227·34·54·7. By Proposition 2.3,N is isomorphic

to PSU(3, 5), J2 or PΩ+(8, 2). Note that|Nv| = |N |/20·5 or |N |/40·5.

Let N ∼= PSU(3, 5) or PΩ+(8, 2). Then |Nv| = 22·32·5·7 or 2·32·5·7 for N ∼= PSU(2, 5),

|Nv| = 29·35·7 or 210·33·7 for N ∼= PΩ+(8, 2). By Magma [3],N has no subgroups of such

orders, a contradiction.

Let N ∼= J2. Then|Nv| = 24·33·7 or 25·33·7. By Atlas [4], |Nv| = 25·33·7 andNv
∼= PSU(3, 3).

Clearly, PSU(3, 3) cannot be as a permutation group of degree7, a contradiction.

Subcase2.2 : Suppose thatp = 7. Then |N |
∣∣ 227·34·53·72 and 20·7

∣∣ |N | or 40·7
∣∣ |N |. In

particular,72
∣∣ |A|. By Proposition 2.3,N is isomorphic to one of the following simple groups:

A7, A8, A9, A10, PSL(2, 49)

PSL(3, 4), PSp(6, 2), J2, PΩ+(8, 2).

Let N ∼= A7. Then|Nv| = 32 or 2·32. Then by Magma [3],Nv
∼= Z2

3 or Z2
3 o Z2. It forces

thatAv has a normal subgroup isomorphic toZ2
3, and by Proposition 2.2,Av has no such normal

subgroups, a contradiction.

Let N ∼= A8. Then|Nv| = 23·32 or 24·32. By Magma [3],Nv
∼= Z2

3 oD8, (Z2
2 o Z2

3) o Z2 or

Z4
2 o Z2

3. However,Av has no such normal subgroups, a contradiction.

Let N ∼= A9. Then|Nv| = 23·34 or 24·34. By Atlas [4], |Nv| = 23·34 andNv
∼= Z3

3 o S4.

However,Av has no such normal subgroups, a contradiction.

Let N ∼= A10, PSL(2, 49), PSp(6, 2), J2 or PΩ+(8, 2). Then|Nv| = 24·34·5 or 25·34·5 for N ∼=
A10, |Nv| = 2·3·5·7 or 22·3·5·7 for N ∼= PSL(2, 49), |Nv| = 26·34 or 27·34 for N ∼= PSp(6, 2),

|Nv| = 24·34·5 or 24·34·5 for N ∼= J2, or |Nv| = 29·35·5 or 210·35·5 for N ∼= PΩ+(8, 2). By

Magma [3],N has no subgroups of such orders, a contradiction.

Let N ∼= PSL(3, 4). Then |Nv| = 23·32 or 24·32. By Magma [3],|Nv| = 23·32 andNv
∼=

Z2
3 oQ8. However,Av has no such normal subgroups, a contradiction.

Subcase2.3 : Suppose thatp > 7. Then |N |
∣∣ 227·34·55·7·p and20·p

∣∣ |N | or 40·p
∣∣ |N |. By

Proposition 2.2,N is isomorphic to one of the following simple groups:
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PSL(2, 11), PSL(2, 16), PSL(2, 19), PSL(2, 25), PSL(2, 31)

PSL(2, 81), PSU(3, 4), PSU(5, 2), PSp(4, 4), M11, M12

Sz(8), 2F4(2)′, A11, PSL(2, 29), PSL(2, 41), PSL(2, 71), PSL(2, 449)

PSL(2, 251), PSL(4, 4), PSL(5, 2), M22, PΩ−(8, 2), G2(4)

Note thatp > 7. Since|Nv| = |N |/20p or |N |/40p, we have that a Sylow3-subgroup ofNv

is also a Sylow3-subgroup ofN . By Proposition 2.2, a Sylow3-subgroup ofAv is elementary

abelian, and so is that ofNv. With the calculation of Magma [3], we have thatN 6∼= M12, 2F4(2)′,

A11, PSL(4, 4), PΩ−(8, 2) or G2(4).

LetN ∼= PSL(2, 11). Then|Nv| = 3 andNv
∼= Z3. SinceNv £Av, we have thatAv

∼= F21×Z3,

F42 × Z3 or F42 × Z6 by Proposition 2.2. Assume thatCA(N) = 1. Then by “N/C-Theorem”,

A ∼= A/CA(N) . Aut(PSL(2, 11)). This is impossible because Aut(PSL(2, 11)) ∼= PGL(2, 11)

and7
∣∣ |A/N |. Thus,CA(N) 6= 1, and by our assumption,CA(N) is non-solvable. Note that

CA(N) ∼= CA(N)N/N £ A/N . This is also impossible becauseA/N is solvable.

Let N ∼= PSL(2, 16). Then|Nv| = 6 or 12. By Magma [3],Nv
∼= S3 or A4. By the normality of

Nv in Av and Proposition 2.2,Av
∼= PSL(3, 2)×S4 andNv

∼= A4. A similar argument as above,

CA(N) is non-solvable. SinceCA(N) . A/N , AvN/N ∼= PSL(3, 2)×Z2 and|A : AvN | = 2,

we have thatCA(N) has a subgroupH ∼= PSL(3, 2), which is normal inA. It follows thatH

acting onV (X) has at least5 orbits because5 6 ∣∣ |H|. By Proposition 2.1,H
∣∣ 40p and henceH

is solvable, a contradiction.

Let N ∼= PSL(2, 19). Then|Nv| = 9 andNv
∼= Z9. However, by Proposition 2.2,Av has no

subgroup isomorphic toZ9, a contradiction.

Let N ∼= PSL(2, 25), PSU(3, 4), PSU(5, 2), PSp(4, 4), PSL(2, 29), PSL(2, 71), PSL(2, 449),

PSL(2, 251) or M22. Then |Nv| = 15 or 30 for N ∼= PSL(2, 25), |Nv| = 23·3·5 or 24·3·5
for N ∼= PSU(3, 4) |Nv| = 27·35 or 28·35 for N ∼= PSU(5, 2), |Nv| = 25·32·5 or 26·32·5 for

N ∼= PSp(4, 4), |Nv| = 21 for N ∼= PSL(2, 29), |Nv| = 2·32·7 or 32·7 for N ∼= PSL(2, 71),

|Nv| = 23·32·5·7 or 24·32·5·7 for N ∼= PSL(2, 449), |Nv| = 32·52·7 for N ∼= PSL(2, 251), or

|Nv| = 24·32·7 or 25·32·7 for N ∼= M22. By Magma [3],N has no subgroups of such orders, a

contradiction.

Let N ∼= PSL(2, 31). Then|Nv| = 12 or 24. By Magma [3],Nv
∼= A4 or S4. By Proposition 2.2,

Av
∼= PSL(3, 2) × S4 becauseNv £ Av. Similar, CA(N) 6= 1 andA has a normal subgroup

H ∼= PSL(3, 2) andH ≤ CA(N). Since5 6
∣∣ |H|, we have thatH is semiregular onV (X) by

Proposition 2.1. It then forces thatH is solvable, a contradiction.

Let N ∼= PSL(2, 81). Then |Nv| = 2·34 or 22·34. By Magma [3],Nv has a characteristic
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subgroup of order34. This implies thatAv has a normal subgroup of order34, which is contrary

to the fact of Proposition 2.2.

Let N ∼= M11. Then|Nv| = 2·32 or 22·32. By Magma [3],Nv has a normal Sylow3-subgroup

P ∼= Z2
3. It follows that P £ Av. However,Av has no normal subgroup isomorphicZ2

3, a

contradiction.

Let N ∼= Sz(8). Then|Nv| = 23·7 or 24·7. By Magma [3],|Nv| = 23·7 andNv
∼= Z3

2 o Z7.

However,Av has no such normal subgroup, a contradiction.

Let N ∼= PSL(2, 41). Then|Nv| = 21 or 42. By Magma [3],Nv
∼= Z21 or D42. However,Av

has no such normal subgroup, a contradiction.

Let N ∼= PSL(2, 26). Then|Nv| = 23·32·7 or 24·32·7. By Magma [3],|Nv| = 23·32·7 andNv
∼=

PSL(2, 8). However, PSL(2, 8) cannot be as a permutation group of degree7, a contradiction.

Let N ∼= PSL(5, 2). Then |Nv| = 27·32·7 or 28·32·7. By Magma [3] and Atlas [4],|Nv| =

27·32·7 and Nv
∼= Z6

2 o (S3 × F21). However, Av has no such normal subgroup, a

contradiction. 2
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