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A digraph
−→
Γ is said to be1-transitive if its automorphism group acts transitively on the1-arcs

but not on the2-arcs of
−→
Γ . We give a tentatively complete classification of pentavalent strongly

connected1-transitive digraphs of order2apbq, wherep andq are two distinct odd primes,a ∈
{3, . . . , 8}, b ∈ {1, . . . , 4}, whose automorphism groups are non-solvable. It is shown that such

digraphs exist if and only ifq = 3 or 13 andp ∈ {7, 11, 17, 19, 31, 41}.
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1. INTRODUCTION

By a digraph
−→
Γ we shall mean an ordered pair(V, A), whereV = V (

−→
Γ ) is a finite non-empty set

andA = A(
−→
Γ ) ⊆ V × V is an anti-reflexive binary relation onV . We shall refer toV andA in a

graph theoretical fashion as thevertex-setand thearc-set, and call their elementsverticesandarcsof
−→
Γ , respectively. A digraph

−→
Γ is called agraphwhen the relationA(

−→
Γ ) is symmetric and is said to

beasymmetricwhen the relationA(
−→
Γ ) is asymmetric. So all digraphs considered in this paper will

besimple(without multiple edges or loops).

For a positive integers, ans-arc of
−→
Γ is a sequence(v0, . . . , vs) of s + 1 vertices of

−→
Γ such

that each three consecutive vertices in the sequence are pairwise distinct and such that(vi−1, vi) is

an arc of
−→
Γ for everyi ∈ {1, . . . , s}. A 1-arc is also simply called anarc. An automorphismof

−→
Γ

is a permutation ofV which preserves the relationA. Let G be a subgroup of the full automorphism
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group Aut(
−→
Γ ) of

−→
Γ . We say that

−→
Γ is G-vertex-transitiveor G-arc transitiveprovided thatG

acts transitively onV or A, respectively. Similarly, we say that
−→
Γ is (G, s)-arc transitiveif G acts

transitively on the set ofs-arcs of
−→
Γ . An G-arc transitive digraph is said to be(G, 1)-transitive if the

graph is not(G, 2)-arc transitive. WhenG = Aut(
−→
Γ ), the prefixG in the above notation is usually

omitted.

If v is the tail andu the head of some arcx ∈ A, then we say thatu is anout-neighbourof v

andv an in-neighbourof u. Let v ∈ V andΓ+(v) = {x ∈ A : tail(x) = v} andΓ−(v) = {x ∈
A : head(x) = v}, we call the sizes of these two sets theout-valencyand thein-valencyof v ∈ V ,

respectively. A digraph is calledk-valentif both its out-valency and its in-valency are equal tok.

Classification of arc transitive graphs and digraphs with given valency and with restricted order

has received considerable attention in the literature. For the case of pentavalent graphs, some such

classifications were presented in [1, 6, 7, 9-11, 16]. Recently,2-arc transitive two-valent digraphs

of certain orders were classified [12]. In this paper, we give a tentatively complete classification of

strongly connected(G, 1)-transitive5-valent digraphs of order2apbq, wherep andq are distinct odd

primes,a ∈ {3, . . . , 8}, b ∈ {1, . . . , 4}, whose automorphism groups are non-solvable.

2. CONSTRUCTIONS ASCOSETDIGRAPHS

In this section, we shall construct several pentavalent arc transitive digraphs. LetG be a group

generated by a core-free subgroupH and an elementg with g−1 /∈ HgH. One can construct the

coset digraph, denotedCos(G, H, g), whose vertex-set is the setG/H of right cosets ofH in G,

and where(Hx, Hy) is an arc if and only ifyx−1 ∈ HgH. Note that the conditiong−1 /∈ HgH

guarantees that the arc-set is an asymmetric relation. Moreover, sinceG = < H, g >, the digraph

Cos(G,H, g) is strongly connected. The digraphCos(G,H, g) is G-arc transitive (withG acting

uponG/H by right multiplication) [13].

Obviously that every arc transitive digraph without vertices of out-valency0 (in particular, every

arc transitive digraph) is vertex-transitive. By [3, Proposition 2.1], every vertex-transitive digraphs

can be represented as a coset digraph.

Example2.1 : LetG = PSL(2, 11). ThenG contains the following elements:

a = (1 7 4 2 9)(3 12 6 10 5), g = (1 12 2 4 3)(5 8 11 6 10),

g1 = (1 3 11 9 2)(3 9 8 6 4),

g2 = (1 10 2 11 12)(4 12 11 10 6),

g3 = (1 8 10)(2 7 4)(3 5 12)(6 11 9),
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g4 = (1 3 9)(2 8 10)(4 12 5)(6 11 7).

Let H = < a >. By Magma [2],G = < H, g > = < H, gi > for each integer1 6 i 6 4.

Define

DPSL(2,11) := Cos(G,H, g) and Di
PSL(2,11) := Cos(G,H, gi) (1 ≤ i ≤ 4).

Again by Magma [2], the digraphsDi
PSL(2,11) (1 ≤ i ≤ 4) andDPSL(2,11) are pairwise non-

isomorphic strongly connected pentavalent arc transitive of order22 · 3 · 11 with Aut(DPSL(2,11)) =

PSL(2, 11) and Aut(Di
PSL(2,11)) = PGL(2, 11), where1 ≤ i ≤ 4.

Example2.2 : LetG = PGL(2, 11). ThenG contains the following elements:

a = (1 5 8 6 9)(2 11 7 3 12), g = (1 7 11 8 3 12 4 10 6 9 2 5),

g1 = (1 11 9 6 8 12 5 10 2 4), g2 = (1 10 7 9 12 5 4 3 8 11),

g3 = (1 5 10 3 7 9 6 4 2 11), g4 = (1 8 4 2 5 7 9 12 10 6).

Let H = < a >. By Magma [2],G = < H, g > = < H, gi > for each integer1 6 i 6 4.

Define

DPGL(2,11) := Cos(G,H, g) and Di
PGL(2,11) := Cos(G,H, gi), (1 ≤ i ≤ 4).

Again by Magma [2], the digraphsDi
PGL(2,11) (1 ≤ i ≤ 4) andDPGL(2,11) are pairwise non-

isomorphic strongly connected pentavalent arc transitive of order23 · 3 · 11 with Aut(DPGL(2,11)) =

PGL(2, 11), Aut(Di
PGL(2,11))

∼= PGL(2, 11) × C2 where1 ≤ i ≤ 3 and | Aut(D4
PGL(2,11)) |=

4× | PGL(2, 11) |.
Example2.3 : LetG = PSL(2, 19). ThenG contains the following elements:

a = (1 6 15 3 14)(2 17 12 18 16)(4 7 10 9 5)(8 13 20 11 19),

g1 = (1 18 20 17 2 8 6 14 15 11 5 9 13 7 3 4 12 10 16),

g2 = (1 3 10 13 8 17 7 16 11 14)(2 19 15 20 18 12 6 4 9 5),

g3 = (1 4 8 14 9 10 2 15 5)(6 19 11 12 7 13 17 20 16),

g4 = (2 15 10 17 4 19 12 11 3)(5 6 20 16 18 14 8 9 7),

g5 = (2 11 17 13 6 9 20 10 7)(3 18 15 5 16 19 12 8 14),

g6 = (1 3 2 6 7 16 4 18 15 5)(8 9 13 12 14 10 20 17 11 19),

g7 = (1 3 9)(2 10 5)(6 20 19)(7 15 12)(8 14 16)(11 18 17),

g8 = (1 4 20 3 13 19 18 16 9 10 7 2 17 14 15 8 6 5 11),

g9 = (1 14 3 18 4 9 19 17 16 7)(2 13 12 10 20 5 11 6 15 8),

g10 = (1 7 2)(3 4 14)(5 11 10)(6 17 15)(8 9 18)(12 6 20),

g11 = (2 15 19 9 4 5 10 6 8 14 16 12 17 18 13 3 7 20 11),

g12 = (1 12 14 2 20)(3 5 16 17 15)(4 18 8 7 11)(6 10 9 19 13),
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g13 = (1 17 19 3 10 4 13 8 20)(2 11 5 12 16 18 14 15 7),

g14 = (1 18 11 9 2 19 4 15 5 16)(3 7 10 13 17 12 14 20 6 8),

g15 = (1 12 19 8 20 2 14 3 10)(4 5 11 17 18 16 13 9 6),

g16 = (1 5 16 19 4 2 3 20 14 13)(6 10 18 17 11 8 9 7 12 15),

g17 = (1 19 18 11 2 17 5 10 12 9)(3 14 7 6 4 16 13 15 20 8).

Let H = < a >. By Magma [2],G =< H, gi > for each1 ≤ i ≤ 17. Define

D(i)
PSL(2,19) := Cos(G,H, gi) (1 ≤ i ≤ 17).

By Magma [2], the coset digraphsD(i)
PSL(2,19) (1 ≤ i ≤ 17), are pairwise non-isomorphic

pentavalent arc transitive digraphs of order22 · 32 · 19 and Aut(D(i)
PSL(2,19)) = PSL(2, 19) for

i = 1, · · · 9 and Aut(D(i)
PSL(2,19)) = PGL(2, 19) where10 ≤ i ≤ 17.

Example2.4 : LetG = PGL(2, 19). ThenG contains the following elements:

a = (1 15 3 13 14)(2 5 16 9 6)(4 17 8 11 7)(10 18 12 19 20),

g1 = (1 16 10 18 17 13 5 9 2 15 19 11 7 6 14 8 3 12),

g2 = (1 10 12 14 3 16 15 19 13 20 6 7 2 17 18 4 11 5 9 8),

g3 = (1 20 19 5 13 2 16 9 12 17 14 10 6 3 8 11 4 18 7 15),

g4 = (1 17 3 15 20 7 12 4 10 6 9 11 2 19 13 14 8 5 16 18),

g5 = (1 2 5 6 19 18 12 17 14 20 4 16 11 3 7 13 10 15 9 8),

g6 = (1 4 15 11 13 2 9 19 17 5 20 8 6 16 3 12 14 10),

g7 = (1 13 5 2 8 15 10 6 9 14 3 12 17 20 16 11 18 4),

g8 = (1 11 12 2 7 3 9 6 5 13 4 19 10 18 17 14 20 16),

g9 = (1 8 3 15 4 16 11 18 20 6 5 9 17 7 12 2 10 14 13 19),

g10 = (1 8 7 3 18 10 20 6 17 11 5 16 2 12 4 19 15 14),

g11 = (1 5 13 9 16 3 19 7 11 12 4 10 15 6 17 2 8 20),

g12 = (1 2 18 14 15 12 20 3 7 19 6 8 10 17 9 13 16 4),

g13 = (1 15 9 10 7 13 11 6 8 18 14 5 16 12 2 4 19 17 3 20),

g14 = (1 7 4 12)(2 11 19 16)(3 15 9 13)(5 6 17 18)(8 20 10 14),

g15 = (1 4 10 6 8 16)(2 14 7 19 3 18)(5 13 15 11 17 20).

Let H = < a >. Define

D(i)
PGL(2,19) := Cos(G,H, gi), (1 ≤ i ≤ 15).

By Magma [2], G = < H, gi > for each1 ≤ i ≤ 15 and the coset digraphsD(i)
PGL(2,19)

are pairwise non-isomorphic pentavalent arc transitive of order23 · 32 · 19. Again by Magma [2],
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Aut(D(i)
PGL(2,19)) = PGL(2, 19), (1 ≤ i ≤ 8) and| Aut(D(i)

PGL(2,19)) | = 2× | PGL(2, 19) | for

(9 ≤ i ≤ 14) and| Aut(D(15)
PGL(2,19)) | = 4× | PGL(2, 19) |.

Example2.5 : Leta = (1 5 12 17 16)(3 13 6 15 11)(4 8 10 9 14). ThenH = < a > is a

subgroup ofG = PSL(2, 24) andG contains the following elements:

g1 = (1 14 17 10 11)(2 3 13 16 12)(4 9 6 15 7),

g2 = (1 16 9 5 10 12 17 13 6 4 15 14 3 11 2 8 7),

g3 = (1 5 12 6 2 4 16 9 8 11 10 3 15 17 13 7 14),

g4 = (1 9 3 15 17)(2 13 4 5 7)(6 11 16 12 10),

g5 = (1 17 5 3 14 15 9 7 12 11 8 16 2 6 10 13 4),

g6 = (1 6 12 13 11 8 3 5 7 2 16 14 15 4 9 17 10).

By Magma [2],G = < H, gi > for each integer1 ≤ i ≤ 6. Define

D(i)
PSL(2,24)

:= Cos(G, H, gi), i = 1, 2, . . . , 6.

Again by Magma [2], the coset digraphsD(i)
PSL(2,24)

(1 ≤ i ≤ 6) are pairwise non-isomorphic

pentavalent arc transitive of order24 · 3 · 17 with Aut(D(i)
PSL(2,24)

) = PGL(2, 24) for i = 1, 2, 3 and

| Aut(D(4)
PSL(2,24)

) | = | Aut(D(5)
PSL(2,24)

) | = 2× | G | and| Aut(D(6)
PSL(2,24)

) | = 4× | G |.

Example2.6 : LetH = < (1 7 4 6 5) >. ThenH is a subgroup ofG = A7 andG contains the

following elements:

g1 = (1 4 7)(2 3 5), g2 = (1 2 6 3 7 4 5), g3 = (1 7 2 6 5 4 3),

g4 = (1 2 4 6 3 5 7), g5 = (1 5 6 7 2 4 3), g6 = (1 4 5 3 2 6 7),

g7 = (1 5 3 2 4 7 6), g8 = (2 4 7)(3 6 5), g9 = (1 7)(2 4 5)(3 6),

g10 = (1 4 7 2)(3 5), g11 = (1 2 3 6 7 5 4), g12 = (1 2 3 7)(4 5).

By Magma [2],G = < H, gi > for each integer1 ≤ i ≤ 12. Define

D(i)
A7

:= Cos(G,H, gi), (1 ≤ i ≤ 12).

Again by Magma [2],D(i)
A7

(1 ≤ i ≤ 12) are pairwise non-isomorphic pentavalent arc transitive

digraphs of order23 · 32 · 7 with Aut(D(i)
A7

) = A7 (1 ≤ i ≤ 6), Aut(D(i)
A7

) = S7(7 ≤ i ≤ 10) and

|Aut(D(i)
A7

) | = 4× | A7 | for i = 11, 12.

Example2.7 : LetG = S7. ThenG contains the following elements:

a = (2 3 4 5 7), g1 = (1 3)(2 4 5 6 7), g2 = (1 4 2)(6 7),

g3 = (1 6 5)(2 3 7 4), g4 = (1 4 6 5 7)(2 3), g5 = (1 6 2 3 7)(4 5),

g6 = (1 3 5)(2 4 7 6), g7 = (1 4)(2 3 7 6 5), g8 = (1 2 3 6 5 4),
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g9 = (1 6 7)(2 4 5 3), g10 = (1 6 7 5)(2 3 4).

Let H = < a >. By Magma [2],G =< H, gi > for each integer1 ≤ i ≤ 10. Define

D(i)
S7

:= Cos(G,H, gi), (1 ≤ i ≤ 10).

Again by Magma [2],D(i)
S7

(1 ≤ i ≤ 10) are pairwise non-isomorphic pentavalent arc transitive

digraphs of order24 · 32 · 7 and Aut(D(i)
S7

) = S7 (1 ≤ i ≤ 5), |Aut(D(i)
S7

) | = 2× | S7 | (i = 6, 7, 8)

and|Aut(D(i)
S7

) | = 4× | S7 | for i = 9, 10.

Example2.8 : LetG = PSL(2, 31). ThenG contains the following elements:

a = (1 11 8 3 16)(4 12 10 15 13)(5 17 14 7 9),

g1 = (1 14 17 10 11)(2 3 13 16 12)(4 9 6 15 7),

g2 = (1 9 3 15 17)(2 13 4 5 7)(6 11 16 12 10),

g3 = (1 12 9)(2 17 15)(3 11 4)(5 16 8)(6 14 13),

g4 = (1 7 4 6 2 17 15 11 13 10 16 3 8 9 14),

g5 = (1 7 2 10 8 9 12 6 3 17 11 14 15 13 4 16 5),

g6 = (1 6 2 16 7 4 17 5 11 14 8 10 3 13 15 9 12).

Let H = < a >. Define

D(i)
PSL(2,31) := Cos(G,H, gi), (1 ≤ i ≤ 6).

By Magma [2],G = < H, gi > for each1 ≤ i ≤ 6 and the coset digraphsD(i)
PSL(2,31) are

pairwise non-isomorphic pentavalent arc transitive of order25 · 3 · 31 such that

Aut(D(i)
PSL(2,31)) = PSL(2, 31) (i = 1, 2, 3), Aut(D(i)

PSL(2,31))
∼= PGL(2, 31) for i = 4, 5 and

|Aut(D(6)
PSL(2,31)) | = 4× | PSL(2, 31) |.

Example2.9 : LetG = M11. ThenG contains the following elements:

a = (1 11 6 7 3)(4 8 10 5 9),

g1 = (1 2 11 10)(3 7 8 9),

g2 = (2 9 10 3 4)(5 11 8 6 7),

g3 = (1 2 11 3 9)(5 7 10 8 6),

g4 = (1 3 6 5 9 8 11 7 4 10 2),

g5 = (1 10 2 9)(3 7 6 11),

g6 = (1 3 7 5 6 8 11 10 2 4 9),

g7 = (1 8 3 9 6 2 10 5 7 4 11),

g8 = (1 7 10 6 2 11 9 3)(4 8),

g9 = (1 7 9 11 2 5 3 4)(6 10),

g10 = (1 4 11 7 6 10 3 2)(5 9),

g11 = (1 2 8 7 9 10 6 3 4 11 5),

g12 = (1 6 10 5 7 4 9 11 2 3 8),

g13 = (1 8 3 10 2 7 4 5)(9 11),

g14 = (1 7 6 8 5 4 10 3 9 11 2),

g15 = (1 6 10 5)(2 7 11 9),

g16 = (1 7 9)(2 4)(3 10 11 6 8 5),

g17 = (2 6)(3 7 10 11 4 5 8 9),

g18 = (2 7 10 6 5 4 9 8)(3 11),

g19 = (1 11 6 2 10 8 9 3)(5 7),
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g20 = (1 7 5 9 2 11 8 4 10 3 6),

g21 = (1 3 5 2 8 6)(4 7 9)(10 11),

g22 = (1 2 8 9 5 11)(3 7)(4 10 6),

g23 = (1 8 11 4 10 2 7 5 3 9 6),

g24 = (1 9 5 2 8 10 7 3 4 11 6),

g25 = (1 7 10 5)(2 11 8 3),

g26 = (1 9 10 5 4 2 8 6)(7 11),

g27 = (1 11 2 7 5 8 10 9 6 4 3),

g28 = (1 4 7 3 9 6 11 8)(2 10),

g29 = (2 10 9 4)(5 6 7 11),

g30 = (1 2 4 8 10 9)(3 11 6)(5 7),

g31 = (2 6 4 9)(3 10 7 11),

g32 = (1 2 8 6 11 4)(3 7 9)(5 10),

g33 = (1 8 3 2 10 9 5 4)(7 11),

g34 = (1 4 8 3 5 10 6 2)(7 11),

g35 = (2 11 6 9)(3 4 8 10),

g36 = (1 9 6 11 2)(4 10 5 8 7),

g37 = (1 10 4 3 8)(2 9 7 5 11),

g38 = (1 6 11 4 7 5 2 8 3 9 10),

g39 = (1 4 3 6 10 11)(2 7)(5 8 9),

g40 = (1 6 4 2 3)(5 10 9 8 11),

g41 = (1 5 9 7)(2 10 3 6),

g42 = (1 2 8)(3 6 11 9 10 7)(4 5),

g43 = (1 4 3)(2 11 8 6 7 10)(5 9),

g44 = (1 2 10 4 5 7 3 9 8 11 6),

g45 = (1 5 10 3 7 6 9 4)(2 11),

g46 = (1 11 5 9 3)(2 7 8 4 10),

g47 = (1 3 7 4 9 2 10 6 5 11 8),

g48 = (1 3 8 11 9 7)(2 10 4)(5 6),

g49 = (1 8 5)(2 7 6 4 3 9)(10 11),

g50 = (1 5)(2 3 10 7 9 8)(4 11 6),

g51 = (1 11 7 2 9 8 3 5)(4 10),

g52 = (1 3 9)(2 5 11 8 4 10)(6 7),

g53 = (1 4)(2 6 11 10 9 8 3 5),

g54 = (1 4 9 11 8)(2 5 3 6 7),

g55 = (1 11 7 10 6)(2 8 3 4 9),

g56 = (1 11 3 5 4 9 2 10)(7 8),

g57 = (1 6 9)(2 10 3)(4 7 11),

g58 = (1 10)(2 6 5 8 3 11 4 9),

g59 = (1 10 6 5 11 4 3 9)(2 7),

g60 = (1 5 3 9 11 10 6 2 7 4 8),

g61 = (1 4)(2 3 5 7 8 11)(6 9 10),

g62 = (1 2 3 8 7 4)(5 10 11)(6 9),

g63 = (1 5 11 7 2 8 9 10)(3 4).

Let H = < a >. Define

D(i)
M11

:= Cos(G,H, gi) (1 ≤ i ≤ 63).

By Magma [2],G = < H, gi > for each1 ≤ i ≤ 63 and the coset digraphsD(i)
M11

are pairwise

non-isomorphic pentavalent arc transitive of order24 · 32 · 11 such that Aut(D(i)
M11

) = M11 (1 ≤
i ≤ 52), |Aut(D(i)

M11
) |= 2× | M11 | for 53 ≤ i ≤ 58, |Aut(D(i)

M11
) | = 4× | M11 | where

i = 59, 60, 61, 62 and|Aut(D63
M11

) | = 12× | M11 |.

Example2.10 : LetG = PGL(2, 31). ThenG contains the following elements:

a = (1 10 23 20 19)(2 27 13 32 7)(4 29 24 31 18)(5 16 22 25 17)

(6 9 15 26 14)(8 21 30 12 11),

g = (1 28 8 11 5 27 9 32 10 17)(2 29 13 20 30 21 3 25 19 22)
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(4 23 12 16 15 14 18 7 26 31).

Let H = < a >. By Magma [2], the coset digraphDPGL(2,31) := Cos(G,H, g) is pentavalent

arc transitive of order26 · 3 · 31 and Aut(DPGL(2,31)) = PGL(2, 31).

Example2.11 : LetG = A8. ThenH = < (2 3 8 6 7) > is a subgroup ofG. Take

g = (1 6 8)(2 4)(3 5) ∈ G and defineDA8 := Cos(G,H, g). By Magma [2],< H, g > = G and

DA8 is a pentavalent arc transitive digraph of order26 · 32 · 7 with Aut(DA8) = A8.

Example2.12 : LetG = S8. ThenH = < (4 6 5 7 8) > is a subgroup ofG. Take

g = (1 8 2 5 3 4) ∈ G and defineDS8 := Cos(G,H, g). By Magma [2],< H, g > = G andDS8

is a pentavalent arc transitive digraph of order27 · 32 · 7 with Aut(DS8) = S8.

Example2.13 : LetG = A9. ThenH = < (1 9 6 3 5) > is a subgroup ofG. Take

g = (1 6 4)(2 8 5 9 7) ∈ G and defineDA9 := Cos(G,H, g). By Magma [2],< H, g > = G

andDA9 is a pentavalent arc transitive digraph of order26 · 34 · 7 with Aut(DA9) = A9.

Example2.14 : LetG = PSL(3, 4). Then

H = < (1 4 12 18 7)(3 8 5 13 19)(6 21 15 10 14)(9 20 16 11 17) > is a subgroup of

G. Takeg = (1 10 7 6 20)(2 18 4 14 11)(3 8 16 5 21)(9 15 12 19 13) ∈ G and define

DPSL(3,4) := Cos(G,H, g). By Magma [2],< H, g > = G andDPSL(3,4) is a pentavalent arc

transitive digraph of order26 · 32 · 7 with Aut(DPSL(3,4)) = PSL(3, 4).

Example2.15 : LetG = PGL(3, 4). Then

H = < (1 8 12 9 3)(2 10 11 18 20)(4 14 13 5 19)(6 7 21 17 16) > is a subgroup ofG.

Takeg = (1 9 21 13 18 7 8 6 3 19 15 11 14 2 17 16 4 10 12 5 20) ∈ G and define

DPGL(3,4) := Cos(G,H, g). By Magma [2],< H, g > = G andDPGL(3,4) is a pentavalent arc

transitive digraph of order26 · 33 · 7 with Aut(DPGL(3,4)) = PGL(3, 4).

Example2.16 : LetG = M12. ThenH = < (1 12 7 6 10)(2 8 9 3 4) > is a subgroup

of G. Takeg = (1 10 7 11 3 5)(2 8 4)(9 12) ∈ G and defineDM12 := Cos(G,H, g). By

Magma [2],< H, g > = G andDM12 is a pentavalent arc transitive digraph of order26 · 33 · 11 with

Aut(DM12) = M12.

Example2.17 : LetG = PSL(2, 34). Then

H = < (1 31 6 15 75)(2 77 53 23 25)(3 80 48 37 74)(4 50 33 64 14)

(5 18 28 27 69)(7 78 46 41 52)(8 59 82 70 35)(9 56 44 67 36)

(10 24 20 34 63)(11 76 40 30 62)(12 79 58 61 66)(13 43 51 29 38)

(16 26 39 57 17)(19 21 73 49 42)(22 71 72 54 55)(32 60 65 68 47) >
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is a subgroup ofG. Take

g = (1 43 20 45 25 21 17 79 22 81 41 9 31 69 35 2 10 82 74 61 5 78 60 34 27

62 15 8 64 46 37 63 50 42 32 40 7 55 11 33)(3 19 26 71 57 72 29 24 56 4 80

44 38 68 18 13 52 67 53 16 23 39 58 47 49 54 6 76 51 65 12 30 59 73 48 36

70 75 77 66) ∈ G.

DefineDM12 := Cos(G,H, g). By Magma [2],< H, g > = G andDM12 is a pentavalent arc

transitive digraph of order26 · 33 · 11 with Aut(DM12) = M12.

Example2.18 : LetG = Suz(8). ThenG contains the following elements:

a =




1 x5 0 x2

x2 0 x6 0

0 x 0 0

x5 0 0 0




and g =




x x3 x4 x6

0 x3 x4 0

x6 x x x3

1 x4 x5 x




.

Let H = < a >. By Magma [2], we haveG = < H, g > andDSuz(8) := Cos(G,H, g) is a

pentavalent arc transitive digraph of order26 · 7 · 13 and Aut(DSuz(8)) = Suz(8).

3. MAIN RESULTS

In this section, we assume that
−→
Γ is a strongly connected(G, 1)-transitive5-valent digraph of order

2apbq, wherep andq are distinct odd primes,a ∈ {3, . . . , 8}, b ∈ {1, . . . , 4}. Thus | Gv | = 5

for every vertexv ∈ V , by [14, Theorem 1.2]. Then| G | = 2a · 5 · pb · q. We also assume that

G is non-solvable. The following result shows thatG has no non-trivial solvable normal minimal

subgroups.

Lemma3.1 — Let
−→
Γ is a strongly connectedG-arc transitive5-valent digraph andN be a solvable

non-trivial normal minimal subgroup ofG. ThenN is an elementary abelian5-group andAut(
−→
Γ ) =

S5 wr Zr for somer ≥ 3.

PROOF : Let N be a solvable non-trivial normal minimal subgroup ofG. By [5, Corollary 4.3A]

N is an elementary abelianp-group for some primep. SinceG is arc transitive,Gv is primitive

on Γ+(v), for each vertexv ∈ V . So | Nv | = 1 or 5 | | Nv |. In the former case, as
−→
Γ is

strongly connected, we getN = 1, which contradicts our assumption. In the latter case,N is a

elementary abelian5-group. So by [15, Theorem 2.9],
−→
Γ = Cr(5, t), wherer = | G : G∗ |≥ 3, and

1 ≤ t ≤ r − 1. Therefore by [15, Theorem 2.8], Aut(
−→
Γ ) = S5 wr Zr.

By [15, Theorem 2.8], the digraphCr(5, t− 1) is pentavalent andG-arc transitive but not(G, 2)-

arc transitive, whereG = S5 wr Zr. So | G | = 23r · 3r · 5r · r. This conclude thatG contains no
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Table 1: Non-abelian simple{2, p, q, 5}-groups

T Order G

PSL(2, 24) 24 · 3 · 5 · 17 PSL(2, 24) - PSL(2, 24)o Z2 - PSL(2, 24)o Z4

PSL(2, 34) 24 · 34 · 5 · 41 PSL(2, 34) - PSL(2, 34)oK (K 6 Z4 × Z2)

PSL(2, 11) 22 · 3 · 5 · 11 PSL(2, 11)- PGL(2, 11)

PSL(2, 19) 22 · 32 · 5 · 19 PSL(2, 19) - PGL(2, 19)

PSL(2, 31) 25 · 3 · 5 · 31 PSL(2, 31) - PGL(2, 31)

A7 23 · 32 · 5 · 7 A7- S7

A8 26 · 32 · 5 · 7 A8 - S8

A9 26 · 34 · 5 · 7 A9 - S9

PSL(3, 4) 26 · 32 · 5 · 7 PSL(3, 4) - PSL(3, 4)oK (K 6 D12)

M11 24 · 32 · 5 · 11 M11

M12 26 · 33 · 5 · 11 M12 - M12 o Z2

Suz(8) 26 · 5 · 7 · 13 Suz(8)

solvable non-trivial normal minimal subgroup. We are now going to prove the main result.

Theorem3.2— Let
−→
Γ be a strongly connected(G, 1)-transitive5-valent digraph of order2apbq,

wherep andq are distinct odd primes,a ∈ {3, . . . , 8}, b ∈ {1, . . . , 4}, andG is non-solvable. Then

G is described in Table 1, andq = 3 or 13 andp ∈ {7, 11, 17, 19, 31, 41}.

PROOF : Let T be the group generated by all minimal normal subgroups ofG. SoT = Soc(G).

SinceG contains no non-trivial abelian normal subgroups, by [5, Theorem 4.3A],T is a direct product

of non-abelian simple groups. Since| G | = 2a · 5 · pb · q, and since the order of every non-abelian

simple group is divisible by at least three distinct primes,T is a non-abelian simple normal subgroup

of G. SetC := CG(T ). So we have
NG(T )
CG(T )

=
G

C
6 Aut(T ). SinceC = 1, by [5, Corollary 4. 3A],

we haveT 6 G 6 Aut(T ). Therefore by [4, 8], we can list all groupsT andG in Table 1.

Since| Gv | = 5 for eachv ∈ V , we haveH := Gv ' Z5. By Magma [2], eachG is determined

in Table 1, has one conjugacy class of subgroups isomorphic toZ5 andH is Sylow 5-subgroup of

G. Therefore
−→
Γ can be represented as a coset digraphCos(G,H, g), for someg ∈ GrH such that

g−1 /∈ HgH andG =< H, g >.

AssumeG ∼= PSL(2, 11), PGL(2, 11), PSL(2, 19), PGL(2, 19), PSL(2, 24), A7,

S7, PSL(2, 31),M11. So by Magma [2] (see the Magma code in Appendix),
−→
Γ is isomorphic to one

of the digraphs in Examples 2.1-2.18.
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The coset digraphs corresponding to the rest of groupsG in Table 1 can be obtained by using

the Magma code in Appendix. (The available version of Magma does not allow us to compute all

the digraphs corresponding to the rest of groupsG in Table 1). This concludes the proof of Theorem

3.2. 2

APPENDIX

MAGMA CODE

/∗
Input : a finite groupG and a positive integern (G is one of the groups in Table 1, andn = 5)

Output : all pentavalent arc transitive coset digraphs with automorphism groupG

∗/
Graph:= function(G,n);

graph:= [ ];

i := 0;

P := SylowSubgroup(G,n);

l := {a : a in G | sub < G|a, P > eq G};
L := {a : ainl | a−1notin {h ∗ a ∗ k : h, k in P}};
T := Transversal(G,P );

TH := CosetTable(G,P );

V := {t : t in T};
for x in L do

D := {h ∗ x ∗ k : h, k in P};
E := {[TH(1, b), TH(1, d ∗ b)] : b in T, d in D};
X := Digraph< V | E >;

A:=AutomorphismGroup(X);

if (not exists{r : r in graph| IsIsomorphic(X, r) eq true}) then

Append( ∼ graph,X);

i := i + 1;

end if;

end for;

returni, graph;

end function;
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