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We give an upper bound on the diameter of a 3-edge-connéttéabe graph in terms of order.
In particular we show that if7 is a 3-edge-connectead,-free graph of order, and diameted,
then the inequality
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holds. Moreover, graphs are constructed to show that the bound is almost asymptotically sharp.
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1. INTRODUCTION

Let G = (V, E) be a finite, connected, undirected graph with vertexiseind edge sefl. The
distancedq(u,v) between two vertices, v of G is the length of a shortest-v path inG. The
eccentricityec(v) of a vertexv € V' is the maximum distance betweerand any other vertex in
G. The value of the maximum eccentricity of the vertice<?bis called the diameter aff denoted
by diam(G). The degreeleg(v) of a vertexv of GG is the number of edges incident with The
minimum degreed(G) = § of G is the minimum of the degrees of verticesGh We denote by
E(V1,V,), the set{e = zy|z € V1, y € Va} of edges with one end i, and the other end ii;. The

1The results in this paper are part of the first author's MPhilSc thesis.
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edge-connectivitp\(G) = X of G is the minimum number of edges whose deletion fi@mresults in

a disconnected or trivial graph. A graph is triangle-free if it does not coidfaias a subgraph and
Cy-free if it does not contail@’y as a subgraph. For notions not defined here we refer the reader to
[1].

In this paper we are concerned with upper bounds on diameter in terms of order and edge-
connectivity for C4-free graphs. Several upper bounds on diameter in terms of other graph pa-
rameters are known and below we list a few relevant results. For example an obvious bound is
1 < diam(G) < n — 1. Erddset al. [8] answered a question that had seemed, for the better part of
three decades, to elude fellow mathematicians. They found out tiasi& connected graph of order
n and minimum degreé > 2, then

3n

: < B
diam(G) < 51

1

and also constructed graphs that, apart from the additive constant, attain the bound. They went fur-
ther in the very same paper and investigated triangle-freeCgridee graphs proving that 7 is a
connected triangle-free graph of ordeand minimum degreé > 2, then

n—06—1

i < ———+12
diam(G) < 55 +

and that ifG is a connected’s-free graph of ordern. and minimum degreé > 2, then

on
i <
diam(G) < 5531
Mukwembi, in [18], showed that if7 is a \-edge-connected graph then

3n
A+1

diam(G) <

and constructed graphs that apart from the additive constant attain the bound. The main theorem
of this paper provides an asymptotically sharp upper bound on the diameter of a 3-edge-connected
C,-free graph of prescribed order.

2. RESULTS

Let G be a3-edge-connected,-free graph of orden and diameted > 1. Letx,y € V(G) be fixed
vertices inG such thatd(z,y) = diam(G) = d and letN; = {v € V(G)|dg(x,v) = i} for any
0 <1i < dandk; = |N;|. The following observation by Mukwembi [18] is essential to this paper.

Observation Let G be a\-edge-connected graphy, V2 C V(G) with V3 NV, = (). Clearly
|E(Vi, V)| < |Vi||Va|. If E(V1,V,) is a disconnecting set af, then|E(V1,Va)| > A(G) so
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that |V1||Va] > A(G). Letv € V(G). Note also that fori = 0,1,...,ecq(v) — 1, it is clear that

E(N;, Nit+1) is a disconnecting set @fF.
The following fact follows from the above observation:
Factl: k;ki1 > A foralli=1,2,..., QCG(’U).

For the sake of clarity, we remind the reader that for the purposes of this papex(G) = 3.
The following useful fact follows from the well known inequalityp < (“T“’)Q. That is to say, the
geometric mean of two (positive) real numbers never exceeds their arithmetic mean.

Fact2 : For positive integers andb, if ab > 3, thena + b > 4.
Lemmal — For each € {0,1,...,d — 1}, k; + ki1 > 4.

PROOF: Note that sincé&7 is 3-edge-connected, we hakgk; 1 > 3 from Fact 1. From this and
Fact 2 we havé; + k; 1 > 4 settling our lemma. O

Lemma2 — For each € {1,2,....d — 1}, if k; = 1, thenk; 1 + k; + ki1 > 7.

PrROOF: Note thatk; 1 + k; > 4 andk; + k;11 > 4 as a consequence of Lemma 1. Since
ki = 1, we obtaink; 1 > 4—k; =4—1=3andk;;; > 4—k; =4 —1 = 3 which yields
ki—1 + ki + kiz1 >3+ 1+ 3 = T7as desired. O

Lemma3 — For each € {1,2,...,d — 1}, if k; = 2, thenk;_; + k; + ki1 > 7.

PrROOF: Note thatk;_; + k; > 4 andk; + k;+1 > 4 as a consequence of Lemma 1. Since
ki = 2, we obtaink;_1 > 4 —k; =4—2=2andk;;1 > 4—k; = 4 — 2 = 2 which yields
ki1+ ki +kia1 > 242+ 2= 6. Now, to prove the current lemma, it remains to show that with
the stated conditiong;;_1 + k; + k;11 # 6. Suppose to the contrary that | + k; + ki1 = 6.

We have already shown th&af ; > 2 andk;;1 > 2 hence our supposition only holds true when
ki—1,k;+1 = 2. Observe that when a graph is forbidden from havirg,aycle as its subgraph (this

is the case in the current paper), it immediately becomes illegal for two vertices to share more than
one neighbour. Now, sing@ is 3-edge connectedFE (N;_1, N;)| > 3 and|E(N;, N;4+1)| > 3. From

this and since there are exactly two vertices in eaciof;, V; and N;,1, we observe that the two
vertices inV; necessarily share at least a neighbouiNjn; and similarly, the same two vertices in

N; unavoidably share a neighbour M ;. This is, as stated before, illegal and immediately proves
that under the conditions of the lemrha.; + k; + ki1 # 6 thereby settling our lemma. O

Lemmad — Fori € {0,1,...,d — 2}, if k; = 1 thenk; 1o > k4.

PROOF: Let a be the only vertex inV,. Observe that every vertex iN; | is necessarily adjacent
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to a sincea is the only vertex inV;. From Whitney’s inequality, we hav{G) > A\(G) > 3, hence
every vertex inV;,; has at least two other neighbours besigddsurther, sinces is Cy-free, a vertex
in ;11 can only be adjacent to one other vertex in the same set. Hence, all the vertiégs iare
adjacent to at least one other vertexip, 5. Note that all the neighbours of verticesiy, ; that are
in N;,o are distinct, otherwise @4-cycle is formed, which is illegal. Thu¥; 5 has at least as many
vertices asV;,1 andk; o > k;11 as desired. O

Lemmas — For each € {1,2,...,d — 1}, if k; > 3, thenk;_1 + k; + ki1 > 7.

PrRooOF: If k;,_1 = 1, then, by the condition of the lemma and by Lemmak4,; + k; +
kiv1 > 143+ 3 = 7 as desired. So suppose 1 > 2. If k;11 > 2, then, by our supposition,
ki1+ki+ ka1 > 24342 =7 as desired, so suppose now that; = 1. If k; > 4, then
ki—1+ ki + kiv1 > 244+ 1 =T7as desired. Hence suppose that= 3. Thus it remains to prove
thatif k; = 3 andk; 1 = 1, thenk;_1 + k; + k;11 > 7. Note that sincé is 3-edge-connected, every
vertex inV; is necessarily adjacent to the single vertexVip 1, sayb. Now, sinced(G) > 3, every
vertex inV; has at least two other neighbours besitleSurther, sinces is C4-free, a vertex inV;
can only be adjacent to one other vertex in the same set. Hence, all the verti¢esranadjacent to
at least one other vertex iN;_;. Note that all the neighbours of vertices\j that are inV;_; are
distinct, otherwise &’4-cycle is formed, which is illegal. Thud;_; has at least as many vertices as
N; andk;—1 > k; = 3whichyieldsk; 1 + k; + ki+1 > 3+ 3+ 1 =7 as desired. O

Lemma6 — Foreach € {1,2,....d — 1}, ki1 + ki + kip1 > 7.

PROOF: There are three cases to consider.

Casel : k; = 1.

If this is so, then we are done by Lemma 2.

Case2: k; = 2.

If this is so, then we are done by Lemma 3.

Case3: k; > 3.

If this is so, then we are done by Lemma 5. O

Throughout the rest of this paper we define {0, 1,2} as a number such thdt- ¢ = 2 mod 3
whered = diam(G).
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Theoreml — Let G be a 3-edge-connecté&d;-free graph of ordern. Then

3n 3
d G) < ——-.
iam(G) < - -
This inequality is almost best possible.
d d—§—2
PROOF: Note thatn = Z ki = Z (Ksi + ksit1 + ksito) + (kd—eq1 + kd—cio) Wherek; = 0

=0 1=0
whenever > d. Hence there are three cases to consider:

Casel :d =0 mod 3. If this is so thern: = 1 and we have the following, by Lemma 6 and the
fact thatk; > 1 sinceN, is non empty:

=0
d—1—2
3
= (k3i + ksit1 + ksit2) + kd
=0
d—3
3
> % (ksi + ksit1 + ksit2) + kd
=0
d—3
3
> (7)+1
=0
d—3 7d

and makingl subject of the formula, we obtaih< 32 — 2.

Case2 : d = 1 mod 3. If this is so thenc = 2 and we have the following, by Lemma 6 and
Lemma 1:
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=(——+4+1)(7)+4
7d -7
3

+4

and making subject of the formula, we obtaih< 22 — 2.

Case3 :d =2 mod 3. If this is so therr = 0 and we have the following, by Lemma 6:
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and makingi subject of the formula, we obtaih< 37" —1.
Hence, considering all three cases, we obtain 37" — % as desired. To see that this bound is almost
tight, consider the following graph.

Let A be the graph in Figure 1 an@ be the graph in Figure 2. To forsd & B we join A and B
by introducing a new vertex and adding the edgesv, vz, ur, vr, zr, andwr. To form B & A we
join A andB by introducing a new vertexand adding the edges;, vz, ur, vr, zr, andyr. To form
B @ B we join B and B by introducing a new vertex and adding the edgegv, zz, yr, zr, xr, and
wr. As an example considé? & BinFigure 3. Letd .= A¢ B& B & .. & Bd A. ThenH isa
3-edge-connected,-free graph and

3n

diam(H) = <

Co| Ut
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Figure 1: The graph A

Figure 2: The graph B

Figure 3:Be B
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