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This paper focuses on the numerical implementation methods of shadowing theorem of stochastic

differential equations. A general shadowing theorem of stochastic differential equations is given,
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of stochastic differential equations.

Key words : Stochastic differential equations, random shadowing, numerical implementation,

stochastic Chen system.

2010 Mathematics Subject Classification: 37H05,37C50,65C30, 65P20.

1. INTRODUCTION

Nowadays, the shadowing property has played an important role in the theory and application of ran-

dom dynamical systems (RDS), especially in numerical simulations of chaotic systems of stochastic

differential equations (SDEs). Numerical computation is in the center in the investigations of chaotic
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SDEs which describe many natural phenomena, for example, in meteorology and biology [1, 3, 11,

12, 17]. However, we mainly concern the reliability and feasibility of numerical computations. These

related works are shown in References [8, 19-22].

This work is motivated by two facts. Firstly, the construction of conditions which can assure

stochastic shadowing in a class of SDEs has been finished in [19]. Many useful contributions are

made to the numerical analysis of RDS [14, 15, 16]. These results are the foundations of stochastic

shadowing. Secondly, the high accurate numerical implementation methods of stochastic shadowing

continues to be an interested topic. To the best of our knowledge, no investigations of the numerical

implementations of random shadowing of SDEs in a finite time interval exist in the literature.

In this work, we mainly focus on the numerical methods to compute all parameters which are

involved in a shadowing theorem of SDEs in a finite time interval. This is the continuation of Paper

[19-22] in some sense. The results show that under certain appropriate assumptions the numerical

approximate orbits of discrete approximate RDS are more close to the true orbits of the original

systems.

The rest of this paper is organized as follows. Section 2 deals with some preliminaries. In Section

3 the theoretical results of the finite time shadowing are summarized. Section 4 presents the details of

the numerical implementations. Illustrative numerical experiments for the main theorem are included

in Section 5. We demonstrate that the main theorem and numerical implementation methods can

be applied to stochastic Chen system (SCS), stochastic Lorenz equations (SLEs) and stochastic Lü

equations (SLuEs). Finally, section 6 is addressed to summarize the conclusions of the paper.

2. PRELIMINARIES

Let Wt, t ∈ R+ := [0, +∞) be a one dimensional Wiener process, and(Ω,F ,P) be a Wiener space.

And we assume thatΩ := {ω ∈ C(R+,R) : ω(0) = 0}. We consider a class of Stratonovich SDEs

as follows,

dxt = f0(xt)dt + f1(xt) ◦ dWt, x(0) = x0(ω) ∈ Rd, (1)

where the random variablex0(ω) is independent ofF0 and satisfies the inequalityE|x0(ω)|2 < ∞.

And f0 ∈ C1,δ1
b , f1 ∈ C2,δ1

b ,
∑d

i=1 f i
1

∂f1

∂xi
∈ C1,δ1

b , where the spaceCk,δ1
b is defined to be the Banach

space of functionf : Rd → Rd, which are inCk,δ1 and for which the norm

‖f‖k,0 := sup
x∈Rd

‖f(x)‖
1 + ‖x‖ +

∑

1≤|α|≤k

sup
x∈Rd

|Dαf(x)|,
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and

‖f‖k,δ1 := ‖f‖k,0 +
∑

|α|=k

sup
x 6=y

‖Dαf(x)−Dαf(y)‖
‖x− y‖δ1

, 0 < δ1 ≤ 1, k = 1, 2,

is finite, see References [1, 4].

We define

θ : R+ × Ω → Ω, θtω(s) = ω(t + s)− ω(t)

and0 ≤ s ≤ t, s ∈ R+, t ∈ R+. It follows from Theorem 2.3.32 in [1] that SDE (1) generates a

unique RDSϕ : R+ × R+ × Ω× Rd → Rd, which is usually written asϕ(s, t, ω)x := ϕ(s, t, ω, x)

on the metric dynamical systems(Ω,F ,P, θt), and isC1 with respect tox. The RDSϕ is written as

follows,

ϕ(s, t, ω)x = x +
∫ t

s
f0(ϕ(s, r, ω)x)dr +

∫ t

s
f1(ϕ(s, r, ω)x) ◦ dWr(ω).

We also make use of the following notations, the norm of a random variable‖ · ‖, the norm of

random matrix‖ · ‖ and the norm of a stochastic process‖x(t, ω)‖2, which are similar to [18, 19].

3. THEORETICAL FOUNDATIONS OFNUMERICAL SHADOWING

3.1 Some existed definitions

Definition 3.1 — [19]. LetFtk be the filtration generated byWτ (ω), 0 ≤ τ ≤ tk, and random

variablex0(ω) be independent ofFt0 . For a given positive numberδ andP-almost surelyω ∈ Ω, if

there is a sequence of time{tk}N
k=0, 0 ≤ t0 ≤ t1 ≤, ...,≤ tN and a sequence of random variables

{(uk(θtkω),Ftk)}N
k=0 which means thatuk(θtkω) is Ftk -measurable fork = 0, 1, ..., N , such that

the following inequalities hold

‖uk+1(θtk+1ω)− ϕ(tk, tk+1, θ
tkω)uk(θtkω)‖ ≤ δ, k = 0, 1, ..., N − 1,

then the random variables{(uk(θtkω),Ftk)}N
k=0 are said to be a(ω, δ)-pseudo orbit of SDE (1) in

the mean-square sense, whereϕ(tk, tk+1, θ
tkω)uk(θtkω) denotes the orbit of RDSϕ at the timetk+1

which starts from the initial timetk with the initial valueuk(θtkω) and the sampleθtkω, anduk(θtkω)

denotes a random variable with the sampleθtkω which isFtk -measurable.

Definition3.2 — [19]. For a given positive numberε, P-almost surelyω ∈ Ω, and a(ω, δ)-pseudo

orbit {(uk(θtkω),Ftk)}N
k=0 of SDE (1) with associated times{tk}N

k=0 , if there is a sequence of time

{hk}N
k=0, 0 ≤ h0 = t0 ≤ h1 ≤, ...,≤ hN , which is random, such that the following inequalities hold

‖uk(θtkω)− xk(θhkω)‖ ≤ ε, 0 ≤ tk − hk ≤ ε, k = 0, 1, ..., N, (2)
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where the random variables{(xk(θhkω),Fhk
)}N

k=0 are on the true orbit of SDE (1), that is

xk+1(θhk+1ω) = ϕ(hk, hk+1, θ
hkω)xk(θhkω), k = 0, 1, ..., N − 1,

then the(ω, δ)-pseudo orbit{(uk(θtkω),Ftk)}N
k=0 is said to be(ω, ε)-shadowed by a true orbit of

SDE (1) in the mean-square sense, where the true orbit of RDSϕ is a stochastic process.

3.2 Theoretical results of finite time shadowing

Here we repeat some results in Reference [20]. For a(ω, δ)-pseudo orbit{(yk(θtkω),Ftk)}N
k=0, we

want to prove that it is(ω, ε)-shadowed by a true orbit containing points{(x̂k(θĥkω),Ftk)}N
k=0 for P-

almost surelyω ∈ Ω, where{ĥk}N
k=0 = {tk}N

k=0 in sequels. For simplicity, we define thattk := k∆t,

∆t is the given time step,̂xk(θĥkω) is the point on the true orbit,Ftk is the filtration generated by

Wτ (ω), 0 ≤ τ ≤ tk, andN := t
∆t .

We first introduce the function spaceX andY, which are the same as Reference [20]. Specially,

y(ω) =: (y0(θt0ω), y1(θt1ω), ..., yN (θtN ω)) ∈ R(N+1)d,

is a special element of the spaceY. And

x(ω) = (x0(θh0ω), x1(θh1ω), ..., xN (θhN ω)) ∈ R(N+1)d

is a general element of the spaceX .

Secondly, we define the mappingG : X −→ Y, and thekth component ofG(y(ω)) is defined for

anyy(ω) ∈ X to be

[G(y(ω))]k = yk(θtkω)− ϕ(tk−1, tk, θ
tk−1ω)yk−1(θtk−1ω), k = 1, ..., N. (3)

Here we consider the first variationDG(y(ω)) of G(y(ω)). By the assumptions that RDSϕ generated

by SDE (1) isC1 with respect tox, then the Jacobian matrixDϕ(tk−1, tk, θ
tk−1ω)yk−1 with respect

to yk−1 exists. It follows fromG(y(ω)) is C1 with respect toy(ω) that the existence ofDG(y(ω)) is

obtained. ThenDG(y(ω)) is defined by the following equality

DG(y(ω)) :=



−Dϕ(t0, t1, θt0ω)y0 I 0 ..., 0 0

0 −Dϕ(t1, t2, θt1ω)y1 I ..., 0 0
...

...
...

...
...

...

0 0 0 ..., I 0

0 0 0 ..., −Dϕ(tN−1, tN , θtN−1ω)yN−1 I




,

(4)
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where

Dϕ(tk−1, tk, θ
tk−1ω)yk−1(θtk−1ω) =

∂

∂y
(ϕ(tk−1, tk, θ

tk−1ω)yk−1(θtk−1ω)), k = 1, 2, ..., N,

that is,DG(y(ω)) is aNd× (N + 1)d random matrix, andI is thed× d identity matrix.

Lastly, we wish to find a solution

x̂(ω) := (x̂0(θt0ω), x̂1(θt1ω), ..., x̂N (θtN ω)) ∈ X , 0 ≤ tk − ĥk ≤ ε

of the equationG(x̂(ω)) = 0 and to prove that it lies in a closedε-neighborhood ofy(ω).

Here we consider the first variationDG(y(ω)) of G(y(ω)). We define that

Dϕ(tk−1, tk, θ
tk−1ω)yk−1(θtk−1ω) =

∂

∂y
(ϕ(tk−1, tk, θ

tk−1ω)yk−1(θtk−1ω)), k = 1, 2, ..., N.

Then we have

[DG(y(ω))∆y(ω)]k = ∆yk(θtkω)−Dϕ(tk−1, tk, θ
tk−1ω)yk−1(θtk−1ω)·∆yk−1(θtk−1ω), k = 1, 2, ..., N,

where

∆y(ω) = (∆y0(θt0ω),∆y1(θt1ω), ...,∆yN (θtN ω))T ,

and

∆yk(θtkω) = xk(θtkω)− yk(θtkω), k = 0, 1, 2, ..., N.

We assume thatBk(θtkω) is ad×d random matrix obtained by numerical integration and satisfies

‖Bk(θtkω)−Dϕ(tk−1, tk, θ
tk−1ω)yk−1(θtk−1ω)‖ ≤ δ. (5)

The detail of the numerical implementation will be shown in Section 4.1. Then we can obtain the

numerical approximationL(y(ω)) of DG(y(ω)) and

[L(y(ω))∆y(ω)]k = ∆yk(θtkω)−Bk(θtkω)∆yk−1(θtk−1ω), k = 1, 2, ..., N. (6)

Theorem3.3 — Let G : X −→ Y be aC1 map as (3) andL(y(ω)) be the numerical approx-

imation ofDG(y(ω)), respectively. And lety(ω) ∈ X be a point such that the pseudo inverses

[DG(y(ω))]−1 and[L(y(ω))]−1 exist, and the following inequalities hold

‖G(y(ω))‖ ≤ δ,

‖[L(y(ω))]−1‖ ≤ c, (7)
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and

‖[L(y(ω))]−1 − [DG(y(ω))]−1‖ ≤ α (8)

for some positive constantsδ, c andα.

Furthermore, we letε := 2(α + c)δ. If the inequality

‖DG(x̂(ω))− L(y(ω))‖ = β ≤ 1
2(α + c)

, (9)

holds for‖x̂(ω)− y(ω)‖ ≤ ε, then the equationG(x̂(ω)) = 0 has one solution̂x(ω) which satisfies

‖x̂(ω)− y(ω)‖ ≤ ε.

PROOF : The proof is similar to Reference [20], so we omit the detail here. 2

4. NUMERICAL IMPLEMENTATION METHODS

This section is the main part of this article. We approximate the local errorδ using the local error

control mechanism of the numerical scheme. Then we only pay attention to the magnification of the

local error,(α + c), that gives the shadowing distance. This is part quote from Paper [20].

4.1 Basic method

Step1 : Appling one-step numerical schemes (EM scheme or Milstein scheme [9]) to simultaneously

solve the following equations fromtk to tk+1 with the initial valuesx(0) = yk(θtkω) andv(0) = I,

{ dxt = f0(xt)dt + f1(xt) ◦ dWt(ω)

dvt = Df0(xt)vtdt + Df1(xt)vt ◦ dWt(ω),

we get the approximations of̂xk+1(θtk+1ω) andDϕ(tk, tk+1, θ
tkω)yk(θtkω) respectively,

x̂k+1(θtk+1ω) ≈ ϕ(tk, tk+1, θ
tkω)yk(θtkω),

Dϕ(tk, tk+1, θ
tkω)yk(θtkω) ≈ vk+1(θtk+1ω) = Bk+1(θtk+1ω).

That is,Bk+1(θtk+1ω) := Dϕ(tk, tk+1, θ
tkω)yk(θtkω) is chosen such that the inequality (5) hold

by numerical schemes.

Step2 : It follows from Theorem 3.3 that[L(y(ω))]−1 and [DG(y(ω))]−1 both exist. By the

oscillation theorem of linear equations, we can findα such that

‖[L(y(ω))]−1 − [DG(y(ω))]−1‖ ≤ α.
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The detail of this estimate will be shown in Section 4.2. And the estimate of the parameterc will

be shown in Section 4.2, too.

Step3 : By the norm properties, we can findβ such that

β = ‖DG(x̂(ω))− L(y(ω))‖.

If the inequality (3.1) is not satisfied, then we will denote this by putting′−′ in the table of numerical

experiment results. And the detail of the method will be shown in Section 4.3.

Step4 : If the values ofc, α, δ andβ satisfy all conditions of Theorem 3.1, then the shadowing

distance isε = 2(c + α)δ.

4.2 Methods to estimate the parametersα andc

Let A := L(y(ω))[L(y(ω))]T and A + ∆A := DG(y(ω))[DG(y(ω))]T . Since [L(y(ω))]−1 =

[L(y(ω))]T A−1, then[L(y(ω))]−1 and[DG(y(ω))]−1 can be formed by the solutions of the following

equations, respectively,

Ax = b(i), (A + ∆A)y = b(i) + ∆b(i),

where∆A = DG(y(ω))[DG(y(ω))]T − L(y(ω))[L(y(ω))]T , andb(i) = [L(y(ω))]i is thei-th col-

umn vector ofL(y(ω)), i = 1, 2, ..., (N+1)d. Furthermore,∆b(i) := ∆[L(y(ω))]i = [L(y(ω))]i+1−
[L(y(ω))]i.

The following lemma is a direct consequence in [6].

Lemma4.1 — SupposeAx = b(i), A ∈ RNd×Nd, 0 6= b(i) ∈ RNd×1, and (A + ∆A)y =

b(i) + ∆b(i), ∆A ∈ RNd×Nd, ∆b(i) ∈ RNd×1, with ‖∆A‖1 ≤ ζ‖A‖1, ‖∆b(i)‖1 ≤ ζ‖b(i)‖1. If

ζκ(A) < 1, thenA + ∆A is nonsingular and

‖y − x‖1

‖x‖1
≤ 2ζ

1− ζκ(A)
κ(A),

whereκ(A) is the condition number of the matrixA, ζ > 0, ‖ · ‖1 is the 1-norm.

Proposition4.2 — Suppose{(yk(θtkω),Ftk)}N
k=0 is a (ω, δ)-pseudo orbit of SDE (1). Ifζ and

κ(A) satisfy the conditions of Lemma 4.1, then the following conclusions hold

‖[L(y(ω))]−1‖ ≤ c and α =
2ζ

1− ζκ(A)
κ(A)c,

where

ζ = max{ζ1, ζ2}



1946 QINGYI ZHAN, ZHIFANG ZHANG AND YUHONG LI

and

ζ1 = sup
i

{ δ

‖b(i)‖1

}
, ζ2 = sup

k

{δ(‖Bk(θtkω)‖1 + ‖Bk(θtkω)‖∞ + δ + 2)
‖A‖1

}
. (10)

PROOF : Firstly, it follows from Section 3.2 thatDG(y(ω)) exists. Furthermore, Theorem 3.3

shows the existence of[L(y(ω))]−1. Therefore, by the definition of the norm the constantc does

exist. And the estimate of‖[L(y(ω))]−1‖ is similar to Reference [20].

Secondly, we estimate the parameterα [20]. On the one hand, note that the quantities

{(yk(θtkω),Ftk)}N
k=0 and L(y(ω)) can be calculated by one-step numerical scheme as shown in

Section 4.1. Then the condition numberκ(A) can be found by the Matlab code during our computa-

tions. We need to estimate the supermum norm ofL(y(ω)). It follows from (6) and the definition of

the 1-norm that‖∆b(i)‖1 := ‖Bi+1(θti+1ω)−Bi(θtiω)‖1 = δ. Note that we can calculate every row

of b(i) and obtainζ1 = max
{

δ
‖b(i)‖1

}
such that‖∆b(i)‖1 ≤ ζ1‖b(i)‖1, where

‖b(i)‖1 =
Nd∑

j=1

‖(L(y(ω)))ij‖.

On the other hand, we have

‖Dϕ(tk, tk+1, θ
tkω)yk‖1 ≤ ‖Bk(θtkω)‖1 + δ.

Therefore, it follows from the property of norm that we get

‖Dϕ(tk, tk+1, θ
tkω)yk · [Dϕ(tk, tk+1, θ

tkω)yk]T −Bk(θtkω) · [Bk(θtkω)]T ‖1

= ‖Dϕ(tk, tk+1, θ
tkω)yk · [Dϕ(tk, tk+1, θ

tkω)yk]T

−[Bk(θtkω)−Dϕ(tk, tk+1, θ
tkω)yk + Dϕ(tk, tk+1, θ

tkω)yk] · [Bk(θtkω)]T ‖1

≤ ‖Dϕ(tk, tk+1, θ
tkω)yk · [[Dϕ(tk, tk+1, θ

tkω)yk]T − [Bk(θtkω)]T ]‖1

+‖[Dϕ(tk, tk+1, θ
tkω)yk −Bk(θtkω)] · [Bk(θtkω)]T ‖1

≤ δ(‖Bk(θtkω)‖1 + ‖Bk(θtkω)‖∞ + δ) := C
(k)
1 ,

where‖[Bk(θtkω)]T ‖1 ≤ ‖Bk(θtkω)‖∞, and‖ · ‖∞ is the infinite norm.

Note thatA is block tridiagonal, it follows from the random matrix computation that we obtain

‖∆A‖1 = sup
k
{2δ + C

(k)
1 }



FINITE-TIME SHADOWING OF STOCHASTIC DIFFERENTIAL EQUATIONS 1947

and the second part of (10) such that‖∆A‖1 ≤ ζ2‖A‖1, where

‖Bk(θtkω)‖∞ = max
{ d∑

j=1

‖(Bk(θtkω))1j‖,
d∑

j=1

‖(Bk(θtkω))2j‖, ...,
d∑

j=1

‖(Bk(θtkω))dj‖
}

.

We chooseζ = max{ζ1, ζ2} such that‖∆b(i)‖1 ≤ ζ‖b(i)‖1 and‖∆A‖1 ≤ ζ‖A‖1. It follows

from Lemma 4.1 that

α =
2ζ

1− ζκ(A)
κ(A)c.

This proof is finished. 2

4.3 —Method to estimate the parameterβ

This part will prove that the parameterβ can be explicitly estimated.

Proposition4.3 — Assume that the functionsf0 andf1 satisfies the conditions in Section 2. In

the properε0-neighbourhood of the(ω, δ)-pseudo orbit{(yk(θtkω),Ftk)}N
k=0, let the local Lipschitz

constants off0, f1 andf2 beK1, and the local Lipschitz constants ofDf0 andDf1 beK2, where the

parametersK1 andK2 are positive and independent ofδ andtk, andf2 = f0 + 1
2f ′1f1.

Then the following equality holds

β = K3 + δ,

where

K3 = sup
k

K2

√
2∆tk+1(∆tk+1 + 1)K4, (11)

K4 = sup
k

[
3ε2

0 exp[3∆tk+1(∆tk+1 + 1)K2
1 ]

]
and ∆tk+1 = tk+1 − tk. (12)

PROOF : It follows from the definition ofDG that

‖DG(x̂(ω))− L(y(ω))‖ ≤ K5 + δ,

where

K5 = sup
k
‖Dϕ(tk, tk+1, θ

tkω)x̂k(θtkω)−Dϕ(tk, tk+1, θ
tkω)yk(θtkω)‖.

First of all, we estimate the error caused by different initial value. The constantε0 ∈ (0, ε] is

given such that the inequality‖yk(θtkω)− x̂k(θtkω)‖ ≤ ε0 hold, then we have

E
[
ϕ(tk, tk+1, θ

tkω)yk(θtkω)− ϕ(tk, tk+1, θ
tkω)x̂k(θtkω)

]2
≤ I1 + I2 + I3,
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where

I1 = 3E
[
yk(θtkω)− x̂k(θtkω)

]2
,

I2 = 3E
[ ∫ tk+1

tk

[f2(ϕ(tk, s, θtkω)yk(θtkω))− f2(ϕ(tk, s, θtkω)x̂k(θtkω))]ds
]2

and

I3 = 3E
[ ∫ tk+1

tk

[f1(ϕ(tk, s, θtkω)yk(θtkω))− f1(ϕ(tk, s, θtkω)x̂k(θtkω))]dWs(ω)
]2

.

Utilizing Cauchy-Schwarz inequality and the local Lipschitz condition off2, we have

I2 ≤ 3∆tk+1K
2
1

∫ tk+1

tk

E
[
ϕ(tk, s, θtkω)yk(θtkω)− ϕ(tk, s, θtkω)x̂k(θtkω)

]2
ds.

It follows from the local Lipschitz condition off1 and the It̂o isometry that we have

I3 ≤ 3K2
1

∫ tk+1

tk

E
[
ϕ(tk, s, θtkω)yk(θtkω)− ϕ(tk, s, θtkω)x̂k(θtkω)

]2
ds.

Therefore, we obtain

E
[
ϕ(tk, tk+1, θ

tkω)yk(θtkω)− ϕ(tk, tk+1, θ
tkω)x̂k(θtkω)

]2

≤ 3E
[
yk(θtkω)− x̂k(θtkω)

]2

+3(∆tk+1 + 1)K2
1

∫ tk+1

tk

E
[
ϕ(tk, s, θtkω)yk(θtkω)− ϕ(tk, s, θtkω)x̂k(θtkω)

]2
ds.

It follows from the Gronwall inequality and (12) that we obtain

E
[
ϕ(tk, tk+1, θ

tkω)yk(θtkω)− ϕ(tk, tk+1, θ
tkω)x̂k(θtkω)

]2
≤ K4. (13)

Secondly, we estimate the value ofK5. The expressionK5 implies

E
[
Dϕ(tk, tk+1, θ

tkω)yk(θtkω)−Dϕ(tk, tk+1, θ
tkω)x̂k(θtkω)

]2
≤ I4 + I5,

where

I4 = 2E
[ ∫ tk+1

tk

[Df0(ϕ(tk, s, θtkω)yk(θtkω)) ·Dϕ(tk, s, θtkω)yk(θtkω)

−Df0(ϕ(tk, s, θtkω)x̂k(θtkω)) ·Dϕ(tk, s, θtkω)x̂k(θtkω)]ds
]2
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and

I5 = 2E
[ ∫ tk+1

tk

[Df1(ϕ(tk, s, θtkω)yk(θtkω)) ·Dϕ(tk, s, θtkω)yk(θtkω)

−Df1(ϕ(tk, s, θtkω)x̂k(θtkω)) ·Dϕ(tk, s, θtkω)x̂k(θtkω)] ◦ dWs(ω)
]2

.

Utilizing the Cauchy-Schwarz inequality and the local Lipschitz condition ofDf0, we have

I4 ≤ 2∆tk+1K
2
2

∫ tk+1

tk

E
[
ϕ(tk, s, θtkω)yk(θtkω)− ϕ(tk, s, θtkω)x̂k(θtkω)

]2
ds.

It follows from the It̂o isometry and the local Lipschitz condition ofDf1 that we have

I5 ≤ 2K2
2

∫ tk+1

tk

E
[
ϕ(tk, s, θtkω)yk(θtkω))− ϕ(tk, s, θtkω)x̂k(θtkω)

]2
ds.

Using these conclusions and (13), we obtain

E
[
Dϕ(tk, tk+1, θ

tkω)yk(θtkω)−Dϕ(tk, tk+1, θ
tkω)x̂k(θtkω)

]2
≤ 2∆tk+1(∆tk+1 + 1)K2

2K4.

(14)

Therefore, by (11) and (14) we arrive at the inequality

‖Dϕ(tk, tk+1, θ
tkω)yk(θtkω)−Dϕ(tk, tk+1, θ

tkω)x̂k(θtkω)‖ ≤ K3. (15)

By the conclusions of (11) and (15), we obtainK5 ≤ K3. Therefore, we only need to choose

β = K3 + δ.

This completes the proof. 2

5. NUMERICAL EXPERIMENTS

5.1 Experimental preparation

We consider the Stratonovich SCS

dXt = f0(Xt)dt + f1(Xt) ◦ dWt(ω), X(0) = x0 ∈ R3 (16)

whereXt = (x(t), y(t), z(t))T ∈ R3, x(t), y(t) andz(t) make up the system state,σ, ρ andβ are the

system parameters, and

f0(Xt) =




−σx(t) + σy(t)

(ρ− σ)x(t) + ρy(t)− x(t)z(t)

−βz(t) + x(t)y(t)


 , f1(Xt) =




µx(t)

µy(t)

µz(t)


 .
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In this experiment, we choose the classic parametersσ = 35, ρ = 28, β = 3. A RDS (ϕ, θ) can

be generated by the solution operator of SDE (16).

The preset initial conditions are as follows: the initial value isx0 = −10.0, y0 = 1.0, z0 = 37.0.

SDE (16) is discreted by Euler-Maruyama(EM) scheme, we obtain that





xk+1 = xk + (σ(−xk + yk) + 0.5µ2xk)∆tk + µxk∆Wk,

yk+1 = yk + (−xkzk − (ρ− σ)xk + ρyk + 0.5µ2yk)∆tk + µyk∆Wk,

zk+1 = zk + (xkyk − βzk + 0.5µ2zk)∆tk + µzk∆Wk.

(17)

5.2 Numerical results

This section will provide numerical experiments to compute the shadowing distance of SDE (16).

The classical parameters are chosen and the initial value isx0 = −10.0, y0 = 1.0, z0 = 37.0.

Firstly, in order to show the influence of noise on the pseudo orbits, we choose various size of

noise, such asµ = 0 (the deterministic case),µ = 1.0, µ = 2.0 andµ = 4.0. And we take the

temporal step-size∆t = 1.05e− 3 andN = 1.0e+4. Taking the numerical solution for an example,

Fig. 1 shows the perturbation of the pseudo orbits of SDE (16) by EM scheme corresponding to

different scales of noise. As we can see from Fig. 1, due to the increase of the noise scale, that

is, the value ofµ is increased from 0 to 4.0, the perturbation of the pseudo orbits becomes much

more seriously inx andy directions, respectively. That is to say, the pseudo orbits inx direction of

Fig. 1 become more and more dense, which illustrates that the perturbation of the pseudo orbits inx

direction become more and more larger. It is similar to the case iny direction.

Secondly, we focus on the numerically performing the shadowing distance,ε = 2(α + c)δ.

The amplification factorsα andc are computed quite accurately, and the local error toleranceδ is

approximately determined by the numerical scheme. Applying EM scheme and Milstein scheme to

SCS, we present the discrete forms respectively.

SDE (16) is discreted by Milstein scheme as follows,





xk+1 = xk + (σ(−xk + yk) + 0.5µ2xk)∆tk + µxk∆Wk + 0.5µ2xk((∆Wk)2 −∆tk),

yk+1 = yk + (−xkzk − (ρ− σ)xk + ρyk + 0.5µ2yk)∆tk + µyk∆Wk + 0.5µ2yk((∆Wk)2 −∆tk),

zk+1 = zk + (xkyk − βzk + 0.5µ2zk)∆tk + µzk∆Wk + 0.5µ2zk((∆Wk)2 −∆tk).
(18)

Table 1 presents the results thatδ is the local error andε is the shadowing distance. We can obtain

that the existence of shadowing orbit and the effectiveness of the numerical method. redAs we know,

the shadowing errorδ obtained by Milstein scheme is smaller than that by EM scheme. Therefore,
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Fig. 1. Pseudo orbits for different sizes of noiseµ = 0, µ = 1.0, µ = 2.0 and µ = 4.0.

shadowing distanceε is significantly smaller in case of Milstein scheme compared to EM scheme.

Because we do not consider the reparameterization of time, the value of shadowing distanceε are not

small with respect to the local errorδ.

EM T=10.5 2*

µ c α δ β ε

0 325.1272 1.4603 1.0500e-3 8.7832e-4 0.6858

1.0 327.3332 13.2132 0.0324 0.0008 22.0674

2.0 358.8756 91.1213 0.0324 0.0009 29.1598

4.0 377.5459 178.7624 0.0324 0.0008 36.0488

Finally, the approximation results of shadowing obtained from the shadowing method is shown

in Fig.2. The blue cycle indicate the shadowing orbits and the black stars represent the(ω, δ)-pseudo

orbits. We choose 50 points in the computational result. It presents that there are the shadowing orbits

in the proper neighbourhood of the(ω, δ)-pseudo orbits. Therefore, the theoretical results can give

information on chaotic orbits by the existence of shadowing orbits and the computation of shadowing

distances.



1952 QINGYI ZHAN, ZHIFANG ZHANG AND YUHONG LI

Milstein T=10.5 2*

µ c α δ β ε

0 325.1272 1.4603 1.0500e-3 8.7832e-4 0.6858

1.0 332.3267 10.1223 1.0500e-3 0.0009 0.7191

2.0 368.8352 89.5351 1.0500e-3 0.0010 0.9626

4.0 398.7845 139.0756 1.0500e-3 0.0009 1.1295

Table 1: Summaries of the parameters for SCS.

Fig. 2. Zoom in parts of the approximation shadowing trajectory on SCS.

5.3 Compare with results of other SDEs

5.3.1Results on stochastic Lorenz equations

We consider the Stratonovich SLEs

dXt = f0(Xt)dt + f1(Xt) ◦ dWt(ω), X(0) = x0 ∈ R3 (19)

where the parameters are similar with SCS (16) and

f0(Xt) =




−σx(t) + σy(t)

ρx(t)− y(t)− x(t)z(t)

−βz(t) + x(t)y(t)


 , f1(Xt) =




µx(t)

µy(t)

µz(t)


 .

Here we choose the parametersσ = 10, ρ = 28, β = 8/3 and the initial valuex0 = 0, y0 =

1, z0 = 0. Table 2 contains some numerical results we obtained for SLEs.

Figures 3 and 4 show the pseudo orbits and the shadowing orbits for SLEs. As we can see, there

are similar results as the results of SCS.

5.3.2 Results on stochastic lü equations
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EM T=21.0 2*

µ c α δ β ε

0 468.9008 1.7147 1.0500e-3 0.0009 0.9883

0.5 451.2325 13.6754 0.0324 0.0010 30.1261

1.0 383.2516 84.3276 0.0324 0.0009 30.2991

1.3 356.3169 123.5653 0.0324 0.0008 31.0964

Milstein T=21.0 2*

µ c α δ β ε

0 468.9008 1.7147 1.0500e-3 0.0009 0.9883

0.5 458.3582 12.4722 1.0500e-3 0.0010 0.9887

1.0 417.7546 67.9523 1.0500e-3 0.0010 1.0199

1.3 378.6774 129.7812 1.0500e-3 0.0009 1.0678

Table 2: Summaries of the parameters for SLEs.

We consider the Stratonovich SLuEs [7]

dXt = f0(Xt)dt + f1(Xt) ◦ dWt(ω), X(0) = x0 ∈ R3 (20)

where the parameters are similar with SCS (16) and

f0(Xt) =




−σx(t) + σy(t)

ρy(t)− x(t)z(t)

−βz(t) + x(t)y(t)


 , f1(Xt) =




µx(t)

µy(t)

µz(t)


 .

Here we choose the parametersσ = 36, ρ = 15, β = 3 and the initial valuex0 = 0, y0 = 1, z0 =

0. Table 3 contains the numerical results we obtained for SLuEs.

EM T=10.5 2*

µ c α δ β ε

0 456.1289 1.4728 1.0500e-3 0.0008 0.9609

0.5 449.8121 10.6576 0.0324 0.0009 29.8384

1.0 399.5433 75.8756 0.0324 0.0010 30.8071

1.3 366.7623 110.7654 0.0324 0.0010 30.9438

Figures 5 and 6 show the pseudo orbits and the shadowing orbits for SLuEs. As we can see, there

are similar results as the result of SCS.
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Fig.3. Pseudo orbits for different sizes of noise forµ = 0, µ = 0.5, µ = 1.0, andµ = 1.3.

Fig. 4. Zoom in parts of the approximation shadowing trajectory on the SLEs.

As can be seen from these numerical results, there is an explicit dependent relationship between

the shadowing distance and the local error, and there exists a true orbit in the appropriate neighbour-

hood of a(ω, δ)-pseudo orbit of SDE(16), (19) and(20), respectively. The numerically detected

behavior of the system indeed reflects its real dynamical behavior which can be described more accu-

rately.

5.4 The features of my device

And the feathers of my device are as follows, in which the computations are performed.

6. CONCLUSION

The main result of this paper is the numerical implementation of shadowing theorem for finite time
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Milstein T=10.5 2*

µ c α δ β ε

0 456.1289 1.4728 1.0500e-3 0.0008 0.9609

0.5 448.4532 10.3534 1.0500e-3 0.0010 0.9635

1.0 388.3222 74.7751 1.0500e-3 0.0009 0.9725

1.3 365.8712 109.9121 1.0500e-3 0.0010 0.9991

Table 3: Summaries of the parameters for SLuEs.

Fig. 5. Pseudo orbits for different sizes of noise forµ = 0, µ = 0.5, µ = 1.0, andµ = 1.3.

Fig.6. Zoom in parts of the approximation shadowing trajectory on the SLuEs.

My device Precision RAM Processor speed

Lenovo-PC 64-bit operating systems 6.00GB 2.20GHz

Table 4: The features of my device.
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