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Abstract A simple undirected graph ' whose vertex set is the set of non-central elements of a finite group
G and two vertices x and y are adjacent if they commute is called commuting graph of G. In this paper, we
compute energy, Laplacian energy and signless Laplacian energy of I'¢ for some classes of super integral
groups.
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1 Introduction

Let v(G) and e(G) be the set of vertices and edges of a graph G respectively. The Laplacian matrix and
signless Laplacian matrix of G are given by L(G) := D(G) — A(G) and Q(G) := D(G) + A(G), where A(G)
and D(G) denote the adjacency matrix and degree matrix of G respectively. Let Spec (G), L-spec (G) and
Q-spec (G) denote the spectrum, Laplacian spectrum and signless Laplacian spectrum of G. In other words,
Spec (G), L-spec (G) and Q-spec (G) are the set (with multiplicities) of eigenvalues of A(G), L(G) and Q(G)
respectively. The multiplicity of an element of Spec (G), L-spec (G) or Q-spec (G) is written as exponent of
that element. Let E(G), LE(G) and LE™ (G) be the energy, Laplacian energy and signless Laplacian energy of
G respectively. Then

CUR SRR SR T
A€ Spec (G) ue L—spec (G)

+ 2le(G

o= 3 b-Terl

ve Q—spec (G)

Let G be a finite non-abelian group and Z(G) be the center of G. A simple undirected graph I' whose vertex
setis G \ Z(G) and two vertices x and y are adjacent if they commute is called commuting graph of G. Many
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2 P. Dutta, R. K. Nath

researches have been carried on commuting graph of finite groups and many results have been obtained.
Various graph theoretic notions such as diameter, genus, spectrum, energy, Laplacian spectrum and signless
Laplacian spectrum etc. of I' have been computed in the recent years (see [2, 3, 5-9, 11]). If Spec (I'G),
L-spec (I') and Q-spec (I') contain only integers then a finite non-abelian group G is called super
integral. Several families of super integral groups are obtained in [8, 10]. In this paper we compute
Laplacian and signless Laplacian energies of I'¢ for some classes of super integral groups. More precisely,
we compute various energies of ' if G is a dihedral group, dicyclic group, Suzuki group etc. We also
compute various energies of I'¢ if G is a finite n-centralizer group for some n. Let
Cent (G) = {Cs(x) : x € G}, where Cg(x) = {y € G : xy = yx} is the centralizer of x € G. A group G is
called an n-centralizer group (see [4]) if | Cent (G)| = n. Note that a group is abelian if and only if it is
1-centralizer. Also there is no 2, 3-centralizer group. In [10], it was shown that 4, 5-centralizer finite groups
are super integral.

In [8], it was shown that G is super integral if I' is toroidal. It was also shown that G is super integral if
I'; is planar and G is not isomorphic to the symmetric group of degree four. We conclude this paper by
computing various energies of planar and toroidal commuting graph of finite groups, as an application of our
results.

2 Main Results
In this section we compute various energies of I' for some super integral groups. We begin with the class of
dicyclic groups.

Theorem 2.1 Let Qu, = (a,b: b* = 1,a*> = b",aba! = b~'), where n>2, be the dicyclic group of
order 4n. Then

6. if n=2
LE(Tg,,) = 75*2: if n=3 and
81— 2012 +8n+6 i
%, otherwise
6, if n=2
LE*(Tg,) =3¢ % =3
8n®—24n4 16n otherwise.

2n—1 )
Proof By Corollary 2.8 of [8], we have
L-spec (g, ) = {07!, (2n — 2)* 73,2},

Now, [v(Tg, )| =4n—2 and |e(Ty,,)| = #°=81+6 a5 Ty, = Ky, 2 LinK,. Therefore 20e(To,)| _ 4n’~8n+6

> v(Tg )\ 4n—2
2\6(%4 )| 42— 8nt6 2\6 rQ4n l| _ an?—an—2
We have \0— T | T80 2n — 2 — ] | 2= and
—4n’ 116110 e
’2 2le(Tg,,) ‘ a2y ifn=23
_ 2l ou)l| ] .
v(Tg,)| dn1ontl0 - otherwise.

Hence, LE(Tg,,) = 6 and 2 if n =2 and 3 respectively. If n >4 then
4n> —8n+6 4n? —4n -2 4n* — 16n + 10
LEH@)—(W+U<——————)+Qn—$(——————)+n<———————)

4n —2 4n -2 4n —2
_8n3720n2+8n+6
N 2n—1 '

By Corollary 2.8 of [8], we also have
Q-spec (Ip,,) = {(4n —6)", (2n — 4)*" 7,27, 0"}.

2le(Tou )l | _ en2—12n+3 2|F FQAM \ 412 —8n+6
Therefore, |4n — 6 — ] | = A |0 — i | = A0
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Various energies of commuting graphs of some super integral groups 3

‘2n_4_2|e(rg4n)‘_{%, if n="2

v(To,,)l % ,  otherwise
and

'22|e(rg4n)‘:{w, if n=23

(Lo, )| ar1ont10 - otherwise.

Hence, LE"(I'g, ) = 6 and % if n =2 and 3 respectively. If n >4 then

6n? — 12n 4 3 20> —6n+ 1 20’ —8n+5 2n? —4n +5
LE"(Ty,)=1———"+— 2n=3) ———
(To,,) ( 2n — 1 >+(n 3)< 2n — 1 > +n( 2n —1 >+n< 2n—1 >

8 —24n* + 16n
- 2n — 1

This completes the proof. U

Theorem 2.2 Let Dy, = (x,y : x" = y*> = 1,yxy~! = x7!) be the dihedral group of order 2n, where n > 2.
If n is odd then

2n® —4n? — 2n+ 4 5 itn=3
LE(T = d LEY(T =
( Dzn) m—1 an ( Dz”) %7 otherwise.
If n is even then
6, if n=4
LE(FDzn) — 75—2, lf n = 6 and
"3*5’;2#, otherwise
6, if n=4
LE*(Tp,) =1 5 ifn=6
w=6R8n - otherwise.
Proof By Corollary 2.7 of [8], we have
{01 (n—1)"%}, if nis odd

L-spec (I'p,,) =
pec (I'p,,) {{0%“,(;1—2)”3,2%}; if nis even

and

{2n—4)", (n—3)"2,0", if nis odd

Q-spec (I'p,,) = A
pec(Fo.) {(2”—6)17(’1—4)" 3,27,0?}, if nis even.

Note that the term (27 — 2)" must be deleted from the statement of Corollary 2.7 of [8] since it appeared in
Q-spec (F p,,) When n is odd as a typographical error.
If n is odd then |v(I'p,)|=2n—1 and |e(Tp,)| ="2= ;’”’2 as I'p, = K, UnK;. Therefore,

2e(Coy )|l _ g —3n+2 2le( FDZn l 11273n+2 2le rDZn | n 71
W(To,, )] . 21— Now [0 (T, )] | = W(Th,,) | =

LE(Tp,) = (n+1) <%) +(n—-2) (Zn = 11>

72n3—4n2—2n+4
B 2n— 1

—n~+4n—1 _
2|e(T _ 2]e(T if n =3

We have [2n — 4 — |‘v ] ) | =312 and |n — 3 — ‘lv(<r vz,l)>|\ =< 2L .
P Pan S otherwise.

Therefore, if n = 3 then LE*(I'p,,) =18, 1f n>5 then

. Hence

and |n—1—
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4 P. Dutta, R. K. Nath

2 2 _ 2 _
LE+(FD2n)_1(3n 7n+2)+(n_2)<n 4n+1>+n(n 3n—|—2)

2n — 1 2n — 1 2n—1
_ 2n® — 6n® + 4n
- 2n-—1
AI;%ain,)‘if n is even then |v(l"Dz”| |_)2‘an and |e(T'p,,) |7 2’3”|+6 as I'p, = K, 2 U5K,. We have
2le(Tpy )| __ w2 —4n+6 ey )l _ 74+e 2le(Tpy )l | _ p2—2n—2
\v(rD;n ="5,25" We have [0 — rD72)| =150 n — v rD; | =525 and
- 2ol M it =46
v(I'p,,)| w810 - otherwise.

Hence, LE(Tp,,) = 6 and 2 if n = 4 and 6 respectively. If n>8 then

n n—4n+6 n2—2n-2 n\ [(n? — 8n+ 10
LE(T :(— 1) mommTo Y e L (_) n”—8n+
(o) =5+ < -2 >+(” )< 2n—2 ) T\ T2

n—5n2 +4n+6

n—1
We have ‘21’1 _ 2|L ll:f;zu | | 3n? 27112121+6 |0 _ 2‘61522 )l ‘ _n 27’1411;6’
‘n_4_2wa@»|:{lﬁ%l, itn=d
[v(I'p,, )| ”22;6—_”;2, otherwise
Pzwa@»|:{l%%ﬁ% if n=4,6
[v(I'p,, )| ”2557310 ,  otherwise.

Therefore, LE™(T'p,,) = 6 and % if n = 4 and 6 respectively. If n > 8 then

3n* —12n+6 n—6n+2\ n(n*—81+10\ n(n*—4n+6
LE"(Tp,) =1|—F—F— IO T, 5 )T\ T, 5 ) TH\ T
(Ip,,) ( 2n —2 >+(n 3)( 2n —2 )+2< 2n—2 >+2< 2n—2 )

_n®—6n*+8n

N n—1 '
This completes the proof. O
Theorem 2.3 Let G = {a,b:a’ = b* = 1,b"'ab = a*) be the Suzuki group of order 20. Then

504 484
E(T'g) = 39, LE(FG):E and LE"(T'g) = 10

Proof By Theorem 2.2 of [7], we have Spec (I'g) = {(—2)",3",25}. Therefore, E(I'¢) = 39.

We have [v(I'g)| = 19 and |e(T'g)| = 21 as I'g = K4 U 5K;. Therefore ‘e((rR))‘l 1%. By Theorem 2.2 of

[8], we have L-spec(I'g) ={0°4% 3"}, Therefore |0— z\e rG ] | Al%’ 4= 2‘6 rG ‘| e
|3 _ 2|e Fc ) | 15 . Hence LE(FG) 504

| B);Ierl;"l:eﬁrem 2.2 of [8], we also have Q-spec (Ig) = {6',2%,4°,1'%}. We have |6_2||ve((FF<J3>|‘| =T
2

|4 — Zl‘velf: | = 3 and |1 — Z‘IVelch | = 2. Therefore LET () = 4L O

19
Theorem 2.4 Let G be a finite group.

(a) If G=7Z7x73 then E(Tg) = 25,LE(Tg) = 38 and LE*(I'g) = 1%,

(b) If G =2 As, the alternating group of degree 5, then E(Fg) 76 ( G)

=32% gnd LE* (Tg) = 322
() IfG=QDis=(a,b:a®=b>=1,bab~! =a’) then E(T;) = 18, LE(T';) = %30 and LE*(T

ro =%

Proof (a) If G = 7Z;%x 75 then by Lemma 3.2 of [7], we have Spec (I'g) = {(—1)",17,5'}. Therefore,

E(Tg) = 25. We have [v(I'g)| =20 and |e(Tg)| =22 as T = K U 7K,. Therefore, J¢el = 1L By
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Various energies of commuting graphs of some super integral groups 5

Proposition 2.9 of [8], we have L-spec (I'g) = {08,6°,27}. Therefore, |0 — 2‘|Ve(rg)\ | =4 |6 — Z\e(l"f;)| | =2

(To)l 5 (o)l
and |2 — 2‘6 F“ | *| =3 Hence, LE(I'g) = 38.
By Proposmon 2 9 of [8], we also have Q-spec (I'g) = {10',4°,27 07}. Therefore, |10 — (( G)>|‘ |=2,
4 -2l =2, |2 - Fefel| = Land |0 — 2559 | = 1L Hence, LE*(I'g) = 1%,

(b) Note that PSL(2 4) = As. Therefore by Proposition 2.2 of [7], we have
Spec (Ta,) = {(—1)%,3°,25 119} Hence, E(I's,) =76. We have |v(I's,)| =59 and |e(T,,)| = 61 as
I's, =5K3 U 10K, LU6K4.  Therefore 2ellal _ 122 By Proposition 2.11 of [8], we have

W)l 59
L-spec (T'4,) = {0?!,310,210 418} Therefore, |0 — FAS ‘| 23— 2|e FA‘ ‘\ =3 2- rl::))‘” =3
and |4 — 2|\VeFFAA5 | | =45 Hence, LE(T'4,) =23
By Proposmon 2.11 of [8] we also have Q-spec([4,) = {45 110 228 010 6%}. Therefore
2le(T, 2le(Ta)| 2|e FA \ 2le(T, 2|e (Tas)
4= 20l g2l g el g g 2Tl iz gng g 222

Hence LE*(F )= 3(5)34

(¢) If G= QD¢ then by Proposition 2.1 of [7], we have Spec(Ig) = {(—1)’,1%5'}. Hence,

E(T'g) = 18. We have [v(I'g)| =14 and |e(T')| =19 as I'c = Kg LU4K,. Therefore LFG))” =1 By

Proposition 2.10 of [8] we have L-spec (I') = {0°,6°,2*}. Therefore, [0 — M\ = 2“ e(lg) | = z
and |2 — 2‘6 FG ) ‘| =3. Hence, LE(T'g) = 3.

By Proposrtron 2. 10 of [8], we also have Q-spec (I'g) = {10',43 2% 0*}. Therefore, |10 — (( a))l‘ | =3,
j4 — Jeell] = 2, 12 — 3Tl | = S and |0 — 3Tell| = 2. Hence, LE*(Tg) = 122 O

The rest part of this section is devoted in computing various energies of commuting graphs of some finite n-
centralizer groups. We begin with finite 4-centralizer groups.

Theorem 2.5 If G is a finite 4-centralizer group then
E(T'g) = LE(I'g) = LE"(Tg) = 6|Z(G)| —6
Proof It was shown in Corollary 1(ii) of [1 1] that EQ &’) = 6|Z
We have |v(I'g)| =3|Z(G)| and |e(T'g |Z as FG = 3K|Z )| (conf. [10]). Therefore
Z‘If Lo = |Z(G)| — 1. By Theorem 3.1 of [10] we have L-spec (T') = {0%, (]Z(G )|)3‘Z<GJ|T3}. Therefore,
0 — 2'6 £l =12(G)| - 1 and [|Z(G)| — 1455} | = 1. Hence, LE(T) = 6Z(G)| -
By Theorem 3.1 of [10], we also have Q spec (Tg) = {(2|Z( N =2)*,(2(G)| - )”Z(G)l_*%}. Therefore,

212(G)| - 2 = 3459 | = |2(G)] - 1 and [|Z(G)| - 2~ rf'|_1Hence LET(T¢) = 6|Z(G)| —6. O

We have the following corollary of Theorem 2.5.
Corollary 2.6 If a group G is isomorphic to

(@) Z» x Qs

(b) Z» x Ds

(€) ZyxZ4y=(x,y:x*=y*=1,yxy ! =x71)
(d) M= {x,y:x®=y*=1,yxy =)

xy =y alxy b =yx!) or

Yy
(e) S8G(16,3) = (x,y:x* =y* =1
z Y =22 = Lxy = yx,xz = 2x,yz = x°2y)

X,

(f) DS*Z4:<x7y7
then

E(Tg) = LE(T) = LE*(T'g) = 18.

Proof Clearly, % ~ 7, X Z; and |Z(G)| = 4. By Theorem 2 of [4], it follows that G is a 4-centralizer
group. Hence, the result follows from Theorem 2.5. O

Theorem 2.7 If G is a finite 5-centralizer group then
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6 P. Dutta, R. K. Nath

E(Tg) = LE(TG) = LE*(Tg) = 16|2(G)| - 8

or
L, if [2(G)| =1
E(T'g) = 10|Z(G)| -8, LE(Tg)={ 5 if Z(G)| =2
12\2(G)|2+;4\Z(G)\—10 7 otherwise
and
L if |Z(G)| =1

+ _ )3
LE'(Tg) = { 122(G) +18\Z G)|-30

Proof Let G be a finite 5-centralizer group. Then by Theorem 4 of [4], we have 7 = 73 X Z3 or S (the
symmetric group of degree 3). It was shown in Corollary 1(iv) of [11] that Eél') ) =16|Z(G)| — 8 or

otherwise.

10|Z(G)| — 8 according as % is isomorphic to Z3 x Z5 or S3.
If % ~ 73 x Z3 then we have ()| = 8|Z(G)| and |e(Tg)| =4|Z(G)|(2|Z(G)| — 1) as

I'c = 4K5z).  Therefore 2“ (( =2|Z(G)]—1. By Theorem 2.3 of [8], we have

L-spec (T'g) = {0%, (2Z(G)|)**9 } Therefore, |0 — 2“;566 | =2|1z(G)| -1 and
12|1Z(G)| — 2 r >‘| = 1. Hence, LE(I'G) =16|Z(G)|—8. By Theorem 2.3 of [8], we also have
Qupec () = {42(0)| - 20, GIZ(G)] - 21, Therefore, WiZ(G)] - ~ Tt =21z -1

and |2|z( G)| -2 —Eel| = 1. Hence, LE*(Tg) = 16|Z(G)| - 8.
If ;G52 S5 then we have W(T)| = 51Z(G)| and |e(Tq)| = ZHELSEGON o6 T = Ky U 3Kz

(conf [10]). Therefore, 2‘|e(<rr‘7)|‘ 72©Q)1-5 )I = . By Theorem 2.1 of [10], we have

L-spec (Tg) = {0%, (22(G) )29 (1z(G)|)HO=1y,
)
\

Therefore, |0—2‘e 1-G|| 712G ‘ 2 121Z(G)| — 2|‘ve(<l“c6)‘| 3\Z<5)\+5 and
'| © )|_2|e( o| _ [ FEIEL it (Z(6) = 1,2
VTl 229, i j2(6) >3

Therefore, LE(I') =& and 2 if Z(G) = 1 and 2 respectively. If |Z(G)| >3 then

LE(Tg) =4 (%) + (2|12(G)| - 1)(%) + (3[2(6)| - 3><2|Z(G5¢)

B 12|1Z(G) 24 14|12(G)| — 10
B 5
By Theorem 3.2 of [10], we also have

Q-spec (Tg) = {(4]Z(G)| — 2)", (2|Z(G)| — 2)** 912 (1z(G)| — 2)*1AO1=Dy

Therefore, |4|Z(G)‘ —2_ Zl‘ve((lfcc)i‘ | 13|Z(5 |-5 ||Z( )| . thelrcc | | 2|Z( CS; [+5 and
2G|~ 2 20e(To)l| _ 3 if |Z(G)| =1
V(') WGS - if |Z(G)| > 2.

Hence, LET(T'g) =8 if Z(G) = 1. If |Z(G)| > 2 then
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Various energies of commuting graphs of some super integral groups 7

LE"(Tg) =1 (%) +(212(G)] +2) (W)

5 5
+0lze) -3 (PAYE2)

_ 12|Z(G)[ + 18]Z(G)| — 30
= s )
This completes the proof. O

We conclude this section with the following corollary.

Corollary 2.8 Let G be a finite non-abelian group and {x,xa, . ..,x,} be a set of pairwise non-commuting
elements of G having maximal size. If r = 3 then

E(T'g) = LE(Tg) = LE"(I'g) = 6|Z(G)| — 6

If r =4 then
E(Tg) = LE(Tg) = LE*(I'g) = 16|Z(G)| — 8
or
g, if |2(G)| =1
E(Tg) =10[Z(G)| -8, LE(I'g) = 7 if |2(G)] =2
12\Z(G)|2+;4\Z(G)\—10 7 otherwise
and
16 if |Z(G)|=1
" _ 50
HeTe) = { 122(G)" ; Z(G)| 30 otherwise.
Proof 1t follows from [1, Lemma 2.4] that
4, ifr=3
| Cent (G)| = ,
5, ifr=4.
Now, using Theorem 2.5 and Theorem 2.7 we get the required result. O

3 Some applications

In this section we compute various energies of I'; if I'; is planar or toroidal, using some results of Section 2
together with some known results.
Theorem 3.1 Let G be a finite non-abelian group. If ' is planar then
E(T'g) €{2,6,12,18,26,30,76,17 4+ 4V5 + 17},
16 72 140 504 408 5204 526 +46+/13
LE(TG) { + } and

5050 % e s T 23
256 484 312 756 140 3924}

54
LE*(T (16,18, 72 00 202 0
(G){ 1171971172373 7 59

Proof By Theorem 2.2 of [2], it follows that G = Qg, Q12,Ds,Ds, D19, Di2,Z2 X Qg, 75 X
Dg, Z4x Z4,M16,SG(16,3),D8*Z4,A4, As, Sz(2), SL(2,3) or S4. If G= Qg or Q, then, by [11,
Theorem 1(iii)] and Theorem 2.1, we have
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8 P. Dutta, R. K. Nath

E(Fg) S {6, 12}, LE(F(;) S {6,2} and

5
4
LE+(F0) S {6, 55} .

If G = D¢, Dg, Dy or Dy, then, by [11, Theorem 1(ii)] and Theorem 2.2, we have

16 72 54 140
E(Tg) € {2,6,12}, LE(FG)G{—,6,?} and LE*(FG)E{6,?,14,T}.

5
If G= 7, x Qg,Z, X Dy, Zyx 2y, Mig,SG(16,3) or Dg * Z4 then, by Corollary 2.6, we have
E(Tg) = LE(Tg) = LET(T'g) = 18.
If G = A4, then it was shown in the proof of the Theorem 3.2 of [7] and Theorem 4.2 of [8] that ' =

K3 U 4K,, Spec(I'g) = {(—1)%,2",1*}, L-spec (I'g) = {0°,32,2*} and Q-spec (I'c) = {4',12,24,0*}.
Hence

140 256
E(Tg) =12, LE(Tg)=~ and LE"(Tg) ="
If G =2 Sz(2) then, by Theorem 2.3, we have
4 484
E(Tg) =26, LE(Tg) = 51% and LE™(I'g) = %,

If G = SL(2,3) then it was shown in the proof of Theorem 3.2 of [7] and Theorem 4.2 of [8] that
FG = 3K2 U 4K4 and

Spec (Tg) = {(—=1)"%,1%,3*},  L-spec (I'g) = {07,23,4'%} and
Q-spec (I'g) = {0°,2",6%}.

Therefore
E(T'g) =30, LE(I'g)= % and LE"(Tg) = %
If G = A5 then, by Theorem 2.4(b), we have
E(Tg) =76, LE(Tq) = % and  LE*(Tg) = %.

Finally, if G = S4 then |v(I'g)| = 23 and |e(T'g)| = 50. Also
1 1
Spec () ={17, AR e (AT () }

2 2
L-spec (T'g) :{05, 13,2436 50 (4 +VI13)2, (4 — \/ﬁ)z}

and
Q-spec (I'g) = {0“, 19,2433 51 (4 +V5)%, (4 — V5), <“ +2‘/‘ﬁ) 1, (11 —2\/4ﬁ> ‘ }
Therefore,
E(Tg) =17 +4V5+ V17, LE(Tg) = M ind
LE"(I'g) :%-
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Various energies of commuting graphs of some super integral groups 9

Theorem 3.2 Let G be a finite non-abelian group. If I'g is toroidal then
230 390 480 }

27 38,48

E(Tg) € {10,18,22,25,34}, LE(Tg) € {TT =

and

192 168 370 408 1302
LET(T —_—— — 5.
(0)6{7’5’13’11”13}
Proof By Theorem 6.6 of [5], it follows that G = Q¢, D14, D1, De X Z3,A4 X Z3, Z7xZ3 or QDg. If
G = Q6 then, by [11, Theorem 1(iii)] and Theorem 2.1, we have
230 192
E(r(;) = 18, LE(FG> = 7 and LE+(FG) = T
If G = Dy4 or Dyg then, by [11, Theorem 1(ii)] and Theorem 2.2, we have
480 230 1302 192
E(Tg) € {10,18}, LE(Tg)€<——=,—, and LE"(I'g)€q——",— -
13° 7 13 ° 7
If G >~ Z7% 75 then, by Theorem 2.4(a), we have
168
E(FG) = 25, LE(F(;) =38 and LE+(Fc;) = T
If G = QD¢ then, by Theorem 2.4(c), we have
230 192

E(Tg) =18, LE(T)="- and LE'(Tg)=—-.

If G = Dg x Z3, then by Lemma 2.1 of [7], we have I'¢ = K¢ U 3K3. Therefore, by Corollary 2.1 of [7],
Spec (I'g) = {—1'",5',23}.  Hence, E(I';)=22. By Theorem 2.1 of [8], we have
L-spec (I'¢) = {0*,6°,2°}. Hence
LE(T'g) = 4|0 — 6| + 5|6 — 6| + 62 — 6|
=48.
By Theorem 2.1 of [8], we also have Q-spec (I'c) = {10',4°,23 0°}. Hence
LE"(T'g) = 1|10 — 6] + 5|4 — 6] + 3|3 — 6| + 6|0 — 6|
=59.
Finaly, if G =2 A4 x Z,, then by Lemma 2.1 of [7], we have I'¢ = K¢ U 4K4. Therefore, by Corollary 2.1 of

[71, Spec(I'g) = {—1',5"3*}. Hence, E(I'c)=34. By Theorem 2.1 of [8], we have
L-spec (I') = {0°,6°,412}. Hence

39 39 39
LE(Tg) = 5‘0 -+ 5‘6 -+ 12‘4 _ﬁ’
3%
ETh
By Theorem 2.1 of [8], we also have Q-spec (I'g) = {10',4°,6* 2!2}. Hence
39 39 39 39
LET(Tg) =1{10 - =| +5/4 - = | + 4|6 - =|+ 12]2 - =
(T'o) 11+‘ T T 11
408
BT
This completes the proof. ]
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