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Abstract A simple undirected graph CG whose vertex set is the set of non-central elements of a finite group
G and two vertices x and y are adjacent if they commute is called commuting graph of G. In this paper, we
compute energy, Laplacian energy and signless Laplacian energy of CG for some classes of super integral
groups.
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1 Introduction

Let vðGÞ and eðGÞ be the set of vertices and edges of a graph G respectively. The Laplacian matrix and
signless Laplacian matrix of G are given by LðGÞ :¼ DðGÞ � AðGÞ and QðGÞ :¼ DðGÞ þ AðGÞ, where AðGÞ
and DðGÞ denote the adjacency matrix and degree matrix of G respectively. Let Spec ðGÞ, L-spec ðGÞ and
Q-spec ðGÞ denote the spectrum, Laplacian spectrum and signless Laplacian spectrum of G. In other words,
Spec ðGÞ, L-spec ðGÞ and Q-spec ðGÞ are the set (with multiplicities) of eigenvalues of AðGÞ, LðGÞ and QðGÞ
respectively. The multiplicity of an element of Spec ðGÞ, L-spec ðGÞ or Q-spec ðGÞ is written as exponent of
that element. Let EðGÞ, LEðGÞ and LEþðGÞ be the energy, Laplacian energy and signless Laplacian energy of
G respectively. Then

EðGÞ ¼
X

k2Spec ðGÞ
jkj;LEðGÞ ¼

X

l2L�spec ðGÞ
l� 2jeðGjÞ

jvðGÞj

����

���� and

LEþðGÞ ¼
X

m2Q�spec ðGÞ
m� 2jeðGjÞ
jvðGÞj

����

����:

Let G be a finite non-abelian group and Z(G) be the center of G. A simple undirected graph CG whose vertex
set is G n ZðGÞ and two vertices x and y are adjacent if they commute is called commuting graph of G. Many
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researches have been carried on commuting graph of finite groups and many results have been obtained.
Various graph theoretic notions such as diameter, genus, spectrum, energy, Laplacian spectrum and signless
Laplacian spectrum etc. of CG have been computed in the recent years (see [2, 3, 5–9, 11]). If Spec ðCGÞ,
L-spec ðCGÞ and Q-spec ðCGÞ contain only integers then a finite non-abelian group G is called super
integral. Several families of super integral groups are obtained in [8, 10]. In this paper we compute
Laplacian and signless Laplacian energies of CG for some classes of super integral groups. More precisely,
we compute various energies of CG if G is a dihedral group, dicyclic group, Suzuki group etc. We also
compute various energies of CG if G is a finite n-centralizer group for some n. Let
Cent ðGÞ ¼ fCGðxÞ : x 2 Gg, where CGðxÞ ¼ fy 2 G : xy ¼ yxg is the centralizer of x 2 G. A group G is
called an n-centralizer group (see [4]) if jCent ðGÞj ¼ n. Note that a group is abelian if and only if it is
1-centralizer. Also there is no 2, 3-centralizer group. In [10], it was shown that 4, 5-centralizer finite groups
are super integral.

In [8], it was shown that G is super integral if CG is toroidal. It was also shown that G is super integral if
CG is planar and G is not isomorphic to the symmetric group of degree four. We conclude this paper by
computing various energies of planar and toroidal commuting graph of finite groups, as an application of our
results.

2 Main Results

In this section we compute various energies of CG for some super integral groups. We begin with the class of
dicyclic groups.

Theorem 2.1 Let Q4n ¼ ha; b : b2n ¼ 1; a2 ¼ bn; aba�1 ¼ b�1i, where n� 2, be the dicyclic group of
order 4n. Then

LEðCQ4n
Þ ¼

6; if n ¼ 2
72
5
; if n ¼ 3

8n3�20n2þ8nþ6
2n�1

; otherwise

8
><

>:
and

LEþðCQ4n
Þ ¼

6; if n ¼ 2
54
5
; if n ¼ 3

8n3�24n2þ16n
2n�1

; otherwise.

8
><

>:

Proof By Corollary 2.8 of [8], we have

L-spec ðCQ4n
Þ ¼ f0nþ1; ð2n� 2Þ2n�3; 2ng:

Now, jvðCQ4n
Þj ¼ 4n� 2 and jeðCQ4n

Þj ¼ 4n2�8nþ6
2

as CQ4n
¼ K2n�2 t nK2. Therefore,

2jeðCQ4n
Þj

jvðCQ4n
Þj ¼ 4n2�8nþ6

4n�2
.

We have j0� 2jeðCQ4n
Þj

jvðCQ4n
Þj j ¼ 4n2�8nþ6

4n�2
, j2n� 2� 2jeðCQ4n

Þj
jvðCQ4n

Þj j ¼ 4n2�4n�2
4n�2

and

2� 2jeðCQ4n
Þj

jvðCQ4n
Þj

����

���� ¼
�4n2þ16n�10

4n�2
; if n ¼ 2; 3

4n2�16nþ10
4n�2

; otherwise.

(

Hence, LEðCQ4n
Þ ¼ 6 and 72

5
if n ¼ 2 and 3 respectively. If n� 4 then

LEðCQ4n
Þ ¼ ðnþ 1Þ 4n2 � 8nþ 6

4n� 2

� �
þ ð2n� 3Þ 4n2 � 4n� 2

4n� 2

� �
þ n

4n2 � 16nþ 10

4n� 2

� �

¼ 8n3 � 20n2 þ 8nþ 6

2n� 1
:

By Corollary 2.8 of [8], we also have

Q-spec ðCQ4n
Þ ¼ fð4n� 6Þ1; ð2n� 4Þ2n�3; 2n; 0ng:

Therefore, j4n� 6� 2jeðCQ4n
Þj

jvðCQ4n
Þj j ¼ 6n2�12nþ3

2n�1
, j0� 2jeðCQ4n

Þj
jvðCQ4n

Þj j ¼ 4n2�8nþ6
4n�2

,
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2n� 4� 2jeðCQ4n
Þj

jvðCQ4n
Þj

����

���� ¼
�2n2þ6n�1

2n�1
; if n ¼ 2

2n2�6nþ1
2n�1

; otherwise

(

and

2� 2jeðCQ4n
Þj

jvðCQ4n
Þj

����

���� ¼
�4n2þ16n�10

4n�2
; if n ¼ 2; 3

4n2�16nþ10
4n�2

; otherwise.

(

Hence, LEþðCQ4n
Þ ¼ 6 and 54

5
if n ¼ 2 and 3 respectively. If n� 4 then

LEþðCQ4n
Þ ¼ 1

6n2 � 12nþ 3

2n� 1

� �
þ ð2n� 3Þ 2n2 � 6nþ 1

2n� 1

� �
þ n

2n2 � 8nþ 5

2n� 1

� �
þ n

2n2 � 4nþ 5

2n� 1

� �

¼ 8n3 � 24n2 þ 16n

2n� 1
:

This completes the proof. h

Theorem 2.2 Let D2n ¼ hx; y : xn ¼ y2 ¼ 1; yxy�1 ¼ x�1i be the dihedral group of order 2n, where n [ 2.
If n is odd then

LEðCD2n
Þ ¼ 2n3 � 4n2 � 2nþ 4

2n� 1
and LEþðCD2n

Þ ¼
16
5
; if n ¼ 3

2n3�6n2þ4n
2n�1

; otherwise.

(

If n is even then

LEðCD2n
Þ ¼

6; if n ¼ 4
72
5
; if n ¼ 6

n3�5n2þ4nþ6
n�1

; otherwise

8
><

>:
and

LEþðCD2n
Þ ¼

6; if n ¼ 4
54
5
; if n ¼ 6

n3�6n2þ8n
n�1

; otherwise.

8
><

>:

Proof By Corollary 2.7 of [8], we have

L-spec ðCD2n
Þ ¼ f0nþ1; ðn� 1Þn�2g; if n is odd

f0n
2
þ1; ðn� 2Þn�3; 2

n
2g; if n is even

(

and

Q-spec ðCD2n
Þ ¼ fð2n� 4Þ1; ðn� 3Þn�2; 0ng; if n is odd

fð2n� 6Þ1; ðn� 4Þn�3; 2
n
2; 0

n
2g; if n is even:

(

Note that the term ð2n� 2Þm must be deleted from the statement of Corollary 2.7 of [8] since it appeared in
Q-spec ðCD2n

Þ when n is odd as a typographical error.
If n is odd then jvðCD2n

Þj ¼ 2n� 1 and jeðCD2n
Þj ¼ n2�3nþ2

2
as CD2n

¼ Kn�1 t nK1. Therefore,
2jeðCD2n

Þj
jvðCD2n

Þj ¼ n2�3nþ2
2n�1

. Now j0� 2jeðCD2n
Þj

jvðCD2n
Þj j ¼ n2�3nþ2

2n�1
and jn� 1� 2jeðCD2n

Þj
jvðCD2n

Þj j ¼ n2�1
2n�1

. Hence

LEðCD2n
Þ ¼ ðnþ 1Þ n2 � 3nþ 2

2n� 1

� �
þ ðn� 2Þ n2 � 1

2n� 1

� �

¼ 2n3 � 4n2 � 2nþ 4

2n� 1
:

We have j2n� 4� 2jeðCD2n
Þj

jvðCD2n
Þj j ¼ 3n2�7nþ2

2n�1
and jn� 3� 2jeðCD2n

Þj
jvðCD2n

Þj j ¼
�n2þ4n�1

2n�1
; if n ¼ 3

n2�4nþ1
2n�1

; otherwise.

(

Therefore, if n ¼ 3 then LEþðCD2n
Þ ¼ 16

5
. If n� 5 then
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LEþðCD2n
Þ ¼ 1

3n2 � 7nþ 2

2n� 1

� �
þ ðn� 2Þ n2 � 4nþ 1

2n� 1

� �
þ n

n2 � 3nþ 2

2n� 1

� �

¼ 2n3 � 6n2 þ 4n

2n� 1
:

Again, if n is even then jvðCD2n
Þj ¼ 2n� 2 and jeðCD2n

Þj ¼ n2�4nþ6
2

as CD2n
¼ Kn�2 t n

2
K2. We have

2jeðCD2n
Þj

jvðCD2n
Þj ¼ n2�4nþ6

2n�2
. We have j0� 2jeðCD2n

Þj
jvðCD2n

Þj j ¼ n2�4nþ6
2n�2

, jn� 2� 2jeðCD2n
Þj

jvðCD2n
Þj j ¼ n2�2n�2

2n�2
and

2� 2jeðCD2n
Þj

jvðCD2n
Þj

����

���� ¼
�n2þ8n�10

2n�2
; if n ¼ 4; 6

n2�8nþ10
2n�2

; otherwise.

(

Hence, LEðCD2n
Þ ¼ 6 and 72

5
if n ¼ 4 and 6 respectively. If n� 8 then

LEðCD2n
Þ ¼ n

2
þ 1

� � n2 � 4nþ 6

2n� 2

� �
þ ðn� 3Þ n2 � 2n� 2

2n� 2

� �
þ n

2

� � n2 � 8nþ 10

2n� 2

� �

¼ n3 � 5n2 þ 4nþ 6

n� 1
:

We have j2n� 6� 2jeðCD2n
Þj

jvðCD2n
Þj j ¼ 3n2�12nþ6

2n�2
, j0� 2jeðCD2n

Þj
jvðCD2n

Þj j ¼ n2�4nþ6
2n�2

,

n� 4� 2jeðCD2n
Þj

jvðCD2n
Þj

����

���� ¼
�n2þ6n�2

2n�2
; if n ¼ 4

n2�6nþ2
2n�2

; otherwise

(
and

2� 2jeðCD2n
Þj

jvðCD2n
Þj

����

���� ¼
�n2þ8n�10

2n�2
; if n ¼ 4; 6

n2�8nþ10
2n�2

; otherwise.

(

Therefore, LEþðCD2n
Þ ¼ 6 and 54

5
if n ¼ 4 and 6 respectively. If n� 8 then

LEþðCD2n
Þ ¼ 1

3n2 � 12nþ 6

2n� 2

� �
þ ðn� 3Þ n2 � 6nþ 2

2n� 2

� �
þ n

2

n2 � 8nþ 10

2n� 2

� �
þ n

2

n2 � 4nþ 6

2n� 2

� �

¼ n3 � 6n2 þ 8n

n� 1
:

This completes the proof. h

Theorem 2.3 Let G ¼ ha; b : a5 ¼ b4 ¼ 1; b�1ab ¼ a2i be the Suzuki group of order 20. Then

EðCGÞ ¼ 39; LEðCGÞ ¼
504

19
and LEþðCGÞ ¼

484

19
:

Proof By Theorem 2.2 of [7], we have Spec ðCGÞ ¼ fð�2Þ13; 31; 25g. Therefore, EðCGÞ ¼ 39.
We have jvðCGÞj ¼ 19 and jeðCGÞj ¼ 21 as CG ¼ K4 t 5K3. Therefore

2jeðCGÞj
jvðCGÞj ¼

42
19

. By Theorem 2.2 of

[8], we have L-spec ðCGÞ ¼ f06; 43; 310g. Therefore j0� 2jeðCGÞj
jvðCGÞj j ¼

42
19

, j4� 2jeðCGÞj
jvðCGÞj j ¼

34
19

and

j3� 2jeðCGÞj
jvðCGÞj j ¼

15
19

. Hence LEðCGÞ ¼ 504
19

.

By Theorem 2.2 of [8], we also have Q-spec ðCGÞ ¼ f61; 23; 45; 110g. We have j6� 2jeðCGÞj
jvðCGÞj j ¼

72
19

,

j2� 2jeðCGÞj
jvðCGÞj j ¼

4
19

, j4� 2jeðCGÞj
jvðCGÞj j ¼

34
19

and j1� 2jeðCGÞj
jvðCGÞj j ¼

23
19

. Therefore LEþðCGÞ ¼ 484
19

. h

Theorem 2.4 Let G be a finite group.

(a) If G ffi Z7oZ3 then EðCGÞ ¼ 25;LEðCGÞ ¼ 38 and LEþðCGÞ ¼ 168
5

.
(b) If G ffi A5, the alternating group of degree 5, then EðCGÞ ¼ 76; LEðCGÞ ¼ 5204

59
and LEþðCGÞ ¼ 3924

59
.

(c) If G ffi QD16 ¼ ha; b : a8 ¼ b2 ¼ 1; bab�1 ¼ a3i then EðCGÞ ¼ 18;LEðCGÞ ¼ 230
7

and LEþðCGÞ ¼ 192
7

.

Proof (a) If G ffi Z7oZ3 then by Lemma 3.2 of [7], we have Spec ðCGÞ ¼ fð�1Þ13; 17; 51g. Therefore,

EðCGÞ ¼ 25. We have jvðCGÞj ¼ 20 and jeðCGÞj ¼ 22 as CG ¼ K6 t 7K2. Therefore,
2jeðCGÞj
jvðCGÞj ¼

11
5

. By
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Proposition 2.9 of [8], we have L-spec ðCGÞ ¼ f08; 65; 27g. Therefore, j0� 2jeðCGÞj
jvðCGÞj j ¼

11
5

, j6� 2jeðCGÞj
jvðCGÞj j ¼

19
5

and j2� 2jeðCGÞj
jvðCGÞj j ¼

1
5
. Hence, LEðCGÞ ¼ 38.

By Proposition 2.9 of [8], we also have Q-spec ðCGÞ ¼ f101; 45; 27; 07g. Therefore, j10� 2jeðCGÞj
jvðCGÞj j ¼

39
5

,

j4� 2jeðCGÞj
jvðCGÞj j ¼

9
5
, j2� 2jeðCGÞj

jvðCGÞj j ¼
1
5

and j0� 2jeðCGÞj
jvðCGÞj j ¼

11
5

. Hence, LEþðCGÞ ¼ 168
5

.

(b) Note that PSLð2; 4Þ ffi A5. Therefore, by Proposition 2.2 of [7], we have

Spec ðCA5
Þ ¼ fð�1Þ38; 36; 25; 110g. Hence, EðCA5

Þ ¼ 76. We have jvðCA5
Þj ¼ 59 and jeðCA5

Þj ¼ 61 as

CA5
¼ 5K3 t 10K2 t 6K4. Therefore

2jeðCA5
Þj

jvðCA5
Þj ¼ 122

59
. By Proposition 2.11 of [8], we have

L-spec ðCA5
Þ ¼ f021; 310; 210; 418g. Therefore, j0� 2jeðCA5

Þj
jvðCA5

Þj j ¼ 122
59

, j3� 2jeðCA5
Þj

jvðCA5
Þj j ¼ 55

59
, j2� 2jeðCA5

Þj
jvðCA5

Þj j ¼ 4
59

and j4� 2jeðCA5
Þj

jvðCA5
Þj j ¼ 114

59
. Hence, LEðCA5

Þ ¼ 5204
59

.

By Proposition 2.11 of [8], we also have Q-spec ðCA5
Þ ¼ f45; 110; 228; 010; 66g. Therefore,

j4� 2jeðCA5
Þj

jvðCA5
Þj j ¼ 114

59
, j1� 2jeðCA5

Þj
jvðCA5

Þj j ¼ 63
59

, j2� 2jeðCA5
Þj

jvðCA5
Þj j ¼ 4

59
, j0� 2jeðCA5

Þj
jvðCA5

Þj j ¼ 122
59

and j6� 2jeðCA5
Þj

jvðCA5
Þj j ¼ 232

59
.

Hence, LEþðCA5
Þ ¼ 3924

59
.

(c) If G ffi QD16 then by Proposition 2.1 of [7], we have Spec ðCGÞ ¼ fð�1Þ9; 14; 51g. Hence,

EðCGÞ ¼ 18. We have jvðCGÞj ¼ 14 and jeðCGÞj ¼ 19 as CG ¼ K6 t 4K2. Therefore
2jeðCGÞj
jvðCGÞj ¼

19
7

. By

Proposition 2.10 of [8], we have L-spec ðCGÞ ¼ f05; 65; 24g. Therefore, j0� 2jeðCGÞj
jvðCGÞj j ¼

19
7

, j6� 2jeðCGÞj
jvðCGÞj j ¼

23
7

and j2� 2jeðCGÞj
jvðCGÞj j ¼

5
7
. Hence, LEðCGÞ ¼ 230

7
.

By Proposition 2.10 of [8], we also have Q-spec ðCGÞ ¼ f101; 45; 24; 04g. Therefore, j10� 2jeðCGÞj
jvðCGÞj j ¼

51
7

,

j4� 2jeðCGÞj
jvðCGÞj j ¼

9
7
, j2� 2jeðCGÞj

jvðCGÞj j ¼
5
7

and j0� 2jeðCGÞj
jvðCGÞj j ¼

19
7

. Hence, LEþðCGÞ ¼ 192
7

. h

The rest part of this section is devoted in computing various energies of commuting graphs of some finite n-
centralizer groups. We begin with finite 4-centralizer groups.

Theorem 2.5 If G is a finite 4-centralizer group then

EðCGÞ ¼ LEðCGÞ ¼ LEþðCGÞ ¼ 6jZðGÞj � 6:

Proof It was shown in Corollary 1(ii) of [11] that EðCGÞ ¼ 6jZðGÞj � 6.
We have jvðCGÞj ¼ 3jZðGÞj and jeðCGÞj ¼ 3jZðGÞjðjZðGÞj�1Þ

2
as CG ¼ 3KjZðGÞj (conf. [10]). Therefore

2jeðCGÞj
jvðCGÞj ¼ jZðGÞj � 1. By Theorem 3.1 of [10], we have L-spec ðCGÞ ¼ f03; ðjZðGÞjÞ3jZðGÞj�3g. Therefore,

j0� 2jeðCGÞj
jvðCGÞj j ¼ jZðGÞj � 1 and jjZðGÞj � 2jeðCGÞj

jvðCGÞj j ¼ 1. Hence, LEðCGÞ ¼ 6jZðGÞj � 6.

By Theorem 3.1 of [10], we also have Q-spec ðCGÞ ¼ fð2jZðGÞj � 2Þ3; ðjZðGÞj � 2Þ3jZðGÞj�3g. Therefore,

j2jZðGÞj � 2� 2jeðCGÞj
jvðCGÞj j ¼ jZðGÞj � 1 and jjZðGÞj � 2� 2jeðCGÞj

jvðCGÞj j ¼ 1. Hence, LEþðCGÞ ¼ 6jZðGÞj � 6. h

We have the following corollary of Theorem 2.5.

Corollary 2.6 If a group G is isomorphic to

(a) Z2 � Q8

(b) Z2 � D8

(c) Z4oZ4 ¼ hx; y : x4 ¼ y4 ¼ 1; yxy�1 ¼ x�1i
(d) M16 ¼ hx; y : x8 ¼ y2 ¼ 1; yxy ¼ x5i
(e) SGð16; 3Þ ¼ hx; y : x4 ¼ y4 ¼ 1; xy ¼ y�1x�1; xy�1 ¼ yx�1i or
(f) D8 � Z4 ¼ hx; y; z : x4 ¼ y2 ¼ z2 ¼ 1; xy ¼ yx; xz ¼ zx; yz ¼ x2zyi

then

EðCGÞ ¼ LEðCGÞ ¼ LEþðCGÞ ¼ 18:

Proof Clearly, G
ZðGÞ ffi Z2 � Z2 and jZðGÞj ¼ 4. By Theorem 2 of [4], it follows that G is a 4-centralizer

group. Hence, the result follows from Theorem 2.5. h

Theorem 2.7 If G is a finite 5-centralizer group then

123

Various energies of commuting graphs of some super integral groups 5



EðCGÞ ¼ LEðCGÞ ¼ LEþðCGÞ ¼ 16jZðGÞj � 8

or

EðCGÞ ¼ 10jZðGÞj � 8; LEðCGÞ ¼

16
5
; if jZðGÞj ¼ 1

72
5
; if jZðGÞj ¼ 2

12jZðGÞj2þ14jZðGÞj�10

5
; otherwise

8
>><

>>:

and

LEþðCGÞ ¼
16
5
; if jZðGÞj ¼ 1

12jZðGÞj2þ18jZðGÞj�30

5
; otherwise.

(

Proof Let G be a finite 5-centralizer group. Then by Theorem 4 of [4], we have G
ZðGÞ ffi Z3 � Z3 or S3 (the

symmetric group of degree 3). It was shown in Corollary 1(iv) of [11] that EðCGÞ ¼ 16jZðGÞj � 8 or

10jZðGÞj � 8 according as G
ZðGÞ is isomorphic to Z3 � Z3 or S3.

If G
ZðGÞ ffi Z3 � Z3 then we have jvðCGÞj ¼ 8jZðGÞj and jeðCGÞj ¼ 4jZðGÞjð2jZðGÞj � 1Þ as

CG ¼ 4K2jZðGÞj. Therefore
2jeðCGÞj
jvðCGÞj ¼ 2jZðGÞj � 1. By Theorem 2.3 of [8], we have

L-spec ðCGÞ ¼ f04; ð2jZðGÞjÞ8jZðGÞj�4g. Therefore, j0� 2jeðCGÞj
jvðCGÞj j ¼ 2jZðGÞj � 1 and

j2jZðGÞj � 2jeðCGÞj
jvðCGÞj j ¼ 1. Hence, LEðCGÞ ¼ 16jZðGÞj � 8. By Theorem 2.3 of [8], we also have

Q-spec ðCGÞ ¼ fð4jZðGÞj � 2Þ4; ð2jZðGÞj � 2Þ8jZðGÞj�4g. Therefore, j4jZðGÞj � 2� 2jeðCGÞj
jvðCGÞj j ¼ 2jZðGÞj � 1

and j2jZðGÞj � 2� 2jeðCGÞj
jvðCGÞj j ¼ 1. Hence, LEþðCGÞ ¼ 16jZðGÞj � 8.

If G
ZðGÞ ffi S3 then we have jvðCGÞj ¼ 5jZðGÞj and jeðCGÞj ¼ 7jZðGÞj2�5jZðGÞj

2
as CG ¼ K2jZðGÞj t 3KjZðGÞj

(conf. [10]). Therefore,
2jeðCGÞj
jvðCGÞj ¼

7jZðGÞj�5

5
. By Theorem 2.1 of [10], we have

L-spec ðCGÞ ¼ f04; ð2jZðGÞjÞ2jZðGÞj�1; ðjZðGÞjÞ3ðjZðGÞj�1Þg:

Therefore, j0� 2jeðCGÞj
jvðCGÞj j ¼

7jZðGÞj�5

5
, j2jZðGÞj � 2jeðCGÞj

jvðCGÞj j ¼
3jZðGÞjþ5

5
and

jZðGÞj � 2jeðCGÞj
jvðCGÞj

����

���� ¼
�2jZðGÞjþ5

5
; if jZðGÞj ¼ 1; 2

2jZðGÞj�5

5
; if jZðGÞj � 3:

(

Therefore, LEðCGÞ ¼ 16
5

and 72
5

if ZðGÞ ¼ 1 and 2 respectively. If jZðGÞj � 3 then

LEðCGÞ ¼4
7jZðGÞj � 5

5

� �
þ ð2jZðGÞj � 1Þ 3jZðGÞj þ 5

5

� �
þ ð3jZðGÞj � 3Þ 2jZðGÞj � 5

5

� �

¼ 12jZðGÞj2 þ 14jZðGÞj � 10

5
:

By Theorem 3.2 of [10], we also have

Q-spec ðCGÞ ¼ fð4jZðGÞj � 2Þ1; ð2jZðGÞj � 2Þ2jZðGÞjþ2; ðjZðGÞj � 2Þ3ðjZðGÞj�1Þg:

Therefore, j4jZðGÞj � 2� 2jeðCGÞj
jvðCGÞj j ¼

13jZðGÞj�5

5
, jjZðGÞj � 2� 2jeðCGÞj

jvðCGÞj j ¼
2jZðGÞjþ5

5
and

2jZðGÞj � 2� 2jeðCGÞj
jvðCGÞj

����

���� ¼
2
5
; if jZðGÞj ¼ 1

3jZðGÞj�5

5
; if jZðGÞj � 2:

(

Hence, LEþðCGÞ ¼ 16
5

if ZðGÞ ¼ 1. If jZðGÞj � 2 then
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LEþðCGÞ ¼1
13jZðGÞj � 5

5

� �
þ ð2jZðGÞj þ 2Þ 3jZðGÞj � 5

5

� �

þ ð3jZðGÞj � 3Þ 2jZðGÞj þ 5

5

� �

¼ 12jZðGÞj2 þ 18jZðGÞj � 30

5
:

This completes the proof. h

We conclude this section with the following corollary.

Corollary 2.8 Let G be a finite non-abelian group and fx1; x2; . . .; xrg be a set of pairwise non-commuting
elements of G having maximal size. If r ¼ 3 then

EðCGÞ ¼ LEðCGÞ ¼ LEþðCGÞ ¼ 6jZðGÞj � 6:

If r ¼ 4 then

EðCGÞ ¼ LEðCGÞ ¼ LEþðCGÞ ¼ 16jZðGÞj � 8

or

EðCGÞ ¼ 10jZðGÞj � 8; LEðCGÞ ¼

16
5
; if jZðGÞj ¼ 1

72
5
; if jZðGÞj ¼ 2

12jZðGÞj2þ14jZðGÞj�10

5
; otherwise

8
>><

>>:

and

LEþðCGÞ ¼
16
5
; if jZðGÞj ¼ 1

12jZðGÞj2þ18jZðGÞj�30

5
; otherwise.

(

Proof It follows from [1, Lemma 2.4] that

jCent ðGÞj ¼
4; if r ¼ 3

5; if r ¼ 4:

�

Now, using Theorem 2.5 and Theorem 2.7 we get the required result. h

3 Some applications

In this section we compute various energies of CG if CG is planar or toroidal, using some results of Section 2
together with some known results.

Theorem 3.1 Let G be a finite non-abelian group. If CG is planar then

EðCGÞ 2f2; 6; 12; 18; 26; 30; 76; 17þ 4
ffiffiffi
5
p
þ

ffiffiffiffiffi
17
p
g;

LEðCGÞ 2
16

5
;
72

5
; 6;

140

11
; 16;

504

19
;
408

11
;
5204

59
;
526þ 46

ffiffiffiffiffi
13
p

23

� 	
and

LEþðCGÞ 2 6;
54

5
; 16; 18;

256

11
;
484

19
;
312

11
;
756

23
;
140

3
;
3924

59

� 	
:

Proof By Theorem 2.2 of [2], it follows that G ffi Q8;Q12;D6;D8;D10, D12;Z2 � Q8;Z2 �
D8;Z4oZ4;M16; SGð16; 3Þ;D8 � Z4;A4; A5, Sz(2), SL(2, 3) or S4. If G ffi Q8 or Q12 then, by [11,
Theorem 1(iii)] and Theorem 2.1, we have
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EðCGÞ 2 f6; 12g; LEðCGÞ 2 6;
72

5

� 	
and

LEþðCGÞ 2 6;
54

5

� 	
:

If G ffi D6;D8;D10 or D12 then, by [11, Theorem 1(ii)] and Theorem 2.2, we have

EðCGÞ 2 f2; 6; 12g; LEðCGÞ 2
16

5
; 6;

72

5

� 	
and LEþðCGÞ 2 6;

54

5
; 14;

140

3

� 	
:

If G ffi Z2 � Q8;Z2 � D8;Z4oZ4;M16; SGð16; 3Þ or D8 � Z4 then, by Corollary 2.6, we have

EðCGÞ ¼ LEðCGÞ ¼ LEþðCGÞ ¼ 18:

If G ffi A4, then it was shown in the proof of the Theorem 3.2 of [7] and Theorem 4.2 of [8] that CG ¼
K3 t 4K2, Spec ðCGÞ ¼ fð�1Þ6; 21; 14g, L-spec ðCGÞ ¼ f05; 32; 24g and Q-spec ðCGÞ ¼ f41; 12; 24; 04g.
Hence

EðCGÞ ¼ 12; LEðCGÞ ¼
140

11
and LEþðCGÞ ¼

256

11
:

If G ffi Szð2Þ then, by Theorem 2.3, we have

EðCGÞ ¼ 26; LEðCGÞ ¼
504

19
and LEþðCGÞ ¼

484

19
:

If G ffi SLð2; 3Þ then it was shown in the proof of Theorem 3.2 of [7] and Theorem 4.2 of [8] that
CG ¼ 3K2 t 4K4 and

Spec ðCGÞ ¼ fð�1Þ15; 13; 34g; L-spec ðCGÞ ¼ f07; 23; 412g and

Q-spec ðCGÞ ¼ f03; 215; 64g:

Therefore

EðCGÞ ¼ 30; LEðCGÞ ¼
408

11
and LEþðCGÞ ¼

312

11
:

If G ffi A5 then, by Theorem 2.4(b), we have

EðCGÞ ¼ 76; LEðCGÞ ¼
5204

59
and LEþðCGÞ ¼

3924

59
:

Finally, if G ffi S4 then jvðCGÞj ¼ 23 and jeðCGÞj ¼ 50. Also

Spec ðCGÞ ¼ 17; ð�1Þ10; ð
ffiffiffi
5
p
Þ2; ð�

ffiffiffi
5
p
Þ2; 3þ

ffiffiffiffiffi
17
p

2

� �1

;
3�

ffiffiffiffiffi
17
p

2

� �1
( )

;

L-spec ðCGÞ ¼ 05; 13; 24; 36; 51; ð4þ
ffiffiffiffiffi
13
p
Þ2; ð4�

ffiffiffiffiffi
13
p
Þ2

n o

and

Q-spec ðCGÞ ¼ 04; 16; 24; 33; 51; ð4þ
ffiffiffi
5
p
Þ2; ð4�

ffiffiffi
5
p
Þ2; 11þ

ffiffiffiffiffi
41
p

2

� �1

;
11�

ffiffiffiffiffi
41
p

2

� �1
( )

:

Therefore,

EðCGÞ ¼17þ 4
ffiffiffi
5
p
þ

ffiffiffiffiffi
17
p

; LEðCGÞ ¼
526þ 46

ffiffiffiffiffi
13
p

23
and

LEþðCGÞ ¼
756

23
:

h
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Theorem 3.2 Let G be a finite non-abelian group. If CG is toroidal then

EðCGÞ 2 f10; 18; 22; 25; 34g; LEðCGÞ 2
230

7
;
390

11
;
480

13
; 38; 48

� 	

and

LEþðCGÞ 2
192

7
;
168

5
;
370

13
;
408

11
; 59;

1302

13

� 	
:

Proof By Theorem 6.6 of [5], it follows that G ffi Q16;D14;D16, D6 � Z3;A4 � Z2, Z7oZ3 or QD16. If
G ffi Q16 then, by [11, Theorem 1(iii)] and Theorem 2.1, we have

EðCGÞ ¼ 18; LEðCGÞ ¼
230

7
and LEþðCGÞ ¼

192

7
:

If G ffi D14 or D16 then, by [11, Theorem 1(ii)] and Theorem 2.2, we have

EðCGÞ 2 f10; 18g; LEðCGÞ 2
480

13
;
230

7

� 	
and LEþðCGÞ 2

1302

13
;
192

7

� 	
:

If G ffi Z7oZ3 then, by Theorem 2.4(a), we have

EðCGÞ ¼ 25; LEðCGÞ ¼ 38 and LEþðCGÞ ¼
168

5
:

If G ffi QD16 then, by Theorem 2.4(c), we have

EðCGÞ ¼ 18; LEðCGÞ ¼
230

7
and LEþðCGÞ ¼

192

7
:

If G ffi D6 � Z3, then by Lemma 2.1 of [7], we have CG ¼ K6 t 3K3. Therefore, by Corollary 2.1 of [7],

Spec ðCGÞ ¼ f�111; 51; 23g. Hence, EðCGÞ ¼ 22. By Theorem 2.1 of [8], we have

L-spec ðCGÞ ¼ f04; 65; 26g. Hence

LEðCGÞ ¼ 4j0� 6j þ 5j6� 6j þ 6j2� 6j
¼ 48:

By Theorem 2.1 of [8], we also have Q-spec ðCGÞ ¼ f101; 45; 23; 06g. Hence

LEþðCGÞ ¼ 1j10� 6j þ 5j4� 6j þ 3j3� 6j þ 6j0� 6j
¼ 59:

Finaly, if G ffi A4 � Z2, then by Lemma 2.1 of [7], we have CG ¼ K6 t 4K4. Therefore, by Corollary 2.1 of

[7], Spec ðCGÞ ¼ f�117; 51; 34g. Hence, EðCGÞ ¼ 34. By Theorem 2.1 of [8], we have

L-spec ðCGÞ ¼ f05; 65; 412g. Hence

LEðCGÞ ¼ 5 0� 39

11

����

����þ 5 6� 39

11

����

����þ 12 4� 39

11

����

����

¼ 390

11
:

By Theorem 2.1 of [8], we also have Q-spec ðCGÞ ¼ f101; 45; 64; 212g. Hence

LEþðCGÞ ¼ 1 10� 39

11

����

����þ 5 4� 39

11

����

����þ 4 6� 39

11

����

����þ 12 2� 39

11

����

����

¼ 408

11
:

This completes the proof. h
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