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Abstract Let X, Y be Banach spaces, W be a closed wedge of X, and f : WU —W — Y be a symmetric &-
isometry. We firstly establish a weak stability formula about the symmetric isometry f. Making use of it, we
prove a series of new stability theorems for the symmetric isometries defined on the positive cones W of
C(K)-spaces. For example, if f(W U —W) contains a reproducing wedge of Y, then there exists a linear
surjective isometry U : C(K) — Y such that f — U is uniformly bounded by 3¢ on W U —W; and if cof (W U
—W) contains a reproducing wedge P of Y, then there exists a bounded linear operator T : ¥ — C(K) with
|IT]| = 1 such that

3
I1TF (x) — x|| < Es,for allx e WU —-W.
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1 Introduction

Assume that X, Y are real Banach spaces. A mapping f : X — Y is said to be an ¢-isometry for some constant
& >0 provided

) =f D)l = [l = yll[ <e, forallx,y € X. (1.1)

fis called standard if f(0) = 0. We say that an &-isometry f is symmetric whenever f(—-) = —f(-). Thus,
every symmetric e-isometry is standard. An e-isometry is said to be an isometry whenever ¢ = 0.

The study of properties of isometry between Banach spaces and of its generalizations has continued for
80 years. The first celebrated result was due to Mazur and Ulam [16, 1932]: Every surjective standard
isometry between two Banach spaces is a linear isometry. This reveals a profound fact: Geometric pre-
serving mapping is linear structure preserving! For a general standard isometry f : X — Y, Figiel [10, 1968]
showed the following remarkable theorem: there is a linear operator T : L(f) — X with ||T|| = 1 such that
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12 L. Sun

Tf = Ix, where L(f) is the closure of span[f(X)] in Y ; i.e. every isometry admits a linear left inverse of norm
one!

Since 90s of the last century, the study of stability property of non-surjective e-isometry has become an
active area. A standard e-isometry f : X — Y is said to be (y-) stable provided there exist a positive number y
and a bounded linear operator 7 : L(f) — X such that

I|7f (x) — x|| <7ye, forall x € X. (1.2)

Motivated by Figiel’s theorem [10, 1968] , Qian [19, 1995] first studied such a prqblem, showed that the
answer to the problem is positive if both X and Y are L, spaces for all 1 <p <oo. Semrl and Viisili [20,
2003] further presented a sharp estimate of (1.2) with y = 2 if both X and Y are L, spaces for 1 <p <oo.
However, Qian [19] presented a simple counterexample showing that if a separable Banach space Y contains
an uncomplemented closed subspace X then for every ¢ > 0 there is a standard e-isometry f : X — Y which
is unstable. This disappointment makes us to search for some appropriate (but weaker) stability version.

Cheng, Dong and Zhang [7, 2013] showed a weak stability theorem, which can be regarded as a
quantitative extension of Figiel’s theorem. It is shown that this result is not only a generalized version of
Figiel’s theorem, but also very useful to the study of stability of e-isometries (see, for example, [8]-
[9, 21-23]). Recently, Cheng et al. [6] presented a sharp version of the weakly stability mentioned above (so
called universal theorem for stability). It unifies many known results (including the Mazur-Ulam theorem,
Figiel’s theorem, the Omladic-Semrl theorem, the Qian-Semrl-Véiséld theorem), and implies a series of new
results about stability of e-isometries.

Cheng and Sun [8, 2019] studied the weak stability formulae of symmetric e-isometries, and proved the
following sharp estimate of a symmetric ¢-isometry f : X — Y: For every x* € X* there exists ¢ € Y* with
[l = llx*[[ = r so that

|<x*,x>—((b,f(x))lﬁ%rs,for all x € X. (1.3)

Weak stability formulae of e-isometries defined on wedges of Banach spaces is also discussed in [9]. It shall
also play an essential rule in this paper.

In this paper, motivated by [8, 9], we discuss the properties of symmetric e-isometries defined on
WU —W, where W is a wedge of a Banach space X. And, we give a localized setting of the inequality (1.3):
Iff: WU—-W — Y is a symmetric e-isometry for some Banach space Y, then there exists a w*-compact
absolutely convex set B C By satisfying that (1) p(x) = sup,..5(x*,x) = ||x|| for all x € W U —W; and (2)
for every x* € B, there is a ¢p € By~ so that

|(x*,x) — (9, f(x))| < %s,for allx € WU —W. (1.4)

As its applications, we prove that for a symmetric e-isometry f : W U —W — Y with W is the positive cone
of a C(K)-space, if f(W U —W) contains a reproducing wedge of Y, then there exists a linear surjective
isometry U : C(K) — Y such that f — U is uniformly bounded by %? on WU —W,; and if cof (WU —W)
contains a reproducing wedge of Y, then there exists a bounded linear operator 7 : ¥ — C(K) with ||T|| = 1
such that

3
ITf (x) — x|| < Es,for allx e WU —-W.

All symbols and notations in this paper are standard. We use X to denote a Banach space and X* its dual. By
(resp. Sx) stands for the closed unit ball (resp. the unit sphere) of X. B(X, Y) denotes for the space of all
bounded linear operators from X to Y. Given T € B(X,Y), T* : Y* — X* stands for the conjugate operator of
T. For a subset A C X(X*), A, (w*-A) and co(A) present the closure (the w*-closure), and the convex hull of
A, respectively. For a a compact Hausdorff space K, C(K) represents the real Banach space of all continuous
functions on K endowed with the supremum norm. For any £ € K, let J; be a bounded linear functional on
C(K) defined as (9, @) = (k) for all ¢ € C(K).
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Stability of symmetric... 13

2 A sharp weak stability formula for symmetric ¢-isometries defined on wedges

It has shown in [8, Theorem 8] that the symmetrization ® = (f(-) — f(—-))/2 of an e-isometry f : X — Y is
a symmetric 3e-isometry. This property emphasizes that symmetric e-isometries constitute a large class of ¢-
isometries. Recall a wedge in a Banach space X is a convex set closed under multiplication by non-negative
scalars. The span of a wedge W is simply W — W. W is said to be (respectively, almost) reproducing
whenever W — W = X (respectively, W — W is dense in X). Unless stated explicitly otherwise, we shall
assume that a wedge is norm closed. A wedge W is said to be a cone if W N —-W = 0.

Deﬁn?tion 2.1 Suppose that X, Y are Banach spaces, W C X is a wedge, and f: WU—-W — Y is a
mapping.
i) The mapping f is said to be an ¢-isometry for some ¢ > 0 provided
1FG) £ = x = | <o, forall x,y € WU —W;
ii) The e-isometry f is called symmetric if f(—-) = —f(-).
The following result is analogous to [9, Lemma 2.3].

Lemma 2.2 Suppose that X, Y are Banach spaces, W C X is a wedge and f : WU —W — Y is a sym-
metric e-isometry. Then given any free ultrafilter U on N,

D(x) = w*—lizxr{nf(%x), forallx € WU —W, (2.1)

defines a symmetric mapping ® : WU —W — Y** satisfying
i) ||®x)| = ||x|| for all x € WU —W,
ii) || ®(x) — @(y)|| <|jx —y| for all x,y € WU —W, where w* denotes the w*-topology of Y**.
Proof For any fixedx € WU —-W, since‘@ is a bounded sequence in Y C Y**, it is relatively w*-compact
in Y**. Therefore, @ is well-defined with ®(—x) = —®(x).

i) Letx(#0) e WU-W, and g: R — Y be defined for 7 by g(t) = f(zx)/||x||. Then g is a symmetric
¢/||x||-isometry. By [8, Theorem5], there exists a ¢ € Y* with ||¢|| = 1 such that

—3¢/2||x|| < (¢, g(r)) — t <3¢/2||x||, for all 7€ R.
By the w*-continuity of ¢ on Y**, we can show that
L=w'-lim(¢, g(n)/n) = w-lim(¢, f (nx) /nl}x[) = ($, ®(x)/lx[)-
Therefore, | @(x)|| > ||x||- On the other hand, w*-lower semi-continuity of the dual norm of Y** implies
1)1 < Tim [lf (n:x) /m]| = lx].

ii) Given x,y € WU —W, w*-lower semi-continuity of the dual norm of Y** implies

[9() ~ @) =~ tim ) L),

fl) _ flmy),

<l = |lx—y|.
< lim| ==yl

The following conclusion was motivated by [6, Lemma 2.2].

Lemma 2.3 Suppose that X, Y are Banach spaces, W C X is a closed wedge, andf : WU —-W — Y is a
symmetric e-isometry, and that the mapping ® : X — Y™ is defined by (2.1). If the norm || - || of X is Gateaux
differentiable at z € W U —W and with the Gateaux derivative d||z|| = x*, then there exists ¢ € 0||@(z)|| N
Y* so that
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14 L. Sun

[, x) — (b, f(x))] < %g, for allx € W U —W. (2.2)
Proof Since f is symmetric, for every x € W U —W,
2[IF I = [Ixll] = [ Ge) = f (=01l = Tl = (=0l = 2]l ol = llxll] <,
ie.
[F@I = lIxll] < %s, for allx € WU —W. (2.3)

Let z € WU —W be so that d||z|| = x*, i.e.
Jim (4t = ) = Jim (I o] = el /s = (a", ), v € X. 04

Then ||x*|| = 1. We can assume that z € W with ||z|| = 1.
Given x € W, let

u,(x) =f(x+nz), VneN,
and let ¢, € Y* with ||¢,]| = 1 so that
(P un(x)) = [lua(®)]|, Vn € N.
Then

[[un | = (P (X)) = (Do (X)) + (D f (x + 12) — [ (x))
< f () + If (x + nz) = fO < (@ f(x)) + 1+ &

Thus, for any w*-cluster point ¢ of (¢,) we have ||¢|| <1 and
lim inf ([[u, (x) || = n) < {¢,f(x)) +&. (2.5)
On the other hand, by (2.3),

1
liminf(||u,(x)|| — n) > liminf(||x + nz|| —n) — <&

2
—1 _ 1
:linlninf||z+nnjclH ] —58 (2.6)
= ()~
=X ,X) — 58.
Therefore,
1
limninf(||un(x)|| —n)>{x"x) — = (2.7)
This combined with (2.5) entails
B 3
<)C ,X> - <¢,f(X)> < 58' (28>

Next, we show that the functional ¢ in the inequality above is independent of x. In fact, for any >0,
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Stability of symmetric... 15

(402 [ (B0 (1)) = (o f x4 2)

— (P, f (x + n2) — f(12))
> |If(x + nz)|| — |If (x + nz) — f(z2)] (2.9)

|
> ||x + nz|| —5e- lx+ (n—1)z|| —¢
3
>t —=2|x|| —ze.
>1 -2l -5
Therefore,
1 3
56> (p.f(tz)) >t —2||x|| — is,for all 1>0.
Divide the both sides of the inequality above by ¢# > 0. Then
lim (¢, f(1z) /1) = 1.
1—00

Thus, for any w*-cluster point z** € Y** of (f(nz)/n),y (say, ®(z)), we obtain (¢,z"*) = 1. Note ||z**|| <1
and [|¢|| <1. We have ¢ € 0||z**|| and z** € 0||¢||. In particular,

¢ € 0||D(z)||land®(z) € 0| || (2.10)
Since z** is independent of x, ¢ is necessarily independent of x. Thus, we have shown
3
<x*,x>—(¢,f(x)>§§£,f0r all xe W. (2.11)

Note that, in the proof of inequality(2.11), for the Gateaux differentiability point z € W, and for any fixed
x € W, the functional ¢ can be chosen to be any w*-cluster point of (¢,) satisfying

(b, f(x+nz)) = |[f(x + nz)||, for all n e N.
Since ¢ is independent of x, ¢ can be any w*-cluster point of (¢,,) satisfying

(b, f(nz)) = |If (nz)|], for all n € N. (2.12)

In the following we show
3
(x*,x) — (¢, f(x)) > —Es,for all xe W. (2.13)

Given x € W, let ,, € Y* with ||{,|| = 1 such that
s f (x4 nz) = f(x)) = |If(x + nz) = F()]].

Then
[t ()| = (W tn (X)) = (W f (x + 12) = f(x)) + (W, (x))
= If(x+ nz) =) + (o f (x)) = ([Inz]] — &) + (.S (x))
=n—&+ (,.f(x)).

Since

1 1
lun (Ol = < (llx + nzl| + 5 &) —n = (|lx + nz| = [Inz]]) + 5

lz+ntx—|z|| 1 . 1
= +§sﬂ(x,x>+§£,

for any w*-cluster point ¥ of (i/,) we have
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16 L. Sun

. 3
o) = (i f ) = -3

Note
4 0> ()| > W 22)
= (3 12) =) = (o (3 + 12) = F22)) + Gy ()
> (e +m2) — £~ I +-n2) — £22) |~ )]
> (el = &) = (e -+ (n = )2l +2) ~ (el + 52)
>t —2|x|| — ;s
Therefore,

1 5
t+§82 (d,f(12)) =1t —2||x|| —Es,for all #>0.

Divide the both sides of the inequality above by ¢ > 0. Then lim, .. (,f(zz)/t) = 1. Thus, for any w*-
cluster point z* € Y** of (f(nz)/n),cy (say, @(z)), we obtain (,z**) = 1. Note ||z"|| <1 and ||| < 1. We
have € 0[|z"|| and z** € O[|y/||. In particular,

Y € 0||®@(z)||and®(z) € O||Y/]| (2.14)

*

Since z** is independent of x,  is necessarily independent of x. Consequently,

(x*x) = (Y, f(x)y > — gs,for all x e W. (2.15)

Note that, in the proof of inequality(2.15), for the Gateaux differentiability point z € W, and for any fixed
x € W, the functional ¥ can be chosen to be any w*-cluster point of () satisfying

W, f(x+nz) —f(x)) = |If (x + nz) — f(x)]], for all n € N.
Since y is independent of x,  can be any w*-cluster point of (i/,,) satisfying

(Y,,,f(n2)) = ||[f(nz)]), for all n € N. (2.16)

(2.12) and (2.16) together imply that we can take ¢ = i in the inequalities (2.11) and (2.15). Thus, we have
shown

[{(x*,x) — (), f(x))] < %8, for all x € W. (2.17)
For any x € —W, we substitute —x for x in (2.17). Since f is symmetric, we obtain
(", %) — (b, ()] < %a,for all x € —W. (2.18)
(2.17) and (2.18) together imply
|(x*,x>—<<;b,f(x)>|§%e,for alxe WU -W. (2.19)
Hence, our proof is complete. O

Making use of the Lemma 2.3, we show the following weak stability theorem of the symmetric ¢-isometries
defined on the wedges.

Theorem 2.4 Suppose that X, Y are Banach spaces, W C X is a closed wedge, andf : WU —W — Y isa
symmetric e-isometry. Then there is a w*-closed absolutely convex set B C Bx- such that

(1) the seminorm p defined by p(x) = sup,..z(x",x) satisfies
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Stability of symmetric... 17

0<p<]| || onX, and p(x) = ||x|| forall x e WU—-W; (2.20)
(2) for every x* € B there is ¢ € By: such that
3
[{(x*, x) — (¢, f(x))] < Es,for allx e WU —-W. (2.21)

Proof The proof is completely the same of [9, Theorem 3.2], but applying Lemma 2.3, instead of [9,
Lemma 2.5]. U

As a direction consequence, we have the following weakly stability formula for symmetric e-isometries
defined on whole space.

Corollary 2.5 ([8]) Suppose that X, Y are Banach spaces, and f : X — Y is a symmetric e-isometry. Then
for every x* € X*, there exists ¢ € Y* with ||| = ||x*|| = r so that

’(x*,x> - ((;’),f(x))‘ < %ra,for all x € X. (2.22)

Proof Since W = X, the set B in Theorem 2.4 is just By-. Otherwise, B is a w*-closed proper subset of By-.
By separation theorem, there exist z* € By- \ B and x € X such that

el = p(x) = sup(x’, 1) < (2", 2) < || (2.23)

This is a contradiction. Therefore, for every x* € X*, there is iy € By- so that
[/ |lx]], %) = (W, f(x))] < %8, for all x € X. (2.24)
It is easy to see that ||i/|| = 1. We can finish the proof by taking ¢ = ||x*||. O

The example below comes from [8, Example 6], which shows that the constant %N in inequalities (2.21) and
(2.22) is optimal for symmetric e-isometries defined on wedges.

Example 2.6 Let X =Y =R with W =R",6 >0, and let f : WU —W(= R) — R be defined by

x—% if x € (784’8”(7”’“0)
—2 if x=¢,
fx) =9 —3x if xe[-£,9,
x+5 if x€(—o0,—¢&)U(—¢,—3),
z if x=—¢.

Then fis a symmetric surjective ¢-isometry. Given x* = 1 € R* = R, there is a (unique) ¢ =1 € R* = R so
that for all x € R

Ze2[(,3) — (6] = = s o)

On the other hand, [f(e) — & = 3e.

3 Some applications

In [6], among many other things, the authors show that for a standard e-isometry f:X — Y, if
C(f) =co[f(X) U —f(X)] =Y, then there is a linear operator 7 : Y — X of norm one so that

| Tf (x) — x|| <2e, forallx e X.

In the following, we shall show a stability result for symmetric ¢-isometries on wedges of certain Banach
spaces.

Theorem 3.1 Suppose that Y is a Banach space, W is the positive cone of C(K) for some compact
Hausdorff space K, i.e. W = {¢p € C(K) : ¢(k)>0,forall k € K}, and f : WU —W — Y is a symmetric ¢-
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18 L. Sun

isometry. If C(f) = Sof (W U —W) contains a closed reproducing wedge of Y, then there is a linear operator
T:Y — C(K) with |T|| = 1 so that

3
||Tf(x)—x||§§e, forallxe WU —-W. (3.1)

Proof It suffices to note that the set B in Theorem 2.4 contains the set £ = {£0; : k € K} of all extreme
points of B« (k). By the Kerin-Milman theorem, we have B = B¢ (k). This implies that for every x* € C*(K)
there is ¢ € Y* with ||¢|| = ||x*|| = r so that

[(x",x) — (D, f(x))] < %sr, for all xe WU —-W. (3.2)

For every x* € C(K)", let
1(x") = {¢ € Y” satisfies (3.2)}. (3.3)
Then, 1 : C(K)" — 2" is a nonempty set-valued mapping. In the following, we show that 1 is actually a

(single-valued) w*-to-w* continuous linear isometry.
Let ¢, ¢, € 1(x*). Then it follows from (3.2) that

[(p) — . f(x))| <3|x*|le, forallxe WU—W.

Consequently, ¢; — ¢, is bounded by 3||x*||¢ on cof (W U —W). Since C(f) contains a reproducing wedge of
Y, ¢y — ¢, is bounded by 6||x*||¢ on Y. This implies ¢, — ¢, = 0. Therefore, 1 : C(K)" — Y* is single-
valued. The homogeneity of 1 follows again from this and (3.2). Next, we show that 7 is additive.

For x7,x; € X*, let

¢1 = 1x1), d2 = 1lxy), [Pl = and [l = r2.

Then (3.2) again entails

e(ry +ry), forallx e WU —W, (3.4)

N W

(67 + x5, x) — (1 +x3), £(x))] <

and

|(x] 4 x5, %) = (¢ + o, f(x))| < Se(r1 +12), forallx € WU —W. (3.5)

N W

The two inequalities together imply
|<l(x’f +x3) — (¢ + ¢>2),f(x)>’ <3¢(ry + 1), forallx e WU —W.
This says
1X] +x3) = ¢y 4§y = 1(x]) +1(x).

Thus, linearity of ¢ follows from homogeneity and additivity that we have just proven. Consequently,
1: C(K)" — Y* is a linear isometry.

Finally, we show that it is w*-to-w* continuous. By the Krein-Smulian theorem, it suffices to prove that it
is bounded w*-to-w” continuous, or, equivalently, it is bounded w*-to-w* continuous on the unit ball B

of C(K)". Given a net {x;} C B¢(x) w*-converges to x*, by (3.2) we have

3
|<x;,x> - <l(x;),f(x)>’ < 7% forall xe WU —W. (3.6)
It follows that for any w*-cluster point ¢ of {1(x})},
3
|(x*,x) — (9, f(x))| < Es,for alx e WU -—W. (3.7)

Consequently,

wh— li;nz(x;) = ¢ =1(x"),

and w*-continuity of : follows.
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Stability of symmetric... 19

Let T : Y — C(K) be the pre-conjugate operator of 2. Then it is of norm one. For each x* € X*, by (3.2)
again

[, = TF ()] = [ (", x) = (), f ()] < %IIX*II«% (3.8)

for all x € WU —W. Clearly, this is equivalent to (3.1). O
The following theorem is also simple application of Theorem 2.4.

Theorem 3.2 Suppose that W is the positive cone of £>°(T') for any set T', Y is a Banach space, and
f:WU—=W — Y is a symmetric e-isometry, then there is a linear operator T : Y — (") with |T|| = 1 so
that

3
|1 7f (x) — x|| < 76 Jorallxe WU -W. (3.9)

Proof For any set I, W is the positive cone of £°(T), i.e. W = {x € £>°(T') : x(y) >0, for all yeT}.
Given any y € T', let 8, € Sx- be defined for x € X by

0,(x) = x(y), forall x= (x(y)),r €X.

Since the set B defined in Theorem 2.4 contains image of some selection S for the subdifferential mapping
|| - || of the norm || - || on WU —W. Consequently, it contains all functionals of the form: x* = d/||u|| for
some Gateaux differentiability point u € W U —W. Thus, the set E = {£J, : y € I'} is contained in B. Then
by Theorem 2.4, for every y € I there is ¢, € Sy- such that

[(6y, %) — (b, f(x))] < %8, forall xe WU -W.
Let T : Y — ¢>(T') be defined by T(y) = ((,,¥)),cr- Clearly, ||T|| = 1, and
I775) = ol = sup | ) = (3,.3)| < 5
for all x € WU —W. This completes our proof. O

Hyers and Ulam [13, 1945] first studied e-isometry and proposed the following question (see, also [17]):
whether for every surjective e-isometry f : X — Y with f(0) = 0 there exist a surjective linear isometry
U:X — Y and y > 0 such that

IIf (x) — Ux|| < ye, forall x € X. (3.10)

Since then, some partial affirmative answers had been obtained by Hyers and Ulam [13, 14], D.G. Bourgin
[2-4], R.D. Bourgin [5], Gruber [12] and Gevietz [11]. After 50 years efforts of a number of mathemati-
cians, the following sharp estimate was finally obtained by Omladi¢ and Semrl [17, 1995]. (See, also, [1,
pp-360].)

Theorem 3.3 (Omladic-Semrl) Iff : X — Y is a standard surjective e-isometry, then there is a surjective
linear isometry U : X — Y such that

IIf (x) — Ux|| < 2¢, forall x € X. (3.11)
In the following, we shall show that for each symmetric ¢-isometry f : W U —W — Y with W is the positive

cone of some C(K) space, if the f(W U —W) contains a reproducing wedge of Y, then f can be uniformly
approximated by a linearly isometry with the error no bigger than %8 on WU —W.

Theorem 3.4 Suppose that W is the positive cone of C(K) for some compact Hausdorff space K, Y is a
Banach space, and f : WU —W — Y is a symmetric e-isometry. If f(W U —W) contains a closed repro-
ducing wedge of Y, then there is a surjective linear isometry U : C(K) — Y so that

@ Springer




20 L. Sun

3
IIf (x) — Ux|| < = forallxe WU —W. (3.12)

Proof Note that if f(W U —W) contains a closed reproducing wedge P of Y, then cof (W U —W) contains
the same closed reproducing wedge.
By Theorem 3.1, there is a linear operator T : ¥ — C(K) of norm one with 7% = so that

3
||Tf(x)—x||§§8, forallx e WU —W. (3.13)

By Theorem 3.1 again, the mapping 7% = : C(K)" — Y* is a linear isometry. In order to show 7 : ¥ —
C(K) is a surjective linear isometry, it suffices to prove that 1 is surjective.

Suppose, to the contrary, that 1(C(K)") is a proper subspace of Y*. w*-closedness of ((C(K)") in Y*
implies that there exist Y € Sy- \ 1(C(K)") and y = u — v € Sy with u,v € P such that

W,yy=|yll=1, and (¢,y) =0, forall ¢ € 1(C(K)"). (3.14)

Let u, = nu, v, = nv for all n € N. Since f(W U —W) contains P, for the sequences (u,),cr, (Va)uen C P
there are two sequence (e,),cn, (8n)peny € WU —W so that limnH""_'nM =0 and lim,,”V"_’;M =0.

Choose any x7 € O|le, — gx||, and let ¢, = 1(x), where 0| - || denotes the subdifferential mapping of the
norm || - || of X. Then, by (3.2)

3¢ > [(x", en — &n) — (Dpsf (€n) = f(8n))]
=[(x", en — gn) — (Dp, (f(en) —f(8n)) — (ttn — va))|
> llen = gull = (£ (en) = £ (gn)) — (un — va)l
> |[f(en) = f(gn)ll —&—1I(f(en) —f(8n)) = (un —v)|
> [ = vall = 211(f(en) = f(8n)) — (tn — vu) |l — &
—n(1 -2 [[(f(en) — £(gn) — (un — Vn)H) e

n

Hf(en) B un” Hf(gn) B Vn“

+ . )) — & — oc.

>n(l —2(

This contradiction says that 1 is surjective. Therefore, we have proven that 1 : C(K)* — Y* is a surjective
linear isometry. Consequently, 7 : ¥ — C(K) is also a surjective linear isometry. Let U = T~! in (3.12).
Then we finish the proof. O

Recall that a Banach lattice X is said to be an abstract M-space, if for all x,y € X with x Ay = 0 we have
|l* + y|| = max{]||x||, |[y||}. Since every abstract M-space with a strong unit is order isometry to a C(K) space
( [15, Thoerem 1.b.6]), and since the abstract M-space ¢>°(I") has a strong unit, we have the following
consequence.

Corollary 3.5 Suppose that W is the positive cone of £*°(I') for any set I, Y is a Banach space, and
f:WU—=W — Y is a symmetric e-isometry. If f(W U —W) contains a closed reproducing wedge of Y, then
there is a surjective linear isometry U : £>°(I') — Y so that

3
IIf (x) — Ux|| < 28 forallx e WU -W. (3.15)
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