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Abstract Let X, Y be Banach spaces, W be a closed wedge of X, and f : W [ �W ! Y be a symmetric e-
isometry. We firstly establish a weak stability formula about the symmetric isometry f. Making use of it, we
prove a series of new stability theorems for the symmetric isometries defined on the positive cones W of
C(K)-spaces. For example, if f ðW [ �WÞ contains a reproducing wedge of Y, then there exists a linear

surjective isometry U : CðKÞ ! Y such that f � U is uniformly bounded by 3
2
e on W [ �W; and if cof ðW [

�WÞ contains a reproducing wedge P of Y, then there exists a bounded linear operator T : Y ! CðKÞ with
kTk ¼ 1 such that

kTf ðxÞ � xk� 3

2
e; for all x 2 W [ �W :
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1 Introduction

Assume that X, Y are real Banach spaces. A mapping f : X ! Y is said to be an e-isometry for some constant
e� 0 provided

�
�kf ðxÞ � f ðyÞk � kx� yk

�
�� e; for all x; y 2 X: ð1:1Þ

f is called standard if f ð0Þ ¼ 0. We say that an e-isometry f is symmetric whenever f ð��Þ ¼ �f ð�Þ. Thus,
every symmetric e-isometry is standard. An e-isometry is said to be an isometry whenever e ¼ 0.

The study of properties of isometry between Banach spaces and of its generalizations has continued for
80 years. The first celebrated result was due to Mazur and Ulam [16, 1932]: Every surjective standard
isometry between two Banach spaces is a linear isometry. This reveals a profound fact: Geometric pre-
serving mapping is linear structure preserving! For a general standard isometry f : X ! Y , Figiel [10, 1968]
showed the following remarkable theorem: there is a linear operator T : Lðf Þ ! X with kTk ¼ 1 such that
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Tf ¼ IX , where L(f) is the closure of span½f ðXÞ� in Y ; i.e. every isometry admits a linear left inverse of norm
one!

Since 90s of the last century, the study of stability property of non-surjective e-isometry has become an
active area. A standard e-isometry f : X ! Y is said to be (c-) stable provided there exist a positive number c
and a bounded linear operator T : Lðf Þ ! X such that

kTf ðxÞ � xk� ce; for all x 2 X: ð1:2Þ

Motivated by Figiel’s theorem [10, 1968] , Qian [19, 1995] first studied such a problem, showed that the
answer to the problem is positive if both X and Y are Lp spaces for all 1\p\1. Šemrl and Väisälä [20,
2003] further presented a sharp estimate of (1.2) with c ¼ 2 if both X and Y are Lp spaces for 1\p\1.
However, Qian [19] presented a simple counterexample showing that if a separable Banach space Y contains
an uncomplemented closed subspace X then for every e [ 0 there is a standard e-isometry f : X ! Y which
is unstable. This disappointment makes us to search for some appropriate (but weaker) stability version.

Cheng, Dong and Zhang [7, 2013] showed a weak stability theorem, which can be regarded as a
quantitative extension of Figiel’s theorem. It is shown that this result is not only a generalized version of
Figiel’s theorem, but also very useful to the study of stability of e-isometries (see, for example, [8]-
[9, 21–23]). Recently, Cheng et al. [6] presented a sharp version of the weakly stability mentioned above (so
called universal theorem for stability). It unifies many known results (including the Mazur-Ulam theorem,
Figiel’s theorem, the Omladič-Šemrl theorem, the Qian-Šemrl-Väisälä theorem), and implies a series of new
results about stability of e-isometries.

Cheng and Sun [8, 2019] studied the weak stability formulae of symmetric e-isometries, and proved the
following sharp estimate of a symmetric e-isometry f : X ! Y: For every x� 2 X� there exists / 2 Y� with
k/k ¼ kx�k � r so that

�
�hx�; xi � h/; f ðxÞi

�
�� 3

2
re; for all x 2 X: ð1:3Þ

Weak stability formulae of e-isometries defined on wedges of Banach spaces is also discussed in [9]. It shall
also play an essential rule in this paper.

In this paper, motivated by [8, 9], we discuss the properties of symmetric e-isometries defined on
W [ �W , where W is a wedge of a Banach space X. And, we give a localized setting of the inequality (1.3):
If f : W [ �W ! Y is a symmetric e-isometry for some Banach space Y, then there exists a w�-compact
absolutely convex set B 	 BX� satisfying that (1) pðxÞ � supx�2Bhx�; xi ¼ kxk for all x 2 W [ �W ; and (2)
for every x� 2 B, there is a / 2 BY� so that

�
�hx�; xi � h/; f ðxÞi

�
�� 3

2
e; for allx 2 W [ �W : ð1:4Þ

As its applications, we prove that for a symmetric e-isometry f : W [ �W ! Y with W is the positive cone
of a C(K)-space, if f ðW [ �WÞ contains a reproducing wedge of Y, then there exists a linear surjective

isometry U : CðKÞ ! Y such that f � U is uniformly bounded by 3
2
e on W [ �W; and if cof ðW [ �WÞ

contains a reproducing wedge of Y, then there exists a bounded linear operator T : Y ! CðKÞ with kTk ¼ 1
such that

kTf ðxÞ � xk� 3

2
e; for all x 2 W [ �W :

All symbols and notations in this paper are standard. We use X to denote a Banach space and X� its dual. BX

(resp. SX) stands for the closed unit ball (resp. the unit sphere) of X. B(X, Y) denotes for the space of all
bounded linear operators from X to Y. Given T 2 BðX;YÞ, T� : Y� ! X� stands for the conjugate operator of

T. For a subset A 	 XðX�Þ, A, (w�-A) and coðAÞ present the closure (the w�-closure), and the convex hull of
A, respectively. For a a compact Hausdorff space K, C(K) represents the real Banach space of all continuous
functions on K endowed with the supremum norm. For any k 2 K, let dk be a bounded linear functional on
C(K) defined as hdk;ui ¼ uðkÞ for all u 2 CðKÞ.
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2 A sharp weak stability formula for symmetric e-isometries defined on wedges

It has shown in [8, Theorem 8] that the symmetrization H ¼ ðf ð�Þ � f ð��ÞÞ=2 of an e-isometry f : X ! Y is
a symmetric 3e-isometry. This property emphasizes that symmetric e-isometries constitute a large class of e-
isometries. Recall a wedge in a Banach space X is a convex set closed under multiplication by non-negative
scalars. The span of a wedge W is simply W �W . W is said to be (respectively, almost) reproducing
whenever W �W ¼ X (respectively, W �W is dense in X). Unless stated explicitly otherwise, we shall
assume that a wedge is norm closed. A wedge W is said to be a cone if W \ �W ¼ 0.

Definition 2.1 Suppose that X, Y are Banach spaces, W 	 X is a wedge, and f : W [ �W ! Y is a
mapping.

i) The mapping f is said to be an e-isometry for some e� 0 provided
�
�kf ðxÞ � f ðyÞk � kx� yk

�
�� e; for all x; y 2 W [ �W ;

ii) The e-isometry f is called symmetric if f ð��Þ ¼ �f ð�Þ.
The following result is analogous to [9, Lemma 2.3].

Lemma 2.2 Suppose that X, Y are Banach spaces, W 	 X is a wedge and f : W [ �W ! Y is a sym-
metric e-isometry. Then given any free ultrafilter U on N,

UðxÞ ¼ w�� lim
U

f ðnxÞ
n

; for all x 2 W [ �W ; ð2:1Þ

defines a symmetric mapping U : W [ �W ! Y�� satisfying

i) kUðxÞk ¼ kxk for all x 2 W [ �W;
ii) kUðxÞ � UðyÞk� kx� yk for all x; y 2 W [ �W , where w� denotes the w�-topology of Y��.

Proof For any fixed x 2 W [ �W , since
f ðnxÞ

n is a bounded sequence in Y 	 Y��, it is relatively w�-compact
in Y��. Therefore, U is well-defined with Uð�xÞ ¼ �UðxÞ.

i) Let xð6¼ 0Þ 2 W [ �W , and g : R! Y be defined for t by gðtÞ ¼ f ðtxÞ=kxk. Then g is a symmetric
e=kxk-isometry. By [8, Theorem5], there exists a / 2 Y� with k/k ¼ 1 such that

�3e=2kxk� h/; gðtÞi � t� 3e=2kxk; for all t 2 R:

By the w�-continuity of / on Y��, we can show that

1 ¼ w�- lim
U
h/; gðnÞ=ni ¼ w�- lim

U
h/; f ðnxÞ=nkxki ¼ h/;UðxÞ=kxki:

Therefore, kUðxÞk� kxk. On the other hand, w�-lower semi-continuity of the dual norm of Y�� implies

kUðxÞk� lim
U
kf ðnxÞ=nk ¼ kxk:

ii) Given x; y 2 W [ �W , w�-lower semi-continuity of the dual norm of Y�� implies

kUðxÞ � UðyÞk ¼kw� � lim
U
ðf ðnxÞ

n
� f ðnyÞ

n
Þk

� lim
U
k f ðnxÞ

n
� f ðnyÞ

n
k ¼ kx� yk:

h

The following conclusion was motivated by [6, Lemma 2.2].

Lemma 2.3 Suppose that X, Y are Banach spaces, W 	 X is a closed wedge, and f : W [ �W ! Y is a
symmetric e-isometry, and that the mapping U : X ! Y�� is defined by (2.1). If the norm k � k of X is Gateaux
differentiable at z 2 W [ �W and with the Gateaux derivative dkzk ¼ x�, then there exists / 2 okUðzÞk \
Y� so that
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jhx�; xi � h/; f ðxÞij � 3

2
e; for allx 2 W [ �W : ð2:2Þ

Proof Since f is symmetric, for every x 2 W [ �W ,

2
�
�kf ðxÞk � kxk

�
� ¼

�
�kf ðxÞ � f ð�xÞk � kx� ð�xÞk

�
� ¼ 2

�
�kf ðxÞk � kxk

�
�� e;

i.e.

�
�kf ðxÞk � kxk

�
�� 1

2
e; for allx 2 W [ �W : ð2:3Þ

Let z 2 W [ �W be so that dkzk ¼ x�, i.e.

lim
t!1
ðkxþ tzk � tÞ ¼ lim

t!0þ
ðkzþ txk � kzkÞ=t ¼ hx�; xi;8x 2 X: ð2:4Þ

Then kx�k ¼ 1. We can assume that z 2 W with kzk ¼ 1.
Given x 2 W , let

unðxÞ ¼ f ðxþ nzÞ; 8n 2 N;

and let /n 2 Y� with k/nk ¼ 1 so that

h/n; unðxÞi ¼ kunðxÞk; 8n 2 N:

Then

kunðxÞk ¼ h/n; unðxÞi ¼ h/n; f ðxÞi þ h/n; f ðxþ nzÞ � f ðxÞi
� h/n; f ðxÞi þ kf ðxþ nzÞ � f ðxÞk� h/n; f ðxÞi þ nþ e:

Thus, for any w�-cluster point / of ð/nÞ we have k/k� 1 and

lim inf
n
ðkunðxÞk � nÞ� h/; f ðxÞi þ e: ð2:5Þ

On the other hand, by (2.3),

lim inf
n
ðkunðxÞk � nÞ� lim inf

n
ðkxþ nzk � nÞ � 1

2
e

¼ lim inf
n

kzþ n�1xk � kzk
n�1

� 1

2
e

¼ hx�; xi � 1

2
e:

ð2:6Þ

Therefore,

lim inf
n
ðkunðxÞk � nÞ� hx�; xi � 1

2
e: ð2:7Þ

This combined with (2.5) entails

hx�; xi � h/; f ðxÞi� 3

2
e: ð2:8Þ

Next, we show that the functional / in the inequality above is independent of x. In fact, for any t� 0,
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t þ 1

2
e�kf ðtzÞk� h/n; f ðtzÞi ¼ h/n; f ðxþ nzÞi

� h/n; f ðxþ nzÞ � f ðtzÞi
� kf ðxþ nzÞk � kf ðxþ nzÞ � f ðtzÞk

� kxþ nzk � 1

2
e� kxþ ðn� tÞzk � e

� t � 2kxk � 3

2
e:

ð2:9Þ

Therefore,

t þ 1

2
e�h/; f ðtzÞi� t � 2kxk � 3

2
e; for all t� 0:

Divide the both sides of the inequality above by t [ 0. Then

lim
t!1
h/; f ðtzÞ=ti ¼ 1:

Thus, for any w�-cluster point z�� 2 Y�� of ðf ðnzÞ=nÞn2N (say, UðzÞ), we obtain h/; z��i ¼ 1. Note kz��k� 1
and k/k� 1. We have / 2 okz��k and z�� 2 ok/k. In particular,

/ 2 okUðzÞkandUðzÞ 2 ok/k: ð2:10Þ

Since z�� is independent of x, / is necessarily independent of x. Thus, we have shown

hx�; xi � h/; f ðxÞi� 3

2
e; for all x 2 W : ð2:11Þ

Note that, in the proof of inequality(2.11), for the Gateaux differentiability point z 2 W , and for any fixed
x 2 W , the functional / can be chosen to be any w�-cluster point of ð/nÞ satisfying

h/n; f ðxþ nzÞi ¼ kf ðxþ nzÞk; for all n 2 N:

Since / is independent of x, / can be any w�-cluster point of ð/nÞ satisfying

h/n; f ðnzÞi ¼ kf ðnzÞk; for all n 2 N: ð2:12Þ

In the following we show

hx�; xi � h/; f ðxÞi� � 3

2
e; for all x 2 W : ð2:13Þ

Given x 2 W , let wn 2 Y� with kwnk ¼ 1 such that

hwn; f ðxþ nzÞ � f ðxÞi ¼ kf ðxþ nzÞ � f ðxÞk:

Then

kunðxÞk� hwn; unðxÞi ¼ hwn; f ðxþ nzÞ � f ðxÞi þ hwn; f ðxÞi
¼ kf ðxþ nzÞ � f ðxÞk þ hwn; f ðxÞi� ðknzk � eÞ þ hwn; f ðxÞi
¼ n� eþ hwn; f ðxÞi:

Since

kunðxÞk � n�ðkxþ nzk þ 1

2
eÞ � n ¼ ðkxþ nzk � knzkÞ þ 1

2
e

¼ kzþ n�1x� kzk
n�1

þ 1

2
e! hx�; xi þ 1

2
e;

for any w�-cluster point w of ðwnÞ we have
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hx�; xi � hw; f ðxÞi� � 3

2
e:

Note

t þ 1

2
e�kf ðtzÞk� hwn; f ðtzÞi

¼ hwn; f ðxþ nzÞ � f ðxÞi � hwn; f ðxþ nzÞ � f ðtzÞi þ hwn; f ðxÞi
� kf ðxþ nzÞ � f ðxÞk � kf ðxþ nzÞ � f ðtzÞk � kf ðxÞk

� ðknzk � eÞ � ðkxþ ðn� tÞzk þ eÞ � ðkxk þ 1

2
eÞ

� t � 2kxk � 5

2
e:

Therefore,

t þ 1

2
e�h/; f ðtzÞi� t � 2kxk � 5

2
e; for all t� 0:

Divide the both sides of the inequality above by t [ 0. Then limt!1hw; f ðtzÞ=ti ¼ 1: Thus, for any w�-
cluster point z�� 2 Y�� of ðf ðnzÞ=nÞn2N (say, UðzÞ), we obtain hw; z��i ¼ 1. Note kz��k� 1 and kwk� 1. We

have w 2 okz��k and z�� 2 okwk. In particular,

w 2 okUðzÞkandUðzÞ 2 okwk: ð2:14Þ

Since z�� is independent of x, w is necessarily independent of x. Consequently,

hx�; xi � hw; f ðxÞi� � 3

2
e; for all x 2 W : ð2:15Þ

Note that, in the proof of inequality(2.15), for the Gateaux differentiability point z 2 W , and for any fixed
x 2 W , the functional w can be chosen to be any w�-cluster point of ðwnÞ satisfying

hwn; f ðxþ nzÞ � f ðxÞi ¼ kf ðxþ nzÞ � f ðxÞk; for all n 2 N:

Since w is independent of x, w can be any w�-cluster point of ðwnÞ satisfying

hwn; f ðnzÞi ¼ kf ðnzÞk; for all n 2 N: ð2:16Þ

(2.12) and (2.16) together imply that we can take / ¼ w in the inequalities (2.11) and (2.15). Thus, we have
shown

jhx�; xi � h/; f ðxÞij � 3

2
e; for all x 2 W : ð2:17Þ

For any x 2 �W , we substitute �x for x in (2.17). Since f is symmetric, we obtain

jhx�; xi � h/; f ðxÞij � 3

2
e; for all x 2 �W : ð2:18Þ

(2.17) and (2.18) together imply

jhx�; xi � h/; f ðxÞij � 3

2
e; for all x 2 W [ �W : ð2:19Þ

Hence, our proof is complete. h

Making use of the Lemma 2.3, we show the following weak stability theorem of the symmetric e-isometries
defined on the wedges.

Theorem 2.4 Suppose that X, Y are Banach spaces, W 	 X is a closed wedge, and f : W [ �W ! Y is a
symmetric e-isometry. Then there is a w�-closed absolutely convex set B 	 BX� such that

(1) the seminorm p defined by pðxÞ ¼ supx�2Bhx�; xi satisfies
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0� p�k � k on X; and pðxÞ ¼ kxk for all x 2 W [ �W ; ð2:20Þ

(2) for every x� 2 B there is / 2 BY� such that

jhx�; xi � h/; f ðxÞij � 3

2
e; for allx 2 W [ �W : ð2:21Þ

Proof The proof is completely the same of [9, Theorem 3.2], but applying Lemma 2.3, instead of [9,
Lemma 2.5]. h

As a direction consequence, we have the following weakly stability formula for symmetric e-isometries
defined on whole space.

Corollary 2.5 ( [8]) Suppose that X, Y are Banach spaces, and f : X ! Y is a symmetric e-isometry. Then
for every x� 2 X�, there exists / 2 Y� with k/k ¼ kx�k � r so that

�
�hx�; xi � h/; f ðxÞi

�
�� 3

2
re; for all x 2 X: ð2:22Þ

Proof Since W ¼ X, the set B in Theorem 2.4 is just BX� . Otherwise, B is a w�-closed proper subset of BX� .
By separation theorem, there exist z� 2 BX� n B and x 2 X such that

kxk ¼ pðxÞ ¼ sup
x�2B
hx�; xi\hz�; xi� kxk: ð2:23Þ

This is a contradiction. Therefore, for every x� 2 X�, there is w 2 BY� so that

jhx�=kx�k; xi � hw; f ðxÞij � 3

2
e; for all x 2 X: ð2:24Þ

It is easy to see that kwk ¼ 1: We can finish the proof by taking / ¼ kx�kw. h

The example below comes from [8, Example 6], which shows that the constant ‘‘ 3
2

00
in inequalities (2.21) and

(2.22) is optimal for symmetric e-isometries defined on wedges.

Example 2.6 Let X ¼ Y ¼ R with W ¼ Rþ,e [ 0, and let f : W [ �Wð¼ RÞ ! R be defined by

f ðxÞ ¼

x� e
2

if x 2 ðe4;eÞ[ðe;þ1Þ;

� e
2

if x ¼ e;

�3x if x 2 ½� e
4
; e

4
�;

xþ e
2

if x 2 ð�1;�eÞ [ ð�e;� e
4
Þ;

e
2

if x ¼ �e:

8

>>>>>><

>>>>>>:

Then f is a symmetric surjective e-isometry. Given x� ¼ 1 2 R� ¼ R, there is a (unique) / ¼ 1 2 R� ¼ R so
that for all x 2 R

3

2
e�
�
�hx�; xi � h/; f ðxÞi

�
� ¼

�
�x� f ðxÞ

�
�:

On the other hand, jf ðeÞ � ej ¼ 3
2
e:

3 Some applications

In [6], among many other things, the authors show that for a standard e-isometry f : X ! Y , if
Cðf Þ � co½f ðXÞ [ �f ðXÞ� ¼ Y , then there is a linear operator T : Y ! X of norm one so that

kTf ðxÞ � xk� 2e; for all x 2 X:

In the following, we shall show a stability result for symmetric e-isometries on wedges of certain Banach
spaces.

Theorem 3.1 Suppose that Y is a Banach space, W is the positive cone of C(K) for some compact
Hausdorff space K, i.e. W ¼ fu 2 CðKÞ : uðkÞ� 0; for all k 2 Kg, and f : W [ �W ! Y is a symmetric e-
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isometry. If Cðf Þ � cof ðW [ �WÞ contains a closed reproducing wedge of Y, then there is a linear operator
T : Y ! CðKÞ with kTk ¼ 1 so that

kTf ðxÞ � xk� 3

2
e; for all x 2 W [ �W : ð3:1Þ

Proof It suffices to note that the set B in Theorem 2.4 contains the set E � f
dk : k 2 Kg of all extreme
points of BC�ðKÞ. By the Kerin-Milman theorem, we have B ¼ BC�ðKÞ. This implies that for every x� 2 C�ðKÞ
there is / 2 Y� with k/k ¼ kx�k � r so that

jhx�; xi � h/; f ðxÞij � 3

2
er; for all x 2 W [ �W : ð3:2Þ

For every x� 2 CðKÞ�, let

ıðx�Þ ¼ f/ 2 Y� satisfies ð3:2Þg: ð3:3Þ

Then, ı : CðKÞ� ! 2Y� is a nonempty set-valued mapping. In the following, we show that ı is actually a
(single-valued) w�-to-w� continuous linear isometry.

Let /1; /2 2 ıðx�Þ. Then it follows from (3.2) that
�
�h/1 � /2; f ðxÞi

�
�� 3kx�ke; for all x 2 W [ �W :

Consequently, /1 � /2 is bounded by 3kx�ke on cof ðW [ �WÞ. Since C(f) contains a reproducing wedge of
Y, /1 � /2 is bounded by 6kx�ke on Y. This implies /1 � /2 ¼ 0. Therefore, ı : CðKÞ� ! Y� is single-
valued. The homogeneity of ı follows again from this and (3.2). Next, we show that ı is additive.

For x�1; x
�
2 2 X�, let

/1 ¼ ıðx�1Þ; /2 ¼ ıðx�2Þ; kx�1k ¼ r1 and kx�2k ¼ r2:

Then (3.2) again entails

�
�hx�1 þ x�2; xi � hıðx�1 þ x�2Þ; f ðxÞi

�
�� 3

2
eðr1 þ r2Þ; for all x 2 W [ �W ; ð3:4Þ

and
�
�hx�1 þ x�2; xi � h/1 þ /2; f ðxÞi

�
�� 3

2
eðr1 þ r2Þ; for all x 2 W [ �W : ð3:5Þ

The two inequalities together imply
�
�hıðx�1 þ x�2Þ � ð/1 þ /2Þ; f ðxÞi

�
�� 3eðr1 þ r2Þ; for all x 2 W [ �W :

This says

ıðx�1 þ x�2Þ ¼ /1 þ /2 ¼ ıðx�1Þ þ ıðx�2Þ:

Thus, linearity of ı follows from homogeneity and additivity that we have just proven. Consequently,
ı : CðKÞ� ! Y� is a linear isometry.

Finally, we show that it is w�-to-w� continuous. By the Krein-Smulian theorem, it suffices to prove that it
is bounded w�-to-w� continuous, or, equivalently, it is bounded w�-to-w� continuous on the unit ball BCðKÞ�

of CðKÞ�. Given a net fx�ag 	 BCðKÞ� w�-converges to x�, by (3.2) we have

�
�hx�a; xi � hıðx�aÞ; f ðxÞi

�
�� 3

2
e; for all x 2 W [ �W : ð3:6Þ

It follows that for any w�-cluster point / of fıðx�aÞg,
�
�hx�; xi � h/; f ðxÞi

�
�� 3

2
e; for all x 2 W [ �W : ð3:7Þ

Consequently,
w�� lim

a
ıðx�aÞ ¼ / ¼ ıðx�Þ;

and w�-continuity of ı follows.
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Let T : Y ! CðKÞ be the pre-conjugate operator of ı. Then it is of norm one. For each x� 2 X�, by (3.2)
again

�
�hx�; x� Tf ðxÞi

�
� ¼

�
�hx�; xi � hıðx�Þ; f ðxÞi

�
�� 3

2
kx�ke; ð3:8Þ

for all x 2 W [ �W : Clearly, this is equivalent to (3.1). h

The following theorem is also simple application of Theorem 2.4.

Theorem 3.2 Suppose that W is the positive cone of ‘1ðCÞ for any set C, Y is a Banach space, and
f : W [ �W ! Y is a symmetric e-isometry, then there is a linear operator T : Y ! ‘1ðCÞ with kTk ¼ 1 so
that

kTf ðxÞ � xk� 3

2
e; for all x 2 W [ �W : ð3:9Þ

Proof For any set C, W is the positive cone of ‘1ðCÞ, i.e. W ¼ fx 2 ‘1ðCÞ : xðcÞ� 0; for all c 2 Cg:
Given any c 2 C, let dc 2 SX� be defined for x 2 X by

dcðxÞ ¼ xðcÞ; for all x ¼ ðxðcÞÞc2C 2 X:

Since the set B defined in Theorem 2.4 contains image of some selection S for the subdifferential mapping
ok � k of the norm k � k on W [ �W . Consequently, it contains all functionals of the form: x� ¼ dkuk for
some Gateaux differentiability point u 2 W [ �W . Thus, the set E � f
dc : c 2 Cg is contained in B. Then
by Theorem 2.4, for every c 2 C there is /c 2 SY� such that

jhdc; xi � h/c; f ðxÞij �
3

2
e; for all x 2 W [ �W :

Let T : Y ! ‘1ðCÞ be defined by TðyÞ ¼ ðh/c; yiÞc2C. Clearly, kTk ¼ 1, and

kTf ðxÞ � xk ¼ sup
c2C
jh/c; f ðxÞi � hdc; xij �

3

2
e;

for all x 2 W [ �W . This completes our proof. h

Hyers and Ulam [13, 1945] first studied e-isometry and proposed the following question (see, also [17]):
whether for every surjective e-isometry f : X ! Y with f ð0Þ ¼ 0 there exist a surjective linear isometry
U : X ! Y and c[ 0 such that

kf ðxÞ � Uxk� ce; forall x 2 X: ð3:10Þ

Since then, some partial affirmative answers had been obtained by Hyers and Ulam [13, 14], D.G. Bourgin
[2–4], R.D. Bourgin [5], Gruber [12] and Gevietz [11]. After 50 years efforts of a number of mathemati-
cians, the following sharp estimate was finally obtained by Omladič and Šemrl [17, 1995]. (See, also, [1,
pp.360].)

Theorem 3.3 (Omladič-Šemrl) If f : X ! Y is a standard surjective e-isometry, then there is a surjective
linear isometry U : X ! Y such that

kf ðxÞ � Uxk� 2e; forall x 2 X: ð3:11Þ

In the following, we shall show that for each symmetric e-isometry f : W [ �W ! Y with W is the positive
cone of some C(K) space, if the f ðW [ �WÞ contains a reproducing wedge of Y, then f can be uniformly

approximated by a linearly isometry with the error no bigger than 3
2
e on W [ �W .

Theorem 3.4 Suppose that W is the positive cone of C(K) for some compact Hausdorff space K, Y is a
Banach space, and f : W [ �W ! Y is a symmetric e-isometry. If f ðW [ �WÞ contains a closed repro-
ducing wedge of Y, then there is a surjective linear isometry U : CðKÞ ! Y so that
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kf ðxÞ � Uxk� 3

2
e; for all x 2 W [ �W : ð3:12Þ

Proof Note that if f ðW [ �WÞ contains a closed reproducing wedge P of Y, then cof ðW [ �WÞ contains
the same closed reproducing wedge.

By Theorem 3.1, there is a linear operator T : Y ! CðKÞ of norm one with T� ¼ ı so that

kTf ðxÞ � xk� 3

2
e; for all x 2 W [ �W : ð3:13Þ

By Theorem 3.1 again, the mapping T� ¼ ı : CðKÞ� ! Y� is a linear isometry. In order to show T : Y !
CðKÞ is a surjective linear isometry, it suffices to prove that ı is surjective.

Suppose, to the contrary, that ıðCðKÞ�Þ is a proper subspace of Y�. w�-closedness of ıðCðKÞ�Þ in Y�

implies that there exist w 2 SY� n ıðCðKÞ�Þ and y ¼ u� v 2 SY with u; v 2 P such that

hw; yi ¼ kyk ¼ 1; and h/; yi ¼ 0; for all / 2 ıðCðKÞ�Þ: ð3:14Þ

Let un ¼ nu; vn ¼ nv for all n 2 N. Since f ðW [ �WÞ contains P, for the sequences ðunÞn2N; ðvnÞn2N 	 P,

there are two sequence ðenÞn2N; ðgnÞn2N 	 W [ �W so that limn
kun�f ðenÞk

n ¼ 0 and limn
kvn�f ðgnÞk

n ¼ 0.

Choose any x�n 2 oken � gnk, and let /n ¼ ıðx�nÞ, where ok � k denotes the subdifferential mapping of the
norm k � k of X. Then, by (3.2)

3e� jhx�; en � gni � h/n; f ðenÞ � f ðgnÞij
¼jhx�; en � gni � h/n; ðf ðenÞ � f ðgnÞÞ � ðun � vnÞij
� ken � gnk � kðf ðenÞ � f ðgnÞÞ � ðun � vnÞk
� kf ðenÞ � f ðgnÞk � e� kðf ðenÞ � f ðgnÞÞ � ðun � vnÞk
� kun � vnk � 2kðf ðenÞ � f ðgnÞÞ � ðun � vnÞk � e

¼nð1� 2
kðf ðenÞ � f ðgnÞÞ � ðun � vnÞk

n
Þ � e

� nð1� 2ðkf ðenÞ � unk
n

þ kf ðgnÞ � vnk
n

ÞÞ � e �!1:

This contradiction says that ı is surjective. Therefore, we have proven that ı : CðKÞ� ! Y� is a surjective

linear isometry. Consequently, T : Y ! CðKÞ is also a surjective linear isometry. Let U ¼ T�1 in (3.12).
Then we finish the proof. h

Recall that a Banach lattice X is said to be an abstract M-space, if for all x; y 2 X with x ^ y ¼ 0 we have
kxþ yk ¼ maxfkxk; kykg. Since every abstract M-space with a strong unit is order isometry to a C(K) space
( [15, Thoerem 1.b.6]), and since the abstract M-space ‘1ðCÞ has a strong unit, we have the following
consequence.

Corollary 3.5 Suppose that W is the positive cone of ‘1ðCÞ for any set C, Y is a Banach space, and
f : W [ �W ! Y is a symmetric e-isometry. If f ðW [ �WÞ contains a closed reproducing wedge of Y, then
there is a surjective linear isometry U : ‘1ðCÞ ! Y so that

kf ðxÞ � Uxk� 3

2
e; for all x 2 W [ �W : ð3:15Þ
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