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Abstract A graph G is a prime distance graph if its vertices can be labeled with distinct integers such that
for any two adjacent vertices, the difference of their labels is a prime number. It is known that cycles and
bipartite graphs are prime distance graphs. In this paper we derive some general results concerning prime
distance labeling of graphs and also establish interesting results for complete graphs, wheel graphs, and
wheel-related graphs.
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1 INTRODUCTION

Prime distance graphs were introduced by Eggleton, Erdos, and Skilton in 1985 [3], and [4]. For any set D of
positive integers, they defined the distance graph Z(D) as the graph with vertex set Z and there exits an edge
between integers x and y if and only if | x — y |€ D. The prime distance graph Z(P) is the distance graph with
D = P, the set of all primes. They proved that the chromatic number y(Z(P)) = 4. Research in prime
distance graphs has since focused on the chromatic number of Z(D) where D is a non-empty proper subset of
P. One can easily note that these graphs are all infinite (non-induced) subgraphs of Z(P). In this paper we
consider finite subgraphs of Z(P). In [5] Laison et al. have specifically defined that a graph G is a prime
distance graph if there exists a one-to-one labeling of its vertices L: V(G) — Z such that for any two
adjacent vertices u and v, the integer |L(u) — L(v)| is a prime. They call L a prime distance labeling of G. So
according to this definition, G is a prime distance graph if and only if there exists a prime distance labeling
of G. Moreover, it is interesting to note that the prime distance labeling is not unique. Here we obtain new
results on prime distance labeling of graphs including interesting results for complete graphs, wheel graphs,
and wheel-related graphs.
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2 SOME NEW GENERAL RESULTS
Lemma 1 [fa grpah G has a subgraph that does not admit a prime distance labeling then G cannot have a
prime distance labeling.

We note that the Lemma 1 clearly holds since if G has a prime distance labeling then this will yield a prime
distance labeling for any subgraph of G.

Theorem 2 ([2]) x(G(Z,{2,3,5})) = 4 and hence y(G(Z,P)) = 4.

We note that a graph G with V(G) = Z and (G) > 5 cannot have a prime distance labeling, which is simply
a contrapositive staement of Theorem 2. Hence as a consequence of the Lemma 1 and Theorem 2, we have
the following corollary.

Corollary 3 Any graph G with V(G) C Z and x(G) > 5 does not admit a prime distance labeling.

Theorem 4 A prism graph G = H x K, obtained from a graph H with prime distance labeling f admits a
prime distance labeling.

Proof Let H be any graph with a prime distance labeling f. Let V(H) = {u;,us,- - - ,u,}. Obtain the new

prism graph G=H x K, from the graph H so that V(G)=V(H)U{v;:1<i<p} and

E(G) =EH)UE(H) U {(u;,v;) : 1 <i<p}. Without loss of generality assume that f(u;) = max {f(u)}.
<i<p

Let p* be the first prime greater than f(u;). Define f* : V(G) — Z* to label the vertices v; for 1 <i<p as
follows. f*(v;) = f(u;) + p* for 1 <i<p. Then it is easy to check that f* is a prime distance labeling of G. [J

Theorem 5 Let G be a graph obtained by gluing at each vertex v of a prime distance graph H, any finite
number of vertex disjoint (other than v) paths. Then G admits a prime distance labeling.

Proof We mention only the central idea of the proof. Along each path, the first edge moving away from H
can be labeled with a prime big enough that the next vertex receives a previously unused label, and then the
remaining vertices on that path P can be labeled by counting by 2. Labeling the paths successively gives a
prime distance labeling of G. O

Theorem 6 The graph G obtained by taking union of n copies of a prime distance graph H admits a prime
distance labeling.

Proof Let H be any (p, g) graph with a prime distance labeling f. Let V(H) = {vi, v, ..., v, }. Without loss
of generality let f(v,) = max {f(vi)} =1,. Let G=nH, with V(G) = {vJ’ :1<j<p;1<i<n} and
<i<p

E(G) = {ej :1<j<g;1<i<n}. We informally describe a prime distance labeling of G. To begin with,
label the copies of H the same way as given for H using f. Then translate the labels on each copy of H
uniformly without any duplicates, to yield the prime distance labeling of G. O

Remark 7 Let G and H be two isomorphic graphs. If G admits a prime distance labeling then H also does.

3 RESULTS FOR SOME GENERAL GRAPHS
3.1 Complete Graphs

Definition 8 A complete graph is a simple undirected graph in which every pair of distinct vertices is
connected by a unique edge; it is denoted K,,.

The empty graph K] is trivially a prime distance graph. We give in Fig. 1 the prime distance labeling of K,
for 2 <n<4.

Theorem 9 The complete graph K, for n>5 admits no prime distance labeling.

This result follows directly from Theorem 1 and Corollary 1.
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Fig. 1 Prime distance labeling of K>, K3 and K4

3.2 Wheel Graphs

Definition 10 The wheel graph W, = C,,_; A K is a graph with n vertices (n > 4), formed by joining the
central vertex K; to all the vertices of C,_;.

We give here in Fig. 2 the prime distance labeling of wheel graphs for 5 <n <8.
Theorem 11 The wheel graph W, = C,_; A\ K1 for n> 10 admits no prime distance labeling.

Proof We consider the wheel graph W, = C,_; A K. Prime distance labeling of wheel graphs W; for
5<i<9 are shown in Fig. 2 and Fig. 3. We take n > 10. Without loss of generality, we label the central
vertex 0. Then it is clear that all of the vertices on C,,_; must receive prime labels, so at most 2 of them can
be even (since 2 is the only even prime, &+ 2 are the only possible even labels adjacent to 0). This also makes
clear that any adjacent odd labels must be twin primes (or their negatives), so at most 3 odd labels can
appear consecutively. This is because, as one can esily note that, (3, 5, 7) is the only prime triple, which
means that 3, 5, 7 and -3, -5, -7 are the only sets that satisfy this condition. Thus, at most 3 odd primes
appear consecutively; there are only two sets of such primes, and there are at most 2 even primes to separate
them with, giving a total of 8 possible labels. Any wheel with more than 8 vertices on its cycle can therefore
not be prime distance labeled. O

As a consequence of the above theorem we deduce the following theorems.

Definition 12 [6] A helm graph, denoted H,, is a graph obtained by attaching a single edge and node to
each node of the outer circuit of a wheel graph W,,.

Theorem 13 The helm graph H, for n > 10 admits no prime distance labeling.
The Theorem is a consequence of Lemma 1.

Definition 14 [7] A double-wheel graph DW,, of size n is composed of 2C, A K;. In other words, DW,,
consists of two cycles, each of size n, where the vertices of the two cycles are all connected to a common
hub represented by K.

Theorem 15 The double wheel graph DW, for n > 5 admits no prime distance labeling.

Proof We consider DWs. Having Ws on one side requires the use of both 2 and -2 (assuming the central
vertex is again labeled 0), so any additional requirement of an even prime makes a prime distance labeling
impossible. As a consequence, DW, for n > 5 admits no prime distance labeling.

Fig. 2 Prime distance labeling of Wheel graphs W; for 5 <i <8
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Fig. 3 Prime distance labeling of Wy

14

016

Fig. 4 Prime distance labeling of the Umbrella graph U(8, 4)

Definition 16 [8] A fan graph F; , is defined as the graph K| A P,, where K is the empty graph on one
vertex and P, is the path on n vertices.

Lemma 17 The fan graph F(; ) for 2<n <10 admits a prime distance labeling.
Theorem 18 The fan graph F(, ,) for n> 11 admits no prime distance labeling.

Definition 19 [1] The umbrella graph G = U(m, n) is defined as follows: Let the vertex set V(U(m,n)) =
{vi,v2, ..o, Vmsn} and the edge set E(U(m,n)) =E UE, UE; where E; ={vyv:1<i<n-—1},
Er ={vypyj: 1<j<m}, B3 = {1 :n+1<k<m+n—1}.

Lemma 20 The umbrella graph U(m, n) with 1 <m <10 and any n, admits a prime distance labeling.

Theorem 21 The umbrella graph U(m, n) for m > 11 admits no prime distance labeling.

Acknowledgements The authors are very much grateful for the valuable and detailed comments of the reviewer, especially in
providing elegant and simplified forms of proofs of certain results. The comments have served to be very useful in improving
the presentation of the paper. The first author Dr.A. Parthiban wishes to thank his wife, Mrs. Steffy Princy Parthiban for her
constant help and encouragement in completing this research work.

References

1. G.Amuda, and S. Meena, Cube Difference Labeling Of Some Cyclerelated Graphs, International Journal of Innovative
Science, Engineering & Technology, 2(1)(2015), 461-471.

. R.B. Eggleton, P. Erdos and D.K. Skilton, Colouring prime distance graphs, Graphs and Combinatorics, 6(1990), 17-32.

. R.B. Eggleton, P. Erdos, and D. K. Skilton, Colouring the real line, J.Combin. Theory Ser. B, 39(1) (1985), 86-100.

. R.B. Eggleton, P. Erdos, and D. K. Skilton, Erratum: Colouring the real line J. Combin. Theory Ser. B 39 (1985), 86—100;
MRO0805458 (87b:05057) J. Combin. Theory Ser. B, 41(1) (1986), 139.

BN

@ Springer



26 A. Parthiban et al.

5. D. Joshua Laison, Colin Starr, and Andrea Walker, Finite prime distance graphs and 2-odd graphs, Discrete Mathematics,
313(20) (2013), 2281-2291.

6. S. Meena and K. Vaithilingam, Prime Labeling for Some Helm Related Graphs, International Journal of Innovative
Research in Science, Engineering and Technology, 2(4)(2013), 1075-1085.

7. Ronan Le Bras, Carla P. Gomes, and Bart Selman, Double-Wheel Graphs Are Graceful, Proceedings of the Twenty-Third
International Joint Conference on Artificial Intelligence, (2013) 587-593.

8. K. Vaithilingam, Difference Labeling of Some Graph Families, International Journal of Mathematics and Statistics
Invention (IJMSI), 2(6)(2014), 37-43.

@ Springer




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2021-07-02T10:19:26+0530
	Preflight Ticket Signature




