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Abstract The novelty of the present article is to introduce the study of hybrid dynamical system of order
& € (6 —1,0] with finite time delay. These hybrid systems are more suitable to deal several dynamical
process as particular cases. The importance of this manuscript is to discuss the concept of stability results
including Ulam-Hyers stability (UHS), generalized Ulam-Hyers stability (GUHS), Ulam-Hyers Rassias
stability (UHRS) and generalized Ulam-Hyers Rassias stability (GUHRS). Meanwhile, we investigate some
sufficient conditions for existence result of the solution for proposed work by adopting the application of
fixed point theorem of Banach algebra due to Dhage under mixed Lipschitz and Carathéodory conditions.
Finally the paper is enriched by two interesting applications to demonstrate our results.

Keywords Nonlocal conditions - Hybrid differential equation - Fractional order differential equation -
Hybrid fixed point theorem

Mathematics subject classification 26A33 - 34K05 - 34A12

1 Introduction

Nowadays, fractional order differential equations (FODEs) have considered a powerful procedure for
solving practical problems that arise in several fields such as control theory, chemical physics, economics,
heat conduction, viscoelasticity, biological science, ecology, aerodynamics, etc., see for example,
[8, 9, 21-23, 28]. A comprehensive study in the form of a book has been given by Podlubny [14] about
FODEs and their applications. Infact, the mathematical models involving FODEs are useful for the
explanation of hereditary characteristics and memory of different processes and materials.
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28 V. Gupta et al.

Therefore, in last few decades, the study of nonlinear differential and integral equations have received
proper attention of young scientists and many mathematicians due to its worldwide applications in several
fields of engineering and technologies. However, different approaches are discussed in the literature, to
evaluated and analyzed the dynamical systems but many times it has been observed that they are not
suitable for some practical problems. In such case, perturbation technique plays an important role for solving
those dynamical models which have no analytical solution.

Recently, differential equations (DEs) involving different kinds of perturbations have received a great
attention of several researcher due to its generalized nature and applicability. These DEs are called hybrid
differential equations (HDEs). This class of equations involves the fractional derivative of an unknown
function hybrid with the nonlinearity depending on it. In recent years, HFDEs have achieved a great deal of
interest and attention of several researchers. Several works have been done in this direction, for more details
we refer to [1, 3, 5, 13, 20, 29].

Dhage and Lakshmikantham [7] studied the following HDE

{T%QM F(t, (1)), t € 0,T], 0

In the aforesaid work, the authors have developed some fundamental differential inequalities together with
existence results. Motivated by this Zhao et.al. [29] developed the theory of HDEs of fractional order, where
¢ € (0,1] and D was used in Riemann-Liouville sense.

Subsequently, Sun et.al.[20] studied the given boundary value problem (BVP) of HDEs of fractional
order as
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where the derivative D¢ has been used in Riemann-Liouville sense. The main existence theorem has been
proved under mixed Lipschitz and Carathéodory conditions.

Further, Jin and Sun [13] have studied the coupled systems of fractional order HDEs (abbreviated as
FOHDES) and inclusions with coupled boundary conditions (BCs). The derivative has been taken in Caputo
sense. Ahmed and Ntouyas [1] have been considered BVPs of FOHDEs and developed sufficient results
about the existence of solutions for the given problem as

{Dﬂ%] — F(i,a()) €[0T, € (1,2), 3
a(1) = 0,a(T) = 6(«),

where the derivative has been taken in Hadamard sense. Valuable results have been formulated during 2019
and 2018 about FOHDEs under different boundary and initial conditions, for detail see [2]. Recently new
hybrid synchronization type idea, which is a combining generalized synchronization and inverse generalized
synchronization has been introduced due to the important application of FOHDEs, see [15, 16]. Further
some delay type FOHDESs and their systems have been investigated in [4, 12]. Very recently Gupta et al.
[10] have been investigated FOHDE by adopting Dhage iterative principle as given by

DAL = 1 CF(t,01), €€ (n—1,n], n>2 €N, 1€10,1],

a(t) = 0(1), t € [-T,0], T >0, “
(0) 07 OC (O) = 07 tey OC(niz) (O) = Oa
l//x(lfx)l) = \//(tggoc)) Q€ (Oa 1),

where CDf stands for the generalized Caputo’s derivative for non-integer order and the notation I;”i
represents an integral operator in sense of Riemann-Liouville fractional integral of order n — ¢ > 0. The
functions ¥ : [0,1] x Cr — R\ {0} and F: [0,1] x Cr — R are continuous.

The main contribution of this paper to establish a more comprehensive analysis including existence
results of for the solutions and different kinds of Ulam stability results for the problem given in (4). To
achieve this goal, we use hybrid fixed point theory in Banach Algebra under week assumptions to establish
sufficient results for existence of at least one solution. Since an important aspect of differential equations is
the stability analysis. Several concept of stability analysis including Mittag-Leffler, exponential and Lya-
punov, etc have been analyzed very well for fractional differential equations [21-24, 27]. Another kind of
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On stability analysis of hybrid fractional boundary value problem 29

stability which greatly attracted the researchers attentions has been recently considered for nonlinear and
linear FODEs, we refer [11, 25, 26, 30]. Ulam in 1940 has presented first time this important form of
stability and was brilliantly explained by Hyers in 1941. After that valuable contributions have been done in
this regards. The aforementioned stability have been investigated for functional, integral and DEs very well,
see [17-19]. The stability analysis is very important in sense of numerical and optimization theory.

So far studding the existence literature, the stability analysis for hybrid dynamical process has been very
rarely considered. Further, we can claim that the mentioned stability has not investigated for fractional
hybrid multi-point BVPs extensively. Therefore, in this article, for the first time, the mentioned stability for
the considered problem (4) is investigated. This is the main contribution of this paper which makes it
different from the previous published articles. Moreover, we discuss and establish different kinds of Ulam
stability results for considered problem (4). To bring out the aforesaid analysis, we utilize hybrid fixed point
theory and nonlinear functional analysis under mixed Lipschitz and Carathéodory conditions to establish the
required results. In the last, we summarize this article with suitable comments and justifications by providing
examples.

2 Preliminaries

This section represents some significant definitions, methodology and appropriate functional space which is
used throughout this work.
For T > 0, J = [-T,0], we denote Cr = ([0, 1],R) is the space endowed with the norm as

10]]; = sup{|0(s)] : # € J}

is the Banach space of all continuous functions 6 : J — R. Since o € ([T, 1],R) and for each ¢ € [0, 1], we
denote by o, the elements of Cr([0, 1],R) defined by o,(x) = a(t + x), x € J.

A function o € C([0, 1],R) will be the solution of system (4) as it satisfies the given conditions of (4).
Since the problem (4) can be written equivalently as an integral equation, therefore for the existence of
solutions, it is enough to work with the functional space C([0, 1], R) consisting of the functions « : [0, 1] —
R which are continuous on [0, 1]. The space C([0, 1],R) is Banach space with the norm ||.|| given by

lef| = sup [a(s)], for & € C([0, 1], R).

t€l0,1]

Definition 1 [3] Let C([0, 1] x Cr,R) denote the class of continuous functions. The functions
¥ :[0,1] x Cr — R\{0} and F: [0,1] x Cr — R,

are such that

the map ¢ — F(¢,«) is measurable for each o € R, and
the map o — F(z, o) is continuous for each ¢ € [0, 1].

The class C([0, 1] x Ct,R) is called the Carathéodory class of functions on [0, 1] X Ct which are Lebesgue
integrable, when bounded by a Lebesgue integrable function on [0, 1].

A function o € C([0, 1],R) be the solution of the system (4), such that

the function ¢t — % is continuous for each « € R, and
o satisfies the equations in (4).

We prove another existence result for the FOHDEs (4) by using the following fixed point theorem of Dhage
[6] in Banach algebra.

Theorem 1 [6] Let S be a non-empty, closed convex and bounded subset of the Banach algebra Cy and let
A:Cr — Crand B : S — Cr be two operators such that

A is Lipschitzian with a function @,

B is completely continuous,
o=AuBY = o€ S forall ¥ €S, and

YM < 1,where M = || B(S)|| = sup{||Ba|| : & € S},
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30 V. Gupta et al.

where ¥ : (0,00) — (0, 00) is Lipschitzian function as defined in [10], then the operator equation AoBBo = o
has a solution in S.

Now, we present some fundamental definitions and lemmas of differential calculus of non-integer order
which play key role throughout this article.

Definition 2 [9] For a function  : [0, 00) — R, fractional order integral of order ¢ > 0 with lower limit
zero is defined as

tip )6l
() = /0 %wnm (>0,

provided the right side is point-wise defined on (0, co), where the notation I" represents the gamma function.

Definition 3 [9] For a function ¥ : [0,00) — R, the Riemann-Liouville derivative of order ¢ with the
lower limit zero can be defined as

1 d

Df‘ﬂ(f) = m(a

t
[ = b, >0, e =10
Definition 4 [9] For a function v : [0,00) — R, the Caputo’s derivative of order & can be written as
-1 i
t

_ —,lﬁ(k>(0)]’ t>0,0—-1<¢& </
k!

“Djy(r) = D[y (1)

Remark 1 [9] If (t) € C*[0,c), for order £ — 1< &</, then

: AR A () .
Cwa(t) = = 5)/0 . ’7);17( dn = If lp(f)(;), t>0.

Lemma 1 [9] The DE
“Dsh(t) = 0, & >0,

has solutions h(t) = Ef;(} citt and TDéh(t) = h(t) + Zf;é cit', where ¢;€Ri=0,1,...,0—1,
L=+ 1.

Consider the following hypothesis

(Ao) The function o — - is increasing in R almost everywhere for 7 € [0, 1].

(ta

Definition 5 The continuous function o € Cr is said to be the mild solution of the system (4), if it satisfies
the following integral equation:

t -l n—1 1 _oon—l 0 -l
o«m:ww»[ / %F(n,a,ndnw(mI’in{/o 2~ [ %F(naqwn}}],

where 9"~ £ 1.

3 Existence results

Consider a multiplication in Cr by (od)(¢) = a(£)9(2), for o, € Cr. L'([0, 1],R) stand for the space of
Lebesgue integrable real-valued functions on [0, 1] equipped with the norm ||.||;; defined by

1
lally = / jan)ldn.

Definition 6 The function o € AC([0,1],R), the space of absolutely continuous real-valued functions
defined on [0, T], is called a strong solution of (4) if

the function ¢ € W is absolutely continuous for each o € R, and

o satisfies (4).

@ Springer



On stability analysis of hybrid fractional boundary value problem 31

The given assumptions are needed
(A1) There exists a constant Ly > 0 such that
lW(t o) — (2, 0)| < Lylo — 9|, t € [0,1], forall o, € R.

(A7) There exists a function i € L'([0, 1],R) such that
|F(t,0)| <h(t), t € [0,1], forall € R.

Theorem 2  Suppose the axioms (Ao), (A1), (A2) hold and further, if
2—¢" 40"\ ()l
0(0 <.
(355,50) folle oo,
then the FOHDESs (4) has a mild solution defined on [0, 1].

Proof Let define a subset S of Cy as S = {o € Cr, ||o|| <4p}. Clearly S is a closed, convex and bounded
subset of the Banach space Cy. From Lemma 1, considered Problem (4) is equivalent to the following
nonlinear hybrid integral equation as

t ol n—1 1 _ n—1 0 _ n—1
o(t) = y(t, o) [/0 %F(n,%)dw@(o)—lig,ﬂ {/O ( 1“(71)) F(m%)dﬂ—/o %F(n,an)dn}].
(5)

Consider the two operators A : Cy — Cr and B : § — Cr, such that
Aa(t) =y (t, o), te€]0,1], (6)

and

Balt) = [ LR+ 00) - o { [ U oan

2(e—n)"" )
[ ),
t€0,1].
Then the hybrid integral equation (5) is transformed into the operator equation as
Ao()Ba(t) = a(t), t € [0,1]. (8)

Now, we shall prove that the operators .4 and B satisfy all the conditions of Theorem 1.
Step 1 : We will show that A is a Lipschitz operator on Cy with the Lipschitz constant L,. Suppose
o, ¥ € Cr, by axiom (A;), we get

[Ao(t) — AD(0)| = [ (2, 0u) — b (2, 9,) < Ly |o(r) — 9 (1)], ©)
for all ¢ € [0, 1]. Taking supremum with respect to ¢, we obtain
[ A% = Adle, <Lylle = llc, (10)

for all o, ¥ € Cr.

Step 2 : We shall prove that the operator B is compact and continuous on S to Cy. Let o be any
convergent sequence which is converging to a point o € S, by using the Lebesgue dominated convergence
theorem, we obtain

tip o=l n—1 1gq =1
tim (55)(0) = fim | [ LD an +000) - [ B R
)—l

[ (e—n)" o
| .y
= B,
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32 V. Gupta et al.

for all 7 € [0, 1], which implies that B is a continuous operator on S.
Now, we show that B is compact on S which means that B(S) is uniformly bounded and equi-continuous
set in Cy. Let o € S be any solution, then one can find

Ba)(0)< | %| (1,2l + 10(0) '_’" L / F(1, 2)ldn
Co—n)""
+ / S (Ao

Then by hypothesis (4;), we have

61 < (L5 ) s + 100

for all « € S. Which means that B is uniformly bounded on S.
Furthermore, we show that B is equi-continuous. Let #1, #, € [0, 1], with #; <f,. Then for any « € S, one
has

nl n—1
t (1—
(B2)0) — Ba)(] = | [ man — 1{/ b3

I'(n)
77)” 1 fl _ nf
7/0 Tn) ——5—F(n, oy)dn} — / 5 Fn,0y)dn
tn 1 1 _ ’7 n 1
ti ot ; F(n, o;)dn
“le—m" n— "
- WF(n,an)dn}I <Iem / (=)™ 4 = )" Y, o)y
1 f2 . (2~ t” 1 (1 —11 -
i | =R an — B / R, )
141
- [ e
0 ['(n)
Then by using the given assumption (A;), we obtain
n m A0)" = )" A =0, Al
[[(Bo) (2) — (Bo)(11)[| < [{ (r2)" — (11)"} + =g ]F(n—i- 0
Hence, for ¢ > 0 there exist 4 > 0, such that
|t — to| <u = || Ba(t)) — Ba(ty)|| <e, (11)

forall #;, , € [0,1] and « € S. Therefore, B(S) is an equi-continuous set in Cy. By summarizing the results
along with the Arzela-Ascoli theorem, we can say that the set B(S) is compact on Cy. Hence, B is
completely continuous operator on S.

Step 3. We derive condition 3 of Theorem 1, for this, let € Cy and ¥ € S be arbitrary such that
o = AaB9¥. Then one has

(0)] = |As()1B9(0)] < [ a» —y(0.0) + o) | l%mn,am 100
o '1{ / F(ir 2l + / %mn,munﬂ.

In view of assumptions (Ao) - (Az), we have

2-¢""+0¢"
(1—¢ (n+1)

which implies that ||a(¢)[|, <{o. Thus o € S.

Ol < (Lyto + Fo) | 1000l 1)L < fo,
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Step 4. In this last step of the proof, we prove that YM < 1, where

-0+ Q") IKIGI
1 — ! I'n+1)

M = [|B(S)|| = sup{[|B«|| : o € S} < (2 +[000)]lc,» (12)

such that

2—o" !+ 9") |2 (n)]]

LPMS\P[( I — ! I'n+1)

+11000) e, <1

Hence, it is clear that all the hypothesis of Theorem 1 are satisfied which implies that the operator equation
AaB¥ = o has a mild solution in S. Eventually, the FOHDE (4) has a mild solution on [0, 1].

4 Stability analysis for the solution of FOHDE (4)

This section is very important in sense of several stability results. Here, we establish necessary and sufficient
conditions for the UHS, GUHS, UHRS and GUHRS of the solutions for the proposed problem (4). To come
across the required outcomes, we give the following axillary results needed onward.

Definition 7 The solution o € Cy of the considered Problem (4) is UHS, if we can find a real number
(fl/,f > 0, with the property that for every ¢ > 0 and for every solution o € Ct of the inequality

CY¢ (X(t) } n—¢&
D[ TR 0| <€, 1€ ]0,1], 13
[gteay) R <e e (13)
there exists unique solution ¥ € Cy of the proposed system (4) with a constant CA'[,,’F > (0 with
Joc— ]| < Gy

Definition 8 The solution o € Cy of the proposed system (4) is called to be GUHS, if we can find
QyF: (0,00) — RY, Qw,F(O) =0,

such that for each solution o € Ct of the inequality (13), we can find a unique solution ¥ € Cy of the
considered Problem (4) with

lo = 9| < Cyp0y p-
Next we recall the definitions of UHRS and GUHRS [22] for our considered model (4) as bellow:

Definition 9 The equation (4) is said to be UHRS with respect to f € C([0, 1], R) if there exists 15 > 0,
such that for each € > 0 and for every solution o € Cy of the inequality

[T k()| < Blo)e, 1€ [0.1], e

W(t, o)
there exists unique solution ¥ € Cp with a constant éll,’]:ﬁ > 0 of the equation (4), such that

jo(r) = 9(1)| < Cyppeple), 1€ [0,1].
Definition 10 The equation (4) is said to be GUHRS with respect to § € C([0, 1], R), if there exists a real

constant CA‘WF_/; > 0, such that for each solution o € Cy of the inequality

CDﬂwéga}_wéH“”)

there exists a solution o € C of the equation (4) such that |x(r) — 9(z)| < Cyrp0(€)p(r), t € [0,1].

< p(1),t €10, 1], (15)

Remark 2 A function o € Cr is said to be the solution of inequality given in (13) if and only if, we can find
a function § € C([0, 1],R) depends on o only such that

i) |B(r)| <e, for all r€0,1];
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34 V. Gupta et al.

(ii) CDf[ 0| = =CR(t,0,) + B(¢), for all t€[0,1].

Lemma 2 By mean of assumptions (Ay), (A2) and Remark 2, the solution o € Cr of the problem given by

CDf[ﬁff;’)] =" °F(t,0) + B(t), € (n—1,n], ne N>2, 1 €[0,1],

a(t) =0(1), te J, T >0,
(0) =0, «"(0) =0,..., a"2(0) =0,

o) ()
(1,5{1) - x//?gig)a Q S (07 1),

(16)

Q\

<

satisfies the relation given by

(1)~ b0, | %

0 AV
_ /O (Qr(:]l))F(n, g(q)dn}H < ne, for all ¢
e o,1], (17)

T(EH)(1—5 1) -

Proof In view of Definition 5 and Lemma 1, the mild solution of (16) is given by

att) = wla.)| [ F . o)an-+ 000

T
linol 1{/ 1_’1 n,OCn)d /O%F(n,aﬂdﬂ}] +lﬂ(t, {xt)[~/0 [—
[ (FTMdn [ B pan)].

n
n
From (18), we can easily obtain the result given in (17).

1 _ —1
(n, oty)dn + 0(0) — — = 1{/ n F(n, ouy)dn

where n =

Theorem 3 Under the assumptions (A;), (Ay) and Lemma 2 together with the condition that

l1All 1 (?_g:i ) <1, then the solutions of FOHDE (4) is UHS and consequently GUHS.

T'(n+1)

Proof Let a € Cr is any solution of FOHDE (4) and ¥ € Cy be the unique solution of the considered
problem (4), then we have

90) =0 = o) w020 [ i 000y [ R
- [l lF(mOfn)dnH'S‘ﬁ(t)—l//(t,ﬂt)[ /0 (r(—”,f)mn,m)dnw(m

lingn 1{/0 r(n E(n, 9y)dn — /OQ%F(W;OM}H

R

/O( (’1)”1 F(n 19)0"1}] l//(t,oct)[/ot%F(n,an)dnJrg(o)

[ s [ ot
Wy (33—
—““)'rynﬂ 0 (1 —zH)'

From which, we have
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Al [ 3—g"! ; : n
— < _ L . < .
|9 — af] <ne+ Ly|[9 — «f Tt (1_@”1 )whlch further yields|| — of| <e P (19)
TTo | 11
Hence the solution of FOHDE (4) is UHS . Also, if we let 9(€) = € and CN“/,,F =—1"1  — then (19) can
be written as - % (T)n:>

[0 = all < Cy rele).
It is clear that 9(0) = 0. Hence the solution of the proposed problem (4) is GUHS.

Lemma 3  Under the assumptions given as (A1), (A2), Remark 2 and 1¢f(t) < J3B(t), the solution o € Cy
of the FOHDE given by

D s | = 1R () + B1), £ € (n—1,n], neNZ2, 1€ [0,1],

a(t) =0(1), te J, T >0,

(20)

«(0) =0, «’(0) =0,..., «"2(0) =0,

o) _ _alo)
i) = ey € € (01,
satisfies the relation given by
— n—1 n—
(1) = Wty )| Jy = Fn, o) + 0(0) = i

(21)

—1

-l _n\?
[y S B, )y — [ F(n,%)dn}Hqﬁﬁ(z)e, for all £ € [0, 1].

Proof In view of Definition 5 and Lemma 1, the mild solution of (20) is given by
1

o) = i) | [ L i+ 000) 7 { [ i~ [, aan)]

(n) 1 — gt n)
t, o Né-l L] — et el
+l//(l7at)[/0 %ﬁ(n)dwr{/o %ﬁ(n)dn—/og%ﬁ(n)dn}]

(22)
From (22), we can easily obtain the result given in (21).
Theorem 4 Under the assumptions (A;) — (A;) and Lemma 3 together with the condition that

[l <3Q”l ) <1, the solutions of FOHDE (4) is UHRS and consequently GUHRS.

T(n+1) \ 1—o"!

Proof Let o € Cr is any solution of FOHDE (4) and 9 € Cy be the unique solution of the considered
Problem (4), then consider
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19(2) — a(1)] = |9(2) — (t,0) iHF(n, oy )dn + 0(0) — iﬂilq ta- '7)"71 F(n, o0)dn
o T(n) 1—o o I(n)

S S
n

n—1 n—1 1 _ oyt
+ ‘[//(ta ﬁt) [/ ( r(rln)) (7]71917)('1}1 + 0(0) - 1 i 0”71 {/0 (1 F(I’l)) F(ﬂ,ﬂn)dﬂ

_ /;Q“’;(—Z))'LIF(n,ﬁﬂ)dnH (o) [/O[(t_r(—'glF(n,un)dn +6(0)

1 in;lfl {/01 . F(;Zl))n_l F(n, o0y)dn — /OQ@H”Z)),HF(W’%)CMH ‘ <Jubli)e

_ n—1
L1000 - 20 s (3245,

From which, we have

h 3 n—1
19 — o] < 24B(1) + Ly |10 — F('ﬂ Uifll) = gwl)which further yields|[ — a|| <
A
€ i g A, (23)
1 — HHL] (3 @ )
Tt 1) \T=gr
which implies that the solution of FOHDE (4) is UHRS. Further, if we consider ¢(¢) =¢ and
Cyrp = —4—, then (23) can be written as
Wil [ 3ognt
)

19 — o] < Cy rpo(e) B),
which means that ¢(0) = 0. Hence, the solution of the FOHDE (4) is GUHRS.

5 Examples

This section is consisted on some appropriate examples which are relevant to demonstrate our results.

Example 1 Consider the following FOHDE as

s o(t) e B
P [1+°‘2—“Ia<t>\} oo, €€ (1,2, n=2, t€0,1],

2(0) = 0(¢) =tang, ¢ € [—1,0], (24)
a(l o

Tl = s, ¢ € (0,1),

where Y(t, o) = 1 + <P |a(r)|, F(z, fx) % Choose ¢ = 0.5, then it is clear that |y(z,0) —
Y, 9)| <t |oc — | and |F(1, )| < {5. Hence by the assumptions (A;) — (A) it is found that Ly = ; and
|All,1 = 7 Therefore, we see that all the assumptions of Theorem 2 are satisfied with

’(r —n)*”! ! fa=nm!
/0 ) [E(n, o)\ +10(0)] + 5 — {/0 ) [E(n, o0,)|dn

+/OQ%IF(n,an)ldn} :Tl()[/ot<t—n>d'7+2{ /01“ _")d"+/o (0smwanf] <t

Hence by the result of Theorem 2 we may state that the considered problem (24) has at least one mild
solution on ¢ € [0, 1]. Further to derive the conditions for UHS, GUHS, UHRS and GUHRS we have on

@ Springer



On stability analysis of hybrid fractional boundary value problem 37

using values r”(;:,Hlll) (? fj" : > =7 <1 By using Theorem 3, the solution is UHS, consequently GUHS. Also

as taking f(¢) = t which is increasing function on [0, 1] and using Theorem 4, we have Il (3_9"1 ) =

T(n+1) \ 1—g*!
1 <1. Therefore, Cyrp =1 x 4\3[\5- = ‘f\%’), where /s < 5%~ Hence given problem is UHRS and conse-

quently GUHRS.

Example 2 Consider another example for verifying the results of previous section.

1.8 (1) |e(r)| —
‘D [( LT )} ey M= 2 L€ [0, 1],
<l> (Q): lnm QE[ ] (25>
i = waan € € (0.1,
where Y(t,0) = (S’ii;)(l+‘a ‘) and F(z,0) = #IHI) For problem (25) we have f = 1.8 and we choose
0 = 0.8, then we can easﬂy find that |y(z, o) — y(¢,7)] < §|o — 9| and |F(r, )| < 19=z. Thus Ly =1 and

1Allp =

(Igﬂ E (3 08~ > = 0.05. Since both the hypothesis (A;) — (A) are satisfied for

-1

the problem (25). So the given problem has at least one mild solution. Also, the condition rH(}:J‘ﬁ) (f_g, ) =

0.05 <1 of Theorem 3 is satisfied, hence the given system (25) is UHS consequently GUHS Let to derive
condition of Theorem 4, we take nondecreasing function f = ¢ on [0, 1]. We see that Ag < 9r(1 7y and hence,

by using values one has Cwﬁp,ﬂ = § X ;’r(]ﬁ(s)) < ﬁﬁ( ), where Ag < 9r(1 8) Hence given problem is
UHRS and consequently GUHRS by using Theorem 4.

6 Conclusion

FOHDE:s are very general kind of equations and may arises while modeling several physical and dynamical
processes. We have established existence theory and stability analysis for multi-point BVP of FOHDEs with
finite time delay. The required results have been obtained via using hybrid fixed point theory and nonlinear
functional analysis. In future the concerned analysis can be carried out for FOHDEs under integral boundary
conditions as well as nonlinear and linear boundary conditions. Further the respective analysis may be
extended to the model of evolutionary process where FOHDEs may be investigated under proportional type
delay and discontinuous jumps.
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