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Abstract This paper focuses the sufficient conditions for controllability of fractional integrodifferential
systems with boundary conditions in Banach spaces. The results are obtained by using fractional calculus
and fixed point theorem.
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1 Introduction

In recent years, boundary value problems for nonlinear fractional differential equations begin from the study
of models of viscoelasticity, control, electromagnetic, etc. [7, 10, 14–16]. The study of such problems has
been established from both theoretical and applied points of view. Fractional integrodifferential equations
and control problems appear in many branches of physics and technical sciences. In detail, fractional
differential equations are measured as an alternative model to nonlinear differential equations [6, 21, 22].
The theory of fractional integrals and derivatives has been extensively studied by the authors
[12, 13, 17, 18, 20]. The existence and uniqueness of solutions for different classes of initial and boundary
value problems of fractional differential equations and inclusions relating the Caputo fractional derivative in
finite dimensional spaces are studied by Agarwal et al. [1].

The notion of controllability plays a major role in both finite and infinite dimensional spaces. The
investigation of controllability has been studied by many authors [3, 11]. So it is usual to extend this concept
to dynamical systems represented by fractional differential equations. Many integrodifferential equations
can be expressed as fractional differential equations and integrodifferential equations in some Banach spaces
referred to [2, 8]. Recently, many authors established sufficient conditions of fractional differential systems
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with controls in finite dimensional space. Balachandran et al. [4, 5] established some fractional integrod-
ifferential systems with controls in Banach spaces. The goal of this paper is to analyze the controllability for
fractional integrodifferential systems with boundary conditions by using Gronwall type inequality.

Now Consider the following system represented by the fractional integrodifferential equation with
control of the form

cDayðtÞ ¼ f ðt; yðtÞ; ðSyÞðtÞÞ
þ BuðtÞ; 0\a\1; t 2 J ¼ ½0; T �;

ayð0Þ þ byðTÞ ¼ c;

ð1:1Þ

where 0\a\1, the control function uð�Þ is given in L2ðJ;UÞ, a Banach space of admissible control
functions with U, a Banach space. The function f: J � X � X ! X is continuous, X is a Banach space, B is a
bounded linear operator and a, b, c are real constants with aþ b 6¼ 0, and S is a nonlinear integral operator
given by

ðSyÞðtÞ ¼
Z t

0

kðt; sÞyðsÞds;

with c0 ¼ max
R t

0
kðt; sÞds : ðt; sÞ 2 J � J

� �
, where k 2 CðJ � J;RþÞ.

2 Preliminaries

In this part, we present some basic notations, definitions and prliminary results which will be utilized
throughout this paper. Let C(J, X) denote the Banach space of all continuous functions from J into X with
the norm kyk1 :¼ supfkyðtÞk : t 2 Jg. For measurable functions m : J ! R define the norm

kmkLpðJ;RÞ ¼
R

J jmðtÞj
pdt

� �1
p; 1� p\1. Let LpðJ;RÞ denote the Banach space of all Lebesgue measurable

functions with m with kmkLpðJ;RÞ\1.

Definition 2.1 The Riemann-Liouville fractional integral operator of order a[ 0 of a function f is defined
as

Ia
aþf ðtÞ ¼

Z t

a

ðt � sÞa�1

CðaÞ f ðsÞds;

where a 2 R.

Here we will consider n ¼ �½�a�, where ½�� denotes the integral part of the argument, and a[ 0.

Definition 2.2 For a function f given on the interval [a, b], the Riemann-Liouville fractional order
derivative of order a of f, is defined by

ðDa
aþf ÞðtÞ ¼ 1

Cðn� aÞ
d

dt

� �nZ t

a

ðt � sÞn�a�1f ðsÞds:

Definition 2.3 For a function f given on the interval [a, b], the Caputo fractional order derivative of order
a of f, is defined by

ðcDa
aþf ÞðtÞ ¼ 1

Cðn� aÞ

Z t

a

ðt � sÞn�a�1f ðnÞðsÞds:

Now, let us initiate the definition of a solution of the fractional boundary value problem (1.1).

Definition 2.4 A function y 2 C1ðJ;XÞ is said to be a solution of the fractional boundary value problem
with control (1.1) if y satisfies the equation

cDayðtÞ ¼ f ðt; yðtÞ; ðSyÞðtÞÞ þ BuðtÞa.e. on J;

and the condition ayð0Þ þ byðTÞ ¼ c.
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For the existence of solutions for the fractional boundary value problem (1.1), we require the following
supplementary lemma.

Lemma 2.1 (Lemma 3.2, [1]) Let y 2 CðJ;XÞ be a function such that

yðtÞ ¼ 1

CðaÞ

Z t

0

ðt � sÞa�1f ðsÞds

� 1

aþ b

b

CðaÞ

Z T

0

ðT � sÞa�1f ðsÞds� c

� 	

if and only if y is a solution of the following fractional boundary value problem

cDayðtÞ ¼ f ðtÞ; 0\a\1; t 2 J;

ayð0Þ þ byðTÞ ¼ c:

(
ð2:1Þ

As a consequence of Lemma 2.1, we have the following result which is useful in what follows.

Lemma 2.2 If y 2 CðJ;XÞ is a function such that

yðtÞ ¼ 1

CðaÞ

Z t

0

ðt � sÞa�1½f ðs; yðsÞ; ðSyÞðsÞÞ þ BuðsÞ�ds

� 1

aþ b

b

CðaÞ

Z T

0

ðT � sÞa�1½f ðs; yðsÞ; ðSyÞðsÞÞ þ BuðsÞ�ds� c

� �
;

for every t 2 J, if and only if y is a solution of the fractional boundary value problem (1.1).

Definition 2.5 The fractional system (1.1) is said to be controllable on the interval J if for every y0; y1 2 X,

there exists a control u 2 L2ðJ;UÞ such that the solution y(t) of (1.1) satisfies yðTÞ ¼ y1.

First, we introduce the following hypotheses for our utilization.

(H1) The function f : J � X � X ! X is measurable with respect to t on J.
(H2) The linear operator W : L2ðJ;UÞ ! X, defined by

Wu ¼ 1

CðaÞ

Z T

0

ðT � sÞa�1BuðsÞds

induces an invertible operator W defined on L2ðJ;UÞ=kerW and there exist positive constant K such

that BW�1


 

�K.

(H3) A function f : J � X � X ! X is continuous and there exists a constant b1 2 ð0; aÞ and real-valued

functions n1ðtÞ; n2ðtÞ 2 L
1
b1ðJ;XÞ such that kf ðt; xðtÞ; ðSxÞðtÞÞ � f ðt; yðtÞ; ðSyÞðtÞÞk� n1ðtÞkx� ykþ

n2ðtÞkSx� Syk, for each t 2 J and all x; y 2 X.
(H4) There exist a constant b2 2 ð0; aÞ and real-valued function qðtÞ 2 L

1
b2ðJ;XÞ such that

kf ðt; y; SyÞk� qðtÞ;

for each t 2 J and all y 2 X.
(H5) There exist constant k 2 ½0; 1� 1

pÞ for some 1\p\ 1
1�a and N [ 0 such that

kf ðt; u; SuÞk�Nð1þ c0kukkÞ

for each t 2 J and all u 2 X.

Alternatively, so as to apply fixed point theorem (see [19]) to prove the existence of solutions, we require the

following generalized singular Gronwall type inequality with mixed type singular integral operator.

Lemma 2.3 ([9]) Let y 2 CðJ;XÞ satisfy the following inequality
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yðtÞk k� aþ b

Z t

0

ðt � sÞa�1 yðsÞk kkds

þ c

Z t

0

ðT � sÞa�1 yðsÞk kkds;

ð2:2Þ

where a 2 ð0; 1Þ, k 2 ½0; 1� 1
pÞ, for some 1\p\ 1

1�a, and a; b; c� 0. Then there exists a constant M�[ 0
such that yðtÞk k�M�.

Let us assume that M ¼ kn1 þ c0n2k
L

1
b1 ðJ;XÞ

, H ¼ kqk
L

1
b2 ðJ;XÞ

.

3 Controllability result

Theorem 3.1 If the hypotheses (H1)-(H4) are satisfied and if

Ka;b1;TðtÞ ¼
MTa�b1

CðaÞða�b1

1�b1
Þ1�b1

1þM1M2Ta

aCðaÞ

� �
1þ b

aþ b

� �
\1; ð3:1Þ

then the system (1.1) is controllable on J.

Proof Using the hypothesis (H2), for an arbitrary function u(t) define the control

uðtÞ ¼ W�1 c

b
� aþ b

b
yð0Þ

�

� 1

CðaÞ

Z T

0

ðT � sÞa�1f ðs; yðsÞ; ðSyÞðsÞÞds

�
ðtÞ:

ð3:2Þ

Let

r� Ta�b2 H

CðaÞða�b2

1�b2
Þ1�b2

1þ Ta

Cðaþ 1Þ

� �
1þ b

aþ b

� �

þ c

b
1þ b

aþ b

� �
þ kyð0Þk 1þ aþ b

b

� �� �
� KTa

Cðaþ 1Þ þ
c

aþ b
:

It suffices to show that when using the above, the operator G on Br :¼ fy 2 CðJ;XÞ : kyk� rg is defined as
follows

ðGyÞðtÞ ¼ 1

CðaÞ

Z t

0

ðt � sÞa�1½f ðs; yðsÞ; ðSyÞðsÞÞ þ BuðsÞ�ds

� 1

aþ b

b

CðaÞ

Z T

0

ðT � sÞa�1½f ðs; yðsÞ; ðSyÞðsÞÞ þ BuðsÞ�ds� c

� �
;

ð3:3Þ

for every t 2 J.
Therefore, the existence of a solution of the control problem (1.1) is corresponding to the operator G has a

fixed point on Br. We shall employ the Banach contraction principle to prove that G has a fixed point.
Clearly, GyðTÞ ¼ y1, which means that the control u steers the system (1.1) from the initial state y0 to y1 in
time T provided we can obtain a fixed point of the operator G. First we show that G maps CðJ;BrÞ into itself.

Step 1. For every y 2 Br, by (H3) and Hölder inequality, we get
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kðGyÞðtÞk� 1

CðaÞ

Z t

0

ðt � sÞa�1qðsÞdsþ K

CðaÞ

Z t

0

ðt � sÞa�1 c

b




þ aþ b

b
kyð0Þk þ 1

CðaÞ

Z T

0

ðT � sÞa�1qðsÞds

�
ds

þ b

aþ bCðaÞ

Z T

0

ðT � sÞa�1qðsÞds

þ Kb

ðaþ bÞCðaÞ

Z T

0

ðT � sÞa�1 c

b
þ aþ b

b
kyð0Þk

�

þ 1

CðaÞ

Z T

0

ðT � sÞa�1qðsÞds

�
dsþ c

aþ b

� 1

CðaÞ

Z t

0

ðt � sÞ
a�1

1�b2 ds

� �1�b2
Z t

0

ðqðsÞÞ
1
b2 ds

� �b2

þ K

CðaÞ

Z t

0

ðt � sÞa�1 c

b
þ aþ b

b
kyð0Þk

�

þ 1

CðaÞ

Z T

0

ðT � sÞ
a�1

1�b2 ds

� �1�b2
Z T

0

ðqðsÞÞ
1
b2 ds

� �b2

#
ds

þ b

aþ bCðaÞ

Z T

0

ðT � sÞ
a�1

1�b2 ds

� �1�b2
Z T

0

ðqðsÞÞ
1
b2 ds

� �

þ Kb

ðaþ bÞCðaÞ

Z T

0

ðT � sÞa�1 c

b
þ aþ b

b
kyð0Þk

�

þ 1

CðaÞ

Z T

0

ðT � sÞ
a�1

1�b2 ds

� �1�b2
Z T

0

ðqðsÞÞ
1
b2 ds

� �b2

#
ds

þ c

aþ b

� Ta�b2 H

CðaÞða�b2

1�b2
Þ1�b2

1þ Ta

Cðaþ 1Þ

� �
1þ b

aþ b

� �

þ c

b
1þ b

aþ b

� �
þ kyð0Þk 1þ aþ b

b

� �� �
� KTa

Cðaþ 1Þ
þ c

aþ b

� r

Thus, G maps CðJ;BrÞ into itself.
Step 2. G is a contraction mapping on Br. For x; y 2 Br and any t 2 J, using (H2) and Hölder inequality,

we get
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kGxÞðtÞ � ðGyÞðtÞk

� 1

CðaÞ

Z t

0

½ðt � sÞa�1kf ðs; xðsÞ; ðSxÞðsÞÞ � f ðs; yðsÞ; ðSyÞðsÞÞkds

þ b

ðaþ bÞCðaÞ

Z T

0

ðT � sÞa�1kf ðs; xðsÞ; ðSxÞðsÞÞ � f ðs; yðsÞ; ðSyÞðsÞÞkds

þ K

CðaÞ

Z t

0

ðt � sÞa�1 aþ b

b
kxð0Þ � yð0Þk

�

þ 1

CðaÞ

Z T

0

ðT � sÞa�1kf ðs; xðsÞ; ðSxÞðsÞÞ � f ðs; yðsÞ; ðSyÞðsÞÞkds

�
ds

þ Kb

ðaþ bÞCðaÞ

Z T

0

ðT � sÞa�1 aþ b

b
kxð0Þ � yð0Þk

�

þ 1

CðaÞ

Z T

0

ðT � sÞa�1kf ðs; xðsÞ; ðSxÞðsÞÞ � f ðs; yðsÞ; ðSyÞðsÞÞkds

�
ds

� kx� yk
CðaÞ

Z t

0

ðt � sÞa�1½n1ðsÞ þ c0n2ðsÞ�ds

þ bkx� yk
ðaþ bÞCðaÞ

Z T

0

ðT � sÞa�1½n1ðsÞ þ c0n2ðsÞ�ds

þ K

CðaÞ

Z t

0

ðt � sÞa�1 aþ b

b
kxð0Þ � yð0Þk

�

þkx� yk
CðaÞ

Z T

0

ðT � sÞa�1½n1ðsÞ þ c0n2ðsÞ�ds

�
ds

þ Kb

ðaþ bÞCðaÞ

Z Y

0

ðT � sÞa�1 aþ b

b
kxð0Þ � yð0Þk

�

þkx� yk
CðaÞ

Z T

0

ðT � sÞa�1½n1ðsÞ þ c0n2ðsÞ�ds

�
ds

� kx� yk
CðaÞ

Z t

0

ðt � sÞ
a�1

1�b1 ds

� �1�b1
Z t

0

½n1ðsÞ þ c0n2ðsÞ�
1
b1 ds

� �b1

þ bkx� yk
ðaþ bÞCðaÞ

Z T

0

ðT � sÞ
a�1

1�b1 ds

� �1�b1
Z T

0

½n1ðsÞ þ c0n2ðsÞ�
1
b1 ds

� �b1

þ K

CðaÞ

Z t

0

ðt � sÞa�1 aþ b

b
kxð0Þ � yð0Þk

�

þkx� yk
CðaÞ

Z T

0

ðT � sÞ
a�1

1�b1 ds

� �1�b1
Z T

0

½n1ðsÞ þ c0n2ðsÞ�
1
b1 ds

� �b1

!
ds

þ Kb

ðaþ bÞCðaÞ

Z T

0

ðT � sÞa�1 aþ b

b
kxð0Þ � yð0Þk

�

þkx� yk
CðaÞ

Z T

0

ðT � sÞ
a�1

1�b1 ds

� �1�b1
Z T

0

½n1ðsÞ þ c0n2ðsÞ�
1
b1 ds

� �b1

!
ds

� MTa�b1

CðaÞ a�b1

1�b1


 �1�b1
1þ b

aþ b

� �
1þ KTa

Cðaþ 1Þ

� �
kx� yk

þ KTa

Cðaþ 1Þ 1þ aþ b

b

� �
kxð0Þ � yð0Þk

�Ka;b1;TðtÞkx� yk
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Since G and f is continuous. Thus G is a contraction by (2.2)
Since 0�Ka;b1;TðtÞ\1, then G is a contraction mapping and hence there exists a unique fixed point

y 2 CðJ;BrÞ such that GyðtÞ ¼ yðtÞ. Any fixed point of G is a solution of (1.1) which satisfies yðTÞ ¼ y1.
Thus the system (1.1) is controllable on J. h
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