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Abstract In this paper, we introduce the generalized dual hyperbolic Fibonacci numbers. As special cases,
we deal with dual hyperbolic Fibonacci and dual hyperbolic Lucas numbers. We present Binet’s formulas,
generating functions and the summation formulas for these numbers. Moreover, we give Catalan’s, Cas-
sini’s, d’Ocagne’s, Gelin-Cesaro’s, Melham’s identities and present matrices related with these sequences.
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1 Introduction
The hypercomplex numbers systems, [10], are extensions of real numbers. Some commutative examples of
hypercomplex number systems are complex numbers,
C={z=a+ib:a,becR,i®=—1)},

hyperbolic (double, split-complex) numbers, [12],

H={h=a+jb:abecR,j>=1j+#=*l1},
and dual numbers, [7],

D={d=a+¢b:a,bcR,e=0¢#0}.
Some non-commutative examples of hypercomplex number systems are quaternions, [8],

Ho = {q = ao + ia; +jar + ka3 : ag,ay,a2,a3 € R, i* = j* = k* = ijk = —1},

octonions [2] and sedenions [13]. The algebras C (complex numbers), Hg (quaternions), O (octonions) and
S (sedenions) are real algebras obtained from the real numbers R by a doubling procedure called the
Cayley-Dickson Process. This doubling process can be extended beyond the sedenions to form what are
known as the 2"-ions (see for example [3, 9, 11]).
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Quaternions were invented by Irish mathematician W. R. Hamilton (1805-1865) [8] as an extension to
the complex numbers. Hyperbolic numbers with complex coefficients are introduced by J. Cockle in 1848,
[6]. H. H. Cheng and S. Thompson [4] introduced dual numbers with complex coefficients and called
complex dual numbers. Akar, Yiice and Sahin [1] introduced dual hyperbolic numbers.

A dual hyperbolic number is a hyper-complex number and is defined by

q = (ap +jar) + ¢(az + jaz) = ap + ja1 + caz + gjas

where ag, a;,a> and aj are real numbers.
The set of all dual hyperbolic numbers are denoted by

Hp = {ao + jai + eaz + gjas : ap,a1,az,a3 € R, j2 =1,j# +1,¢ =0,¢#0}.

The base elements {1,j, ¢, ¢} of dual hyperbolic numbers satisfy the following properties (commutative
multiplications):

1'8:8,1'j:j, 82:8'8208)2:0,j2:j'j:1
e-j=j-& e (g) = () e=0,jg) = (g =¢

where ¢ denotes the pure dual unit (¢2 = 0, ¢ # 0), j denotes the hyperbolic unit (j> = 1), and ¢j denotes the
dual hyperbolic unit ((j&)* = 0).
The product of two dual hyperbolic numbers g = ay + ja; + €a» + jeas and p = by + jb; + eby + jebs is

qp = apby + a1 by +j(aob1 + albo) + S(aobz + ayby + a1bs + a3b1) +j8(a0b3 + a1by + ayby + boa3)

and addition of dual hyperbolic numbers is defined as componentwise.

The dual hyperbolic numbers form a commutative ring, real vector space and an algebra. But Hp is not
field because every dual hyperbolic numbers doesn’t have an inverse. For more information on the dual
hyperbolic numbers, see [1].

Now let us recall the definition of generalized Fibonacci numbers.

A generalized Fibonacci sequence {V,},~, = {V.(Vo,Vi)},~, is defined by the second-order recur-
rence relations B B

Vn = anl + anz; V() =a, V1 = b, (nZZ) (11)

with the initial values Vp, V, not all being zero. The sequence {V,},., can be extended to negative
subscripts by defining -

Vouo==V_ () +Votua

for n =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.

The first few generalized Fibonacci numbers with positive subscript and negative subscript are given in
the following Table 1.

If we set Vo = 0,V; = 1 then {V, } is the well-known Fibonacci sequence and if we set Vo =2, V; = 1
then {V,} is the well-known Lucas sequence. In other words, Fibonacci sequence {F,},., and Lucas
sequence {L,},- , are defined by the second-order recurrence relations

Fp=F,1+F, 2 Fo=0F =1 (12)

and

Table 1 A few generalized Fibonacci numbers

n Vau V_,

0 Vo

1 Vi Vo +V

2 Vo+ Wi 2V =V,

3 Vo + 2V —3Vy + 2V,
4 2Vy + 3V, 5Vy — 3V,
5 3Vy + 5V, —8Vy + 5V,
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64 Y. Soykan

Ly=L, +L, o Ly=2L =1. (1.3)
The sequences {F,},-, and {L,},~, can be extended to negative subscripts by defining
Fon==F_p-1) + F-u2
and
L,=—-L 4 n+L 2

for n =1,2,3,... respectively. Therefore, recurrences (1.2) and (1.3) hold for all integer n.
We can list some important properties of generalized Fibonacci numbers that are needed.

e Binet formula of generalized Fibonacci sequence can be calculated using its characteristic equation
which is given as

P—t—1=0.
The roots of characteristic equation are
14+5 1-/5
r=—", p= 7
Using these roots and the recurrence relation, Binet formula can be given as
Ao" — Bf"
V= oc—ﬁﬁ (1.4)
where A =V, — Vyff and B = V| — Vjo.
e Binet formula of Fibonacci and Lucas sequences are
o — "
and
Ly=d"+f'
respectively.
e The generating function for generalized Fibonacci numbers is
o(f) = W (1.5)
e The Cassini identity for generalized Fibonacci numbers is
Vi1 Vo — V2 = (VoVy — V2 = V2). (1.6)
o
Ad" =aV,+V,_1, (1.7)
Bp" = BV, + V1. (1.8)

In this paper, we define the dual hyperbolic generalized Fibonacci numbers in the next section and give some
properties of them.

2 Dual hyperbolic generalized Fibonacci numbers and their generating functions and Binet’s
formulas

In this section, we define dual hyperbolic generalized Fibonacci numbers and present generating functions
and Binet formulas for them.

In [5], the authors defined dual hyperbolic Fibonacci and Lucas numbers. We now define dual hyperbolic
generalized Fibonacci numbers over Hp. The nth dual hyperbolic generalized Fibonacci number is
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‘7;1 = Vn +jvn+1 + 8Vn+2 +j8vn+3~ (21)

As special cases, the nth dual hyperbolic Fibonacci numbers and the nth dual hyperbolic Lucas numbers are
given as

Fu = Fy+jFus1 + &Fuia +jeFuys
and
Ly = Ly +jLn1 + eLnya + jeLni3
respectively. It can be easily shown that
Va=Va1+ Vi (22)
The sequence {?n}nzo can be extended to negative subscripts by defining
Vow =~V ooty + V_ina).

for n =1,2,3,... respectively. Therefore, recurrence (1.1) holds for all integer n.

The first few dual hyperbolic generalized Fibonacci numbers with positive subscript and negative
subscript are given in the following Table 2.

Note that

Vo= Vo +jVi +eVa +jeVs = Vo +jVi 4+ (Vo + Vi) +je(Vo +2V1),
Vi=Vi+jVa+eVs+jeVa= Vi +j(Vo+ Vi) +&(Vo +2V)) + je(2Vy + 3V)).
For dual hyperbolic Fibonacci numbers (taking V,, = F,, Fp = 0,F; = 1) we get
Fo=j+e+2je,
Fi=1 +j + 2¢ + 3je,
and for dual hyperbolic Lucas numbers (taking V,, = L,, Lo =2,L; = 1) we get
Lo =2+ + 3¢+ 4je,
Ly =1+ 3j+4¢ + Tje.

A few dual hyperbolic Fibonacci numbers and dual hyperbolic Lucas numbers with positive subscript and
negative subscript are given in Tables 3 and 4.

Now, we will state Binet’s formula for the dual hyperbolic generalized Fibonacci numbers and in the rest
of the paper, we fix the following notations:

%=1+ jo+ eo® + jeo,
B=1+jB+ef +jef.

Table 2 A few dual hyperbolic generalized Fibonacci numbers

n v, Viu

0 Vo PO

1 Vi . —Vo+ Vi

2 Vo+ Vi 2V — Vi _
3 VQ\‘F ZVL *Q\V() + /2\V1
4 2V, + 3V, 5Vo— 3V
5 3Vo+ 5V, —8Vy+ 5V,
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Table 3 Dual hyperbolic Fibonacci numbers

n Fﬂ F\*)l

0 j+e+2je

1 1 +j+2e+3je 1+e+je

2 1 +2j+ 3¢+ 5je —1+j+je

3 2+ 3j + 5¢ + §je 2—j+e

4 3 +5j+ 8¢+ 13j¢ —34+2—¢e+je
5 5+ 8+ 136+ 21je 5—-3j+2e—je
Table 4 Dual hyperbolic Lucas numbers

n L, L.,

0 24j+3e+4je

1 1 +3j+4e+7je —1+2+¢+3je
2 3+4j+7¢+ 11je 3426 —j+je

3 447+ 11e+ 18j¢ —4 4+ 3j — e+ 2je
4 7+ 117 + 18¢ + 29je 7+ 3e—4j—je

5 11+ 18j +29¢ + 47je —11+7j —4e+ 3je

Note that we have the following identities:
o =1+ju+e(a+1)+je(2o+ 1),
B=1+j+eB+1)+je(2B+1)
0 = o+ 2+ 205 4+ 2(4a + 3)e + 420 + 1)je,
B2 =B +2+ 28+ 248 +3)e+ 428 + 1)je,
B =j+ 3je,
BB =o+j+ (14 5x0)c + (4 + a)je,
AR =B +j+(1+5B)e+ (4+ Pe,
@B =1+ 6e

)

Theorem 1 (Binet’s Formula) For any integer n, the n th dual hyperbolic generalized Fibonacci number
is

g _Ade" — BRF (2.3)
n o — ﬂ .
Proof Using Binet’s formula
Ad" — Bf"
y, =A% = Bf
o= f

of the generalized Fibonacci numbers, we obtain

Vi = Va4 Va1 + éVisa + jeVrs
_AO!" _ Bﬁn .AanJrl _ BﬁnJrl AO("+2 o Bﬁn+2 . Aan+3 _ Bﬁn+3

a—p T amp T amp T A
AL+ o+ e + jeod )" — B(1 + jp + sﬁ2 —|—j£ﬁ3)ﬁ"
— p— .
This proves (2.3). O

As special cases, for any integer n, the Binet’s Formula of nth dual hyperbolic Fibonacci number is
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Foor—BF (2.4)
o= f
and the Binet’s Formula of nth dual hyperbolic Lucas number is
L, = do" + Bp. (2.5)

Next, we present generating function.

Theorem 2 The generating function for the dual hyperbolic generalized Fibonacci numbers is

= Bt (BT
S = Yot V= Volx (26)
g l—x—x

Proof Let

g(x) = sz:: V"

n

Il
o

be generating function of the dual hyperbolic generalized Fibonacci numbers. Then, using the definition of
the dual hyperbolic generalized Fibonacci numbers, and substracting xg(x) and x?g(x) from g(x), we obtain
(note the shift in the index » in the third line)

(1—x—x*g(x) = EDO: Vo' — xzoc: V" — x° EOO: VX"
n=0

n=0 n=0
= zoo: VX' — zoc: VX — EOO: V,x't?
n=0 n=0 n=0
= EDO: A,,x" - f: Vn_]x" - EOO: Va_ox
n=0 n=1 n=2
— (ot 1) = Vox+ 3 (P = Vot — Voo
n=2

= (‘70 + \71x) — Vox = ‘70 + (‘//\1 — ‘//\o)x.
Note that we used the recurrence relation \7,, = \7,,, 1+ ‘7,,,2. Rearranging above equation, we get
_ \7() + (‘71 — ‘//\o)x
g(x) - 1 —x— xz .
O

As special cases, the generating functions for the dual hyperbolic Fibonacci and dual hyperbolic Lucas
numbers are

o ) 9 { .
Zan,,:(/—i-s—i- je) + (1 + &+ je)x
-0

1—x—x2
and
iinx” _ (24 +3e+4je) + (1 + 2 + &+ 3je)x
—~ 1 —x—x2
respectively.
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3 Obtaining Binet formula from generating function
We next find Binet formula of dual hyperbolic generalized Fibonacci number {\7"} by the use of generating
function for \7".

Theorem 3 (Binet formula of dual hyperbolic generalized Fibonacci numbers)
-~ dl o dzﬁ”

B @ p) oy
where

di = Voo + (Vi = Vo),

dy = Vo + (Vi — Vo).
Proof Let

h(x) =1—x—x%
Then for some o and f§ we write
h(x) = (1 = ox)(1 = fx)
ie.,
1—x—x*=(1—ox)(1 - px) (3.2)

Hence é ve % are the roots of h(x). This gives o and f as the roots of

1 1 1
h(=)=1-=——=0.
(x) x  x?

This implies x> — x — 1 = 0. Now, by (2.6) and ( 3.2), it follows that

o Vo+ (Vi =V,
ann:—0+( ! O)X.
g (1 —ox)(1 — px)
Then we write
\7() + (‘71 — ‘//\o)x _ Ay Ay

+ .
(1 —ox)(1—px) (1 —ox) (1 px)
So
Vo + (Vi = Vo)x = A (1 — Bx) + Az (1 — ax).
If we consider x =1, we get Vo + (Vi — Vo)1 = A;(1 — BL). This gives
. ‘//\00(+(‘//\1—‘//\0)7 d;

MTTTSR) @B
Similarly, we obtain
‘//\0 + (‘//\1 — ‘//\0)%:142(1 — OC%) = ‘//\oﬁ—l- (‘71 — ‘70) :Az(ﬁ— OC)
and so
A:_‘//\oﬁ-i-(‘//\l—{/\o):_ dy
’ (2= B) (= B)’

Thus (3.3) can be written as
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n=0
This gives
DV =AY oA Y B =) (A + Ay
n=0 n=0 n=0 n=0

Therefore, comparing coefficients on both sides of the above equality, we obtain
Vo =Ao" + Ay "
and then we get (3.1). ]
Note that from (2.3) and (3.1) we have
(Vi = Vop)a = Voo + (Vi = Vo),
(Vi = Vo) B = Vo + (Vi — V).

Next, using Theorem 3, we present the Binet formulas of dual hyperbolic Fibonacci and dual hyperbolic
Lucas numbers.

Corollary 4 Binet formulas of dual hyperbolic Fibonacci and dual hyperbolic Lucas numbers are
~ n _ - 7
Fo_ =B
o—f
and
l/l\n = oo + /Bﬁn

respectively.

4 Some identities

We now present a few special identities for the dual hyperbolic generalized Fibonacci sequence {\7,1} The
following theorem presents the Catalan’s identity for the dual hyperbolic generalized Fibonacci numbers.
Theorem 5 (Catalan’s identity) For all integers n and m, the following identity holds

o o pr_ (C)T(A+B) Vot + (A + B)Va, — 2(<1)"AB)
n+mVYn—-m — -
" 5

Proof Using the Binet Formula
. Ado" — BRp"
oo bp

n - B
and
Ao =V, + Vi,
B" = fVy+ Vi,
we get
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P —, (AGamtm — BRBTM)(AGa ™ — BRB"") — (A@a" — BBB")?
VaimVo-m — Vn = 5
(x—PB)
 —ABG BB — ABBGr B 4 2ABG ol B
(= p)?
 —ABGBa" " — ABG " BT 4 2ABG o B
(= B)°
m 1 2
— _apap =B 2) o
(x—PB)
—1 n—m+1 m __ pm\2 N
_ (=D AB(e" — ") 3
5
)" (A + B)Vam_1 + (AB + Bo)Vay — 2(—1)"AB) . .
_ (=D (( )zmls(ﬁ W2 (=1 )(]+3J8)
where off = —1 and 3 f = j + 3je. O

As special cases of the above theorem, we give Catalan’s identity of dual hyperbolic Fibonacci and dual
hyperbolic Lucas numbers. Firstly, we present Catalan’s identity of dual hyperbolic Fibonacci numbers.

Corollary 6 (Catalan’s identity for the dual hyperbolic Fibonacci numbers) For all integers n and m, the
Sfollowing identity holds

FrsmFom— Fp = (=1)"""F(j + 3je).

n
Proof Taking V,, = F, in Theorem 5 and using the identity
_ 2Fy—1 + Foy — 2(—1)m
= s ,

we get the required result. O

F,

Secondly, we give Catalan’s identity of dual hyperbolic Lucas numbers.

Corollary 7 (Catalan’s identity for the dual hyperbolic Lucas numbers) For all integers n and m, the
following identity holds

~

Loimbnm — L2 = (= 1) (Lo — 2(=1)") (j + 3je)
(=1)""(L5, = 4(=1)") + 3je).

Proof Taking V, = L, in Theorem 5 and using the identity

L) = Loy +2(-1)",

we get the required result. O

Note that for m = 1 in Catalan’s identity, we get the Cassini’s identity for the dual hyperbolic generalized
Fibonacci sequence.

Corollary 8 (Cassini’s identity) For all integers n, the following identity holds
‘7n+1‘7n71 - ‘//\3 = (_l)nAB(]+ 3]'8)
As special cases of Cassini’s identity, we give Cassini’s identity of dual hyperbolic Fibonacci and dual

hyperbolic Lucas numbers. Firstly, we present Cassini’s identity of dual hyperbolic Fibonacci numbers.

Corollary 9 (Cassini’s identity of dual hyperbolic Fibonacci numbers) For all integers n, the following
identity holds
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F\nJrlﬁnfl - F\z = (_l)n(]+3]8)

n

Secondly, we give Cassini’s identity of dual hyperbolic Lucas numbers.

Corollary 10 (Cassini’s identity of dual hyperbolic Lucas numbers) For all integers n, the following
identity holds

EnJrlEnfl - I/:;zl = 5(_1)n+l(j + 3]8)
The d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities can also be obtained by using the Binet Formula of
the dual hyperbolic generalized Fibonacci sequence:
P CL A BBp"
n — o — ﬂ .

The next theorem presents d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of the dual hyperbolic
generalized Fibonacci sequence {V,}.

Theorem 11 Let n and m be any integers. Then the following identities are true:
(a) (d’Ocagne’s identity)
Vit Vi = ViVt = (VaViet — ViVt + 3je).
(b) (Gelin-Cesaro’s identity)
‘7n+2 ‘//\VH»I Vi1 Vg — ‘73 = —A’B*(1 + 6¢).
(c) (Melham’s identity)
Vit Vasa Vs — ‘73+3 = (=1)"AB(Vys1 +jVi + (5Vis1 + Vi) + (5Vi + Vi )je)
(71)"+1AB(7A&OC" + Bﬁﬁ")&ﬁ

(0= B)
Proof
(a) Using (1.7) and (1.8) we obtain
R . PN /\A_ m+1pn _ _npm+l m n+1 n+1 pm
Vn1+1Vn - VmVn-H :ABOCﬁ( z ﬁ - ﬁ ;—OC ﬂ T ﬁ )
(2= p)
_AB("B" —o"B") -~
—w-p
_ ((O‘Vn + anl)(ﬁvm + mel) - (OCVm + mel)(ﬁvn + anl)) (] + 3]8)
(0= B)
= (VaVi—1 = ViVauo1) (J + 3je).
(b)
S o o o oy —ABI(af)’
Va2 Va1 Vit Vg = Vi = B
= —A’B*3?B* = —AB*(1 + 6¢)
where

My = af(o? + f* + 3up) (32> + B* B2 ") — ABAB(af)" («* + B* + 402 7 + 20 + 20 )
(x—pB) =5, afp=—1,a+p=1, af(?+ > +308) =0

and
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ot 4 B4 4P B4 2 4 2043 = 5.
(¢) Using (1.7), (1.8) and
@B =o+j+ (14 50)c + (4 + a)je,
B2 =B +j+(1+5B)e+ (4+ Pe,
we obtain
Vit V2 Viys — Viiyy = (—1)""'ABaSM,
(—1)"“AB(—Aaoc" + Bﬁﬁ")aﬁ

(= B)
(—1)" AB(—(aV, + Vi 1J2B + (BV, + Vo 1)EB?)

B (2= )

= (=1)"AB(Vyt1 +jViu + (5Vai1 + Va)e + 5V, + Vao)je)
where

AT (202 — 30 of — 1) (2 + 1) BB (287 — 35+ B — 1) (B4 1)
o (e~ p)’

and

(222 =3t e - 1) 1) (373 (267 =3+ 5 = 1) (B + 1)2> 1

(- p)’ (a—p)’ = p

O

As special cases of the above theorem, we give the d’Ocagne’s, Gelin-Cesa ro’s and Melham’ identities of
dual hyperbolic Fibonacci and dual hyperbolic Lucas numbers. Firstly, we present the d’Ocagne’s, Gelin-
Cesaro’s and Melham’ identities of dual hyperbolic Fibonacci numbers.

Corollary 12 Let n and m be any integers. Then, for the dual hyperbolic Fibonacci numbers, the following
identities are true:

(a) (d’Ocagne’s identity)
FpirFy— FpF oy = (=1)"Fp_m(j + 3je).
(b) (Gelin-Cesaro’s identity)
F\n+2ﬁn+lfn71ﬁn72 - ffl = —(1 + 6¢).
(c) (Melham’s identity)
ﬁn+lﬁ11+2ﬁn+6 - ﬁ2+3 = (=1)"(Fuy1 +JFn + (5Fui1 + Fu)e + (5Fy 4 Fuo1)je).

Secondly, we present the d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of dual hyperbolic Lucas
numbers.

Corollary 13 Let n and m be any integers. Then, for the dual hyperbolic Lucas numbers, the following
identities are true:
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(a) (d’Ocagne’s identity)
Ls1Ly — LyLyiy = (LyLi—1 — LLa—1)(j + 3je).
(b) (Gelin-Cesaro’s identity)
Lol Ly 1Ly o — L = =25(1 + 6¢).
(c) (Melham’s identity)
LusiLysaLyis — EZ+3 = 5(_1)n+1 (Lny1 +JjLa + (SLyy1 + Ly)e + (SLy + Ly—1)je)-
5 Linear sums

In this section, we give the summation formulas of the dual hyperbolic generalized Fibonacci numbers with
positive and negatif subscripts. Now, we present the summation formulas of the generalized Fibonacci
numbers.

Proposition 14 For the generalized Fibonacci numbers, we have the following formulas:

@ 3o Ve=Vara = V1.

®) Yo Vo = Vo1 — Vi + W

© Yo Va1 = Voo — Vo + V1.

Proof For the proof, see Soykan [14]. O

Next, we present the formulas which give the summation of the dual hyperbolic generalized Fibonacci
numbers.

Theorem 15 For n >0, dual hyperbolic generalized Fibonacci numbers have the following formulas:
@ > Vi = Vi — Vi

(b) ZZ:O ‘72k = ‘72n+1 - ‘71 + ‘70.

© Yoo Vet = Vanga — Vo

Proof
(a) Note that using Proposition 14 (a) we get

ka = Vi — Vi,

=0
ZVk+l - Vn+3 - (Vl + V0)7
=0
Z Vigz = Vapa — Vi + V),
=0

Z Vies = Vs — 3V +2V).
=0

Then it follows that
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=

Z Vi +JZ Vi1 + 62 Vita +JSZ Vits

k=0 =
(V 42 — Vl) +](Vn+3 — (Vl + Vo)) + 8(Vn+4 — (2V1 + Vo)) +j8(Vn+5 — (3V1 + ZVO))
= (Vas2 +jVars + eVira +jeVars) — (Vi +j(Vo + Vi) +e(Vo + 2Vi) +je(2Vo + 3V1))

=Vt (V] +jVo + V3 +j8V4>
- ‘//\n+2 - ‘//\1-

This proves (a).
(b) Note that using Proposition 14 (b) and (c) we get

Z Var = Vanpr = Vi + Vo,
Z Vaks1 = Vang2 — Vo,
Z Voky2 = Vapgsz — Vi,
=0

n
Z Vorrs = Vopra — Vi — Vo

Then it follows that

n n n n n
Z Vo = Z Vo +Jj Z Va1 + ¢ Z Varta +je Z Vaks
k=0 k=0 k=0 k=0 P

= (Vony1 = Vi + Vo) +J(Vania — Vo) + &(Vanys — Vi) +je(Vania — Vi — Vo)
= (Vang1 +7Vons2 + eVanys +jeVaonia) + (Vi + Vo) +j(—=Vo) + e(—=V1) +je(—=Vi — Vo))
= (Va1 +jVoni2 + eVonysz +jeVonga) + (Vo — Vi) +j(Vi — Vo) + (Vo — V3) +je(Vs — Vi)
= Vaopp1 — (Vi +jVa + &Vs +jeVia) + (Vo + Vi + &V + jeVs)
= ‘//\2n+1 —Vi+ V.
(c) Note that using Proposition 14 (b) and (c) we get
Z Vokta = Vopgs — 2V = V.

k=0

Then it follows that

Zn: Vst = z": Varr1 +J Zn: Variz +& i: Varys +je z”: Vaita
=0 =0 =0 k=0 =0

= (Vanso — Vo) +J(Vanss — Vi) + e(Vania — Vi — Vo) +je(Vanss — 2V — Vp)

= (Vanr2 +jVanis + eVania +jeVanis) + (Vo) +j(=V1) +e(=Vi = Vo) +je(=2Vi — Vy))
= ‘//\2n+2 — (Vo +jV1 + &Va +jeVs)

= Vauia — Vo

O

As a first special case of the above theorem, we have the following summation formulas for dual hyperbolic
Fibonacci numbers:

Corollary 16 For n >0, dual hyperbolic Fibonacci numbers have the following properties:
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@) S oFi=Fua—Fi =F,5— (14j+2+3je).
(b) Zzzoﬁ2k2ﬁ2n+l_F\l+ﬁ0:ﬁ2n+l — (1 4+ ¢&+je).
© Yo Fops1 = Fanys — Fo = Faya — (j + &+ 2je).

As a second special case of the above theorem, we have the following summation formulas for dual
hyperbolic Lucas numbers:

Corollary 17 For n >0, dual hyperbolic Lucas numbers have the following properties.
@ 3oLk =Ly — Ly = Lyso — (14 3j + 42 + Tje).

(b) Zgzo Low = Loyt — Li + Lo = Lopy + (1 -2/ — & — 3je).
(© D p—oLoks1 = Lopyor — Lo = Lopo — (2 +j + 3¢ + 4je).

Now, we present the formula which give the summation formulas of the generalized Fibonacci numbers
with negative subscripts.

Proposition 18 For n>1 we have the following formulas:
@ ThVam Vo~ VetV

b)) Yo Vau=-Vau1+Vi-V.

© Y Ve = Vo + V.

Proof This is given in Soykan [14]. O

Next, we present the formulas which give the summation of the dual hyperbolic generalized Fibonacci
numbers with negative subscripts.

Theorem 19 For n> 1, dual hyperbolic generalized Fibonacci numbers have the following formulas:
@ Sp Vo= -2V, -V, o+ V.

(b) ZLl 2% = —‘772”71 + ‘71 — Vo.

© Yo Vo = —V o+ Vo

Proof We prove (a). (b) and (c) can be proved similarly. Note that using Proposition 14 (a) we get

V.
V.

n

Z Voie=-2V_,1=V_, 2+ Vi,

k=1
Z V7k+1 =2V, =V, 1+ Vi+ Vo,
k=1
Z V7k+2 = _2V7n+1 - V_,+2Vi + Vo,
k=1

Z Vs = =2V_0 — Vo1 + 3V + 2V,
=1

Then it follows that

@ Springer




76 Y. Soykan

n n n n n
Vo= Z Vo +Jj Z Vo1 + ¢ Z V_jio +je Z V_k+3
=1 =1 =1 =1 =1

= (=2V_pt = Veopa + V) +j(=2V_y = Vo + Vi 4+ Vo)
+&(=2V_p1 — Vo +2V1 + Vo) +je(—2V_pi2 — Vo1 + 3V +2Vp)
=2(Vopa +jVon + eV +jeVoun) — (Voo +jVou
+eVo, +jeVopir) + (Vi +j(Vi + Vo) + &(2Vy + Vo) +je(3V1 + 2Vp))
=2V, = Voo + (Vi +jVa+eVs +jeVy)
=2V =V 0+ V..
This proves (a). ]

As a first special case of the above theorem, we have the following summation formulas for dual hyperbolic
Fibonacci numbers:

Corollary 20 For n> 1, dual hyperbolic Fibonacci numbers have the following properties:

@ > If—k = _%\ﬁ—n—l - EA—n—zA-F F = “2F = F o+ (144 26+ 3je).
(0) S Fo=—F g1+ F1—Fo=—F g1+ (1+e+je).
© Y Fougr=—F g+ Fo=—F_ o, + (j + ¢+ 2je).

As a second special case of the above theorem, we have the following summation formulas for dual
hyperbolic Lucas numbers:

Corollary 21 For n >0, dual hyperbolic Lucas numbers have the following properties.
@ YW, Li= 2L, —L ,o+Li= 2L, 1—L 4o+ (1+3j+4e+7Tje).
) S Lox=-L o 1+Li—Lo=—L g1+ (—1+2j+e+3je).

©) > L o1 =—L gy +Lo=—L 2,4 (24j + 3¢ + 4je).

6 Matrices related with dual hyperbolic generalized Fibonacci numbers

We define the square matrix B of order 2 as:

such that det B = —1. Induction proof may be used to establish

B" = <F”“ Fn ) (6.1)

Fn anl
(%)= o) () 62
V, 1 0 Vo)’ '
By = Vs V)
Vo Vi

This matrice By is called dual hyperbolic generalized Fibonacci matrix. As special cases, dual hyperbolic
Fibonacci matrix and dual hyperbolic Lucas matrix are

and (the matrix formulation of V,,)

Now, we define the matrices By as
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BF_<

)
I
N——

o

=3

o

!

=

Il
VRS
SV 5
5
~

respectively.

Theorem 22 For n >0, the following is valid:
1 1\" (Vs V,
BV( ) = T (6.3)
10 Vivz  Van
Proof We prove by mathematical induction on n. If n = 0, then the result is clear. Now, we assume it is
true for n = k, that is

Viea Vi

If we use (2.1), then we have \7k+2 = \7k+1 + ‘7;(. Then, by induction hypothesis, we obtain

BVBk+1 — (Bka)B _ ( V\k+3 Vk+2> (1 1 ) _ < ‘//\k+2 + ‘//\k+3 V\k+3>

‘7k+2 Vkﬂ 10 Vk+1 + ‘71<+2 Vk+2
_ Viea  Vias
Vies Vi
Thus, (6.3) holds for all non-negative integers n. O

Remark 23 The above theorem is true for n < — 1. It can also be proved by induction.
Corollary 24 For all integers n, the following holds:
Viiz = VaFyiy + ViF,.
Proof The proof can be seen by the coefficient of the matrix By and (6.1). O
Taking V,, = F, and V,, = L,, respectively, in the above corollary, we obtain the following results.
Corollary 25 For all integers n, the followings are true.
(@) Foip = F2Fpii + F\F,.
(0) Lyi2 = LyFupt + LiF,.
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