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Abstract In this paper, we introduce the generalized dual hyperbolic Fibonacci numbers. As special cases,
we deal with dual hyperbolic Fibonacci and dual hyperbolic Lucas numbers. We present Binet’s formulas,
generating functions and the summation formulas for these numbers. Moreover, we give Catalan’s, Cas-
sini’s, d’Ocagne’s, Gelin-Cesàro’s, Melham’s identities and present matrices related with these sequences.
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1 Introduction

The hypercomplex numbers systems, [10], are extensions of real numbers. Some commutative examples of
hypercomplex number systems are complex numbers,

C ¼ fz ¼ aþ ib : a; b 2 R; i2 ¼ �1g;

hyperbolic (double, split-complex) numbers, [12],

H ¼ fh ¼ aþ jb : a; b 2 R; j2 ¼ 1; j 6¼ �1g;

and dual numbers, [7],

D ¼ fd ¼ aþ eb : a; b 2 R; e2 ¼ 0; e 6¼ 0g:

Some non-commutative examples of hypercomplex number systems are quaternions, [8],

HQ ¼ fq ¼ a0 þ ia1 þ ja2 þ ka3 : a0; a1; a2; a3 2 R; i2 ¼ j2 ¼ k2 ¼ ijk ¼ �1g;

octonions [2] and sedenions [13]. The algebras C (complex numbers), HQ (quaternions), O (octonions) and
S (sedenions) are real algebras obtained from the real numbers R by a doubling procedure called the
Cayley-Dickson Process. This doubling process can be extended beyond the sedenions to form what are
known as the 2n-ions (see for example [3, 9, 11]).
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Quaternions were invented by Irish mathematician W. R. Hamilton (1805-1865) [8] as an extension to
the complex numbers. Hyperbolic numbers with complex coefficients are introduced by J. Cockle in 1848,
[6]. H. H. Cheng and S. Thompson [4] introduced dual numbers with complex coefficients and called
complex dual numbers. Akar, Yüce and Şahin [1] introduced dual hyperbolic numbers.

A dual hyperbolic number is a hyper-complex number and is defined by

q ¼ ða0 þ ja1Þ þ eða2 þ ja3Þ ¼ a0 þ ja1 þ ea2 þ eja3

where a0; a1; a2 and a3 are real numbers.
The set of all dual hyperbolic numbers are denoted by

HD ¼ fa0 þ ja1 þ ea2 þ eja3 : a0; a1; a2; a3 2 R; j2 ¼ 1; j 6¼ �1; e2 ¼ 0; e 6¼ 0g:

The base elements f1; j; e; ejg of dual hyperbolic numbers satisfy the following properties (commutative
multiplications):

1 � e ¼ e; 1 � j ¼ j; e2 ¼ e � e ¼ ðjeÞ2 ¼ 0; j2 ¼ j � j ¼ 1

e � j ¼ j � e; e � ðejÞ ¼ ðejÞ � e ¼ 0; jðejÞ ¼ ðejÞj ¼ e

where e denotes the pure dual unit (e2 ¼ 0; e 6¼ 0), j denotes the hyperbolic unit (j2 ¼ 1), and ej denotes the

dual hyperbolic unit (ðjeÞ2 ¼ 0).
The product of two dual hyperbolic numbers q ¼ a0 þ ja1 þ ea2 þ jea3 and p ¼ b0 þ jb1 þ eb2 þ jeb3 is

qp ¼ a0b0 þ a1b1 þ jða0b1 þ a1b0Þ þ eða0b2 þ a2b0 þ a1b3 þ a3b1Þ þ jeða0b3 þ a1b2 þ a2b1 þ b0a3Þ

and addition of dual hyperbolic numbers is defined as componentwise.
The dual hyperbolic numbers form a commutative ring, real vector space and an algebra. But HD is not

field because every dual hyperbolic numbers doesn’t have an inverse. For more information on the dual
hyperbolic numbers, see [1].

Now let us recall the definition of generalized Fibonacci numbers.
A generalized Fibonacci sequence fVngn� 0 ¼ fVnðV0;V1Þgn� 0 is defined by the second-order recur-

rence relations

Vn ¼ Vn�1 þ Vn�2; V0 ¼ a; V1 ¼ b; ðn� 2Þ ð1:1Þ

with the initial values V0;V1 not all being zero. The sequence fVngn� 0 can be extended to negative
subscripts by defining

V�n ¼ �V�ðn�1Þ þ V�ðn�2Þ

for n ¼ 1; 2; 3; . . .: Therefore, recurrence (1.1) holds for all integer n.
The first few generalized Fibonacci numbers with positive subscript and negative subscript are given in

the following Table 1.
If we set V0 ¼ 0;V1 ¼ 1 then fVng is the well-known Fibonacci sequence and if we set V0 ¼ 2;V1 ¼ 1

then fVng is the well-known Lucas sequence. In other words, Fibonacci sequence fFngn� 0 and Lucas

sequence fLngn� 0 are defined by the second-order recurrence relations

Fn ¼ Fn�1 þ Fn�2; F0 ¼ 0;F1 ¼ 1 ð1:2Þ

and

Table 1 A few generalized Fibonacci numbers

n Vn V�n

0 V0

1 V1 �V0 þ V1

2 V0 þ V1 2V0 � V1

3 V0 þ 2V1 �3V0 þ 2V1

4 2V0 þ 3V1 5V0 � 3V1

5 3V0 þ 5V1 �8V0 þ 5V1
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Ln ¼ Ln�1 þ Ln�2; L0 ¼ 2;L1 ¼ 1: ð1:3Þ

The sequences fFngn� 0 and fLngn� 0 can be extended to negative subscripts by defining

F�n ¼ �F�ðn�1Þ þ F�ðn�2Þ

and

L�n ¼ �L�ðn�1Þ þ L�ðn�2Þ

for n ¼ 1; 2; 3; . . . respectively. Therefore, recurrences (1.2) and (1.3) hold for all integer n.
We can list some important properties of generalized Fibonacci numbers that are needed.

• Binet formula of generalized Fibonacci sequence can be calculated using its characteristic equation
which is given as

t2 � t � 1 ¼ 0:

The roots of characteristic equation are

a ¼ 1þ
ffiffiffi

5
p

2
; b ¼ 1�

ffiffiffi

5
p

2
:

Using these roots and the recurrence relation, Binet formula can be given as

Vn ¼
Aan � Bbn

a� b
ð1:4Þ

where A ¼ V1 � V0b and B ¼ V1 � V0a:
• Binet formula of Fibonacci and Lucas sequences are

Fn ¼
an � bn

a� b

and

Ln ¼ an þ bn

respectively.
• The generating function for generalized Fibonacci numbers is

gðtÞ ¼ V0 þ V1 � V0ð Þt
1� t � t2

: ð1:5Þ

• The Cassini identity for generalized Fibonacci numbers is

Vnþ1Vn�1 � V2
n ¼ ðV0V1 � V2

1 � V2
0 Þ: ð1:6Þ

•

Aan ¼ aVn þ Vn�1; ð1:7Þ

Bbn ¼ bVn þ Vn�1: ð1:8Þ

In this paper, we define the dual hyperbolic generalized Fibonacci numbers in the next section and give some

properties of them.

2 Dual hyperbolic generalized Fibonacci numbers and their generating functions and Binet’s
formulas

In this section, we define dual hyperbolic generalized Fibonacci numbers and present generating functions
and Binet formulas for them.

In [5], the authors defined dual hyperbolic Fibonacci and Lucas numbers. We now define dual hyperbolic
generalized Fibonacci numbers over HD: The nth dual hyperbolic generalized Fibonacci number is
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bVn ¼ Vn þ jVnþ1 þ eVnþ2 þ jeVnþ3: ð2:1Þ

As special cases, the nth dual hyperbolic Fibonacci numbers and the nth dual hyperbolic Lucas numbers are
given as

bFn ¼ Fn þ jFnþ1 þ eFnþ2 þ jeFnþ3

and

bLn ¼ Ln þ jLnþ1 þ eLnþ2 þ jeLnþ3

respectively. It can be easily shown that

bVn ¼ bVn�1 þ bVn�2: ð2:2Þ

The sequence f bVngn� 0 can be extended to negative subscripts by defining

bV�n ¼ � bV�ðn�1Þ þ bV�ðn�2Þ:

for n ¼ 1; 2; 3; . . . respectively. Therefore, recurrence (1.1) holds for all integer n.
The first few dual hyperbolic generalized Fibonacci numbers with positive subscript and negative

subscript are given in the following Table 2.
Note that

bV0 ¼ V0 þ jV1 þ eV2 þ jeV3 ¼ V0 þ jV1 þ eðV0 þ V1Þ þ jeðV0 þ 2V1Þ;
bV1 ¼ V1 þ jV2 þ eV3 þ jeV4 ¼ V1 þ jðV0 þ V1Þ þ eðV0 þ 2V1Þ þ jeð2V0 þ 3V1Þ:

For dual hyperbolic Fibonacci numbers (taking Vn ¼ Fn; F0 ¼ 0;F1 ¼ 1) we get

bF0 ¼ jþ eþ 2je;

bF1 ¼ 1þ jþ 2eþ 3je;

and for dual hyperbolic Lucas numbers (taking Vn ¼ Ln; L0 ¼ 2; L1 ¼ 1) we get

bL0 ¼ 2þ jþ 3eþ 4je;

bL1 ¼ 1þ 3jþ 4eþ 7je:

A few dual hyperbolic Fibonacci numbers and dual hyperbolic Lucas numbers with positive subscript and
negative subscript are given in Tables 3 and 4.

Now, we will state Binet’s formula for the dual hyperbolic generalized Fibonacci numbers and in the rest
of the paper, we fix the following notations:

ba ¼ 1þ jaþ ea2 þ jea3;

bb ¼ 1þ jbþ eb2 þ jeb3:

Table 2 A few dual hyperbolic generalized Fibonacci numbers

n bVn
bV�n

0 bV0

1 bV1 � bV0 þ bV1

2 bV0 þ bV1 2 bV0 � bV1

3 bV0 þ 2 bV1 �3 bV0 þ 2 bV1

4 2 bV0 þ 3 bV1 5 bV0 � 3 bV1

5 3 bV0 þ 5 bV1 �8 bV0 þ 5 bV1
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Note that we have the following identities:

ba ¼ 1þ jaþ eðaþ 1Þ þ jeð2aþ 1Þ;
bb ¼ 1þ jbþ eðbþ 1Þ þ jeð2bþ 1Þ;
ba2 ¼ aþ 2þ 2ajþ 2 4aþ 3ð Þeþ 4 2aþ 1ð Þje;
bb2 ¼ bþ 2þ 2bjþ 2 4bþ 3ð Þeþ 4 2bþ 1ð Þje;
babb ¼ jþ 3je;

ba2
bb ¼ aþ jþ ð1þ 5aÞeþ ð4þ aÞje;

babb2 ¼ bþ jþ ð1þ 5bÞeþ ð4þ bÞje;
ba2
bb2 ¼ 1þ 6e:

Theorem 1 (Binet’s Formula) For any integer n, the n th dual hyperbolic generalized Fibonacci number
is

bVn ¼
Abaan � Bbbbn

a� b
: ð2:3Þ

Proof Using Binet’s formula

Vn ¼
Aan � Bbn

a� b

of the generalized Fibonacci numbers, we obtain

bVn ¼ Vn þ jVnþ1 þ eVnþ2 þ jeVnþ3

¼ Aan � Bbn

a� b
þ j

Aanþ1 � Bbnþ1

a� b
þ e

Aanþ2 � Bbnþ2

a� b
þ je

Aanþ3 � Bbnþ3

a� b

¼ Að1þ jaþ ea2 þ jea3Þan � Bð1þ jbþ eb2 þ jeb3Þbn

a� b
:

This proves (2.3). h

As special cases, for any integer n, the Binet’s Formula of nth dual hyperbolic Fibonacci number is

Table 3 Dual hyperbolic Fibonacci numbers

n bFn
bF�n

0 jþ eþ 2je
1 1þ jþ 2eþ 3je 1þ eþ je
2 1þ 2jþ 3eþ 5je �1þ jþ je
3 2þ 3jþ 5eþ 8je 2� jþ e
4 3þ 5jþ 8eþ 13je �3þ 2j� eþ je
5 5þ 8jþ 13eþ 21je 5� 3jþ 2e� je

Table 4 Dual hyperbolic Lucas numbers

n bLn
bL�n

0 2þ jþ 3eþ 4je
1 1þ 3jþ 4eþ 7je �1þ 2jþ eþ 3je
2 3þ 4jþ 7eþ 11je 3þ 2e� jþ je
3 4þ 7jþ 11eþ 18je �4þ 3j� eþ 2je
4 7þ 11jþ 18eþ 29je 7þ 3e� 4j� je
5 11þ 18jþ 29eþ 47je �11þ 7j� 4eþ 3je
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bFn ¼
baan � bbbn

a� b
ð2:4Þ

and the Binet’s Formula of nth dual hyperbolic Lucas number is

bLn ¼ baan þ bbbn: ð2:5Þ

Next, we present generating function.

Theorem 2 The generating function for the dual hyperbolic generalized Fibonacci numbers is

X

1

n¼0

bVnxn ¼
bV0 þ ð bV1 � bV0Þx

1� x� x2
: ð2:6Þ

Proof Let

gðxÞ ¼
X

1

n¼0

bVnxn

be generating function of the dual hyperbolic generalized Fibonacci numbers. Then, using the definition of
the dual hyperbolic generalized Fibonacci numbers, and substracting xgðxÞ and x2gðxÞ from g(x), we obtain
(note the shift in the index n in the third line)

ð1� x� x2ÞgðxÞ ¼
X

1

n¼0

bVnxn � x
X

1

n¼0

bVnxn � x2
X

1

n¼0

bVnxn

¼
X

1

n¼0

bVnxn �
X

1

n¼0

bVnxnþ1 �
X

1

n¼0

bVnxnþ2

¼
X

1

n¼0

bVnxn �
X

1

n¼1

bVn�1xn �
X

1

n¼2

bVn�2xn

¼ ð bV0 þ bV1xÞ � bV0xþ
X

1

n¼2

ð bVn � bVn�1 � bVn�2Þxn

¼ ð bV0 þ bV1xÞ � bV0x ¼ bV0 þ ð bV1 � bV0Þx:

Note that we used the recurrence relation bVn ¼ bVn�1 þ bVn�2: Rearranging above equation, we get

gðxÞ ¼
bV0 þ ð bV1 � bV0Þx

1� x� x2
:

h

As special cases, the generating functions for the dual hyperbolic Fibonacci and dual hyperbolic Lucas
numbers are

X

1

n¼0

bFnxn ¼ ðjþ eþ 2jeÞ þ ð1þ eþ jeÞx
1� x� x2

and

X

1

n¼0

bLnxn ¼ ð2þ jþ 3eþ 4jeÞ þ ð�1þ 2jþ eþ 3jeÞx
1� x� x2

respectively.
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3 Obtaining Binet formula from generating function

We next find Binet formula of dual hyperbolic generalized Fibonacci number f bVng by the use of generating

function for bVn:

Theorem 3 (Binet formula of dual hyperbolic generalized Fibonacci numbers)

bVn ¼
d1an

ða� bÞ �
d2b

n

ða� bÞ ð3:1Þ

where

d1 ¼ bV0aþ ð bV1 � bV0Þ;
d2 ¼ bV0bþ ð bV1 � bV0Þ:

Proof Let

hðxÞ ¼ 1� x� x2:

Then for some a and b we write

hðxÞ ¼ ð1� axÞð1� bxÞ

i.e.,

1� x� x2 ¼ ð1� axÞð1� bxÞ ð3:2Þ

Hence 1
a ve 1

b are the roots of h(x). This gives a and b as the roots of

hð1
x
Þ ¼ 1� 1

x
� 1

x2
¼ 0:

This implies x2 � x� 1 ¼ 0: Now, by (2.6) and ( 3.2), it follows that

X

1

n¼0

bVnxn ¼
bV0 þ ð bV1 � bV0Þx
ð1� axÞð1� bxÞ :

Then we write

bV0 þ ð bV1 � bV0Þx
ð1� axÞð1� bxÞ ¼

A1

ð1� axÞ þ
A2

ð1� bxÞ :
ð3:3Þ

So

bV0 þ ð bV1 � bV0Þx ¼ A1ð1� bxÞ þ A2ð1� axÞ:

If we consider x ¼ 1
a ; we get bV0 þ ð bV1 � bV0Þ 1

a ¼ A1ð1� b 1
aÞ: This gives

A1 ¼
bV0aþ ð bV1 � bV0Þ
ða� bÞ ¼ d1

ða� bÞ :

Similarly, we obtain

bV0 þ ð bV1 � bV0Þ
1

b
¼ A2ð1� a

1

b
Þ ) bV0bþ ð bV1 � bV0Þ ¼ A2ðb� aÞ

and so

A2 ¼ �
bV0bþ ð bV1 � bV0Þ
ða� bÞ ¼ � d2

ða� bÞ :

Thus (3.3) can be written as
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X

1

n¼0

bVnxn ¼ A1ð1� axÞ�1 þ A2ð1� bxÞ�1:

This gives

X

1

n¼0

bVnxn ¼ A1

X

1

n¼0

anxn þ A2

X

1

n¼0

bnxn ¼
X

1

n¼0

ðA1a
n þ A2b

nÞxn:

Therefore, comparing coefficients on both sides of the above equality, we obtain

bVn ¼ A1a
n þ A2b

n

and then we get (3.1). h

Note that from (2.3) and (3.1) we have

ðV1 � V0bÞba ¼ bV0aþ ð bV1 � bV0Þ;
ðV1 � V0aÞbb ¼ bV0bþ ð bV1 � bV0Þ:

Next, using Theorem 3, we present the Binet formulas of dual hyperbolic Fibonacci and dual hyperbolic
Lucas numbers.

Corollary 4 Binet formulas of dual hyperbolic Fibonacci and dual hyperbolic Lucas numbers are

bFn ¼
baan � bbbn

a� b

and

bLn ¼ baan þ bbbn

respectively.

4 Some identities

We now present a few special identities for the dual hyperbolic generalized Fibonacci sequence f bVng: The
following theorem presents the Catalan’s identity for the dual hyperbolic generalized Fibonacci numbers.

Theorem 5 (Catalan’s identity) For all integers n and m, the following identity holds

bVnþm
bVn�m � bV 2

n ¼
ð�1Þn�mþ1 ðAþ BÞV2m�1 þ ðAbþ BaÞV2m � 2ð�1ÞmABð Þ

5
ðjþ 3jeÞ:

Proof Using the Binet Formula

bVn ¼
Abaan � Bbbbn

a� b

and

Aan ¼ aVn þ Vn�1;

Bbn ¼ bVn þ Vn�1;

we get
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bVnþm
bVn�m � bV 2

n ¼
ðAbaanþm � BbbbnþmÞðAbaan�m � Bbbbn�mÞ � ðAbaan � BbbbnÞ2

ða� bÞ2

¼ �ABbabbanþmbn�m � ABbbbaan�mbnþm þ 2ABbabbanbn

ða� bÞ2

¼ �ABbabbanþmbn�m � ABbabban�mbnþm þ 2ABbabbanbn

ða� bÞ2

¼ �ABbabb
am � bmð Þ2

ða� bÞ2
an�mbn�m

¼ ð�1Þn�mþ1AB am � bmð Þ2

5
babb

¼ ð�1Þn�mþ1 ðAþ BÞV2m�1 þ ðAbþ BaÞV2m � 2ð�1ÞmABð Þ
5

ðjþ 3jeÞ

where ab ¼ �1 and babb ¼ jþ 3je: h

As special cases of the above theorem, we give Catalan’s identity of dual hyperbolic Fibonacci and dual
hyperbolic Lucas numbers. Firstly, we present Catalan’s identity of dual hyperbolic Fibonacci numbers.

Corollary 6 (Catalan’s identity for the dual hyperbolic Fibonacci numbers) For all integers n and m, the
following identity holds

bFnþm
bFn�m � bF2

n ¼ ð�1Þn�mþ1F2
mðjþ 3jeÞ:

Proof Taking Vn ¼ Fn in Theorem 5 and using the identity

F2
m ¼

2F2m�1 þ F2m � 2ð�1Þm

5
;

we get the required result. h

Secondly, we give Catalan’s identity of dual hyperbolic Lucas numbers.

Corollary 7 (Catalan’s identity for the dual hyperbolic Lucas numbers) For all integers n and m, the
following identity holds

bLnþm
bLn�m � bL2

n ¼ ð�1Þn�mðL2m � 2ð�1ÞmÞðjþ 3jeÞ
¼ ð�1Þn�mðL2

m � 4ð�1ÞmÞðjþ 3jeÞ:

Proof Taking Vn ¼ Ln in Theorem 5 and using the identity

L2
m ¼ L2m þ 2ð�1Þm;

we get the required result. h

Note that for m ¼ 1 in Catalan’s identity, we get the Cassini’s identity for the dual hyperbolic generalized
Fibonacci sequence.

Corollary 8 (Cassini’s identity) For all integers n, the following identity holds

bVnþ1
bVn�1 � bV 2

n ¼ ð�1ÞnABðjþ 3jeÞ:

As special cases of Cassini’s identity, we give Cassini’s identity of dual hyperbolic Fibonacci and dual
hyperbolic Lucas numbers. Firstly, we present Cassini’s identity of dual hyperbolic Fibonacci numbers.

Corollary 9 (Cassini’s identity of dual hyperbolic Fibonacci numbers) For all integers n, the following
identity holds
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bFnþ1
bFn�1 � bF2

n ¼ ð�1Þnðjþ 3jeÞ:

Secondly, we give Cassini’s identity of dual hyperbolic Lucas numbers.

Corollary 10 (Cassini’s identity of dual hyperbolic Lucas numbers) For all integers n, the following
identity holds

bLnþ1
bLn�1 � bL2

n ¼ 5ð�1Þnþ1ðjþ 3jeÞ:

The d’Ocagne’s, Gelin-Cesàro’s and Melham’ identities can also be obtained by using the Binet Formula of
the dual hyperbolic generalized Fibonacci sequence:

bVn ¼
Abaan � Bbbbn

a� b
:

The next theorem presents d’Ocagne’s, Gelin-Cesàro’s and Melham’ identities of the dual hyperbolic
generalized Fibonacci sequence f bVng:
Theorem 11 Let n and m be any integers. Then the following identities are true:

(a) (d’Ocagne’s identity)

bVmþ1
bVn � bVm

bVnþ1 ¼ VnVm�1 � VmVn�1ð Þ jþ 3jeð Þ:

(b) (Gelin-Cesàro’s identity)

bVnþ2
bVnþ1

bVn�1
bVn�2 � bV 4

n ¼ �A2B2 1þ 6eð Þ:

(c) (Melham’s identity)

bVnþ1
bVnþ2

bVnþ6 � bV 3
nþ3 ¼ �1ð ÞnAB Vnþ1 þ jVn þ ð5Vnþ1 þ VnÞeþ ð5Vn þ Vn�1Þjeð Þ

¼
�1ð Þnþ1AB �Abaan þ Bbbbn

� �

babb

ða� bÞ :

Proof

(a) Using (1.7) and (1.8) we obtain

bVmþ1
bVn � bVm

bVnþ1 ¼
ABbabbð�amþ1bn � anbmþ1 þ ambnþ1 þ anþ1bmÞ

ða� bÞ2

¼ AB anbm � ambnð Þ
ða� bÞ babb

¼ ðaVn þ Vn�1ÞðbVm þ Vm�1Þ � ðaVm þ Vm�1ÞðbVn þ Vn�1Þð Þ
ða� bÞ jþ 3jeð Þ

¼ VnVm�1 � VmVn�1ð Þ jþ 3jeð Þ:

(b)

bVnþ2
bVnþ1

bVn�1
bVn�2 � bV 4

n ¼
�ABbabbðabÞn

ðabÞ3ða� bÞ2
M1

¼ �A2B2
ba2
bb2 ¼ �A2B2 1þ 6eð Þ

where

M1 ¼ ab a2 þ b2 þ 3ab
� �

ðA2
ba2a2n þ B2

bb2b2nÞ � ABbabbðabÞn a4 þ b4 þ 4a2b2 þ 2ab3 þ 2a3b
� �

ða� bÞ2 ¼ 5; ab ¼ �1; aþ b ¼ 1; abða2 þ b2 þ 3abÞ ¼ 0

and
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a4 þ b4 þ 4a2b2 þ 2ab3 þ 2a3b ¼ 5:

(c) Using (1.7), (1.8) and

ba2
bb ¼ aþ jþ ð1þ 5aÞeþ ð4þ aÞje;

babb2 ¼ bþ jþ ð1þ 5bÞeþ ð4þ bÞje;

we obtain

bVnþ1
bVnþ2

bVnþ6 � bV 3
nþ3 ¼ �1ð Þnþ1ABbabbM2

¼
�1ð Þnþ1AB �Abaan þ Bbbbn

� �

babb

ða� bÞ

¼
�1ð Þnþ1AB �ðaVn þ Vn�1Þba2

bb þ ðbVn þ Vn�1Þbabb2
� �

ða� bÞ
¼ �1ð ÞnAB Vnþ1 þ jVn þ ð5Vnþ1 þ VnÞeþ ð5Vn þ Vn�1Þjeð Þ

where

M2 ¼
�Abaan�3 2a2 � 3a4 þ a6 � 1

� �

a2 þ 1ð Þ2þBbbbn�3 2b2 � 3b4 þ b6 � 1
� �

b2 þ 1
� �2

ða� bÞ3

and

a�3 2a2 � 3a4 þ a6 � 1
� �

a2 þ 1ð Þ2

ða� bÞ3
¼

b�3 2b2 � 3b4 þ b6 � 1
� �

b2 þ 1
� �2

� �

ða� bÞ3
¼ 1

a� b
:

h

As special cases of the above theorem, we give the d’Ocagne’s, Gelin-Cesà ro’s and Melham’ identities of
dual hyperbolic Fibonacci and dual hyperbolic Lucas numbers. Firstly, we present the d’Ocagne’s, Gelin-
Cesàro’s and Melham’ identities of dual hyperbolic Fibonacci numbers.

Corollary 12 Let n and m be any integers. Then, for the dual hyperbolic Fibonacci numbers, the following
identities are true:

(a) (d’Ocagne’s identity)

bFmþ1
bFn � bFm

bFnþ1 ¼ ð�1ÞmFn�m jþ 3jeð Þ:

(b) (Gelin-Cesàro’s identity)

bFnþ2
bFnþ1

bFn�1
bFn�2 � bF4

n ¼ � 1þ 6eð Þ:

(c) (Melham’s identity)

bFnþ1
bFnþ2

bFnþ6 � bF3
nþ3 ¼ �1ð Þn Fnþ1 þ jFn þ ð5Fnþ1 þ FnÞeþ ð5Fn þ Fn�1Þjeð Þ:

Secondly, we present the d’Ocagne’s, Gelin-Cesàro’s and Melham’ identities of dual hyperbolic Lucas
numbers.

Corollary 13 Let n and m be any integers. Then, for the dual hyperbolic Lucas numbers, the following
identities are true:
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(a) (d’Ocagne’s identity)

bLmþ1
bLn � bLm

bLnþ1 ¼ LnLm�1 � LmLn�1ð Þ jþ 3jeð Þ:

(b) (Gelin-Cesàro’s identity)

bLnþ2
bLnþ1

bLn�1
bLn�2 � bL4

n ¼ �25 1þ 6eð Þ:

(c) (Melham’s identity)

bLnþ1
bLnþ2

bLnþ6 � bL3
nþ3 ¼ 5 �1ð Þnþ1 Lnþ1 þ jLn þ ð5Lnþ1 þ LnÞeþ ð5Ln þ Ln�1Þjeð Þ:

5 Linear sums

In this section, we give the summation formulas of the dual hyperbolic generalized Fibonacci numbers with
positive and negatif subscripts. Now, we present the summation formulas of the generalized Fibonacci
numbers.

Proposition 14 For the generalized Fibonacci numbers, we have the following formulas:

(a)
Pn

k¼0 Vk ¼ Vnþ2 � V1:

(b)
Pn

k¼0 V2k ¼ V2nþ1 � V1 þ V0:

(c)
Pn

k¼0 V2kþ1 ¼ V2nþ2 � V2 þ V1:

Proof For the proof, see Soykan [14]. h

Next, we present the formulas which give the summation of the dual hyperbolic generalized Fibonacci
numbers.

Theorem 15 For n� 0; dual hyperbolic generalized Fibonacci numbers have the following formulas:

(a)
Pn

k¼0
bVk ¼ bVnþ2 � bV1:

(b)
Pn

k¼0
bV2k ¼ bV2nþ1 � bV1 þ bV0:

(c)
Pn

k¼0
bV2kþ1 ¼ bV2nþ2 � bV0:

Proof

(a) Note that using Proposition 14 (a) we get

X

n

k¼0

Vk ¼ Vnþ2 � V1;

X

n

k¼0

Vkþ1 ¼ Vnþ3 � ðV1 þ V0Þ;

X

n

k¼0

Vkþ2 ¼ Vnþ4 � ð2V1 þ V0Þ;

X

n

k¼0

Vkþ3 ¼ Vnþ5 � ð3V1 þ 2V0Þ:

Then it follows that
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X

n

k¼0

bVk ¼
X

n

k¼0

Vk þ j
X

n

k¼0

Vkþ1 þ e
X

n

k¼0

Vkþ2 þ je
X

n

k¼0

Vkþ3

¼ ðVnþ2 � V1Þ þ jðVnþ3 � ðV1 þ V0ÞÞ þ eðVnþ4 � ð2V1 þ V0ÞÞ þ jeðVnþ5 � ð3V1 þ 2V0ÞÞ
¼ ðVnþ2 þ jVnþ3 þ eVnþ4 þ jeVnþ5Þ � ðV1 þ jðV0 þ V1Þ þ eðV0 þ 2V1Þ þ jeð2V0 þ 3V1ÞÞ
¼ bVnþ2 � ðV1 þ jV2 þ eV3 þ jeV4Þ
¼ bVnþ2 � bV1:

This proves (a).
(b) Note that using Proposition 14 (b) and (c) we get

X

n

k¼0

V2k ¼ V2nþ1 � V1 þ V0;

X

n

k¼0

V2kþ1 ¼ V2nþ2 � V0;

X

n

k¼0

V2kþ2 ¼ V2nþ3 � V1;

X

n

k¼0

V2kþ3 ¼ V2nþ4 � V1 � V0:

Then it follows that

X

n

k¼0

bV2k ¼
X

n

k¼0

V2k þ j
X

n

k¼0

V2kþ1 þ e
X

n

k¼0

V2kþ2 þ je
X

n

k¼0

V2kþ3

¼ ðV2nþ1 � V1 þ V0Þ þ jðV2nþ2 � V0Þ þ eðV2nþ3 � V1Þ þ jeðV2nþ4 � V1 � V0Þ
¼ ðV2nþ1 þ jV2nþ2 þ eV2nþ3 þ jeV2nþ4Þ þ ðð�V1 þ V0Þ þ jð�V0Þ þ eð�V1Þ þ jeð�V1 � V0ÞÞ
¼ ðV2nþ1 þ jV2nþ2 þ eV2nþ3 þ jeV2nþ4Þ þ ððV0 � V1Þ þ jðV1 � V2Þ þ eðV2 � V3Þ þ jeðV3 � V4ÞÞ
¼ bV2nþ1 � ðV1 þ jV2 þ eV3 þ jeV4Þ þ ðV0 þ jV1 þ eV2 þ jeV3Þ
¼ bV2nþ1 � bV1 þ bV0:

(c) Note that using Proposition 14 (b) and (c) we get

X

n

k¼0

V2kþ4 ¼ V2nþ5 � 2V1 � V0:

Then it follows that

X

n

k¼0

bV2kþ1 ¼
X

n

k¼0

V2kþ1 þ j
X

n

k¼0

V2kþ2 þ e
X

n

k¼0

V2kþ3 þ je
X

n

k¼0

V2kþ4

¼ ðV2nþ2 � V0Þ þ jðV2nþ3 � V1Þ þ eðV2nþ4 � V1 � V0Þ þ jeðV2nþ5 � 2V1 � V0Þ
¼ ðV2nþ2 þ jV2nþ3 þ eV2nþ4 þ jeV2nþ5Þ þ ðð�V0Þ þ jð�V1Þ þ eð�V1 � V0Þ þ jeð�2V1 � V0ÞÞ
¼ bV2nþ2 � ðV0 þ jV1 þ eV2 þ jeV3Þ
¼ bV2nþ2 � bV0:

h

As a first special case of the above theorem, we have the following summation formulas for dual hyperbolic
Fibonacci numbers:

Corollary 16 For n� 0; dual hyperbolic Fibonacci numbers have the following properties:
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(a)
Pn

k¼0
bFk ¼ bFnþ2 � bF1 ¼ bFnþ2 � ð1þ jþ 2eþ 3jeÞ:

(b)
Pn

k¼0
bF2k ¼ bF2nþ1 � bF1 þ bF0 ¼ bF2nþ1 � ð1þ eþ jeÞ:

(c)
Pn

k¼0
bF2kþ1 ¼ bF2nþ2 � bF0 ¼ bF2nþ2 � ðjþ eþ 2jeÞ:

As a second special case of the above theorem, we have the following summation formulas for dual
hyperbolic Lucas numbers:

Corollary 17 For n� 0; dual hyperbolic Lucas numbers have the following properties.

(a)
Pn

k¼0
bLk ¼ bLnþ2 � bL1 ¼ bLnþ2 � ð1þ 3jþ 4eþ 7jeÞ:

(b)
Pn

k¼0
bL2k ¼ bL2nþ1 � bL1 þ bL0 ¼ bL2nþ1 þ ð1� 2j� e� 3jeÞ:

(c)
Pn

k¼0
bL2kþ1 ¼ bL2nþ2 � bL0 ¼ bL2nþ2 � ð2þ jþ 3eþ 4jeÞ:

Now, we present the formula which give the summation formulas of the generalized Fibonacci numbers
with negative subscripts.

Proposition 18 For n� 1 we have the following formulas:

(a)
Pn

k¼1 V�k ¼ �2V�n�1 � V�n�2 þ V1:

(b)
Pn

k¼1 V�2k ¼ �V�2n�1 þ V1 � V0:

(c)
Pn

k¼1 V�2kþ1 ¼ �V�2n þ V0:

Proof This is given in Soykan [14]. h

Next, we present the formulas which give the summation of the dual hyperbolic generalized Fibonacci
numbers with negative subscripts.

Theorem 19 For n� 1; dual hyperbolic generalized Fibonacci numbers have the following formulas:

(a)
Pn

k¼1
bV�k ¼ �2 bV�n�1 � bV�n�2 þ bV1:

(b)
Pn

k¼1
bV�2k ¼ � bV�2n�1 þ bV1 � bV0:

(c)
Pn

k¼1
bV�2kþ1 ¼ � bV�2n þ bV0:

Proof We prove (a). (b) and (c) can be proved similarly. Note that using Proposition 14 (a) we get

X

n

k¼1

V�k ¼ �2V�n�1 � V�n�2 þ V1;

X

n

k¼1

V�kþ1 ¼ �2V�n � V�n�1 þ V1 þ V0;

X

n

k¼1

V�kþ2 ¼ �2V�nþ1 � V�n þ 2V1 þ V0;

X

n

k¼1

V�kþ3 ¼ �2V�nþ2 � V�nþ1 þ 3V1 þ 2V0:

Then it follows that
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X

n

k¼1

bV�k ¼
X

n

k¼1

V�k þ j
X

n

k¼1

V�kþ1 þ e
X

n

k¼1

V�kþ2 þ je
X

n

k¼1

V�kþ3

¼ ð�2V�n�1 � V�n�2 þ V1Þ þ jð�2V�n � V�n�1 þ V1 þ V0Þ
þ eð�2V�nþ1 � V�n þ 2V1 þ V0Þ þ jeð�2V�nþ2 � V�nþ1 þ 3V1 þ 2V0Þ
¼ �2ðV�n�1 þ jV�n þ eV�nþ1 þ jeV�nþ2Þ � ðV�n�2 þ jV�n�1

þ eV�n þ jeV�nþ1Þ þ ðV1 þ jðV1 þ V0Þ þ eð2V1 þ V0Þ þ jeð3V1 þ 2V0ÞÞ
¼ �2 bV�n�1 � bV�n�2 þ ðV1 þ jV2 þ eV3 þ jeV4Þ
¼ �2 bV�n�1 � bV�n�2 þ bV1:

This proves (a). h

As a first special case of the above theorem, we have the following summation formulas for dual hyperbolic
Fibonacci numbers:

Corollary 20 For n� 1; dual hyperbolic Fibonacci numbers have the following properties:

(a)
Pn

k¼1
bF�k ¼ �2 bF�n�1 � bF�n�2 þ bF1 ¼ �2 bF�n�1 � bF�n�2 þ ð1þ jþ 2eþ 3jeÞ:

(b)
Pn

k¼1
bF�2k ¼ � bF�2n�1 þ bF1 � bF0 ¼ � bF�2n�1 þ ð1þ eþ jeÞ:

(c)
Pn

k¼1
bF�2kþ1 ¼ � bF�2n þ bF0 ¼ � bF�2n þ ðjþ eþ 2jeÞ:

As a second special case of the above theorem, we have the following summation formulas for dual
hyperbolic Lucas numbers:

Corollary 21 For n� 0; dual hyperbolic Lucas numbers have the following properties.

(a)
Pn

k¼1
bL�k ¼ �2 bL�n�1 � bL�n�2 þ bL1 ¼ �2bL�n�1 � bL�n�2 þ ð1þ 3jþ 4eþ 7jeÞ:

(b)
Pn

k¼1
bL�2k ¼ � bL�2n�1 þ bL1 � bL0 ¼ � bL�2n�1 þ ð�1þ 2jþ eþ 3jeÞ:

(c)
Pn

k¼1
bL�2kþ1 ¼ � bL�2n þ bL0 ¼ � bL�2n þ ð2þ jþ 3eþ 4jeÞ:

6 Matrices related with dual hyperbolic generalized Fibonacci numbers

We define the square matrix B of order 2 as:

B ¼
1 1

1 0

� �

such that det B ¼ �1: Induction proof may be used to establish

Bn ¼
Fnþ1 Fn

Fn Fn�1

� �

ð6:1Þ

and (the matrix formulation of Vn)

Vnþ1

Vn

� �

¼
1 1

1 0

� �n V1

V0

� �

: ð6:2Þ

Now, we define the matrices BV as

BV ¼
bV3

bV2

bV2
bV1

 !

:

This matrice BV is called dual hyperbolic generalized Fibonacci matrix. As special cases, dual hyperbolic
Fibonacci matrix and dual hyperbolic Lucas matrix are
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BF ¼
bF3

bF2

bF2
bF1

 !

and

BL ¼
bL3

bL2

bL2
bL1

 !

respectively.

Theorem 22 For n� 0; the following is valid:

BV

1 1

1 0

� �n

¼
bVnþ3

bVnþ2

bVnþ2
bVnþ1

 !

: ð6:3Þ

Proof We prove by mathematical induction on n. If n ¼ 0; then the result is clear. Now, we assume it is
true for n ¼ k; that is

BVBk ¼
bVkþ3

bVkþ2

bVkþ2
bVkþ1

 !

:

If we use (2.1), then we have bVkþ2 ¼ bVkþ1 þ bVk: Then, by induction hypothesis, we obtain

BVBkþ1 ¼ ðBVBkÞB ¼
bVkþ3

bVkþ2

bVkþ2
bVkþ1

 !

1 1

1 0

� �

¼
bVkþ2 þ bVkþ3

bVkþ3

bVkþ1 þ bVkþ2
bVkþ2

 !

¼
bVkþ4

bVkþ3

bVkþ3
bVkþ2

 !

:

Thus, (6.3) holds for all non-negative integers n. h

Remark 23 The above theorem is true for n� � 1: It can also be proved by induction.

Corollary 24 For all integers n, the following holds:

bVnþ2 ¼ bV2Fnþ1 þ bV1Fn:

Proof The proof can be seen by the coefficient of the matrix BV and (6.1). h

Taking Vn ¼ Fn and Vn ¼ Ln; respectively, in the above corollary, we obtain the following results.

Corollary 25 For all integers n, the followings are true.

(a) bFnþ2 ¼ bF2Fnþ1 þ bF1Fn:

(b) bLnþ2 ¼ bL2Fnþ1 þ bL1Fn:
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