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Abstract Given two permutable entire functions f and g, we establish vital relationship between escaping
sets of entire functions f, g and their composition. We provide some families of transcendental entire
functions for which Eremenko’s conjecture holds. In addition, we investigate the dynamical properties of the
mapping f ðzÞ ¼ zþ 1þ e�z:
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1 Introduction

Let f be a transcendental entire function. For n 2 N let f n denote the n-th iterate of f.
The set Fðf Þ ¼ fz 2 C : ff ngn2N is normal in some neighborhood of zg is called the Fatou set of f or

the set of normality of f. Its complement J(f) is the Julia set of f. For an introduction to the basic properties of
these sets the reader can refer to [1]. The escaping set of f denoted by I(f) is the collection of those points in
the complex plane that tend to infinity under iteration of f. In general, it is neither an open nor a closed
subset of C and has interesting topological properties. The escaping set of a transcendental entire function
f was studied for the first time by Eremenko [5] who established that

(1) Iðf Þ 6¼ ;;
(2) Jðf Þ ¼ oIðf Þ;
(3) Iðf Þ \ Jðf Þ 6¼ ;;
(4) Iðf Þ has no bounded components.

In the same paper he stated the following conjectures:

(i) Every component of I(f) is unbounded;
(ii) Every point of I(f) can be connected to 1 by a curve consisting of escaping points.
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For the exponential maps of the form f ðzÞ ¼ ez þ k with k[ � 1; it is known, by Rempe [16], that the

escaping set is a connected subset of the plane, and for k\� 1; it is the disjoint union of uncountably many

curves to infinity, each of which is connected component of I(f) [17]. In [18], it was shown that every escaping

point of every exponential map can be connected to 1 by a curve consisting of escaping points.
Recall that w 2 C is a critical value of a transcendental entire function f if there exist some w0 2 C with

f ðw0Þ ¼ w and f 0ðw0Þ ¼ 0: Here w0 is called a critical point of f. The image of a critical point of f is called
critical value of f. Also n 2 C is an asymptotic value of a transcendental entire function f if there exist a
curve C tending to infinity such that f ðzÞ ! n as z!1 along C: The set of critical values and asymptotic
values of f will be denoted by CV(f) and AV(f) respectively.

For the Eremenko-Lyubich class

B ¼ ff : C! C transcendental entire : Singðf�1Þ is boundedg

(where Sing(f�1) is the set of critical values and asymptotic values of f and their finite limit points), it is well
known that I(f) is a subset of the Julia set J(f), [6]. Each f 2 B is said to be of bounded type. Also if f and g
are of bounded type, then so is f � g [3], i.e. functions in B are closed under taking composition.

A set W is forward invariant under f if f ðWÞ � W and W is backward invariant under f if f�1ðWÞ ¼
fw 2 C : f ðwÞ 2 Wg � W : Moreover, W is called completely invariant under f if it is both forward and
backward invariant under f. We will be dealing mostly with permutable entire functions where two functions
f and g are called permutable or commuting if f � g ¼ g � f :

Recently, the dynamics of composite of two or more complex functions have been studied by many
authors. The seminal work in this direction was done by Hinkkanen and Martin [8] related to semigroups of
rational functions. In their papers, they extended the classical theory of the dynamics associated to the
iteration of a rational function of one complex variable to a more general setting of an arbitrary semigroup of
rational functions. Several results were extended to semigroups of transcendental entire functions in
[9–11, 13, 14, 19]. The second author [11] established several classes of transcendental semigroups for
which Eremenko’s conjecture holds.

In this article, we have investigated relationship between escaping sets of two permutable entire func-
tions. To our best knowledge, it has not been studied so far what can be said about relation between escaping
set of entire functions f, g and their compositions. Our aim in this paper is to tackle this problem and
establish several such relationships. We have shown that postsingularly bounded entire functions and
hyperbolic entire functions (to be defined in Section 2) are closed under taking compositions. We provide
families of transcendental entire functions for which Eremenko’s conjecture holds. In addition, we inves-
tigate some dynamical properties of the mapping f ðzÞ ¼ zþ 1þ e�z:

2 Results

In this section, we establish several relationship between escaping sets of two permutable entire functions
f, g and their compositions. We first establish an important relation between I(f), I(g) and Iðf � gÞ for two
permutable entire functions f and g.

Theorem 2.1 Let f and g be transcendental entire functions satisfying f � g ¼ g � f : Then

(i) Iðf � gÞ is completely invariant under f and g;
(ii) Iðf � gÞ � Iðf Þ [ IðgÞ;

(iii) For any two positive integers i and j, Iðf i � gjÞ � Iðf Þ [ IðgÞ;
(iv) For any two positive integers i and j, Iðf i � gjÞ � Iðf � gÞ.

Proof

(i) We first show that z 2 Iðf � gÞ if and only if gðzÞ 2 Iðg � f Þ: Let z 2 Iðf � gÞ: Then ðf � gÞnðzÞ ! 1
as n!1; i.e., f ððg � f Þn�1gðzÞÞ ! 1 as n!1: As f is an entire function, this implies that

ðg � f Þn�1ðgðzÞÞ ! 1 as n!1; i.e., gðzÞ 2 Iðg � f Þ: On the other hand, let gðzÞ 2 Iðg � f Þ: Then
ðg � f ÞnðgðzÞÞ ! 1 as n!1; i.e., gððf � gÞnðzÞÞ ! 1 as n!1: Again, as g is entire, this forces
ðf � gÞnðzÞ ! 1 as n!1: We deduce that z 2 Iðf � gÞ which proves the claim. As f � g ¼ g � f ;
we obtain z 2 Iðf � gÞ if and only if gðzÞ 2 Iðf � gÞ which implies Iðf � gÞ is completely invariant
under g, and by symmetry, under f as well.
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(ii) Suppose that z 62 Iðf Þ and z 62 IðgÞ. We shall prove that z 62 Iðf � gÞ.
Consider the following infinite array of rows where each of row consists of the orbit of fgkðzÞ :
k 2 Ng under f :

f ðgðzÞÞ; f 2ðgðzÞÞ; f 3ðgðzÞÞ; . . .

f ðg2ðzÞÞ; f 2ðg2ðzÞÞ; f 3ðg2ðzÞÞ; . . .

f ðg3ðzÞÞ; f 2ðg3ðzÞÞ; f 3ðg3ðzÞÞ; . . .

..

. ..
. ..

.

f ðgkðzÞÞ; f 2ðgkðzÞÞ; f 3ðgkðzÞÞ; . . .

..

. ..
. ..

.

Since z 62 Iðf Þ and z 62 IðgÞ, therefore each of the rows in the above array is bounded and hence has a limit
point. We can assume that each of the rows in the above array is actually convergent. Let l be the limit

corresponding to first row, i.e., f nðgðzÞÞ ! l as n!1 which gives f nðg2ðzÞÞÞ ! gðlÞ as n!1.

Proceeding on similar lines, we have f nðgkðzÞÞÞ ! gk�1ðlÞ as n!1: Let

X ¼ fl; gðlÞ; g2ðlÞ. . .g:

We have the following cases to consider.
Case 1: l ¼ gðlÞ, i.e., l is a fixed point of g, then gkðlÞ ¼ l; 8 k 2 N: In particular, we can extract a
subsequence ff nðgnðzÞÞ; n 2 Ng which also converges to l, i.e., lim

n!1
f nðgnðzÞÞ ¼ lð6¼ 1Þ from which we see

that z 62 Iðf � gÞ.
Case 2: gmðlÞ ¼ gmþjðlÞ for some m 2 N and j� 1, i.e., gmðlÞ is a fixed point of g, which in turn implies

lim
n!1

f nðgmþjðzÞÞ ¼ gmþjðlÞ
¼ gmðlÞ; j� 1:

This gives lim
n!1

f nðgkðzÞÞ ¼ gmðlÞ; 8 k�m. Therefore, lim
n!1

f nðgnðzÞÞ ¼ gmðlÞð6¼ 1Þ from which we deduce

that z 62 Iðf � gÞ.
Case 3: When X is an infinite set then it has a limit point a ðsayÞ, i.e., gk�1ðlÞ ! a as k !1. We consider
the following two subcases:
Subcase 1: a is finite.

As we have f nðgðzÞÞ ! l as n!1, so by continuity of g we have lim
n!1

f nðgkðzÞÞ ¼ gk�1ðlÞ. This implies

that lim
k!1

lim
n!1

f nðgkðzÞÞ ¼ a. Thus, every subsequence will also converge to a, i.e., lim
n!1

f nðgnðzÞÞ ¼ a so that

z 62 Iðf � gÞ:
Subcase 2: a is infinity.

By using similar arguments, we have lim
k!1

lim
n!1

f nðgkðzÞÞ ¼ 1. In particular, lim
n!1

f nðgkðzÞÞ ¼ 1, i.e.,

gkðzÞ 2 Iðf Þ which implies that z 2 Iðf Þ, which is a contradiction to our supposition. This completes the
proof of the result.
(iii) For i; j 2 N; assume i� j: Now using previous result we have

Iðf i � gjÞ ¼ Iðf i�j � f j � gjÞ

� Iðf i�jÞ [ Iðf j � gjÞ

¼ Iðf Þ [ Iðf � gÞ

� Iðf Þ [ IðgÞ:

(iv) Suppose that i [ j: Then jþ k ¼ i for some k 2 N. Let z 2 Iðf i � gjÞ; i.e., ðf i � gjÞnðzÞ ! 1 as
n!1: Suppose that z 62 Iðf � gÞ; i.e., ðf � gÞnðzÞ ! l (say), as n!1: Consider the following
infinite array of rows where first row consists of the orbit of z under f � g and the successive rows are

the images of this orbit under f k; k 2 N respectively:
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f ðgðzÞÞ; f 2ðg2ðzÞÞ; . . .; f jðgjðzÞÞ; . . .; f iðgiðzÞÞ; . . .; f 2jðg2jðzÞÞ; . . .

f 2ðgðzÞÞ; f 3ðg2ðzÞÞ; . . .; f jþ1ðgjðzÞÞ; . . .; f iþ1ðgiðzÞÞ; . . .; f 2jþ1ðg2jðzÞÞ; . . .

..

. ..
. ..

.

f 1þkðgðzÞÞ; f 2þkðg2ðzÞÞ; . . .; f jþk¼iðgjðzÞÞ; . . .; f iþkðgiðzÞÞ; . . .; f 2jþkðg2jðzÞÞ; . . .

..

. ..
. ..

.

f 1þ2kðgðzÞÞ; f 2þ2kðg2ðzÞÞ; . . .; f iþkðgjðzÞÞ; . . .; f iþ2kðgiðzÞÞ; . . .; f 2jþ2k¼2iðg2jðzÞÞ; . . .

..

. ..
. ..

.

The first row in the above array converges to l. Using continuity of f, second row will converge to f(l) and
so on. Let

fl; f ðlÞ; . . .g

be the collection of limit points corresponding to the rows in the above array. Hence has a limit point a
(say).
Case 1: að6¼ 1Þ
i.e., lim

r!1
f r�1ðlÞ ¼ a. As lim

n!1
f nðgnðzÞÞ ¼ l, so lim

n!1
f nþr�1ðgnðzÞÞ ¼ f r�1ðlÞ. This gives

lim
r!1

lim
n!1

f nþr�1ðgnðzÞÞ ¼ lim
r!1

f r�1ðlÞ
¼ að6¼ 1Þ:

Therefore, every subsequence will also converge to a. In particular, lim
n!1

f iðgjðzÞÞ ¼ að6¼ 1Þ,which is a
contradiction.
Case 2: a is infinity.

i.e., lim
r!1

f r�1ðlÞ ¼ 1. We deduce that

lim
r!1

lim
n!1

f nþr�1ðgnðzÞÞ ¼ lim
r!1

f r�1ðlÞ
¼ 1:

In particular, lim
n!1

f nðgnðzÞÞ ¼ 1, i.e., z 2 Iðf � gÞ which is a contradiction to our hypothesis.

h

Recall that the postsingular set of an entire function f is defined as

Pðf Þ ¼
� [

n� 0

f nðSingðf�1ÞÞ
�
:

Also an entire function f is called postsingularly bounded if the postsingular set Pðf Þ is bounded. The second
author [12], showed that under the assumption that Iðf � gÞ � Iðf Þ [ IðgÞ; postsingularly bounded entire
functions are closed under composition. But from Theorem 2.1(ii), we now know that this assumption is no
longer required. For completeness, we reproduce the proof of this result.

Theorem 2.2 [12] Let f and g be permutable transcendental entire functions of bounded type. If f and g are
postsingularly bounded, then so is f � g:

Proof Denote A ¼ Singðf�1Þ;B ¼ Singðg�1Þ and C ¼ Singðf � gÞ�1: It suffices to show that for all w 2
C; ðf � gÞnðwÞ is bounded as n!1: Suppose that for some a 2 C; ðf � gÞnðaÞ ! 1 as n!1; i.e., a 2
Iðf � gÞ: As C � A [ f ðBÞ [3], therefore, either a 2 A or a 2 f ðBÞ: Also as Iðf � gÞ � Iðf Þ [ IðgÞ; accord-
ingly we have the following four cases:

(i) a 2 A and a 2 Iðf Þ: In this case, we arrive at a contradiction to postsingular set of f being bounded.
(ii) a 2 A and a 2 IðgÞ: As g is of bounded type, so IðgÞ � JðgÞ; and as f � g ¼ g � f ; therefore Jðf Þ ¼

JðgÞ [10]. We obtain a � A \ Jðf Þ: Since a 2 Pðf Þ and f being postsingularly bounded implies
Pðf Þ � Fðf Þ; i.e., a 2 Fðf Þ a contradiction.
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(iii) a 2 f ðBÞ and a 2 Iðf Þ: As f is of bounded type, Iðf Þ � Jðf Þ and as argued above Jðf Þ ¼ JðgÞ: Also as
B � PðgÞ � FðgÞ; implies f ðBÞ � f ðFðgÞÞ: This further implies

f ðBÞ \ JðgÞ � f ðFðgÞÞ \ JðgÞ

� FðgÞ \ JðgÞ

¼ ;;

a contradiction.
(iv) a 2 f ðBÞ and a 2 IðgÞ: As a 2 f ðBÞ; so a ¼ f ðbÞ for some b 2 B: As f ðbÞ 2 IðgÞ; so gnðf ðbÞÞ ! 1

as n!1: Since f and g are permutable, f ðgnðbÞÞ ! 1 as n!1: As f is an entire function, gnðbÞ
must tend to 1 as n!1; i.e, b 2 IðgÞ; a contradiction to postsingular set of g being bounded.

Thus in all the four cases we arrive at a contradiction. Hence f � g is postsingularly bounded. h

Remark 2.3 [12] It can be seen by induction that if g1; . . .; gn are permutable entire functions of bounded
type which are postsingularly bounded, then so is g1 � � � � � gn:

In [18] it was shown that if f is an exponential map, that is, f ¼ ekz; k 2 C n f0g; then all components of I(f)
are unbounded, i.e., Eremenko’s conjecture [5] holds for exponential maps. Furthermore, in [15] it was
shown that if f is an entire function of bounded type for which all singular orbits are bounded (i.e., f is
postsingularly bounded), then each connected component of I(f) is unbounded, providing a partial answer to
a conjecture of Eremenko [5]. Theorem 2.2, in particular, establishes that for a family F of per-
mutable entire functions (i.e., any two members in the family are commuting) of bounded type which are
postsingularly bounded, each connected component of I(f), f 2 F is unbounded, providing a partial answer
to a conjecture of Eremenko [5].

Recall that an entire function f is called hyperbolic if the postsingular set Pðf Þ is a compact subset of

F(f). For instance, ekz; 0\k\ 1
e are examples of hyperbolic entire functions. It follows from result [15,

Theorem 1.1] that if f 2 B is hyperbolic, then all components of I(f) are unbounded.
The following result shows that hyperbolic entire functions are closed under composition:

Theorem 2.4 Let f and g be hyperbolic entire functions of bounded type satisfying f � g ¼ g � f : Then f � g
is hyperbolic.

Proof It can be easily seen that

Pðf � gÞ �
� [

k� 0

f kðPðgÞÞ
[
ð
[

m� 0

gmðPðf ÞÞÞ
�
:

As f and g are hyperbolic, Pðf Þ and PðgÞ are compact subsets of F(f) and F(g) respectively. Also as f and g
are permutable entire functions of bounded type we have Fðf Þ ¼ FðgÞ [10]. As f is of bounded type, for

z 2 Fðf Þ, f nðzÞ stays bounded as n!1 [6]. It follows that
S

k� 0 f kðPðgÞÞ is bounded subset of F(f). On

similar lines,
S

m� 0 gmðPðf ÞÞ is bounded subset of F(f). Therefore,
�S

k� 0 f kðPðgÞÞ
S
ð
S

m� 0 gmðPðf ÞÞÞ
�

is

a compact subset of Fðf Þ ¼ Fðf � gÞ [10]. Hence, Pðf � gÞ is a compact subset of Fðf � gÞ and the result gets
established. h

Remark 2.5 It can be seen by induction that if g1; . . .; gn are permutable entire functions of bounded type
which are hyperbolic, then so is g1 � � � � � gn:

Theorem 2.4, in particular, establishes that for a family G of permutable entire functions of bounded type
which are hyperbolic, each connected component of I(g), g 2 G is unbounded, providing a partial answer to
a conjecture of Eremenko [5].

The following result considers backward invariance of the escaping set under the composite entire
function:

Theorem 2.6 Let f and g be transcendental entire functions satisfying f � g ¼ g � f : Then

(1) I(f) and I(g) are backward invariant under f � g;
(2) If w 62 Iðf Þ then gðwÞ 62 Iðf Þ;
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Proof

(1) Suppose w 2 C such that f � gðwÞ 2 Iðf Þ: Then f nðf � gðwÞÞ ! 1 as n!1; i.e., gðf nþ1ðwÞÞ ! 1
as n!1: As g is an entire function, this implies that f nþ1ðwÞ must tend to 1 as n!1 and hence
w 2 Iðf Þ: On similar lines, one can show that I(g) is backward invariant under f � g: This completes
the proof of the result.

(2) If gðwÞ 2 Iðf Þ; then f nðgðwÞÞ ! 1 as n!1, i.e., gðf nðwÞÞ ! 1 as n!1: As g is an entire
function, this implies f nðwÞ must tend to 1 as n!1 contrary to our assumption and hence proves
the result.

h

3 Some properties of the map f ðzÞ ¼ zþ 1þ e�z

In this section we explore some dynamical properties of the map f ðzÞ ¼ zþ 1þ e�z. Throughout this
section, by f and g we will denote the map f ðzÞ ¼ zþ 1þ e�z and gðzÞ ¼ f ðzÞ þ 2pi; unless otherwise
mentioned. We show in the next example that in general, for two permutable entire functions f and g (where
f ðzÞ ¼ zþ 1þ e�z ), Iðf � gÞ may not be contained in Iðf Þ \ IðgÞ (However, by Theorem 2.1(ii), we know
that Iðf � gÞ � Iðf Þ [ IðgÞÞ: The function f appeared first in a paper of Fatou [7]. In this paper, Fatou
discussed the iterative behavior of transcendental entire functions and established some fundamental
properties of the Fatou and Julia sets. He further posed some stimulating fundamental questions about the
topological properties of the Julia set of a transcendental entire function which led to further developments.

Example 3.1 Let f ðzÞ ¼ zþ 1þ e�z and gðzÞ ¼ f ðzÞ þ 2pi: It can be easily seen that f � g ¼ g � f : F(f)
has a Baker domain containing the right half plane Hr ¼ fz 2 C : RðzÞ[ g and so f is not of bounded type.
Observe that

ðf � gÞnðzÞ ¼ f 2nðzÞ þ 2npi

and

ðg � f ÞnðzÞ ¼ f 2nðzÞ þ 2npi

Let Fix(f) denote the fixed point set of f. Then Fixðf Þ ¼ fz 2 C : z ¼ ð2k þ 1Þip; k 2 Zg: For each z 2
Fixðf Þ; z 62 Iðf Þ: Also for z 2 Fixðf Þ; we have

ðf � gÞnðzÞ ¼ ð2k þ 1Þipþ 2npi

!1 as n!1

which implies that z 2 Iðf � gÞ: Moreover, as gnðzÞ ¼ f nðzÞ þ 2npi; we get for z 2 Fixðf Þ; z 2 IðgÞ: Hence
Iðf � gÞ* Iðf Þ \ IðgÞ:
We now establish some invariance properties of I(f) and I(g) for the pair of commuting functions f ðzÞ ¼
zþ 1þ e�z and gðzÞ ¼ f ðzÞ þ 2pi: Observe that for l; p 2 N; f satisfies f lðzþ 2ppiÞ ¼ f lðzÞ þ 2ppi:

Proposition 3.2 For the pair of commuting functions f ðzÞ ¼ zþ 1þ e�z and gðzÞ ¼ f ðzÞ þ 2pi; gðIðf ÞÞ �
Iðf Þ and f ðIðgÞÞ � IðgÞ:
Proof We first show that gðIðf ÞÞ � Iðf Þ: To this end, let z 2 Iðf Þ: Then for n 2 N

f nðgðzÞÞ ¼ f nðf ðzÞ þ 2piÞ
¼ f nþ1ðzÞ þ 2pi
!1 as n!1

which implies gðzÞ 2 Iðf Þ and hence the result. We now show that f ðIðgÞÞ � IðgÞ: Let w 2 IðgÞ: Consider
for k 2 N

gkðf ðwÞÞ ¼ f ðgkðwÞÞ
¼ gðgkðwÞÞ � 2pi
!1 as k !1
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which implies f ðwÞ 2 IðgÞ and hence the result. h

Remark 3.3 Using Theorem 2.6(ii) we get I(f) is completely invariant under g and I(g) is completely
invariant under f. Also for each transcendental entire function h, I(h) is completely invariant under h we get
that I(f) is completely invariant under f � g: On similar lines, I(g) is completely invariant under f � g:

An immediate consequence of Proposition 3.2 is

Corollary 3.4 Let f and g be as in Proposition 3.2. Then gðIðf ÞÞ � Iðf Þ and f ðIðgÞÞ � IðgÞ:
It is not true in general that for an entire function h if FðhÞ \ AVðhÞ ¼ ;; then all components of F(h) are
bounded. The entire function f ðzÞ ¼ zþ 1þ e�z serves as an example for which F(f) is disjoint from the set
of asymptotic values AV(f), but all components of F(f) are unbounded. In fact, from Example 3.1, F(f) has a
Baker domain containing the right half plane Hr: Observe that the critical values of f is the set CVðf Þ ¼
f2þ 2kpi : k 2 Zg so that Sing(f�1) is unbounded.

Recently [4, Theorem 1.2] a characterization was given for boundedness of Fatou components of a
hyperbolic entire function of bounded type.

Theorem 3.5 [4, Theorem 1.2] Let h be a hyperbolic entire function of bounded type. Then the following
are equivalent:

(i) every component of F(h) is bounded;
(ii) h has no asymptotic values and every component of F(h) contains at most finitely many critical points.

The entire functions f and g serves as an example of a pair of commuting functions which satisfies
Fixðf Þ \ IðgÞ 6¼ ; where Fix(f) denotes fixed point set of f. As computed in Example 3.1, Fixðf Þ ¼ fz 2
C : z ¼ ð2k þ 1Þip; k 2 Zg: We assert that Fixðf Þ � IðgÞ: To this end, let z 2 Fixðf Þ: Then z ¼ ð2mþ 1Þip
for some m 2 Z: Consider

gnðzÞ ¼ f nðzÞ þ 2npi
¼ ð2mþ 1Þipþ 2npi
!1 as n!1

so that z 2 IðgÞ which proves the assertion and hence the result.
It can be easily seen that for an entire function h, intðIðhÞÞ � FðhÞ where int(S) denotes interior of a

subset S of a topological space X. For obvious reasons, if an entire function h is of bounded type then
intðIðhÞÞ ¼ ;: However, if h 62 B then int(I(h)) can be non empty. Consider f ðzÞ ¼ zþ 1þ e�z: As observed
in Example 3.1, F(f) has a Baker domain containing the right half plane Hr: In particular, Hr � Iðf Þ and
hence intðIðf ÞÞ 6¼ ;: This fact was also observed in [5].

Recall that the order of a transcendental entire function h is defined as

qh ¼ lim sup
r!1

log log Mðr; hÞ
log r

where

Mðr; hÞ ¼ maxfjhðzÞj : jzj � rg:

For an entire function of finite order the number of critical values and asymptotic values are related. This is
expressed in the following result

Lemma 3.6 [2, Corollary 3] If an entire function h of finite order qh has only finitely many critical values,
then it has at most 2q asymptotic values.

However, the function f ðzÞ ¼ zþ 1þ e�z serves as an example of an entire function of finite order viz. 1
having infinitely many critical values (as computed before CVðf Þ ¼ f2þ 2kpi : k 2 Zg) but no finite
asymptotic value (or at most 2 asymptotic value), so that the conclusion of Lemma 3.6 still holds for an
entire function of finite order having infinitely many critical values.
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7. P. Fatou, Sur l’itération des fonctions transcendantes Entières, Acta Math. 47 (1926), no. 4, 337–370.
8. A. Hinkkanen and G. J. Martin, The dynamics of semigroups of rational functions I, Proc. London Math. Soc. (3) 73

(1996), 358–384.
9. Z. G. Huang and T. Cheng, Singularities and strictly wandering domains of transcendental semigroups, Bull. Korean

Math. Soc. (1) 50 (2013), 343–351.
10. D. Kumar and S. Kumar, The dynamics of semigroups of transcendental entire functions I, Indian J. Pure Appl. Math. 46

(2015), 11–24.
11. D. Kumar and S. Kumar, The dynamics of semigroups of transcendental entire functions II, Indian J. Pure Appl. Math. 47

(2016), 409–423.
12. D. Kumar, S. Kumar and K. K. Poon, Escaping set and Julia set of transcendental semigroups, Advances in Theoretical

and Applied Mathematics, 11 (2016), 423–436.
13. D. Kumar and S. Kumar, Semigroups of transcendental entire functions and their dynamics, Proc. Indian Acad. Sci. (Math.

Sci.) 127 (2017), 349–360.
14. K. K. Poon, Fatou-Julia theory on transcendental semigroups, Bull. Austral. Math. Soc. 58 (1998), 403–410.
15. L. Rempe, On a question of Eremenko concerning escaping sets of entire functions, Bull. London Math. Soc. 39:4, (2007),

661–666.
16. L. Rempe, The escaping set of the exponential, Ergodic Theory and Dynamical Systems, 30 (2010), 595–599.
17. L. Rempe, Connected escaping sets of exponential maps, Ann. Acad. Sci. Fenn. Math. 36 (2011), 71–80.
18. D. Schleicher and J. Zimmer, Escaping points of exponential maps, J. London Math. Soc. (2) 67 (2003), 380–400.
19. H. Zhigang, The dynamics of semigroups of transcendental meromorphic functions, Tsinghua Science and Technology, (4)

9 (2004), 472–474.

123

86 R. Kaur, D. Kumar



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2021-07-02T09:07:25+0530
	Preflight Ticket Signature




