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Abstract Given two permutable entire functions f and g, we establish vital relationship between escaping
sets of entire functions f, g and their composition. We provide some families of transcendental entire
functions for which Eremenko’s conjecture holds. In addition, we investigate the dynamical properties of the
mapping f(z) =z+ 1+ ¢~
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1 Introduction

Let f be a transcendental entire function. For n € N let f* denote the n-th iterate of f.

The set F(f) = {z € C : {f"},o is normal in some neighborhood of z} is called the Fatou set of f or
the set of normality of f. Its complement J(f) is the Julia set of f. For an introduction to the basic properties of
these sets the reader can refer to [1]. The escaping set of f denoted by I(f) is the collection of those points in
the complex plane that tend to infinity under iteration of f. In general, it is neither an open nor a closed
subset of C and has interesting topological properties. The escaping set of a transcendental entire function
f was studied for the first time by Eremenko [5] who established that

() I(f) #0;

2) J(f) = oI(f);

G) () NJ(f) #0;

(4) I(f) has no bounded components.

In the same paper he stated the following conjectures:

(i) Every component of I(f) is unbounded;
(i) Every point of I(f) can be connected to co by a curve consisting of escaping points.
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For the exponential maps of the form f(z) = e*+ 4 with 4 > — 1, it is known, by Rempe [16], that the
escaping set is a connected subset of the plane, and for 1< — 1, it is the disjoint union of uncountably many
curves to infinity, each of which is connected component of I(f) [17]. In [18], it was shown that every escaping
point of every exponential map can be connected to co by a curve consisting of escaping points.

Recall that w € C is a critical value of a transcendental entire function fif there exist some wy € C with
F(wo) = w and f'(wg) = 0. Here wy is called a critical point of f. The image of a critical point of fis called
critical value of f. Also ¢ € C is an asymptotic value of a transcendental entire function f if there exist a
curve I' tending to infinity such that f(z) — & as z — oo along I'. The set of critical values and asymptotic
values of f will be denoted by CV(f) and AV(f) respectively.

For the Eremenko-Lyubich class

B = {f: C — C transcendental entire : Sing(f~') is bounded}

(where Sing(f ") is the set of critical values and asymptotic values of f and their finite limit points), it is well
known that I(f) is a subset of the Julia set J(f), [6]. Each f € B3 is said to be of bounded type. Also if fand g
are of bounded type, then so is f o g [3], i.e. functions in 5 are closed under taking composition.

A set W is forward invariant under f if f(W) C W and W is backward invariant under f if f~}(W) =
{weC:f(w)e W} C W. Moreover, W is called completely invariant under f if it is both forward and
backward invariant under f. We will be dealing mostly with permutable entire functions where two functions
fand g are called permutable or commuting if fog =gof.

Recently, the dynamics of composite of two or more complex functions have been studied by many
authors. The seminal work in this direction was done by Hinkkanen and Martin [8] related to semigroups of
rational functions. In their papers, they extended the classical theory of the dynamics associated to the
iteration of a rational function of one complex variable to a more general setting of an arbitrary semigroup of
rational functions. Several results were extended to semigroups of transcendental entire functions in
[9-11, 13, 14, 19]. The second author [11] established several classes of transcendental semigroups for
which Eremenko’s conjecture holds.

In this article, we have investigated relationship between escaping sets of two permutable entire func-
tions. To our best knowledge, it has not been studied so far what can be said about relation between escaping
set of entire functions f, g and their compositions. Our aim in this paper is to tackle this problem and
establish several such relationships. We have shown that postsingularly bounded entire functions and
hyperbolic entire functions (to be defined in Section 2) are closed under taking compositions. We provide
families of transcendental entire functions for which Eremenko’s conjecture holds. In addition, we inves-
tigate some dynamical properties of the mapping f(z) = z+ 1 + e *.

2 Results

In this section, we establish several relationship between escaping sets of two permutable entire functions
f, g and their compositions. We first establish an important relation between I(f), I(g) and I(f o g) for two
permutable entire functions f and g.

Theorem 2.1 Let f and g be transcendental entire functions satisfying f og = g o f. Then

(i) I(f o g) is completely invariant under f and g;

(i) I(fog) CI(f)UI(g); o
(iii)  For any two positive integers i and j, I(f' o g') C I(f) UI(g);
(iv)  For any two positive integers i and j, I(f'og/) CI(fog).

Proof

(i) We first show that z € I(f o g) if and only if g(z) € I(gof). Letz € I(f o g). Then (f 0 g)"(z) — o0
as n— oo, ie., f((gof)" 'g(z)) — oo as n — oco. As fis an entire function, this implies that
(gof)" '(g(z)) — oo as n — oo, i.e., g(z) € I(g of). On the other hand, let g(z) € I(g of). Then
(g0f)"(g(z)) = coasn — oo, ie., g((fog)"(z)) — oo as n — co. Again, as g is entire, this forces
(fog)"(z) — oo as n — oo. We deduce that z € I(f o g) which proves the claim. As fog = gof,
we obtain z € I(f o g) if and only if g(z) € I(f o g) which implies I(f o g) is completely invariant
under g, and by symmetry, under f as well.
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(ii) Suppose that z € I(f) and z & I(g). We shall prove that z &€ I(f o g).
Consider the following infinite array of rows where each of row consists of the orbit of {g"(z) :
k € N} under f:

Since z € I(f) and z & I(g), therefore each of the rows in the above array is bounded and hence has a limit

point. We can assume that each of the rows in the above array is actually convergent. Let / be the limit
corresponding to first row, i.e., f*(g(z)) — 1 as n — oo which gives f"(g*(z))) — g(I) as n — ooc.
Proceeding on similar lines, we have f"(g*(z))) — g*~!(I) as n — oo. Let

X ={Lg(0),g()...}.

We have the following cases to consider.
Case 1: I =g(l), ie., | is a fixed point of g, then g¥(l) =[,Vk € N. In particular, we can extract a
subsequence {f"(g"(z)),n € N} which also converges to /, i.e., lim f"(g"(z)) = I(# oo) from which we see

that z & I(f o g).
Case 2: g"(l) = g™(l) for some m € N and j > 1, i.e., g"(l) is a fixed point of g, which in turn implies

lim f"(g"*(2)) = ¢"*/(1)
n—oo
= gm(l)vj >1.
This gives lim f*(g*(z)) = g"(l), ¥V k > m. Therefore, lim f"(g"(z)) = g"(I)(# oc) from which we deduce

n—oo

that z & I(f o g).

Case 3: When X is an infinite set then it has a limit point « (say), i.e., g€ 1(I) — o as k — 0o. We consider
the following two subcases:

Subcase 1: « is finite.

As we have f"(g(z)) — [ as n — oo, so by continuity of g we have lim f"(g*(z)) = g*~!(I). This implies

that klim lim f"(g*(z)) = o Thus, every subsequence will also converge to o, i.e., lim f"(g"(z)) = o so that
n—oo

—00 N—00

zg1(fog)

Subcase 2: « is infinity.

By using similar arguments, we have k]im lim f*(g*(z)) = co. In particular, lim f*(g*(z)) = oo, i.e.,
—00 B—00 n—oo

g"(z) € I(f) which implies that z € I(f), which is a contradiction to our supposition. This completes the
proof of the result.
(i) For i,j € N, assume i >j. Now using previous result we have

I(flog)=1(f7of o)
CIf7)UI(fog)
=1(f)UI(fog)
CIf)Ul(g).

(iv)  Suppose that i >j. Then j+k =i for some k € N. Let z € I(fi o g/), ie., (fiog)"(z) — oo as
n — oo. Suppose that z € I(f o g), i.e., (fog)"(z) — I (say), as n — oo. Consider the following
infinite array of rows where first row consists of the orbit of z under f o g and the successive rows are
the images of this orbit under f*, k € N respectively:
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[(8(2),/2(8%(@); - F(&2), - oS (&), - - . f7 (7 (2)), - --
2 (8(2), 2 (&(2)s - T (R), - o fT(E(2)), - o f T (8 (2)), - -

F(8(@). (&2 R), - T R), - f (8 (2)s - f T (8P (), -

(@), (@), - TG R@), o f G R)), T (Y (2)),

The first row in the above array converges to [. Using continuity of f, second row will converge to f{) and
so on. Let

{Lf(D),...}

be the collection of limit points corresponding to the rows in the above array. Hence has a limit point o
(say).
Case 1: a(# o)
ie., lim () = o. As lim f"(g"(z)) =1, so lim f""~1(g"(z)) = f~'(I). This gives
r—00 n—o0 n—oo
lim lim "7 !(g"(z)) = lim f"~ ()
= a5 00).
Therefore, every subsequence will also converge to o. In particular, lim f(g/(z)) = a(# oo),which is a
contradiction. e
Case 2: o is infinity.
i.e., lim f7~1(I) = co. We deduce that

lim lim /' (g"(z)) = lim £~ (I)
.

In particular, lim f"(g"(z)) = oo, i.e., z € I(f o g) which is a contradiction to our hypothesis.
n—oo

Recall that the postsingular set of an entire function f is defined as

P(f) = (| (sing(r1))).

n>0

Also an entire function fis called postsingularly bounded if the postsingular set P(f) is bounded. The second
author [12], showed that under the assumption that I(f o g) C I(f) UI(g), postsingularly bounded entire
functions are closed under composition. But from Theorem 2.1(ii), we now know that this assumption is no
longer required. For completeness, we reproduce the proof of this result.

Theorem 2.2 [12] Let f and g be permutable transcendental entire functions of bounded type. If f and g are
postsingularly bounded, then so is f o g.

Proof Denote A = Sing(f~"), B = Sing(g~!) and C = Sing(f o g)". It suffices to show that for all w €
C,(f o g)"(w) is bounded as n — oo. Suppose that for some o € C,(f o g)"(2) — 0o as n — oo, i.e., & €
I(fog). As C C AUF(B) [3], therefore, either o € A or o € f(B). Also as I(f o g) C I(f) UI(g), accord-
ingly we have the following four cases:

(i) o€ Aandoacl(f). In this case, we arrive at a contradiction to postsingular set of f being bounded.

(i) o«€Aandocl(g). As g is of bounded type, so I(g) C J(g), and as f o g = g o f, therefore J(f) =
J(g) [10]. We obtain o C ANJ(f). Since « € P(f) and f being postsingularly bounded implies
P(f) C F(f), ie., « € F(f) a contradiction.
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(ili) a€f(B)ando € I(f). As fis of bounded type, I(f) C J(f) and as argued above J(f) = J(g). Also as
B C P(g) C F(g), implies f(B) C f(F(g)). This further implies

f(B)NJ(g) Cf(F(g)NJ(g)

CF(g)nJ(g)
-,

a contradiction.

(ivy o€f(B)and o €l(g). As o € f(B), so a =f(f5) for some € B. Asf(ff) € I(g), so g"(f(ff)) — o0
as n — o0o. Since fand g are permutable, f(g"(f)) — oo as n — oo. As fis an entire function, g"(f})
must tend to oo as n — oo, i.e, § € I(g), a contradiction to postsingular set of g being bounded.

Thus in all the four cases we arrive at a contradiction. Hence f o g is postsingularly bounded. O

Remark 2.3 [12] It can be seen by induction that if g, ..., g, are permutable entire functions of bounded
type which are postsingularly bounded, then so is g o ---0 g,.

In [18] it was shown that if fis an exponential map, that is, f = ¢, 1 € C \ {0}, then all components of I(f)
are unbounded, i.e., Eremenko’s conjecture [5] holds for exponential maps. Furthermore, in [15] it was
shown that if f is an entire function of bounded type for which all singular orbits are bounded (i.e., f is
postsingularly bounded), then each connected component of I(f) is unbounded, providing a partial answer to
a conjecture of Eremenko [5]. Theorem 2.2, in particular, establishes that for a family F of per-
mutable entire functions (i.e., any two members in the family are commuting) of bounded type which are
postsingularly bounded, each connected component of I(f), f € F is unbounded, providing a partial answer
to a conjecture of Eremenko [5].

Recall that an entire function f is called hyperbolic if the postsingular set P(f) is a compact subset of
F(f). For instance, e’?, 0</1<% are examples of hyperbolic entire functions. It follows from result [15,
Theorem 1.1] that if f € B is hyperbolic, then all components of I(f) are unbounded.

The following result shows that hyperbolic entire functions are closed under composition:

Theorem 2.4 Let fand g be hyperbolic entire functions of bounded type satisfyingf og =gof.Thenfog
is hyperbolic.

Proof 1t can be easily seen that

P(rog) < (U@ U e ).

k>0

As fand g are hyperbolic, P(f) and P(g) are compact subsets of F(f) and F(g) respectively. Also as fand g
are permutable entire functions of bounded type we have F(f) = F(g) [10]. As f is of bounded type, for
z € F(f). f"(z) stays bounded as n — oo [6]. It follows that | J, - ,/*(P(g)) is bounded subset of F(f). On

similar lines, [ J,, - o &” (P(f)) is bounded subset of F(f). Therefore, ( Us>of*(P(&) UU,>0 g”’(P(f)))) is

a compact subset of F(f) = F(f o g) [10]. Hence, P(f o g) is a compact subset of F(f o g) and the result gets
established. g

Remark 2.5 1t can be seen by induction that if gy, ..., g, are permutable entire functions of bounded type
which are hyperbolic, then so is g0 --- 0 g,.

Theorem 2.4, in particular, establishes that for a family G of permutable entire functions of bounded type
which are hyperbolic, each connected component of /(g), g € G is unbounded, providing a partial answer to
a conjecture of Eremenko [5].

The following result considers backward invariance of the escaping set under the composite entire
function:

Theorem 2.6 Let f and g be transcendental entire functions satisfying f og = g o f. Then

(1) I(f) and I(g) are backward invariant under f o g;
(2) Ifw I(f) then g(w) & I(f);
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Proof

(1) Suppose w € C such that f o g(w) € I(f). Then f"(f o g(w)) — oo as n — o0, i.e., g(f" ' (w)) — oo
as n — oo. As g is an entire function, this implies that f"*!(w) must tend to oo as n — oo and hence
w € I(f). On similar lines, one can show that /(g) is backward invariant under f o g. This completes
the proof of the result.

(2) If g(w) € I(f), then f"(g(w)) — oo as n — oo, i.e., g(f"(w)) — oo as n — co. As g is an entire
function, this implies f”(w) must tend to oo as n — oo contrary to our assumption and hence proves
the result.

O

3 Some properties of the map f(z) =z+ 1 +¢7¢

In this section we explore some dynamical properties of the map f(z) =z + 1 + e *. Throughout this
section, by f and g we will denote the map f(z) =z+ 1 + e ¢ and g(z) = f(z) + 2=, unless otherwise
mentioned. We show in the next example that in general, for two permutable entire functions fand g (where
f(@)=z+1+€e7%), I(f og) may not be contained in I(f) N 1(g) (However, by Theorem 2.1(ii), we know
that I(f o g) C I(f) UI(g)). The function f appeared first in a paper of Fatou [7]. In this paper, Fatou
discussed the iterative behavior of transcendental entire functions and established some fundamental
properties of the Fatou and Julia sets. He further posed some stimulating fundamental questions about the
topological properties of the Julia set of a transcendental entire function which led to further developments.

Example 3.1 Letf(z) =z+ 1+ e ¢ and g(z) = f(z) + 2mi. It can be easily seen that f o g = gof. F(f)
has a Baker domain containing the right half plane H, = {z € C : R(3) > } and so fis not of bounded type.
Observe that

(fog)"(z) =f*"(2) + 2nmi
and
(gof)" () =f*"(z) + 2nmi

Let Fix(f) denote the fixed point set of f. Then Fix(f) = {z € C:z= (2k+ 1)in,k € Z}. For each z €
Fix(f),z € I(f). Also for z € Fix(f), we have

(f08)"(z) = 2k + 1)in + 2nmi
— oo asn — o

which implies that z € I(f o g). Moreover, as g"(z) = f"(z) + 2nmni, we get for z € Fix(f),z € I(g). Hence
I(f o g) LI(f) NI(g).
We now establish some invariance properties of I(f) and I(g) for the pair of commuting functions f(z) =
z+1+e % and g(z) =f(z) + 2mi. Observe that for /,p € N, f satisfies f'(z + 2pni) = f'(z) + 2pmni.
Proposition 3.2  For the pair of commuting functions f(z) = z+ 1 + e * and g(z) = f(z) + 2ni, g(I(f)) C
I(f) and f(I(g)) C 1(g)-
Proof We first show that g(I1(f)) C I(f). To this end, let z € I(f). Then for n € N

1"(8(2)) =f"(f(2) + 2mi)

:fn+l(z) + 27
— ooasn — oo

which implies g(z) € I(f) and hence the result. We now show that f(I(g)) C I(g). Let w € I(g). Consider
for k e N

gi(f(w)) =1(g"(w))
= g(g"(wk)) — 2mi
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which implies f(w) € I(g) and hence the result. O

Remark 3.3 Using Theorem 2.6(ii) we get I(f) is completely invariant under g and /(g) is completely
invariant under f. Also for each transcendental entire function #, I(h) is completely invariant under & we get
that I(f) is completely invariant under f o g. On similar lines, I(g) is completely invariant under f o g.

An immediate consequence of Proposition 3.2 is

Corollary 3.4 Let f and g be as in Proposition 3.2. Then g(I(f)) C I(f) and f(I(g)) C I(g).

It is not true in general that for an entire function 4 if F(h) NAV(h) = 0, then all components of F(h) are
bounded. The entire function f(z) = z + 1 4 e~ ¢ serves as an example for which F(f) is disjoint from the set
of asymptotic values AV(f), but all components of F(f) are unbounded. In fact, from Example 3.1, F(f) has a
Baker domain containing the right half plane 7,. Observe that the critical values of f is the set CV(f) =
{2 + 2kni : k € Z} so that Sing(f~") is unbounded.

Recently [4, Theorem 1.2] a characterization was given for boundedness of Fatou components of a
hyperbolic entire function of bounded type.

Theorem 3.5 [4, Theorem 1.2] Let h be a hyperbolic entire function of bounded type. Then the following
are equivalent:

(i) every component of F(h) is bounded;
(i) h has no asymptotic values and every component of F(/) contains at most finitely many critical points.

The entire functions f and g serves as an example of a pair of commuting functions which satisfies
Fix(f) N 1(g) # 0 where Fix(f) denotes fixed point set of f. As computed in Example 3.1, Fix(f) = {z €
C:z=(2k+ 1)in, k € Z}. We assert that Fix(f) C I(g). To this end, let z € Fix(f). Then z = (2m + 1)ixn
for some m € Z. Consider

8"(z) = f"(2) + 2nmi
= (2m + 1)in + 2nmni
—ooasn — oo

so that z € I(g) which proves the assertion and hence the result.

It can be easily seen that for an entire function h, int(I(h)) C F(h) where in#(S) denotes interior of a
subset S of a topological space X. For obvious reasons, if an entire function % is of bounded type then
int(I(h)) = (. However, if h ¢ B then in#(I(h)) can be non empty. Consider f(z) = z+ 1 + e *. As observed
in Example 3.1, F(f) has a Baker domain containing the right half plane H,. In particular, H, C I(f) and
hence int(I(f)) # (0. This fact was also observed in [5].

Recall that the order of a transcendental entire function /4 is defined as

. loglogM(r, h
pn = h?l sup g]igr()
where
M(r,h) = max{|h(z)| : |z| < r}.
For an entire function of finite order the number of critical values and asymptotic values are related. This is

expressed in the following result

Lemma 3.6 [2, Corollary 3] If an entire function h of finite order p, has only finitely many critical values,
then it has at most 2p asymptotic values.

However, the function f(z) = z+ 1 + ¢ ¢ serves as an example of an entire function of finite order viz. 1
having infinitely many critical values (as computed before CV(f) = {2+ 2kni: k € Z}) but no finite
asymptotic value (or at most 2 asymptotic value), so that the conclusion of Lemma 3.6 still holds for an
entire function of finite order having infinitely many critical values.
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