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Abstract In the present work, lattice paths of Agarwal and Bressoud are modified by introducing backward
horizontal step. These paths starting at (0, 0) with the modified terminology correspond to n—color com-
positions. Recurrence relations for a number of restricted n—color composition functions are proved using
the lattice paths with these modifications.
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1 Introduction

Burge’s ([5, 6]) idea of connecting the various combinatorial interpretations of multiple summation in
generalized Rogers-Ramanujan identities led to the developement of a new combinatorial tool known as
lattice paths. These paths with the following terminology have been used to interpret a number of multiple
summation g-series identities ([3, 4]):

Definition 1 Paths of finite length which lie in the first quadrant, begin on the y-axis and terminate on the
x-axis with the following steps are considered:

North-East(NE): from (i, j) to (i + 1,j + 1).

South-East(SE): from (i, j) to (i + 1,j — 1), allowed for j > 0 only.

Horizontal(H): from (i, 0) to (i + 1,0).

The following terminology arises with these paths:

Peak: a vertex which is preceded by a north-east step and followed by a south-east step.

Valley: a vertex which is preceded by a south-east step and followed by a north-east step.
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Mountain: a section of path that begin on the x-axis or y-axis and ends on the x-axis but does not contain a
point (x, 0) other than the end points.

Range: a section of path that starts either on the y-axis or at a vertex preceded by a horizontal step and
terminates at the end of the path or at a vertex followed by a horizontal step but contains no horizontal step
in between.

Plain: a section of path that comprising of only horizontal steps, starting either on the y-axis or at a vertex
preceded by a south-east step and ending at a vertex followed by a north-east step.

The Height of a vertex is its y-coordinate. The Weight of a vertex is its x-coordinate. The Weight of a path
is the sum of the weights of its peaks.

Agarwal and Bressoud [3], also presented the connection of these lattice paths with the (n + t)—color
partitions [2], where an (n + 7)—color partition is defined as follows:

Definition 2 An (n + t)—color partition, >0 (also called a partition with “(n + ) copies of n”), is a
partition in which a part of size n, n >0, can occur in (n + t) different colors denoted by ny,n,, - -+, 1,4,
Note that zeros are permitted, if and only if ¢ > 0, but zeros cannot repeat and the weighted difference of
two parts (a;),, and (g;),(a; > a)) in an (n+t)-color partition (a1),, + (a2),, + -+ (), such that

(a1)p, <(a2),, < -+ <(ax)y,, is a; — b; — a; — b; and denoted by (((a:),, — (“j)bj))-

They encoded each lattice path with the sequence of weights of peaks subscripted by the height of respective
peak. In this way, the path shown in Fig. 1 corresponds to the sequence (11,4,,73,13,,174).

It is obvious that the paths starting at (0, 0) correspond to restricted n—color partitions. These paths
correspond to only those n—color partitions for which the weighted difference between any two consecutive
parts cannot be odd negative and if weighted difference between two parts is even negative it corresponds to
a valley above height zero. Also, it is clear that no weight can repeat in such lattice paths. Thus if we
consider an n—color partition where parts repeat, then such n—color partition does not correspond to a lattice
path with the existing terminology. We propose the following modifications in the existing terminology of
the lattice paths by introducing backward horizontal step:

Here, we will be considering only those paths which have no valley above height zero.

Backward Horizontal Step: from (i, 0) to (i — 1,0), allowed for i > 0 only.

Now, a plain can be of the following two types:

Forward Plain: Same as the plain described earlier.

Backward Plain: a section of path that consists of only backward horizontal steps, starts at a vertex
preceded by a south-east step and terminates at a vertex followed by a north-east step. It will be considered
as a plain of negative length.

Since backward horizontal steps are allowed, so now a weight can also repeat and a peak with lower
weight can occur later while tracing the path. For example, the path of Fig. 2 corresponds to the sequence of
peaks (]1,41, 32, 51)

Thus, it is not possible to describe these paths completely just by drawing the figure. So we will label
each path with the sequence of steps taken to draw the path. We will denote each step with a Greek letter as
follows:

North-East- o, South-East- 3, Forward Horizontal- y, Backward Horizontal-o.

Thus, the sequence of steps for path of Fig. 2 is afyafddodaaffoof. It is very interesting to note here
that the paths starting at (0, 0) with this modified terminology correspond to n—color compositions intro-
duced by Agarwal in [1].

Definition 3 An n—color composition is a n—color ordered partition. For example, there are eight n—color
compositions of 3 given by

Fig. 1 lattice path corresponding to (11,42, 73,13,,174)
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Fig. 2 lattice path corresponding to (11,4,32,51)

31, 32, 33, 211, 2214, 1124, 1129, 141415,

The n—color composition function C(v) (the number of n—color compositions of v) satisfies the following
initial conditions and recurrence relation:

C(1)=1,C(2) =3,C(v) =3C(v—1) = C(v—2),v > 2. (1)

In [12], n—color self-inverse compositions are defined and recurrence relations as well as generating
functions for certain restricted n—color self-inverse composition functions are obtained.

Definition 4 An n—color composition whose parts read from left to right are identical with when read from
right to left is known as n—color self-inverse composition.

Later, Guo ([8, 10]) defined following restricted n—color composition functions:

C.(v)=number of n—color compositions of v with all the parts even,

C,(v)=number of n—color compositions of v with all the parts odd,

C1 (v)=number of n—color compositions of v with parts > 1.

She also obtained recurrence relations, generating functions and explicit formulae for all the above
functions. Continuing with the same, she defined n—color even self-inverse compositions and n—color odd
self-inverse compositions ([9, 11]).

Definition 5 An n—color even(odd) composition whose parts read from left to right are identical with when
read from right to left is known as n—color even(odd) self-inverse composition.

Recently in [15], Sachdeva and Agarwal have also studied a number of restricted n—color composition
functions.

In the subsequent sections, we will discuss in detail how lattice paths with this modified terminology can
be used as an interesting combinatorial tool to prove various results discussed in previous texts on n—color
compositions. Note that Narang and Agarwal [13], have also given lattice paths for n—color compositions
but those paths are not easy to visualize.

2 Lattice Paths and n—Color Composition Function
In this section, first of all we provide a new proof, using the paths described in this paper as a combinatorial
tool, for the recurrence relation satisfied by n—color composition function C(v).

Theorem 1 The number of n—color compositions of v satisfies the following initial conditions and
recurrence relation:
C(1)=1,C12)=3and C(v)=3C(v—1) = C(v—2) forv > 2.

Proof The only possible lattice path of weight 1 is shown in Fig. 3 and the three possible lattice paths of
weight 2 are shown in Fig. 4.

op

Fig. 3 lattice path for v =1
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aof3
afddaB yoB

Fig. 4 lattice paths for v =2

To prove the recurrence relation split the set of n—color compositions of v, v > 2, in three classes and
perform the following operations:

(i) If the last part is 1;, then delete this part.
(i)  If the last part is of the form m;, m # i, then replace it with (m — 1),.
(iii)  If the last part is of the form ki, k > 1, then replace it with (k —1),_,.

In terms of lattice paths, to perform operation (i) we simply delete the last peak at (1, 1) and backward
horizontal steps preceding it. An example is shown in Fig. 5. Thus we get all the paths corresponding to n—
color compositions enumerated by C(v — 1). To perform the reverse operation first introduce backward
horizontal steps so as to reach (0, 0) and then construct a peak at (1, 1) and we get path

corresponding to an n—color composition of v with the last peak at (1, 1).

To perform operation (ii), we need to decrease the weight of last peak by 1. Following possibilities arise
for a path:

(a) If there are some forward horizontal steps in front of the last peak then remove one of these steps as
shown in Fig. 6. It will decrease the weight of last peak by 1.

(b) If there are some backward horizontal steps preceding the last peak then increase the number of
backward horizontal steps by 1 as shown in Fig. 7.

(c) If there are no horizontal steps preceding the last peak then introduce a backward horizontal step. An
example is shown in Fig. 8.

In all these cases, the length of plain in front of the last peak decreases by 1. Thus, all the paths corresponding
to n—color compositions of v — 1 are obtained. Reverse operations can also be easily performed. So, these
paths correspond to the compositions enumerated by C(v — 1).

To perform operation (iii), simply decrease the height of the last peak by 1 and we obtain all the paths
corresponding to those n—color compositions of v — 1 which have last part of the form k;. These are
enumerated by C(v — 1) — C(v — 2). Reverse operation can be performed by increasing the height of the
peak. O

Theorem 2 [9] The number of n—color even compositions of v denoted by C,(v) satisfies the following

initial conditions and recurrence relation:
C.(2)=2,C.(4) =8 and C,(v) =4C,(v—2) — C.(v — 4) for v > 4.

Theorem 3 [10] The number of n—color odd compositions of v denoted by C,(v) satisfies the following
initial conditions and recurrence relation:

C(1)=1,06,2)=1,C,(3) =4,C,(4) =7

and C,(v) = Co(v — 1) +2C,(v —2) + C,(v — 3) — C,(v — 4) for v > 4.

Theorem 4 [10] The number of n—color compositions of v with parts > 1 denoted by C(v) satisfies the
Sfollowing initial conditions and recurrence relation:
C7é1<2) = 2, C#l(S) = 3, C¢1(4) =8 and

aaPafdd5885ap aafpaf

Fig. 5 lattice path transformation of 2,5;1; to 2,5;
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aofBaByaf aofpoBof

Fig. 6 lattice path transformation of 2,5,8; to 2,5,7;

apaoafPddaoRoddaB apoaofBdSaafPodsdap

AL 2N XN

Fig. 7 lattice path transformation of 1,4,6,6; to 1,4,6,5;

aoBRodaofBacaBBR aaBBddaofBdocoBR

Fig. 8 lattice path transformation of 2,4,93 to 2,4,83

C#](V) = 2C¢1(V — 1) + C¢1(V — 2) — C#](V — 3) forv >4,

The combinatorial proofs, by splitting the relevant set of composition into certain classes, for Theorems 2-4
are available in [9] and [10]. The proofs by using lattice paths can be developed in a similar manner as in
Theorem 1. So, we are omitting the proofs here.

3 Lattice Paths and n—Color Self-inverse Compositions

Theorem 5 [12] If a,, b,, ¢y, d, denote the number of n—color self-inverse compositions of 2v + 1, 2v into
an even number of parts, 2v into an odd number of parts and 2v respectively, then the following results hold:

(1) ap=1,a =4 and a, = 3a,_1 — a,_, for v>2,
2) by=1,b,=3and b, =3b,_1 — b,_, for v > 2,
B3 ¢1=2,¢co=6and ¢, =3¢,_; —cy_p for v>2,
@4 d=3,dy=9andd, =3d,_ —d,_, forv > 2.

Proof (1) The lattice paths corresponding to n—color self-inverse compositions of 1 and 3 can be easily
constructed. Divide the n—color compositions enumerated by a, (v > 2) into three classes and perform the
following operations which are reversible:

(i) Compositions with 1; as its first and last part. Here, deleting both these parts we get compositions
enumerated by a,_;.
(i)) Compositions with a single part m;, m — i >?2 or with m;, m # i as the first and last part in case of
more than one parts. In this case, by replacing the single part with (m — 2), and for more than one
parts replacing both the first and last part by (m — 1), we get the compositions enumerated by a,_;.
(iii)) Compositions with a single part m;, m — i < 1 or with the first and last part m;, m = i, i > 1 for more
than one parts. In the former case, replace the single part with (m — 2),_, and in the later case replace
both the first and last part with (m — 1),_,. Thus the transformed compositions are enumerated by
a,— with the proviso that in case of single part m;, m — i < 1 and in case of more than one parts the
first and last part m; is such that m = i. So all the transformed compositions are enumerated by
ay_1 — ay_2.

Now we explain how the above said operations are performed in terms of lattice paths. To perform the
operation (i), delete the last peak at (1,1) and remove the backward horizontal steps, if any, preceding this
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peak. Also, delete the first peak at (1,1) and increase the length of plain preceding the second peak by 2. An
example is shown in Fig. 9.

To perform operation (ii), decrease the length of the plains preceding the first and last peak by 1 and
increase the length of plain preceding the second peak by 1. Thus it will not change the weight of remaining
peaks. In case of a single peak, decrease the length of plain preceding the peak by 2. Fig. 10 present an
example for transformation of paths in this case.

For performing operation (iii) in case of paths with more than one peak, decrease the height of both the
first and last peaks by 1 and increase the length of plain preceding the second peak by 2. And, in case of
single peak decrease the height of the peak by 2. For example, refer to Fig. 11.

Hence the proof. Remaining parts of the theorem have similar proofs, and so are omitted. O

Guo ([9, 11]) has given combinatorial proofs for the following recurrence relations satisfied by n—color even
self-inverse compositions and n—color odd self-inverse compositions respectively.

Theorem 6 Let s, and r, denote the number of n—color even self-inverse compositions of 4v + 2 and 4v
respectively. Then

(i) so=2,s;=10and s, = 4s,_; — s, for v > 1,
i) r=6,rn=24and r, =4r,_y —r,_, for v> 2.
Theorem 7 Let t, and u, denote the number of n—color odd self-inverse compositions of 2v + 1 and 2v

respectively. Then

G tw=1,t=4,6=9,t35=19andt, =11 +2t, o +t,_3 — t,_4 for v > 3,
) wm=1lLw=1Lus=4,us=7and u, =u,_1 +2u,_» +u,_ 3 —u, 4 forv>4.

Proofs of Theorems 6 and 7 are similar to the proof of Theorem 5, readers can easily construct these proofs.

4 Restricted n—Color Composition Functions of Sachdeva and Agarwal

In [15], Sachdeva and Agarwal introduced the following new restricted n—color composition functions:

Ci(v) = Number of n—color compositions of v into parts with odd subscripts.

C,(v) = Number of n—color compositions of v into parts with odd subscripts > 1.

C3;(v) = Number of n—color compositions of v into parts with even subscripts.

C4(v) = Number of n—color compositions of v such that all even parts but odd parts with even subscripts

only are allowed.
(v) Number of n—color compositions of v such that all even parts but odd parts with odd subscripts
only are allowed.
(v) = Number of n—color compositions of v such that all odd parts but even parts with even subscripts
only are allowed.
C;(v) = Number of n—color compositions of v such that even parts with even subscripts and odd parts with
odd subscripts only are allowed.
(v)
()

Cs(v) = Number of n—color compositions of v such that even parts with even subscripts and odd parts with
odd subscripts > 1 are allowed.
Cy(v) = Number of n—color compositions of v such that all odd parts but even parts with odd subscripts

only are allowed.

They presented explicit formulae, generating functions and recurrence relations for each of these
functions. They remarked that all these results can be proved using standard techniques of partition theory.

afoPSaafPodd550 683503 yyoBoaofBosddd0

Fig. 9 lattice path transformation of 1,3;5,3;1; to 3;5,3;
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yoBooBPEEESSSAB ayaoPPESSEE85aB

Fig. 10 lattice path transformation of 2,5,2; to 1,51,

a3 BSaaBPS535333aaB afyoo3 33538503

Fig. 11 lattice path transformation of 2,52, to 1;5,1;

Here, we are going to study the following recurrence relations satisfied by these n—color composition
functions:

(v) =2C1(v—=1)+ C1(v—=2) = Cy(v—3),v> 3,
(v) v—1)+Co(v—2),v >3,

Ci(v) =C5(v — 1) +2C5(v — 2) — C3(v — 3)
(v) =4Ca(v =2) + Ca(v =3) = Cu(v — 4)
(v) v—1)+4Cs(v—2) — Cs(v —4),v > 4,
(v) v—1)4+3Cs(v —2) + Ce(v — 3)

Remark 1 Ci(v) = C7(v), Co(v) = Co(v) and C3(v) = Cg(v).

In case of results proved in Section 2 and Section 3, we were already equipped with the combinatorial proofs
of recurrence relations, by splitting classes, from the earlier studies. However, for the n—color composition
functions C;(v) to Cy(v) these proofs are not available. The proofs for the recurrence relations satisfied by
these functions follow essentially in a similar manner as for the functions discussed in Section 2. Therefore,
we just provide the classes in which compositions enumerated by C;(v), 1 <i<9, split and the corre-
sponding enumerator for those classes. We present these in Table 1 and a systematic proof can be written
from there.
Here, we present the proof for the recurrence relation satisfied by C,(v) using lattice paths.

Theorem 8 C,(v) satisfies the following recurrence relation:
CG)=C(v—1)+ C(v=2),v> 3.

Proof For the compositions of class (i), the last part is m3 which means that the last peak is at (m, 3). If
m = 3, then delete this peak and backward horizontal steps preceding it, if any. Also, increase the height of
second-to-last peak by 2. If m > 3, then shift this peak to (m — 1,3) by decreasing the length of plain
preceding this peak by 1. Thus we get all the paths enumerated by C,(v — 1) and the process is easily
reversible.

In case of compositions of class (ii), last part is m;, i > 3, which means that the last peak of the
corresponding paths is at (im, i), i > 3. Decreasing the height of this peak by 2, the peak shifts to (m — 2,i — 2)
and we get all the paths corresponding to the compositions enumerated C,(v — 2). Hence the proof. ]

Rest of the proofs can be developed easily as by now the reader must be familiar with the techniques
employed by the authors.
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Table 1 Classes for C;(v), 1<i<9

Enumerating Function Class Last Part Enumerator
Ci(v), v>3 ) 1 Ci(v—1)

(ii) m, i>1 Ci(v=2)

(iii) my, m> 1 Ci(v=1)=Ci(v=3)
C(v), v>3 @) ms C(v—1)

(ii) m;, i >3 C(v=2)
C(v), v>3 @) 2, C3(v—2)

(ii) mi, i >2 C3(v—2)

(iii) my, m>2 G(v—1)—C5(v—13)
Cy(v), v>4 @) 21 Cy(v—2)

(ii) 2, Cy(v=2)

(111) 32 C4(V — 3)

(iv) mi, m—i> 1 Cy(v—2)

(v) mi, m>3, m—i<l Cy(v—2)—Ca(v—4)
Cs(v), v>4 () 1y Cs(v—1)

(i) 2, Cs(v—2)

(111) 22 Cs(\) - 2)

(>iv) my, m—i>1 Cs(v—2)

) mi, m>2 m—i<l] Cs(v—2)—Cs(v—4)
Co(v), v>4 ) 1 Ce(v—1)

(i) 2 Co(v—2)

(iii) 3, Co(v —3)

(iv) mi, m—i>1 Co(v—2)

W) miy i>2, m—i<1 Colv—2) — Co(v —4)
(:7(\')7 v>4 @) 1 C7(V— 1)

(i) mi, m#i C;(v—1)

(iii) m;, m=1i, m>1 C;(v=2)—Cy(v—13)
Cs(v), v>3 @) 2, Cs(v—2)

(ii) m;, m#i Cs(v—2)

(iii) my, m=1i, m>?2 Cs(v—1)—Cs(v—13)
Co(v), v>4 i) 1 Co(v—1)

(ii) 2, Co(v—2)

(iii) 3, Co(v—3)

(iv) mi, m—i> 1 Co(v—2)

) my, i>2, m—i<l Co(v—2) — Co(v—4)

5 Conclusion

In this paper, we have used lattice paths with backward horizontal steps to provide proofs of a number of
results on n—color compositions. However, it is obvious that with this modified terminology one can draw
lattice corresponding to any (n + t)—color partition. Thus, it is now possible to interpret many mock theta
functions and single summation g-series in terms of these lattice paths. As an example of our claim consider
the summation side of following g—series identity:

o n

8 3 s,
(qqq) - ?q?q)q e (17,158
n=0 \121/2n 14/ o00

It admits the following interpretation using lattice paths with backward horizontal steps:

Theorem 9 Ler P(v) denote the set of paths of weight v starting at (0, 0) such that length of plain between
any two consecutive peaks is even and > — 2. Also, length of plain in front of the first peak is even and
>0. Then

n

g
2 (9:9)2,

n=0

=3 PO
v=0

In [16], authors provided (n 4 t)—color partition-theoretic interpretations of six mock theta functions which
include n—color partitions with repeating parts and hence correspond to lattice paths with backward steps.
We have submitted this work in a separate manuscript [14].
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