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Abstract In this paper, we present some new results on the existence of solutions of generalized variational
inequalities for set-valued mappings in reflexive Banach spaces with Fréchet differentiable norms. More-
over, the structure of the solution sets is investigated. The result obtained in this paper improves and extends
the ones announced by Fang and Peterson [S. C. Fang and E. L. Peterson, Generalized Variational
Inequalities, J. Optim. Theory Appl., 38 (1982), 363-383] and others.
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1 Introduction and Preliminaries

Variational inequalities were initially introduced to deal with partial differential equations stimulated from
mechanics (see, e.g. [7]). They have been applied intensively to various fields such as mechanics, game
theory, optimization, economics, efc. (see, e.g. [2, 3, 8—11, 13—15] and references therein). In the last five
decades, inspired by celebrated Hartman-Stampacchia theorem (see [7, 9]), solution existence of variational
inequalities, generalized variational inequalities and other related problems has become a basis research
topic which continues to attract attentions of researchers in applied mathematics. Yu and Yang [16] proved
some existence theorems of solutions for generalized variational inequality problems with upper-semi-
continuous set-valued mappings over unbounded closed convex subsets with compact contractible valued in
finite-dimensional spaces. Junlouchai and Plubtieng [8] extended Yu and Yang’s results to real reflexive
Banach space with a Fréchet differentiable norm. In [6], some results on the existence of solutions for
generalized variational inequalities in R" for monotone operators, maximal monotone operators were
established by Fang and Peterson. In this paper, motivated and inspired by their work, we will present the
existence of solutions of generalized variational inequalities for set-valued mappings in a real reflexive
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Banach space with a Fréchet differentiable norm. Moreover, we will give some conclusions about the
structure of the solution sets.

Let X be a real Banach space with the dual space X*, K be a subset in X. We denote by (w*, u) the dual
pair between w* € X* and u € X. Let T : K — 2% be a set-valued mapping. The generalized variational
inequality problem, denoted by GVI(K, T), is to find vectors X € K, and x* € T(X) such that

(x',y—%)>0,VyeKk.

Then X is called a solution of GVI(K, T). Denote by SOL(K, T) the solution set of GVI(K, T).
A mapping T is called upper-semicontinuous at x’ € X if for every open subset N containing T'(x°) there
exists an open neighborhood M of x° such that T(x) C N for each x € M. T is called upper-semicontinuous

on K if it is upper-semicontinuous at every x° € K.
We denote by G(T) the graph G(T) of T. We say that T C Ty if G(T) C G(T;). We say that

(i) T is pseudomonotone on K if from (x*, y —x) >0, it follows that (y*, y—x) >0 for every
xy €K x"eT(x),y €T(y);

(ii) T is monotone on K if for every x,y € K and x* € T(x),y* € T(y), we have (y* —x*, y —x) >0;

(iii) T is strictly monotone on K if for every x,y € K,x#y and x* € T(x),y* € T(y), we have
O =", y—x) >0

(iv) T is strongly monotone on K if there exists a number o > 0 such that for every x,y € K and
x* € T(x),y* € T(y), we have (y* —x*, y — x) >allx — y||*;

(v) T is maximal monotone on K if 7 is monotone on K and for each mapping 7; such that T C T}, we
have T =T;.

A cone in X is nonempty subset K C X such that zx € K for all >0 and x € K. A cone K is called pointed if
KN (-K) = {0}.

A subset is said to be solid if its interior is nonempty. The notations int(K), 0K mean the interior and the
boundary of K, respectively. A subset K C X is said to be contractible if there exist a x° € K and a
continuous function g : K x [0, 1] — K such that g(x,0) = x and g(x, 1) = x° for all x € K. Note that if K is
convex then K is contractible.

Now we recall some previous results which we will use in this paper.

Lemma 1.1 (see [8]) Let X, Y be two metric spaces and T : X — 2Y be a set-valued mapping. Given any
x € X, if T(x) is compact and T is upper-semicontinuous at x then for every sequence {x,} converging to x,
every sequence u;, € T(x,) must have a cluster point u* € T(x).

Proposition 1.2 (see [1]) Let X, Y be two Hausdorff topological vector spaces and T : X — 2¥ be an
upper-semicontinuous map with nonempty compact values. If X is a compact space then T(X) is compact.

Lemma 1.3 (see [4]) Let X be a real reflexive Banach space and T : X — 2X° be a maximal monotone
map. Then

(i) Foreach u € X,T(u) is a closed convex subset in X* ;
() If {ur}, {w} are two sequences in X and X* respectively, such that w, — u, vy € T(u) and vy — v,
then v € T(u).

Lemma 1.4 (see [4]) Let X be a real reflexive Banach space and T : X — 2% be a maximal monotone map.
If {ur}, {vi} are two sequences in X and X*, respectively, such that w, — 4, vy € T(uy) and vy — v, then
v e T@m).
Theorem 1.5 (see [6]) (Hartman-Stampacchia, Saigal) Suppose that

(1) K is a nonempty, compact, convex subset in R";

(i) T:K — 2% is an upper-semicontinuous;

(iii) T(x) is a nonempty, compact and contractible set in R" for each x € K.Then GVI K, T) has a
solution.

Theorem 1.6 (sce [8]) Let X be a real reflexive Banach space with a Frechet differentiable norm. Suppose
that
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98 N. Q. Nga

(1) K is a nonempty, compact, convex subset in X;

() T :K — 2% is an upper-semicontinuous;
(iii))  T(x) is a nonempty, closed and contractible subset in X* for each x € K;
(v) T(K)= UT(x) is compact in X*. Then GVI (K, T) has a solution.

xeK
We denote K* = {2" € X*: (A",x) >0 for all x € K}. The following theorem gives the property of
interior points of K*.

Theorem 1.7 (see [5]) Let X be a locally convex Hausdorff topological vector space and K be a pointed
cone. Then A€ int (K*) if and only if K(1',r) is bounded for all r>0, where
KA r)={xeK: (1,x)<r}.

2 Main Results

Theorem 2.1 Let X be a real reflexive Banach space and K be a nonempty subset in X. For a given
maximal monotone map T : K — 2% on K, putting

S={(x,y")eKxX" :y"€T(x) and (y*,z—x)>0, Vz€ K}.
Then

(i) if K is convex then S is also convex.

(i1) if K is closed then S is also closed.
(i)  if K is compact and T(K) is weakly compact then S is compact.
(iv) if K is weakly compact and T(K) is compact then S is compact.

Proof (i) If S = () or S contains only one point then it is obviously true. Therefore we can suppose that
S#0 and (x1,y}), (x2,¥5) €S. Let 4,4, €[0,1] such that 4, +4, =1. Since K is convex,
J1xi + Zox, € K. For every z € K we have ( yj,z—x;) >0 and ( yj,z — x2) > 0. Hence by monotonicity of
T, we have

(Myy + A2y, 2 — (Aix1 + Aoxa)) = (Aiy] + Aoys, Ai(z — x1) + Aoz — x2))
> a2 (52— x1) + 02— x2)
> dila(y] = ¥3,%1 — X2)
>0.

Now we prove that 4y} + 5 € T(41x1 + A2x2). We consider the map 7' defined by

Ti(x):=Tx) U {y €X :3(x1,5}), (x2,¥5) €S and 1,4, >0,

A+ 4 =1 such that x = Ajx; + Axxo, v = /hyf + }uzy;}

for each x € K. Obviously, T CT,. Now we prove 7; is monotone. Let x;,x; € K and
¥i € Ti(x1),y5 € Ti(x2).

Case 1: If yj € T(x;) and y} € T(x,), the monotonicity of T implies that ( yi — y; ,x1 —x2) >0.

Case 2: If yfeT(x)) and xp = Aiu+ Aov, y5 = lu* + Apv* , for (w,u*),(v,v*) in S and
A,722>0,41 + 4, = 1, from the monotonicity of 7 and yj € T(x;),u* € T(u),v* € T(v), we have

@ Springer



Generalized variational inequalities for maximal... 99

(y2 =1 sx2—x1) =( A’
+ v =y A+ v — xp)
=( A —y) + 20" =) A —x)
+ (v —x1))
:i%<u*—y’l‘7u—x1>
+ﬂé<v*—y’l‘,v—x1>
+)»1)v2[( u' —yp,v
—x1) + (v =y u—xr)]
:Al[/h(u —)’1au—xl>
+ 2oV =y u—x1))
2[12 v —y1 ,V —X1)
= yi v —xi)]
zm[(l—lz)(u*—y*f,u—xl)
+ 2V =y u— )]
+)»2[1—/11 Vi— YL,y —X)
e —yl,v—xl)]
=M[<u =¥ u—x1)
(U = v u—xp)]
—&-)»2[
—
=h{u —

yl vV _-xl>
Vi—ut v —xp)]
y] ,u _-xl>
+ (Vv =y ,v—x1)
— A [( w = u—x)
+ (v —u* v —xy)]
> = id{ut =V ju—v).
Since (u,u*),(v,v*) € S, we have (u* ,v—u)>0 and (v*,u —v) >0. Therefore, ( u* —v* ,u —v) <O0.
On the other hand, since T is monotone, { u* —v* ,u —v) >0. Thus, (u* —v* ,u —v) =0 and hence
(¥5 =1 % —x1) >0.
Case 3: If y;€T(x) and x;=Adiu+ Ay, yj =Alu'+Apv* for (u,u*),(v,v*) €S and
A1,%2>0, 41 + 22 = 1, then by similar arguments as in Case 2 we also obtain { y; — y} ,x, —x;) >0.
Case 4: If x; = Ljuy + Aovy, yT = }1MT + /A{QVT for (ul,u’l‘), (V],VT) e€Sand A4,4,>0,4; + 4, =1, and
Xy = i + [pv2, V3 = s + ppv3 for (uz,u3), (v2,v3) € S and py, gy 20, iy + pp = 1, then
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100 N. Q. Nga

(¥ = y1, X2 — x1) ZM%W;»M) + M%("Z»"Z)
+ 25 (], w) + A5 (vi, )

+ (Vi) + Ada (e, vi) + (), )]
= 145 (u3, u2) + 15 (vy, v2)
+i%<“T7M1> +i§<v*{,v1>

+ :“1:“2[ V;,Vz>]

- /lllul [ <M;7 u2>]

- ;“1/12[ ulvul <V;, V2>] - }“2#1 [(”37 u2>
+ (v, v)]

— Japp[(v3, v2)

+ (i) 4 e [(uy, wr) + (v, vr)]
= (4] — Ay — Ay + M) (uf, )

ity — Ay — Aapy) (U5, )

ity — Aty — Jafty) (V3 v2)

— oty — oty + 2122) (v, vi)
M+ 22) = A (4 )] (uy, ur)

_l’_
_l’_
+

z

(3
(5
(43
(

—

+ [ (g + 1) = 1y (A1 + 22) [ (w3, )
+ [ (tr + 12) = 1 (21 + 22) [ (v3,v2)
+ [i ()L] + /Lz) — )Q(,U] + ,UQ)] <VT,V1>

o

Therefore 7; is monotone. The maximal monotonicity of 7 implies that 7 =7, and
21y + A2ys € T(A1x1 + Z2x2). Hence S is convex.

(if) In this part we prove that S is closed. Let (x,,y}) € S and (x,,y;) — (x,y). Since (x,,y;) € S, we have
x, €K,yt € T(x,) and (y},z—x,) >0 for all z€ K. By the maximal monotonicity of 7 and
Xy — X,y5 — y*,¥% € T(x,) and using Lemma 1.3, we imply y* € T(x). Because (y! ,z— x,) >0 for all
z€ K and x, — x,y: — y* we obtain (y* ,z —x) >0 for z € K. Since K is closed, x € K. Thus, (x,y*) € S
and hence S is closed.

(iif) Let (x,,y;) be an arbitrary sequence in S. Then x, € K and y;, € T(x,) C T(K) and (y} ,z —x,) >0
for all z € K. Since K is compact and 7(K) is weakly compact, there exists a sequence (x,,y)) such that x,
converges to x € K, and y: weakly converges to y* € T(K). By using similar arguments as in (i) and using
Lemma 1.3 we obtain the desired conclusion.

(iv) By using similar arguments as in (iii) and using Lemma 1.4 we obtain the desired conclusion. [

From now on we assume that X is a real reflexive Banach space with a Frechet differentiable norm.
The following lemma extends the theorem of Hartman- Stampachia, Saigal for real reflexive Banach
spaces with Frechet differentiable norms.

Lemma 2.2  Suppose that

(i) K is a nonempty compact convex subset in X;
(i) T :K — 2% is upper-semicontinuous;
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(i)  T(x) is a nonempty compact contractible subset in X* for each x € K. Then SOL (K, T) is nonempty
and compact.

Proof By Proposition 1.2, T(K) is compact. By Theorem 1.6, SOL(K, T) is nonempty. Assume that {x,} is
a sequence in SOL(K, T) and x, — x. Since {x,} € SOL(K, T) there exist u; € T(x,) such that
(u ,y —x,) >0 for all y € K. Because 7(x) is compact and T is upper-semicontinuous at x, by Lemma 1.1
the sequence {u,’;} has a cluster point u* € T(x). Without loss of generality we can assume that
ui — u* € T(x). From (u, ,y —x,) >0 for all y € K we imply that (u* ,y —x) >0 for all y € K. Thus x €
SOL(K, T) and hence SOL(K, T) is closed. Because SOL(K,T) C K and K is compact we can conclude that
SOL(K, T) is compact. [

We note that Lemma 2.2 has stronger conclusion than the conclusion of Theorem 1.6. Namely, we can
conclude about the structure of the solution set.

Lemma 2.3 Let K be a nonempty convex subset in X and C be a solid convex subset in X. Assume that
there exist xX° € K Nint(C) and y* € X* such that (y* ,x — x°) >0 for all x € K N CThen (y* ,x —x°) >0
for all x € K.

Proof For each x € K there exists a small enough number s >0 such that z = (1 —s)x’ +sx € KN C.
Thus, (y*,z — x°) > 0. Therefore, (y*,x —x°) >0. O

Theorem 2.4 Let K be a nonempty convex subset in X and T : K — 2X° . Suppose that there exists a solid
convex subset C in X such that

(i) K NC is nonempty and compact;
Gy T IS upper-semicontinuous;
(i) T(%)'Ss a nonempty compact contractible subset for each x € K N C;
(iv)  For each x € K NOC there exists x° € K Nint(C) such that 0 < (y*,x — x°) for all y* € T(x).

Then SOL(K,T) N C is nonempty and compact.

Proof By Lemma 2.2, SOL(K N C,T) is nonempty. Let ¥ € SOL(K N C,T). Then X € KN C and there
exists y* € T(X) such that

(x =% 20 (2.1)

forallx e KNC.

From X € KN C it follows that either x € KNOC or ¥ € K Nint(C). If X € K Nint(C), then putting
xo = ¥ in Lemma 2.3, we can conclude that (y*,x —X) >0 for all x € K. Therefore, x € SOL(K,T) N C and
hence SOL(K,T) N C is nonempty. If ¥ € K N 0C, then by assumption (iv) there exists x* € K N int(C) such
that

(", x—x%)>0. (2.2)
From (2.1) and (2.2) we imply that (y*,x — x%) >0 for all x € K N C. Again by Lemma 2.3, we obtain

" x=2") >0 (2.3)
for all x € K. Because x° € K N C, from (2.1) it follows that

(*, 2" —x)>0. (2.4)

From (2.3) and (24) we get (y*,x—X)>0 for all x€ K. Thus, ¥ € SOL(K,T)NC and hence
SOL(K,T) N C is nonempty.

By using the same arguments as in the the proof of Lemma 2.2, we can conclude that SOL(K,T) N C is
compact. []

Put
Bo={xexX: | <r} ¢ = {xex: | =r}

For arbitrary nonempty subset K in X, put
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102 N. Q. Nga

BK) = {r>0:KnB,#0},C(K) = {r>0:KnC £0}.

For a given nonempty convex subset K in X and a set-valued mapping with nonempty values T : K — 2%,
we define a function Cr(r,x%) as follows:

Cr: (B(K)\{0}) x X — RU{—oc},
Cr(r,x") = xeiI?rfc, (ﬁig;f(ﬂ(z*,x —x0>/(r + |\x0||))7 re C(K)
0, r € B(K)\C(K).

Theorem 2.5 Suppose that

(i) K is a nonempty convex closed subset in X such that every weakly convergent sequence in K strongly
convergent, T : K — 2X" is upper-semicontinuous and T(x) is a nonempty compact contractible subset
for every x € K

(ii) There exist r > 0 and x° € KN int (B,) such that 0< Cr(r,x°).

Then, for each given element ¢* € X* satisfying ||g*|| < Cr(r,x°), the solution set SOL(K, T + ¢*) N B, is

nonempty and compact, where

(T+q)x)={+q": 7 €T(x)}.

Proof Because x° € KNint(B,) we get x° € KN B,. Thus, K N B, is nonempty. Since K N B, convex
closed, it must be weakly closed. From X is reflexive Banach space, it follows that B, is weakly compact.
Therefore, K N B, is weakly compact. By assumption (i) every weakly convergent sequence in K strongly
convergent, it follows that K N B, is compact. Let x € K N C, and y* = z* + ¢*, where z* € T(x). Then
Ot x =2 = x =20 4 (gF, x — x°)

> (r + X[ Cr(r, x%) = [lg"[[[]x —°]]

> (r + [N Cr(r,2%) = (2l + (1K1l 1g"
(r
0.

+ KN (Cr(r,2") = llg'[])

v

By Theorem 2.4, SOL(K,T + ¢*) N B, is nonempty compact. [
Theorem 2.6 Suppose that the condition (i) in Theorem 2.5 is satisfied. Moreover, suppose that
(ii’)  There exist r > 0 and x° € KN int (B,) such that
0<p:= ri/l;frCT(r’,xo).

Then for each given element q* € X*, satisfying ||q*|| <f, the solution set SOL (K, T + ¢*) N B, is nonempty
and compact. Moreover, SOL(K,T + ¢*) C int(B,).

Proof By Theorem 2.5, SOL(K,T + ¢*)N B, is nonempty and compact. Now we prove that
SOL(K,T + ¢*) C int(B,). Suppose that X is a solution of GVI(K, T + ¢*). Set 7 = |[x||. If 7 = 0, then it is
obvious that ||X||=0<r. If 7> 0, then since X € SOL(K,T + g*), there exists y* = z*+ ¢* where
z" € T(X) such that (y*,x —X) >0 for all x € K or say in other words, (z* + ¢*,x —X) >0 for all x € K.
Because xo €K we get (" +q*, 2" —x) >0. Thus,
(2% —x%) <(q",2" = %) <[l = Flllg" Il < (Il + [FID]1g*]] < (Ix°]] + 7)llq*||. Hence, Cr(7,x%) <|l*]|-
Since ||g*||<f = ﬂir;frCT(r’,xo) we have 7<r. Therefore, ||X|| <r. O

Corollary 2.7 Suppose that the condition (i) in Theorem 2.5 is satisfied. Moreover, suppose that
(ii') There exists x° € K, such that
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lim [ inf (z%,x —x%)/[]x][] = +o0.
|al|—-+oo < €T ()

xekK

Then for an arbitrary element q* € X* the solution set SOL (K, T + q*)is nonempty and compact.
Moreover, there exists r > 0 such that SOL(K,T + ¢*) C int(B,) for each element ¢q* € X*.
Proof Choose r such that r > ||x°|| and when ||x|| > r

inf (2", = 2°)/|lxll > 2(/lg"[| + 1).
€T (x)

Since r > ||x°|| and ||x]| > r we have ||x|| > ||x°||. Because r > ||x°||, it follows that x° € K N int(B,). For
r >r we have

. . Zx —x0)
Cr(¥. 3% = inf in L)
) = die, T

(2" x —x0)

= inf .
x€KNCy z*€T(x) ||XH =+ HXOH

Since
<fﬁ—ﬂ>>2m¢H+UWH

el 4 1211 el + 111
o g™ [T+ DIl + 1D
0
el + 1211
=gl +1,

for all x€KNCy and z* €T(x) we have Cr(r,x°)>||¢*||+1>0. Thus, it follows that
i/r;f Cr(r',x°) > |¢*|| + 1 > 0. Now the Corollary 2.7 follows from Theorem 2.6. [J

Note that the condition (ii") is the traditional coercivity conditions (see, e.g. [12]).

Theorem 2.8 Let K be a nonempty convex subset in X and T : K — 2X". Suppose that there exist x° € K,
7+ € T(x°) N int(K*) and C is a solid convex subset in X such that

() K(z*,r) Cint(C), where r := (z*,x°);
(i) K ,NC is nonempty and compact;
i) T is pseudomonotone;
vy T is upper-semicontinuous and T(x) is a nonempty compact contractible subset for all
x &K N C;Then SOL(K,T) N C is nonempty and compact.

KnC

Proof Note that all assumptions of Theorem 2.4 are satisfied except (iv). Thus, for using Theorem 2.4 we
need to check the condition (iv). Since r = (z*,x°) it is obvious that x° € K(z*,r) C K Nint(C). Suppose
that x € K NOC. Because K(z*,r) Cint(C), we get x & K(z*,r). Thus, (z*,x) > r = (z*,x°). Hence,

(z*,x —x%) > 0. Since T . is pseudomonotone, for each element y* € T'(x), we have (y*,x — x°) > 0, this
Kn

means that the condition (iv) of the Theorem 2.4 is satisfied. Therefore, the conclusion is followed from
Theorem 2.4. [

Theorem 2.9 Suppose that SOL(K, T) is nonempty and T is strictly monotone on SOL(K, T). Then
SOL(K, T) has only one element.

Proof Let xi,x, € SOL(K,T). Then, by definition, there exist y| € T(x;), y5 € T(x2) such that
(i, x—x1)>0 and (y5,x —x)>0 for all x€ K. Because x;,x; € K, we have (yj,xo—x;)>0
(y5,x1 —x2) >0. Thus, (yj —y5,x1 —x2) = — (¥}, %2 —x1) — (5, x1 —x2) <O. If x; # xp, from the strict
monotonicity of 7 it follows that (yi — y5,x; — x2) > 0. The contradiction shows that x; = x;. [J

Theorem 2.10 Let K be a nonempty convex closed subset in X such that every weakly convergent sequence
in K strongly convergent and T :K — 2X is upper-semiconinuous and T(x) is a nonempty compact
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104 N. Q. Nga

contractible subset for each x € K. Suppose that T is strongly monotone on K. Then SOL(K, T) is a
singleton.

Proof First we prove that SOL(K, T) is nonempty. If K is bounded, from the closeness and convexity of K
in reflexive Banach space X it follows that K is weakly compact. Since every weakly convergent sequence in
K strongly convergent, we can conclude that K is compact. By Lemma 2.2, SOL(K, T) is nonempty. If K is
unbounded, choose arbitrary elements xo € K and y§ € T'(xo). Because T is strongly monotone, there exists a

number o > 0 such that (y* — y§,x —xo) > of|x — xo||? for all x € K and y* € T(x). We have
", x = xo) > O x—x0) " =g x —x0) | (95, % — Xo)

Il = Ikl Dol [l + ol [l + [12°]]
ollx = xoll” (5, %) = (6, %0)
Al ol Tl + ol
ol = Iwol)® | 06,%) = (35, %0)
[ el =+ [1ol el =+ T1xo

The right side of the above inequality goes to +o0o as ||x|| — +o00. By Corollary 2.7, SOL(K, T) is none-
mpty. By Theorem 2.9, SOL(K, T) is a singleton. O
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