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Abstract In this paper, we obtain the existence of at least two nontrivial solutions for a class of p(x)-curl
systems arising in electromagnetism. Some new criteria to guarantee that the existence of at least two
solutions for the considered problem is established by using the variational approach in critical point theory,
which extend and complement previously known results in the literature.
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1 Introduction and main results

The study of differential equations and variational problems with p(x)-Laplacian or p-curl operators has
received more and more interest in recent years. It possesses a solid background in physics and originates
from the study on electrorheological fluids (see Rizicka [1]) and elastic mechanics (see Zhikov [2]). It also
has wide applications in different research fields, such as image processing model (see e.g. [3, 4]), stationary
thermorheological viscous flows (see [5]) and the mathematical description of the processes filtration of an
idea barotropic gas through a porous medium (see [6]).

Recently, the p(x)-curl systems has got a lot of attention in the electromagnetism. For instance, the
stationary Maxwell’s equations involving the p(x)-curl operators are
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126 G.-L. Hou et al.

V x (|V x a2V x u) + a(x)|u’™ ?u = if(x,u), inQ,
V-u=0 inQ, (P1)
IV xuY 2V xuxn=0,u-n=0, on 0Q,

where Q@ C R® is a bounded simply connected domain of R® with a C'! boundary denoted by 0Q, V x
(IV x uf'™2V x u) is the p(x)-curl operator, Z > 0 is a real number, a(x) € L*(Q), p(x) € C(Q), S<p:

= in{f2 p(x) <p(x) < supp(x) =: p* <3 and p(x) satisfies logarithmic continuity: there exists a function
xe x€EQ
w: R — Ry such that

Vx,y € Q, [x —y[<1, |p(x) — p(y)| <w(|x — ),
(1)

1
lim w(z) log; =C<oo.

t—0+

The main interest in studying such problems arises from the presence of the p(x)-curl operator

V x (|V x u’™ 72V x u), which is a generalization of the classical p-curl operator V x (|V x u]’ >V x
u) obtained in the case when p is a positive constant.

The existence of solutions for p(x)-curl systems with general nonlinearities was established in [7-9]. In a
recent paper [7], authors were able to prove that, under suitable conditions for the nonlinearity f, the problem
(Py) with 4 = 1 might have at least one solution, or have infinite number of solutions. Ge et al. [8] extend
their results to the case when f does not have the Ambrosetti-Rabinowitz condition. In [9], by using three
critical points theorem, Bahrouni and Repovs obtained the existence of at least three nontrivial solutions for
the following problem

V x (IV x ufY 72V x u) = Af(x,u) — ug(x,u), inQ,
V-ou=0 inQ, (P2)
|V><u|”<")72V><u><n:(),u-n:07 on 02,

where the following conditions (Aj) — (As), i.e., the conditions (Gy) — (G3) and (Fy) — (F3) in [9], is
essential to obtain the existence of three nontrivial solutions for the problem (P;):

(A1) There exist a nonnegative function f € L*(Q) and r € C(Q) such that

pt<r~ =inf r(x) < supr(x) =
xEQ xeQ

r"<q” = inf g(x) and F(x,u) = f()]u]"",
xe

for all (x,u) € Q x R%.
(Ay) F : Q x R* — R s differentiable with respect to u € R and f(x,u) = 0F,(x,u) :  x R®* — R?is
a Carathéodory function. _
(A3) There exist y, ;0 > 0,L > 1, and k,r € C(Q) such that | <k<p~ and 1<r(x)<p*(x) = ‘31’()5)
O, w) | < (1 + fuf™), Vrw) € @ x R,
F(x,u)

lim sup———=— = 0, uniformly in x € Q
u—0 |ll|p

and

sup / F(x,u)dx >0, |F(x,u)| <y[u/*“), vx € Q, V]u|>L.
ueR? J/Q
(Ay) G : Q x R — R is differentiable with respect to u € R® and g(x,u) = 0G,(x,u) : @ x R* — R*is a
Carathéodory function. B _

(As) There exist o, f > 0, and g € C(Q) such that p™ <g(x) <p*(x) in Q and
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G(x,u) > xu’™ and
g w)] < B(1+ "7, V) €2 x B

From the above cited contributions, we are interested in the existence of solutions for the following
stationary p(x)-curl systems:
V x (J[VxufY 7V xu=Jf(x,u),V-u=0 ing, )
|VXu\”(x)_Zquxn:O,u-nzo, on 0%,

But up to now, to the best of our knowledge, the only results involving the p(x)-curl operators can be found
in [7-9]. Relatively speaking, no paper discussing the two solutions of problem (P) via critical point theory
can be found in the existing literature. In order to fill in this gap, we study problem (P) from a more
extensive viewpoint. More precisely, we shall study the existence of at least two distinct nontrivial solutions
of problem (P) in the case when the nonlinear term f'is p(x)-sublinear growth or p(x)-superlinear, but without
satisfying the Ambrosetti-Rabinowitz condition.

Throughout this paper, we assume that f(x, u) satisfies (A,) and the following general conditions:

(f1) [fru)|<a —i—czlu\“(x)_l, Y(x,u) € Q x R%;

(f2)  There exist y € C(2) with
pT<y(x)<p*(x) and u € L*(Q), such that
f(xr ll) ‘u

——— <u(x),¥(x,u) € Q x R;
|u|/(x)

lim sup
u—0

(f3) There exist &, € R*,xo € Q and ry > 0, such that
F(x, &) > 0o > 0,a.e. x € B, (x0),
where B, (x0) :={x € Q: |x — xo| <rp} C Q.

The paper is organized as follows. We first introduce some basic preliminary results and a well-known
Lemma in Section 2, including the variable exponent Lebesgue and Sobolev spaces. In Section 3, we give
the main result and its proof. In Section 4, we give the summary of this paper.

2 Preliminaries

In this part, we introduce some definitions and results which will be used in the next section. Firstly, we
introduce some theories of Lebesgue-Sobolev space with variable exponent. The detailed description can be
found in [10-15].

Write

C.(Q) ={hecC(Q):h(x)>1 for any x € Q},

h™ =minh(x),h" = maxh(x) for any h € C;(Q).
xeQ xeQ
Obviously, 1 <h™ <h™ < + oo.
Denote by U(Q) the set of all measurable real functions defined on Q. Two functions in U(Q) are
considered to be one element of U(Q), when they are equal almost everywhere.

For peCi(Q), define [XW(Q)={uclU(Q): [,ux)Ydr< + o0}, with the norm
Jul o () = |ty =inf{2 > 01 [, PYdx <1}, and W'P0(Q) = {u € W(Q) : [Vu| € L/V(Q)} with
the norm [[ul| = [lully1pwq) = [ul,n) + [Vl Denote W(:’p(x)(Q) as the closure of C°(Q) in W'?W(Q).
Hereafter, let

@ Springer
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3p(x)
p*(@—{#uw Pl <3

+oo  p(x)>3

We remember that the variable exponent Lebesgue spaces are separable and reflexive Banach spaces.
Denote by L7 (Q) the conjugate Lebesgue space of 1/ (Q) with ﬁ +ﬁ =1, then the Holder type
inequality

1 1
/ |uv]dx < (]? + q_,>|” U’(«‘)(,Q)‘V|Lq(«t)<g2)a ue Lp(x)(Q), vE Lq(x>(£2)
Q

holds. Furthermore, define mapping p : L"™(Q) — Rby p(u) = [, [u(x) |”(’C)dx7 then the following relations
hold

- +
gy > 1= [l < p(u) <l N
. i}
i <1 = ful < p(at) <l
Proposition 1 ( [16]) If g € C,(Q) and q(x) <p*(x) for any x € Q, then the embedding from W% (Q)
to L1Y)(Q) is compact and continuous.

Let L’M(Q) = 12M(Q) x LPW(Q) x I’¥(Q) and define
W(Q) = {u e ”M(Q) : [V x u| € PY(Q),V-u = 0,u-n|y, = 0},

where n denotes the outward unitary normal vector to 0Q. Equip W'”®(Q) with the norm |ju =
50 = [ufypeg) + IV X uf“ 1f p= > 1, then by Theorem 2.1 of [17], W?®)(Q) is a closed sub-
space of WP (Q), where W@ (Q) = {u € W'?W(Q) :u-n|y, = 0} and W!'*™(Q) = w'»()(Q) x
WP (Q) x WP (Q). Thus, we have the following theorem.

Theorem 1 (See [17, Theorem 2.1]) Assume that 1 <p~ < p* <oc and p satisfies (1). Then WPX)(Q) is a
closed subspace of WY (Q). Moreover, if p~ > 8 then |V x [1peo(q) IS @ norm in WP(Q) and there
exists C = C(N,p~,p™) > 0 such that |[u]| < C|V X Uy q)-

Corollary 1 (See [9, Corollary 2.5]) The embedding W'Y (Q)—LIY(Q) is compact, with
l<p~ <pt<3,qe€C(Q)and 1<q(x)<p*(x)in Q. Moreover, (W’™)(Q), |lul|) is a uniformly convex and
reflexive Banach space.

In order to discuss the problem (P), we need to define a functional in W”™)(Q):

1
J(u :/— V x uf’™dx.
(u) 70 | |
We know that (see [7, Lemma 3.1]), J € C'(WPW(Q), R) and p(x)-curl operators V x (|V x u|p<x>72V X u)
is the derivative operator of J in the weak sense. We denote A = J' : WP (Q) — (W™ (Q))*, then

(A(u),v) = /Q IV x u(x)"Y72V x u(x) - V x v(x)dx

for all u,v € WP (Q). Here (WP (Q))" denotes the dual space of W”™)(Q) and (-, -) denotes the pairing

between WP (Q) and (WP®(Q))*. Furthermore, we have the following properties about the derivative
operator of A.

Theorem 2 Set X = WP(X)(Q), A is as above, then

(@) A : X — X* is a continuous, bounded and strictly monotone operator.

(b) A: X — X* is a mapping of type (S),, i.e., if w, — u weakly in X and limsup(A(u,),u, —u) <0,
implies v, — u in X. 1n—00

(c) A : X — X* is a homeomorphism.
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Proof (a) Usmg similar proofs with [7, lemma 3.1], we can show that the A is continuous and bounded.
Denote p;(u) = [, |V x u’“dx,Vu € X. Now we will prove that (A(u) —A(v),u—v) >0ifu#v.
Firstly, using Cauchy s inequality, we have

2 2
|qu\+|v><v" (3)

Vxu - Vxv<|Vxu||lVxv|< 5

Thus, by (3), we can easily obtain that

/ IV x uf’Wdx — / IV x a2V x u-V x vdx
Q Q

p(x)—2
> /%qv < uf® = |V x v[)dx
Q

and

/ IV x v dx — / IV x vPW72V x vV x udx
o Q

p(x)—2
> /%(IV < VP — |V x u*)dx
Q

Therefore, using (4) and (5), we obtain
(A(w) —A(v),u—v)
=(A(u),u) — (A(u),v) — (A(v),u) + (A(V),V)

:/ IV x uf’Wdx — / IV x ufY72V x u- V x vdx
Q Q

+/ [V x V|’J(")dx—/ IV x v/¥ 72V x vV x udx
o o

p(x)—2 6
2/%(|qu|2—wxv|z)dx ©)

1463
/ IV V' |v suf — |V x v[%)dx

:z/w X P2 7 x VP2 (7 x uf = |V x v )dx
Q

>0,

which implies A is monotone. Further, A is strictly monotone. Indeed, if (A(u) — A(v),u — v) = 0, then we
have

/(|v < a2 (7 VPOV x uft — |V x v[P)dx = 0,
Q

so |V x u| = |V X v|. Thus, we obtain
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130 G.-L. Hou et al.

{Aw) —A(v),u—v)
=(A(u),u —v) = (A(v),u —v)

:/ IV x u’Wdx —/ IV x uf/Y72Y x u- V x vdx
Q Q
+/ IV x v[PWdx — / IV x vPY72V x vV x udx (7)
Q Q
:/ |V x u|”(x>dx—/ IV x uf/Y72Y x u- V x vdx
Q Q
+/ IV x uf®dx — / IV x uf¥72Y x v V x udx
o Q
:/ IV x ufY2(|V xuf =2V xu-V x v+ |V x v )dx
Q

:/ IV x ufY72|V x u— V x vPdx
Q

:O’

that is, V x u = V x v. Using Theorem 1, we deduce that u = v. This fact contradicts with u # v. Con-
sequently, (A(u) — A(v),u — v) > 0. It follows that A is a strictly monotone operator in X.
(b) From (a), if u, — u weakly in X and limsup{(A(u,),u, —u) <0, then lim (A(u,),u, —u) =0. In

n—o0
view of (6), V X u, converges in measure to V X u in {2, so we get a subsequence (which we still denote by

V x u,) satisfying V x u,(x) — V x u(x) a.e. x € Q. By Fadou’s Lemma we get

1 1
liminf/—qun”(x)dxz/—qu”<x>dx. 8
el el ®)

n—oo

From u,, — u weakly in X, we have

nlirrolo<A(u)7un —u) = nlirrolo<A(un) —A(u),u, —u) =0. (9)

On the other hand, we also have

(A(u),u, —u)

:/ IV x u,[PWdx —/ IV x u, 'YV x u, - V X udx
Q Q

> / IV x PP —/ IV x POV x uld
Q Q
—1 1 (10)
T
o\ px) p(x)
—|—/ IV x u, [ dx
Q
1 p(x) 1 ()
= | —|Vxu,/"dy— | —|V xu|""Vdx.
ap(x) ap(x)
According to (8), (9) and (10) we obtain
1 1
lim /—|V x u, [ Vedx = / — |V x uf’Wdx, (11)
n—o0 Jo p(x) ap(x)

which implies

@ Springer



Multiple solutions to a class of electromagnetic... 131

p1(u,) — py(u). (12)

From V x u,(x) — V X u(x) a.e. x € Q, we can deduce that |V x u,(x) — V x u(x)]"™ = 0 ae. x € Q. By
the inequality

IV 5w, = V xuf™ <2209 5w, [P 4 |V x uft) (13)

and (12), we get lim p,(u, — u) = 0, which together with (2) yields that u, — u in X, i.e. A is a mapping of
type (S+).

(c) It is clear that A is an injection since A is a strictly monotone operator in X. By Theorem 1 and
relations (2) we infer

A P
o (), u) lim pl(u)Z lim o™
u—oc  |lul] =0 [[ufl T fuj—oc ||ull

~+00. (14)

So A is coercive. Using again the Minty-Browder Theorem (see [18, Theorem 26A]), we know that A is a
surjection. Hence A has an inverse mapping A~' : X* — X. Next we prove that A~! is continuous.

If f,,f € X*, £, — f, let u, = A~!(f,), u=A"!(f), then A(u,) =f, and A(u) = f. Thus, {u,}, -, is
bounded in X. Without loss of generality, we can assume that u, — ug weakly in X. But f, — f, so

lim (A(u,) — A(ug), u, — ug)

= lim {f,,u, — ug) — lim (A(up), u, — ug) (15)

n—oo n—oo
= lim (f,,u, — up) = 0.
n—oo

Since A is a mapping of type (S ), u, — ug, we conclude that u,, — up, so A~! is continuous. Hence, A is a
homeomorphism. This completes the proof.

Finally, in order to prove our result in the next section, we introduce the following useful concept and
lemma:

Definition 1 Let E be a real Banach space, ¢ € C!(E, R). We say that ¢ satisfies the (C,) condition if any
sequence u, C E such that ¢(u,) — ¢ and ||¢'(u,)| g (1 + |lun]|) — O as n — 400 has a convergent
subsequence.

Lemma 1 ( [19]) Let E be a real Banach space, ¢ € C'(E,R) satisfies the (C.) condition for any ¢ > 0,
@ (0) = 0 and the following conditions hold:

(i) There exist two positive constants p and o such that ¢(u) > o for any u € X with ||lu|| = p;

(ii) There exists a function & € E such that ||&]| > p and ¢(&) <O.

Then the functional ¢ has a critical value ¢ > a, i.e. there exists u € E such that ¢'(u) =0 and

o(u) =c.

3 The main result and proof of the theorem

In this part, we will prove that for (P) there also exist two weak solutions for the general case.
We consider the energy function ¢ : X — R for the problem (P), defined by

p(u) =J(u) -4 / F(x,u)dx, YueX.
Q
Definition 2 For every A > 0, we say that u € X is a weak solution of problem (P), if

/|V x uf¥?Y xu- v xvdx—)»/f(x,u) -vdx =0, Vv € X. (16)
Q o

Theorem 3  Suppose that (Az), (f1) with o™ <p~, (£2) and (£3) hold. Then there exists Ay > 0 such that for
each A > Ay, the problem (P) has at least two nontrivial solutions.

Proof The proof is divided into five steps as follows.
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Step 1. We show that ¢ is coercive.
In view of (f;), we obtain

1
x,t) :/0 f(x, st) - tds

<erlt] £ -2 jgp (17)

o(x)
<cylt] + et

for almost all x € Q and t € R>.

Since 1 <a(x) <ot <p~ <p*(x), then by Corollary 1, we have X—L**(Q) (compact embedding). It
follows that there exists cg > 0 such that |ul,,) <cs|lul|. Hence, for any [u,,) > 1 and [[u| > 1, one has
that

[ < ulzy <l (18)
In view of (17) and (18), we obtain

¢(u) =J(u) — JV/QF(x,u(x))dx

1
;ww-wa/mm—wmuw

1 - n + at
> p—+||u||" = 2Z¢1 |1y luly = Aeacg ull

1 - . .
> — [[ul|” = 22cres| 1 llul| = Aeacd [l — oo,

RS

as ||u|| — oc.

This proves Step 1.
Step 2. We show that the ¢ is weakly lower semi-continuous.
Let u, — u weakly in X, by Corollary 1, we obtain the following results:

X—=L"Y(Q), u, — uin L’™(Q); u, — u for ae. x € Q;
F(x,u,(x)) — F(x,u(x)) for ae.x € Q.

By Fatou’s Lemma, we have limsup [, F (x,u,(x))dx < [, F(x,u(x))dx. Then
n—oo

hm 1nf p(u,) = hm 1an(un) —limsup 4 / F(x,u,)dx
Q

n—oo

- 2/ F(x,u)dx = ¢(u).
Q
So, the ¢ is weakly lower semi-continuous.
Hence, by The Weierstrass Theorem, we deduce that there exists a global minimizer uy € X such that
¢(uo) = min g(u).
Step 3. We show that there exists 49 > 0 such that for each 1 > 4y, ¢(ug) <O.
Using (f3) there exists &, € R® such that F(x, &) > 8y > 0, a.e. x € B, (xo). It is clear that

0<M; := ‘tr‘ria‘)f(l{cﬂt\ + et eilt] + ealt] < + oo
> G0

Now we denote
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C 0+ M,

Iy

1 V20l o V20l (o
P K(t)::max{(ro(l—t)) ’(ro(lft)) }
and

K(n(1-r)
00 — My(1— 2]’

”

Ap = max
te(ty 1]

where o <t; <f, <1 and Jy is given in the condition (f3). A simple calculation shows that the function
t—30f> — M (1 — %) is positive whenever ¢ >t and oty — M;(1 — 3) = 0. This implies that 4o is well
defined and /g > 0.

Next we show that for each A > g, inf ¢(u) <0. In order to do this, define for every ¢ € [t;,1,] the

function 7, : R — R’ by
0,

507

So
m(ro = | = xo[),

n(x) =

Set &y = (&0, 89, E3), xo = (x9,x9,x9) and x = (x;,x,x3). It is easily to get that
1

IV == ] (&3(x2 — x3) + & (xs — 1),
&3 —x) + &(x1 — 1)), Ex1 —af) + & (x2 — x3)) |
| 0 X3 — xg X —x(z)
( (1)7 ég) é(3)) X3 —xg 0 X1 _x(l)

S JE—
7‘0(1 —t)lro 0 0
Xy — X5 X| — X 0

V2 V2

< m|fo||x — Xo| = m|fo|-

Thus, using (f;) and (f3), we get

/F(X, nt('x)>dx
Q

:/ F(xa ”t(x))dx

Bzr()(xo)
+ F (x,m,(x))d
Bro (XU)\B/rO (x0)
4 4
> §Rr8t350 — Ml(l — t3)§7'cr8

= gﬂrg(éol‘3 —Ml(l — l3)).

Hence, for t € [t1,1,], we obtain
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wa=Aa%W“wf®ﬂ—lAF@m@Wh

1 4
< —/ IV x g, [PWdx — = jnrd (808 — My (1 = 7))
P Jao 3

\/§|60| P~ \/§|50| pr 4
I"()(l — l)] ’[}’0(1 — [)] }—TE}’S(I - t3)

3
4 3 3 3
— S ann(00f’ = My(1— 1))

< max{]

:gnrg[l((t)(l — 1) = 400 — My (1= 1)),

so that ¢(#,) <0 whenever 1 > . This proves
¢ (up) = min p(u) < ¢(n,) <0,
ueXx

for all 4 € (g, +00).

Step 4. We will check the functional ¢ satisfies the (C.) condition for any ¢ > 0 in the following.

Suppose {u,},~; C X such that ¢(u,) — ¢ and (1 + |lu,||)¢’'(u,) — 0. Since, ¢ is coercive, {u,},~ ; is
bounded in WP (Q) and passed to a subsequence, still denote {u,}, ., we may assume that there exists
u € X, such that u, — u weakly in X. Next we will prove that u, — u in X.

Due to the compact embedding of X into L”™(Q), we have u, — u in L”®(Q). Moreover, using
l¢'(w,)]], — 0, we deduce that |[{¢'(u,),u,)| <e,. Notice that ¢'(u,) = A(u,) —f(x,u,) implies that
(A(u,),u, —u) — [, f(x,u,) - (0, —u)dx <e,,Vn>1. Moreover, [,f(x,u,) - (u, —u)dx — 0, since u,, —
u in ’YQ) and {f(x,u,)},., in L”®(Q) are bounded, where zﬁ + m = 1. Therefore,

limsup(A(u,),u, —u) <O0. Therefore, Theorem 2 assures that u, — u as n — oco. Thus ¢ satisfies the
n—oo

(C.) condition.

Step 5. We show that there exists another nontrivial weak solution of problem (P).

Using Mean Value Theorem, we get F(x,t) — F(x,0) = (f(x,9t),t) for some 0<d¥<1. Thus by the
condition (fz) that there exists J; € (0,1) such that

[F (e O] < |(f(x, 601), 1)

1
= 5 1(£x,00), 06)

(19)
() 0t

IN

IN
= D=

u(x)[t™, V|t| <5, and ae. x € Q.

It follows from the conditions (f;) and 1 <o~ <ot <p~ <p* <y(x) <p*(x) that for all |t| > §; and a.e.
x € Q,
€2 ar(x)
F(x,t)| <c|t| + ——=|t
Pl el + e

<cilt] + et

C1

<(
7(x)—1

|t|v(x)

1)

+ =)
57+

C1 (&)

i

this together with (19), yields that for all t € R? and a.e. x € Q,

< (== )|t|7(x>7
ot
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plx) | 2
< b e
0 o ol

)M“/(x) < 63‘t|“/(x),

for some positive constant c3.
Note that p* <y(x) <p*(x), then by Corollary 1, we have X<—L’™)(Q). Furthermore, there exists ¢4 such
that [ul, ) <cslluf|, Vu € X. For all 4> /o, [juf| <1 and [u],,) <1, we have

u) = 1 x uf’dx — 2 x,u(x))dx
otw) = [ 19 sl [ F(su)a

1 \
> [ — |V xul'Wdx — Jc / u(x)["Wdx
|17 xu [ o)

1 + e
> —|ul” —escy [l

Thus, for p > 0 small enough, there exists a v > 0 such that ¢(u) > v, for |ju|| = p and |Jug|| > p, where ug
is the minimizing solution. So by the Mountain Pass Theorem, we can get u; € X satisfies ¢(u;) =
¢ > 0and ¢'(u;) = 0. Therefore, u; is another nontrivial critical point of ¢. O

Remark 1 The result in this paper is different from the one in [9] since the assumption on the nonlinear
function f is different. Moreover, we can find a nonlinear function satisfying the hypothesis of our Theo-
rem 3. For great details, please see (1) in Summary.

Thus far the results involved potential functions exhibiting p(x)-sublinear. The next theorem concerns
problems where the potential function is p(x)-superlinear.

Theorem 4 Suppose that (Az), (f1) with «= > p*, (£5), (f3) and the following condition (£4) hold,
(f4) For almost all x € Q and all t € R3, we have

F(x,t) <v(x) with v € LFY(Q), 1 < p(x)<p™.
Then there exists a Ay > 0 such that for each 1 > Ay, the problem (P) has at least two nontrivial solutions.

Proof The steps are similar to those of Theorem 3. In fact,we only need to modify Step 1 and Step 4 as
follows: (1’) Show that ¢ is coercive under the condition (f4); (4') Show that there exists second nontrivial
solution under the conditions (f;) and (f). Then from Steps (1'), 2, 3 and (4') above, the problem (P) has at
least two nontrivial solutions.

Step 1'. from (fy), for all u € X, |lu|| > 1, we have

u) = 1 x ul’Wdx — x,u(x))dx
0w = [ 51V = [ F(xu)a

1 B
> —|uf” =2 [ v(x)dx — oo, as [lul| — oo.
p Q

Step 4’. Because of hypothesis f;) and the Mean Value Theorem, we have
p yp
F (x, t) <cj ‘t| + c2|t‘“(x)

t _

SC]|§_|O€(X) ]|t|+C2|t‘%(x)
2
1,

:cl|5—2|“ e 4 eo|t )

205|t|&(X)

for a.e. x € @, all [t| >, with s > 0. Combining (19) and (20), it follows that |F(x,t)| < u(x)|t]™ +
es|t|™™ for ae. x € Q and all t € R?. Thus, for all 4 > A, [u]|<]1, lul,,) <1 and |ul,, <1, we have
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u) = L x ulfMdx — 3 x,u(x))dx
0w = [ 1V xuf s — [ Fsu)a

1 .
>l - 2 / u(@) @ dx — dcs / ju] ) dx

+ . v -
— [ull” = Acs|[ul|" = Acl[ul]®

So, for p > 0 small enough, there exists a v > 0 such that ¢(u) > v, for ||u| = p and ||ug|| > p. Arguing
as in proof of Step 4 of Theorem 3.1, we conclude that ¢ satisfies the C-condition. So by the Mountain Pass
Theorem, we can get u; € X satisfies ¢(u;) = ¢ >0 and ¢'(u;) = 0. Therefore, u; is second nontrivial
critical point of ¢. O

Remark 2 We shall give some examples in (2) in Summary.

4 Summary

(1) We give an example in the following to illustate our viewpoint in Remark 3.1. Let p~ > o™ and
consider the following nonlinear function:

L,
7(x)
F(x,t) =
1 1 1
Y -
o(x) 7))
Obvious, t—F(x,t) is differentiable. Then
|t|v<)€)72
f(x,t) = 0F(x,t) =
|t|oc(x)—2
Therefore, [f(x,t)| <1+ [¢*“~", lim sup’ ‘(:‘C?)t = t' n m( = 1, uniformly for almost all x € Q.
t—0
(2) We can find the following nonlinear functions satlsfylng the conditions stated in Theorem 4:
Sl t] <1
Fl (xa t)
—2lt 224k, [ >
SysinG ™), 4 =1,
F2(x’ t) = \/in . V214242 |t| >1
1 B ’
Tl + ) <1,
Fi(x,t) = { " e 1

*\/—m+4+m+m, |t| > 1,

It is clear that F;(x,0) = 0(i=1,2,3.) for a.e. x € Q. A direct verification shows that condition (f3) and (f4)
are satisfied. Note that

7 ] <1,

fi(x,t) = OuF (x,
WO=AR0= 15 s 1
— g2 gcos (2 |¢'W), |t <1
x,t) = O0¢Fa(x, t) = 4 4 ’ ’
Rt = ab ey {—&fguﬁt, =1,

and
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x)—2 *(x)—2
f%(x, t) — ath(x’ t) _ |t|y( ) t4 |t|P (x) t, ‘t| <]7

20t t, it > 1,
So,
Al ] <1+ 807
V21 T
Ifalx, )| < (% + Z)W( .
e )] <2+ 187
and
. (%)
lim su JM: lim&: 1,
40 |t|’(x) t—0 |t|)’<x)
lim su A -t _ lim — i |t|y(X)COS(% t") .
0 p |t|V(X) t—0 |t|>'<X) 4’
t)-t t 7(x) t p*(x)
lim supJ%(x’Ai.) = limﬁ =1,
-0 |t|’(x) t—0 It 7(x)

which shows that assumption (f;) and (f,) are fulfilled.
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