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Abstract In this paper, we obtain the existence of at least two nontrivial solutions for a class of p(x)-curl
systems arising in electromagnetism. Some new criteria to guarantee that the existence of at least two
solutions for the considered problem is established by using the variational approach in critical point theory,
which extend and complement previously known results in the literature.
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1 Introduction and main results

The study of differential equations and variational problems with p(x)-Laplacian or p-curl operators has
received more and more interest in recent years. It possesses a solid background in physics and originates
from the study on electrorheological fluids (see Růžička [1]) and elastic mechanics (see Zhikov [2]). It also
has wide applications in different research fields, such as image processing model (see e.g. [3, 4]), stationary
thermorheological viscous flows (see [5]) and the mathematical description of the processes filtration of an
idea barotropic gas through a porous medium (see [6]).

Recently, the p(x)-curl systems has got a lot of attention in the electromagnetism. For instance, the
stationary Maxwell’s equations involving the p(x)-curl operators are
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r� ðjr � ujpðxÞ�2r� uÞ þ aðxÞjujpðxÞ�2u ¼ kf ðx;uÞ; in X;
r � u ¼ 0 in X;
jr � ujpðxÞ�2r� u� n ¼ 0; u � n ¼ 0; on oX;

8
<

:
ðP1Þ

where X � R3 is a bounded simply connected domain of R3 with a C1;1 boundary denoted by oX, r�
ðjr � ujpðxÞ�2r� uÞ is the p(x)-curl operator, k [ 0 is a real number, aðxÞ 2 L1ðXÞ, pðxÞ 2 CðXÞ, 6

5
\p� :

¼ inf
x2X

pðxÞ� pðxÞ� sup
x2X

pðxÞ ¼: pþ\3 and p(x) satisfies logarithmic continuity: there exists a function

w : Rþ0 ! Rþ0 such that

8x; y 2 X; jx� yj\1; jpðxÞ � pðyÞj �wðjx� yjÞ;

lim
t!0þ

wðtÞ log
1

t
¼ C\1:

ð1Þ

The main interest in studying such problems arises from the presence of the p(x)-curl operator

r� ðjr � ujpðxÞ�2r� uÞ, which is a generalization of the classical p-curl operator r� ðjr � ujp�2r�
uÞ obtained in the case when p is a positive constant.

The existence of solutions for p(x)-curl systems with general nonlinearities was established in [7–9]. In a
recent paper [7], authors were able to prove that, under suitable conditions for the nonlinearity f, the problem
ðP1Þ with k ¼ 1 might have at least one solution, or have infinite number of solutions. Ge et al. [8] extend
their results to the case when f does not have the Ambrosetti-Rabinowitz condition. In [9], by using three
critical points theorem, Bahrouni and Repovš obtained the existence of at least three nontrivial solutions for
the following problem

r� ðjr � ujpðxÞ�2r� uÞ ¼ kf ðx;uÞ � lgðx;uÞ; in X;
r � u ¼ 0 in X;
jr � ujpðxÞ�2r� u� n ¼ 0;u � n ¼ 0; on oX;

8
<

:
ðP2Þ

where the following conditions ðA1Þ � ðA5Þ, i.e., the conditions ðG1Þ � ðG3Þ and ðF1Þ � ðF2Þ in [9], is
essential to obtain the existence of three nontrivial solutions for the problem ðP2Þ:
ðA1Þ There exist a nonnegative function f 2 L1ðXÞ and r 2 CðXÞ such that

pþ\r� ¼ inf
x2X

rðxÞ� sup
x2X

rðxÞ ¼

rþ\q� ¼ inf
x2X

qðxÞ and Fðx;uÞ ¼ f ðxÞjujrðxÞ;

for all ðx;uÞ 2 X� R3:
ðA2Þ F : X� R3 ! R is differentiable with respect to u 2 R3 and f ðx;uÞ ¼ oFuðx; uÞ : X� R3 ! R3 is

a Carathéodory function.
ðA3Þ There exist c;l [ 0; L [ 1, and k; r 2 CðXÞ such that 1\k\p� and 1\rðxÞ\p�ðxÞ ¼ 3pðxÞ

3�pðxÞ,

jf ðx; uÞj � lð1þ jujrðxÞ�1Þ; 8ðx;uÞ 2 X� R3;

lim sup
u!0

Fðx; uÞ
jujpþ

¼ 0; uniformly in x 2 X

and

sup
u2R3

Z

X
Fðx; uÞdx [ 0; jFðx; uÞj � cjujkðxÞ; 8x 2 X; 8juj � L:

ðA4Þ G : X� R3 ! R is differentiable with respect to u 2 R3 and gðx; uÞ ¼ oGuðx;uÞ : X� R3 ! R3 is a
Carathéodory function.
ðA5Þ There exist a; b[ 0, and q 2 CðXÞ such that pþ\qðxÞ\p�ðxÞ in X and
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Gðx;uÞ� ajujqðxÞ and

jgðx; uÞj � bð1þ jujqðxÞ�1Þ; 8ðx; uÞ 2 X� R3:

From the above cited contributions, we are interested in the existence of solutions for the following
stationary p(x)-curl systems:

r� ðjr � ujpðxÞ�2r� u ¼ kf ðx;uÞ;r � u ¼ 0 in X;
jr � ujpðxÞ�2r� u� n ¼ 0; u � n ¼ 0; on oX;

(

ðPÞ

But up to now, to the best of our knowledge, the only results involving the p(x)-curl operators can be found
in [7–9]. Relatively speaking, no paper discussing the two solutions of problem (P) via critical point theory
can be found in the existing literature. In order to fill in this gap, we study problem (P) from a more
extensive viewpoint. More precisely, we shall study the existence of at least two distinct nontrivial solutions
of problem (P) in the case when the nonlinear term f is p(x)-sublinear growth or p(x)-superlinear, but without
satisfying the Ambrosetti-Rabinowitz condition.

Throughout this paper, we assume that f ðx; uÞ satisfies ðA2Þ and the following general conditions:

ðf1Þ jf ðx;uÞj � c1 þ c2jujaðxÞ�1; 8ðx;uÞ 2 X� R3;

ðf2Þ There exist c 2 CðXÞ with

pþ\cðxÞ\p�ðxÞ and l 2 L1ðXÞ; such that

lim sup
u!0

f ðx; uÞ � u
jujcðxÞ

\lðxÞ; 8ðx; uÞ 2 X� R3;

ðf3Þ There exist n0 2 R3; x0 2 X and r0 [ 0; such that

Fðx; n0Þ[ d0 [ 0; a.e. x 2 Br0
ðx0Þ;

where Br0
ðx0Þ :¼ fx 2 X : jx� x0j � r0g 	 X:

The paper is organized as follows. We first introduce some basic preliminary results and a well-known
Lemma in Section 2, including the variable exponent Lebesgue and Sobolev spaces. In Section 3, we give
the main result and its proof. In Section 4, we give the summary of this paper.

2 Preliminaries

In this part, we introduce some definitions and results which will be used in the next section. Firstly, we
introduce some theories of Lebesgue-Sobolev space with variable exponent. The detailed description can be
found in [10–15].

Write

CþðXÞ ¼ fh 2 CðXÞ : hðxÞ[ 1 for any x 2 Xg;

h� ¼ min
x2X

hðxÞ; hþ ¼ max
x2X

hðxÞ for any h 2 CþðXÞ:

Obviously, 1\h� � hþ\þ1.
Denote by UðXÞ the set of all measurable real functions defined on X. Two functions in UðXÞ are

considered to be one element of UðXÞ, when they are equal almost everywhere.
For p 2 CþðXÞ, define LpðxÞðXÞ ¼ fu 2 UðXÞ :

R

X juðxÞj
pðxÞdx\þ1g; with the norm

jujLpðxÞðXÞ ¼ jujpðxÞ ¼inffk[ 0 :
R

X j
uðxÞ
k j

pðxÞdx� 1g, and W1;pðxÞðXÞ ¼ fu 2 LpðxÞðXÞ : jruj 2 LpðxÞðXÞg with

the norm kuk ¼ kukW1;pðxÞðXÞ ¼ jujpðxÞ þ jrujpðxÞ. Denote W
1;pðxÞ
0 ðXÞ as the closure of C10 ðXÞ in W1;pðxÞðXÞ.

Hereafter, let
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p�ðxÞ ¼
3pðxÞ

3�pðxÞ ; pðxÞ\3

þ1 pðxÞ� 3

(

We remember that the variable exponent Lebesgue spaces are separable and reflexive Banach spaces.
Denote by LqðxÞðXÞ the conjugate Lebesgue space of LpðxÞðXÞ with 1

pðxÞ þ 1
qðxÞ ¼ 1, then the Hölder type

inequality
Z

X
juvjdx�ð 1

p�
þ 1

q�
ÞjujLpðxÞðXÞjvjLqðxÞðXÞ; u 2 LpðxÞðXÞ; v 2 LqðxÞðXÞ

holds. Furthermore, define mapping q : LpðxÞðXÞ ! R by qðuÞ ¼
R

X juðxÞj
pðxÞdx; then the following relations

hold

jujpðxÞ[ 1) jujp
�

pðxÞ � qðuÞ� jujp
þ

pðxÞ;

jujpðxÞ\1) jujp
þ

pðxÞ � qðuÞ� jujp
�

pðxÞ:
ð2Þ

Proposition 1 ( [16]) If q 2 CþðXÞ and qðxÞ\p�ðxÞ for any x 2 X, then the embedding from W1;pðxÞðXÞ
to LqðxÞðXÞ is compact and continuous.

Let LpðxÞðXÞ ¼ LpðxÞðXÞ � LpðxÞðXÞ � LpðxÞðXÞ and define

WpðxÞðXÞ ¼ fu 2 LpðxÞðXÞ : jr � uj 2 LpðxÞðXÞ;r � u ¼ 0; u � njoX ¼ 0g;

where n denotes the outward unitary normal vector to oX. Equip W1;pðxÞðXÞ with the norm kuk ¼
kukpðxÞðXÞ

W ¼ jujLpðxÞðXÞ þ jr � ujpðxÞðXÞL : If p�[ 1, then by Theorem 2.1 of [17], WpðxÞðXÞ is a closed sub-

space of W1;pðxÞ
n ðXÞ, where W1;pðxÞ

n ðXÞ ¼ fu 2W1;pðxÞðXÞ : u � njoX ¼ 0g and W1;pðxÞðXÞ ¼ W1;pðxÞðXÞ �
W1;pðxÞðXÞ �W1;pðxÞðXÞ: Thus, we have the following theorem.

Theorem 1 (See [17, Theorem 2.1]) Assume that 1\p� � pþ\1 and p satisfies (1). Then WpðxÞðXÞ is a

closed subspace of W1;pðxÞ
n ðXÞ. Moreover, if p�[ 6

5
, then jr � �jLpðxÞðXÞ is a norm in WpðxÞðXÞ and there

exists C ¼ CðN; p�; pþÞ[ 0 such that kuk�Cjr � ujLpðxÞðXÞ:

Corollary 1 (See [9, Corollary 2.5]) The embedding WpðxÞðXÞ,!LqðxÞðXÞ is compact, with

1\p� � pþ\3, q 2 CðXÞ and 1� qðxÞ\p�ðxÞin X. Moreover, ðWpðxÞðXÞ; kukÞ is a uniformly convex and
reflexive Banach space.

In order to discuss the problem (P), we need to define a functional in WpðxÞðXÞ:

JðuÞ ¼
Z

X

1

pðxÞ jr � ujpðxÞdx:

We know that (see [7, Lemma 3.1]), J 2 C1ðWpðxÞðXÞ;RÞ and p(x)-curl operatorsr� ðjr � ujpðxÞ�2r� uÞ
is the derivative operator of J in the weak sense. We denote A ¼ J0 : WpðxÞðXÞ ! ðWpðxÞðXÞÞ�, then

hAðuÞ; vi ¼
Z

X
jr � uðxÞjpðxÞ�2r� uðxÞ � r � vðxÞdx

for all u; v 2WpðxÞðXÞ: Here ðWpðxÞðXÞÞ� denotes the dual space of WpðxÞðXÞ and h�; �i denotes the pairing

between WpðxÞðXÞ and ðWpðxÞðXÞÞ�. Furthermore, we have the following properties about the derivative
operator of A.

Theorem 2 Set X ¼WpðxÞðXÞ, A is as above, then
(a) A : X ! X� is a continuous, bounded and strictly monotone operator.
(b) A : X ! X� is a mapping of type ðSÞþ, i.e., if un * u weakly in X and lim sup

n!1
hAðunÞ; un � ui� 0;

implies un ! u in X.
(c) A : X ! X� is a homeomorphism.
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Proof (a) Using similar proofs with [7, lemma 3.1], we can show that the A is continuous and bounded.
Denote q1ðuÞ ¼

R

X jr � ujpðxÞdx;8u 2 X: Now we will prove that hAðuÞ � AðvÞ; u� vi[ 0 if u 6¼ v:
Firstly, using Cauchy’s inequality, we have

r� u � r � v� jr � ujjr � vj � jr � uj2 þ jr � vj2

2
: ð3Þ

Thus, by (3), we can easily obtain that
Z

X
jr � ujpðxÞdx�

Z

X
jr � ujpðxÞ�2r� u � r � vdx

�
Z

X

jr � ujpðxÞ�2

2
ðjr � uj2 � jr � vj2Þdx

ð4Þ

and
Z

X
jr � vjpðxÞdx�

Z

X
jr � vjpðxÞ�2r� v � r � udx

�
Z

X

jr � vjpðxÞ�2

2
ðjr � vj2 � jr � uj2Þdx:

ð5Þ

Therefore, using (4) and (5), we obtain

hAðuÞ � AðvÞ;u� vi

¼hAðuÞ; ui � hAðuÞ; vi � hAðvÞ;ui þ hAðvÞ; vi

¼
Z

X
jr � ujpðxÞdx�

Z

X
jr � ujpðxÞ�2r� u � r � vdx

þ
Z

X
jr � vjpðxÞdx�

Z

X
jr � vjpðxÞ�2r� v � r � udx

�
Z

X

jr � ujpðxÞ�2

2
ðjr � uj2 � jr � vj2Þdx

�
Z

X

jr � vjpðxÞ�2

2
ðjr � uj2 � jr � vj2Þdx

¼ 1

2

Z

X
ðjr � ujpðxÞ�2 � jr � vjpðxÞ�2Þðjr � uj2 � jr � vj2Þdx

� 0;

ð6Þ

which implies A is monotone. Further, A is strictly monotone. Indeed, if hAðuÞ � AðvÞ; u� vi ¼ 0, then we
have

Z

X
ðjr � ujpðxÞ�2 � jr � vjpðxÞ�2Þðjr � uj2 � jr � vj2Þdx ¼ 0;

so jr � uj ¼ jr � vj. Thus, we obtain
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hAðuÞ � AðvÞ;u� vi

¼hAðuÞ; u� vi � hAðvÞ; u� vi

¼
Z

X
jr � ujpðxÞdx�

Z

X
jr � ujpðxÞ�2r� u � r � vdx

þ
Z

X
jr � vjpðxÞdx�

Z

X
jr � vjpðxÞ�2r� v � r � udx

¼
Z

X
jr � ujpðxÞdx�

Z

X
jr � ujpðxÞ�2r� u � r � vdx

þ
Z

X
jr � ujpðxÞdx�

Z

X
jr � ujpðxÞ�2r� v � r � udx

ð7Þ

¼
Z

X
jr � ujpðxÞ�2ðjr � uj2 � 2r� u � r � vþ jr � vj2Þdx

¼
Z

X
jr � ujpðxÞ�2jr � u�r� vj2dx

¼0;

that is, r� u ¼ r� v. Using Theorem 1, we deduce that u ¼ v. This fact contradicts with u 6¼ v. Con-
sequently, hAðuÞ � AðvÞ;u� vi[ 0. It follows that A is a strictly monotone operator in X.

(b) From (a), if un * u weakly in X and lim sup
n!1

hAðunÞ; un � ui� 0, then lim
n!1
hAðunÞ; un � ui ¼ 0. In

view of (6), r� un converges in measure to r� u in X, so we get a subsequence (which we still denote by
r� un) satisfying r� unðxÞ ! r� uðxÞ a.e. x 2 X. By Fadou’s Lemma we get

lim inf
n!1

Z

X

1

pðxÞ jr � unjpðxÞdx�
Z

X

1

pðxÞ jr � ujpðxÞdx: ð8Þ

From un * u weakly in X, we have

lim
n!1
hAðuÞ;un � ui ¼ lim

n!1
hAðunÞ � AðuÞ; un � ui ¼ 0: ð9Þ

On the other hand, we also have

hAðuÞ; un � ui

¼
Z

X
jr � unjpðxÞdx�

Z

X
jr � unjpðxÞ�2r� un � r � udx

�
Z

X
jr � unjpðxÞdx�

Z

X
jr � unjpðxÞ�1jr � ujdx

� �
Z

X

� pðxÞ � 1

pðxÞ jr � unjpðxÞ þ
1

pðxÞ jr � ujpðxÞ
�

dx

þ
Z

X
jr � unjpðxÞdx

¼
Z

X

1

pðxÞ jr � unjpðxÞdx�
Z

X

1

pðxÞ jr � ujpðxÞdx:

ð10Þ

According to (8), (9) and (10) we obtain

lim
n!1

Z

X

1

pðxÞ jr � unjpðxÞdx ¼
Z

X

1

pðxÞ jr � ujpðxÞdx; ð11Þ

which implies
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q1ðunÞ ! q1ðuÞ: ð12Þ

From r� unðxÞ ! r� uðxÞ a.e. x 2 X, we can deduce that jr � unðxÞ � r � uðxÞjpðxÞ ¼ 0 a.e. x 2 X. By
the inequality

jr � un �r� ujpðxÞ � 2pðxÞ�1jr � unjpðxÞ þ jr � ujpðxÞ ð13Þ

and (12), we get lim
n!1

q1ðun � uÞ ¼ 0, which together with (2) yields that un ! u in X; i.e. A is a mapping of
type ðSþÞ.

(c) It is clear that A is an injection since A is a strictly monotone operator in X. By Theorem 1 and
relations (2) we infer

lim
kuk!1

hAðuÞ;ui
kuk ¼ lim

kuk!1

q1ðuÞ
kuk � lim

kuk!1

kukp�

kuk ¼ þ1:
ð14Þ

So A is coercive. Using again the Minty-Browder Theorem (see [18, Theorem 26A]), we know that A is a
surjection. Hence A has an inverse mapping A�1 : X� ! X. Next we prove that A�1 is continuous.

If fn; f 2 X�, fn ! f, let un ¼ A�1ðfnÞ, u ¼ A�1ðfÞ, then AðunÞ ¼ fn and AðuÞ ¼ f: Thus, fungn� 1 is
bounded in X. Without loss of generality, we can assume that un * u0 weakly in X. But fn ! f, so

lim
n!1
hAðunÞ � Aðu0Þ;un � u0i

¼ lim
n!1
hfn;un � u0i � lim

n!1
hAðu0Þ; un � u0i

¼ lim
n!1
hfn;un � u0i ¼ 0:

ð15Þ

Since A is a mapping of type ðSþÞ, un * u0, we conclude that un ! u0, so A�1 is continuous. Hence, A is a
homeomorphism. This completes the proof.

Finally, in order to prove our result in the next section, we introduce the following useful concept and
lemma:

Definition 1 Let E be a real Banach space, u 2 C1ðE;RÞ. We say that u satisfies the ðCcÞ condition if any
sequence un 	 E such that uðunÞ ! c and ku0ðunÞkE� ð1þ kunkÞ ! 0 as n! þ1 has a convergent
subsequence.

Lemma 1 ( [19]) Let E be a real Banach space, u 2 C1ðE;RÞ satisfies the ðCcÞ condition for any c [ 0,
uð0Þ ¼ 0 and the following conditions hold:

(i) There exist two positive constants q and r such that uðuÞ� r for any u 2 X with kuk ¼ q;
(ii) There exists a function n 2 E such that knk[ q and uðnÞ\0.
Then the functional u has a critical value c� r, i.e. there exists u 2 E such that u0ðuÞ ¼ 0 and

uðuÞ ¼ c.

3 The main result and proof of the theorem

In this part, we will prove that for (P) there also exist two weak solutions for the general case.
We consider the energy function u : X ! R for the problem (P), defined by

uðuÞ ¼ JðuÞ � k
Z

X
Fðx; uÞdx; 8u 2 X:

Definition 2 For every k [ 0, we say that u 2 X is a weak solution of problem (P), if
Z

X
jr � ujpðxÞ�2r� u � r � vdx� k

Z

X
f ðx;uÞ � vdx ¼ 0; 8v 2 X: ð16Þ

Theorem 3 Suppose that ðA2Þ, ðf1Þ with aþ\p�, ðf2Þ and ðf3Þ hold. Then there exists k0 [ 0 such that for
each k [ k0, the problem (P) has at least two nontrivial solutions.

Proof The proof is divided into five steps as follows.
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Step 1. We show that u is coercive.
In view of ðf1Þ, we obtain

Fðx; tÞ ¼
Z 1

0

f ðx; stÞ � tds

� c1jtj þ
c2

aðxÞ jtj
aðxÞ

� c1jtj þ c2jtjaðxÞ;

ð17Þ

for almost all x 2 X and t 2 R3.
Since 1\aðxÞ� aþ\p�\p�ðxÞ, then by Corollary 1, we have X,!LaðxÞðXÞ (compact embedding). It

follows that there exists c6 [ 0 such that jujaðxÞ � c6kuk: Hence, for any jujaðxÞ[ 1 and kuk[ 1, one has

that
Z

X
jujaðxÞdx� juja

þ

aðxÞ � caþ
6 kuk

aþ : ð18Þ

In view of (17) and (18), we obtain

uðuÞ ¼JðuÞ � k
Z

X
F
�
x; uðxÞ

�
dx

� 1

pþ
kukp� � kc1

Z

X
jujdx� kc2caþ

6 kuk
aþ

� 1

pþ
kukp� � 2kc1j1ja0ðxÞjujaðxÞ � kc2caþ

6 kuk
aþ

� 1

pþ
kukp� � 2kc1c6j1ja0ðxÞkuk � kc2caþ

6 kuk
aþ ! 1;

as kuk ! 1:

This proves Step 1.
Step 2. We show that the u is weakly lower semi-continuous.
Let un * u weakly in X, by Corollary 1, we obtain the following results:

X,!LpðxÞðXÞ; un ! u in LpðxÞðXÞ; un ! u for a.e. x 2 X;

F
�
x;unðxÞ

�
! F

�
x; uðxÞ

�
for a.e. x 2 X:

By Fatou’s Lemma, we have lim sup
n!1

R

X F
�
x; unðxÞ

�
dx�

R

X F
�
x;uðxÞ

�
dx: Then

lim inf
n!1

uðunÞ ¼ lim inf
n!1

JðunÞ � lim sup
n!1

k
Z

X
Fðx;unÞdx

� JðuÞ � k
Z

X
Fðx; uÞdx ¼ uðuÞ:

So, the u is weakly lower semi-continuous.
Hence, by The Weierstrass Theorem, we deduce that there exists a global minimizer u0 2 X such that

uðu0Þ ¼ min
u2X

uðuÞ:
Step 3. We show that there exists k0 [ 0 such that for each k[ k0, uðu0Þ\0.
Using ðf3Þ there exists n0 2 R3 such that Fðx; n0Þ[ d0 [ 0; a:e: x 2 Br0

ðx0Þ: It is clear that

0\M1 :¼ max
jtj � jn0j

fc1jtj þ c2jtja
þ
; c1jtj þ c2jtja

�
g\þ1:

Now we denote
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t0 ¼ ð
M1

d0 þM1

Þ
1
3; KðtÞ :¼ max

n�
ffiffiffi
2
p
jn0j

r0ð1� tÞ
�p�
;
�

ffiffiffi
2
p
jn0j

r0ð1� tÞ
�pþ
o

and

k0 ¼ max
t2½t1;t2


KðtÞð1� t3Þ
½d0t3 �M1ð1� t3Þ
 ;

where t0\t1\t2\1 and d0 is given in the condition ðf3Þ. A simple calculation shows that the function

t 7!d0t3 �M1ð1� t3Þ is positive whenever t [ t0 and d0t3
0 �M1ð1� t3

0Þ ¼ 0. This implies that k0 is well
defined and k0 [ 0.

Next we show that for each k [ k0, inf uðuÞ\0. In order to do this, define for every t 2 ½t1; t2
 the

function gt : R3 ! R3 by

gtðxÞ ¼

0;

n0;

n0

r0ð1� tÞ ðr0 � jx� x0jÞ;

8
>>>>><

>>>>>:

Set n0 ¼ ðn0
1; n

0
2; n

0
3Þ, x0 ¼ ðx0

1; x
0
2; x

0
3Þ and x ¼ ðx1; x2; x3Þ. It is easily to get that

r� gtðxÞj j ¼ � 1

r0ð1� tÞjx� x0j
n0

3ðx2 � x0
2Þ þ n0

2ðx3 � x0
3Þ;

�
�
�
�
�

n0
1ðx3 � x0

3Þ þ n0
3ðx1 � x0

1Þ; n
0
2ðx1 � x0

1Þ þ n0
1ðx2 � x0

2Þ
��
�

� 1

r0ð1� tÞtr0

ðn0
1; n

0
2; n

0
3Þ

0 x3 � x0
3 x2 � x0

2

x3 � x0
3 0 x1 � x0

1

x2 � x0
2 x1 � x0

1 0

2

6
4

3

7
5

�
�
�
�
�
�
�

�
�
�
�
�
�
�

�
ffiffiffi
2
p

r0ð1� tÞjx� x0j
n0j j x� x0j j ¼

ffiffiffi
2
p

r0ð1� tÞ n0j j:

Thus, using ðf1Þ and ðf3Þ, we get
Z

X
F
�
x; gtðxÞ

�
dx

¼
Z

Btr0
ðx0Þ

F
�
x; gtðxÞ

�
dx

þ
Z

Br0
ðx0ÞnBtr0

ðx0Þ
F
�
x; gtðxÞ

�
dx

� 4

3
pr3

0t3d0 �M1ð1� t3Þ 4
3

pr3
0

¼ 4

3
pr3

0ðd0t3 �M1ð1� t3ÞÞ:

Hence, for t 2 ½t1; t2
, we obtain
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uðgtÞ ¼
Z

X

1

pðxÞ jr � gtjpðxÞdx� k
Z

X
F
�
x; gtðxÞ

�
dx

� 1

p�

Z

X
jr � gtjpðxÞdx� 4

3
kpr3

0ðd0t3 �M1ð1� t3ÞÞ

� maxf½
ffiffiffi
2
p
jn0j

r0ð1� tÞ

p� ; ½

ffiffiffi
2
p
jn0j

r0ð1� tÞ

pþg 4

3
pr3

0ð1� t3Þ

� 4

3
kpr3

0ðd0t3 �M1ð1� t3ÞÞ

¼ 4

3
pr3

0½KðtÞð1� t3Þ � kðd0t3 �M1ð1� t3ÞÞ
;

so that uðgtÞ\0 whenever k[ k0. This proves

uðu0Þ ¼ min
u2X

uðuÞ�uðgtÞ\0;

for all k 2 ðk0;þ1Þ.
Step 4. We will check the functional u satisfies the ðCcÞ condition for any c [ 0 in the following.
Suppose fungn� 1 � X such that uðunÞ ! c and ð1þ kunkÞu0ðunÞ ! 0: Since, u is coercive, fungn� 1 is

bounded in WpðxÞðXÞ and passed to a subsequence, still denote fungn� 1, we may assume that there exists

u 2 X, such that un * u weakly in X. Next we will prove that un ! u in X.
Due to the compact embedding of X into LpðxÞðXÞ, we have un ! u in LpðxÞðXÞ. Moreover, using

ku0ðunÞk� ! 0, we deduce that jhu0ðunÞ; unij � en: Notice that u0ðunÞ ¼ AðunÞ � f ðx; unÞ implies that

hAðunÞ; un � ui �
R

X f ðx;unÞ � ðun � uÞdx� en;8n� 1: Moreover,
R

X f ðx; unÞ � ðun � uÞdx! 0, since un !
u in LpðxÞðXÞ and ff ðx;unÞgn� 1 in Lp0ðxÞðXÞ are bounded, where 1

pðxÞ þ 1
p0ðxÞ ¼ 1: Therefore,

lim sup
n!1

hAðunÞ; un � ui� 0: Therefore, Theorem 2 assures that un ! u as n!1: Thus u satisfies the

ðCcÞ condition.
Step 5. We show that there exists another nontrivial weak solution of problem (P).
Using Mean Value Theorem, we get Fðx; tÞ � Fðx; 0Þ ¼ hf ðx; #tÞ; ti for some 0\#\1. Thus by the

condition ðf2Þ that there exists d1 2 ð0; 1Þ such that

jFðx; tÞj � jhf ðx; htÞ; tij

¼ 1

h
jhf ðx; htÞ; htij

� 1

h
lðxÞjhtjcðxÞ

� 1

h
lðxÞjtjcðxÞ; 8jtj\d1 and a:e: x 2 X:

ð19Þ

It follows from the conditions ðf1Þ and 1\a� � aþ\p� � pþ\cðxÞ\p�ðxÞ that for all jtj[ d1 and a.e.
x 2 X,

jFðx; tÞj � c1jtj þ
c2

aðxÞ jtj
aðxÞ

� c1jtj þ c2jtjaðxÞ

� ð c1

dcðxÞ�1
1

þ c2

dcðxÞ�aðxÞ
1

ÞjtjcðxÞ

� ð c1

dcþ�1
1

þ c2

dcþ�a�

1

ÞjtjcðxÞ;

this together with (19), yields that for all t 2 R3 and a.e. x 2 X,
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jFðx; tÞj � ðlðxÞ
h
þ c1

dcþ�1
1

þ c2

dcþ�a�
1

ÞjtjcðxÞ � c3jtjcðxÞ;

for some positive constant c3.
Note that pþ\cðxÞ\p�ðxÞ, then by Corollary 1, we have X,!LcðxÞðXÞ. Furthermore, there exists c4 such

that jujcðxÞ � c4kuk; 8u 2 X: For all k[ k0, kuk\1 and jujcðxÞ\1, we have

uðuÞ ¼
Z

X

1

pðxÞ jr � ujpðxÞdx� k
Z

X
F
�
x; uðxÞ

�
dx

�
Z

X

1

pðxÞ jr � ujpðxÞdx� kc3

Z

X
juðxÞjcðxÞdx

� 1

pþ
kukpþ � c3cc�

4 kuk
c� :

Thus, for q [ 0 small enough, there exists a m[ 0 such that uðuÞ[ m; for kuk ¼ q and ku0k[ q, where u0

is the minimizing solution. So by the Mountain Pass Theorem, we can get u1 2 X satisfies uðu1Þ ¼
c [ 0 and u0ðu1Þ ¼ 0: Therefore, u1 is another nontrivial critical point of u. h

Remark 1 The result in this paper is different from the one in [9] since the assumption on the nonlinear
function f is different. Moreover, we can find a nonlinear function satisfying the hypothesis of our Theo-
rem 3. For great details, please see (1) in Summary.

Thus far the results involved potential functions exhibiting p(x)-sublinear. The next theorem concerns
problems where the potential function is p(x)-superlinear.

Theorem 4 Suppose that ðA2Þ, ðf1Þ with a�[ pþ, ðf2Þ, ðf3Þ and the following condition ðf4Þ hold,
ðf4Þ For almost all x 2 X and all t 2 R3, we have

Fðx; tÞ� mðxÞ with m 2 LbðxÞðXÞ; 1� bðxÞ\p�:

Then there exists a k0 [ 0 such that for each k[ k0, the problem (P) has at least two nontrivial solutions.

Proof The steps are similar to those of Theorem 3. In fact,we only need to modify Step 1 and Step 4 as
follows: ð10Þ Show that u is coercive under the condition ðf4Þ; ð40Þ Show that there exists second nontrivial
solution under the conditions ðf1Þ and ðf2Þ. Then from Steps ð10Þ, 2, 3 and ð40Þ above, the problem (P) has at
least two nontrivial solutions.

Step 10. from ðf4Þ, for all u 2 X, kuk[ 1, we have

uðuÞ ¼
Z

X

1

pðxÞ jr � ujpðxÞdx� k
Z

X
F
�
x;uðxÞ

�
dx

� 1

pþ
kukp� � k

Z

X
mðxÞdx!1; as kuk ! 1:

Step 40. Because of hypothesis ðf1Þ and the Mean Value Theorem, we have

Fðx; tÞ� c1jtj þ c2jtjaðxÞ

� c1j
t

d2

jaðxÞ�1jtj þ c2jtjaðxÞ

¼ c1j
1

d2

ja
þ�1jtjaðxÞ þ c2jtjaðxÞ

¼ c5jtjaðxÞ

ð20Þ

for a.e. x 2 X, all jtj � d2 with c5 [ 0. Combining (19) and (20), it follows that jFðx; tÞj � lðxÞjtjcðxÞ þ
c5jtjaðxÞ for a.e. x 2 X and all t 2 R3. Thus, for all k [ k0, kuk\1, jujcðxÞ\1 and jujaðxÞ\1, we have
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uðuÞ ¼
Z

X

1

pðxÞ jr � ujpðxÞdx� k
Z

X
F
�
x; uðxÞ

�
dx

� 1

pþ
kukpþ � k

Z

X
lðxÞjujcðxÞdx� kc5

Z

X
jujaðxÞdx

� 1

pþ
kukpþ � kc6kukc

�
� kc7kuka

�

So, for q [ 0 small enough, there exists a m [ 0 such that uðuÞ[ m; for kuk ¼ q and ku0k[ q. Arguing
as in proof of Step 4 of Theorem 3.1, we conclude that u satisfies the C-condition. So by the Mountain Pass
Theorem, we can get u1 2 X satisfies uðu1Þ ¼ c [ 0 and u0ðu1Þ ¼ 0: Therefore, u1 is second nontrivial
critical point of u. h

Remark 2 We shall give some examples in (2) in Summary.

4 Summary

(1) We give an example in the following to illustate our viewpoint in Remark 3.1. Let p�[ aþ and
consider the following nonlinear function:

Fðx; tÞ ¼

1

cðxÞ jtj
cðxÞ;

1

aðxÞ jtj
aðxÞ þ 1

cðxÞ �
1

aðxÞ ;

8
>>><

>>>:

Obvious, t 7!Fðx; tÞ is differentiable. Then

f ðx; tÞ ¼ oFtðx; tÞ ¼
jtjcðxÞ�2t;

jtjaðxÞ�2t;

8
<

:

Therefore, jf ðx; tÞj � 1þ jtjaðxÞ�1; lim sup
t!0

f ðx;tÞ�t
jtjcðxÞ

¼ lim
t!0

jtjcðxÞ

jtjcðxÞ
¼ 1; uniformly for almost all x 2 X.

(2) We can find the following nonlinear functions satisfying the conditions stated in Theorem 4:

F1ðx; tÞ ¼
1

cðxÞ jtj
cðxÞ; jtj\1

�2jtj�
1
2 þ 2þ 1

cðxÞ ; jtj � 1;

(

F2ðx; tÞ ¼
� 1

cðxÞ sinðp
4
jtjcðxÞÞ; jtj � 1;

ffiffi
2
p

p
4cðxÞ

ffiffiffi
jtj
p �

ffiffi
2
p

pþ2
ffiffi
2
p

4cðxÞ ; jtj [ 1;

8
<

:

F3ðx; tÞ ¼
1

cðxÞ jtj
cðxÞ þ 1

p�ðxÞ jtj
p�ðxÞ; jtj � 1;

� 4ffiffiffi
jtj
p þ 4þ 1

cðxÞ þ 1
p�ðxÞ ; jtj [ 1;

8
<

:

It is clear that Fiðx; 0Þ ¼ 0(i=1,2,3.) for a.e. x 2 X. A direct verification shows that condition ðf3Þ and ðf4Þ
are satisfied. Note that

f1ðx; tÞ ¼ otF1ðx; tÞ ¼
jtjcðxÞ�2t; jtj\1;

jtj�
5
2t; jtj [ 1;

(

f2ðx; tÞ ¼ otF2ðx; tÞ ¼
� p

4
jtjcðxÞ�2tcosðp

4
jtjcðxÞÞ; jtj\1;

�
ffiffi
2
p

p
8cðxÞ jtj

�5
2t; jtj [ 1;

(

and
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f3ðx; tÞ ¼ otF3ðx; tÞ ¼
jtjcðxÞ�2tþ jtjp

�ðxÞ�2t; jtj\1;

2jtj�
5
2t; jtj [ 1;

(

So,

jf1ðx; tÞj � 1þ jtjcðxÞ�1;

jf2ðx; tÞj � ð
ffiffiffi
2
p

p
8cðxÞ þ

p
4
ÞjtjcðxÞ�1;

jf3ðx; tÞj � 2þ jtjcðxÞ�1;

and

lim sup
u!0

f1ðx; tÞ � t
jtjcðxÞ

¼ lim
t!0

jtjcðxÞ

jtjcðxÞ
¼ 1;

lim sup
t!0

f2ðx; tÞ � t
jtjcðxÞ

¼ lim
t!0

� p
4
jtjcðxÞcosðp

4
jtjcðxÞÞ

jtjcðxÞ
¼ � p

4
;

lim sup
t!0

f3ðx; tÞ � t
jtjcðxÞ

¼ lim
t!0

jtjcðxÞ þ jtjp
�ðxÞ

jtjcðxÞ
¼ 1;

which shows that assumption ðf1Þ and ðf2Þ are fulfilled.
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