Unit elements in the path algebra of an acyclic quiver 139

A stationary path is a path of length 0. It is of the form (xlx) for x € Qy and is denoted by ¢,. A path is a cycle
if its source and target coincides. A quiver Q is said to be Acyclic if it contains no cycles.

Definition 2 Let Q be a quiver. The Path Algebra KQ, of Q is the K—algebra, whose underlying K—vector
space has as a basis, the set of all paths (alu;, o2, ..., o4|b) of length / > 0. The product of two basis elements
(aloy, 0, ..., 04|b) and (c|By, Ba, .-, Buld) of KQ is defined as,

(Cl|O€1,0€2, ceey O([|b).(6‘ﬁ1, ﬁz, ceny ﬁmld) = 5bc(a|o<1, ceny O([,ﬁl, ﬁm'd)

Let KQ; be the subspace of KQ generated by the set Q; of all paths of length I, where / > 0. It is clear that
(KQ,).(KQw) C (KQy+m) and we have the direct sum decomposition

KO=KQy®KQ| & ..8KQ & ....
KQ is an associative algebra. It has an identity if and only if Qy is finite and acyclic.

Path Algebra: A Generalized Definition

In the paper, > On Quivers and Incidence Algebras’, Viji and Chakravarti gave a genaralised definition of
path algebra. This definition is in agreement with the existing results and also led to new findings in infinite
dimensional algebra.

Definition 3 Let Q be a quiver, and let P be the set of all paths in Q. A PathAlgebraKQ ( [4]) of Q is

defined as {Z cytt | ¢y € K, € P . Addition and scalar multiplication is defined componentwise. If
oaEP

(a|oy,00,...,0y|b) and (c| By, P, .-, Bm | d) are any paths in Q, their product is defined as,

(Cl | Oy 002y ey O | b)(C | ﬁla ﬁZ; () ﬂm | d) :ﬂc(a ‘ Oy ey O Bla ﬂm | d)
The product of two arbitrary elements of KQ can be defined by assuming distributivity of multiplication
of paths over arbitrary summation.

(o) () - 3 o
oaEP pepP o,feP
For a finite acyclic quiver Q, the set of all its paths P, will serve as a basis for KQ.

By this generalized definition of path algebra, the following results were extended to infinite dimensional
algebras.

Proposition 1 Let Q be a quiver and KQ be the corresponding path algebra.Then,

(a) KQ is an associative algebra o
(b) The element ) &, is the identity in KQ.
(c) KQ is finite difffensional if and only if Q is finite and acyclic.

Definition 4 Unique Path Quiver: If a quiver Q = (Qy, Q1) is such that there exists atmost one path from
x to y for each pair x,y € Qy, then we call Q a unique path quiver( [4]).

Proposition 2 Let Q = (Qy, Q;) be a unique path quiver then an element a € KQ is a unit if and only if the
coefficient of the stationary path &, is nonzero for all x € Q.

2 Main Result

In previous section, we have seen the invertibility condition of an element in the path algebra of a unique
path quiver. The proof of proposition 2 had the advantage that for any chosen pair of vertices X,y there was
one and only one path from x to y. We needed some level of uniqueness to extend this result to an acyclic
quiver. So we decided to treat each path (o, o, ....,0,) as different unless they had the same constituent
edges. In this section, we show that Proposition 2 holds for every acyclic quiver.
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