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Abstract Let p,,(n) be the number of partitions of 7 in which each odd part is less than twice the smallest
part, and assume that p,,(0) = 0. Andrews, Dixit, and Yee proved that the generating function of p,,(n)
equals gw(g), where w(q) is one of the third order mock theta functions. Many scholars have studied the
arithmetic properties of p,(n). For example, Waldherr proved that p,(40n + 28) = p.,(40n + 36) =
0(mod 5) by using the theory of Maass forms, which was later proved once again in an elementary method
by Andrews, Passary, Sellers, and Yee. In this paper, we shall establish four new congruences modulo 5 for

Po)(n>-
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1 Introduction

Partitions associated with mock theta functions have received a great deal of attention for many decades. For
example, Andrews and Garvan established that ten identities for the fifth order mock theta functions given in
Ramanujan’s Lost Notebook [11, p. 18-20] are equivalent to two conjectures based on the rank of a
partition, and on the number of partitions of an integer with unique smallest part and all other parts less than
or equal to the double (or one plus the double) of the smallest part. For more references on partition-
theoretic interpretations of mock theta functions, see [2, 3, 6, 8], for example.

Recently, Andrews, Dixit and Yee [4] introduced partition functions associated with the Ramanujan/
Watson mock theta function w(g) and v(g):
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i q2n2+2n
w(q) == ,
=0 (@4
o0 qn2+n
v(g) =
; (=4:9%),11
where
(a;q), = | [(1 —ag"™).

k=

Let p,(n) denote the number of partitions of 7 in which each odd part is less than twice the smallest part,
pv(n) be the number of partitions counted by p,,(r) with additional restriction that the parts be distinct.
Andrews, Dixit and Yee [4] proved that

S poln)d” = go(a).

and

Andrews, Passary, Sellers and Yee [5] studied the congruences modulo small powers of 2 for p,(n) and
pv(n). Tt is worth mentitioning that they found an elementary proof of the first explicit examples of
congruences for p,(n) established by Waldherr [13], namely,

Po(40n + 28) = p,(40n + 36) = 0(mod 3).

Later, the congruence properties of p,,(n) and p,(n) attracted several scholars to investigate, see [9, 14, 16],
for example.
In this paper, we shall prove the following four new congruences modulo 5 for p,,(n).

Theorem 1.1 For any n>0,

Pw(80n 4+ 7) = 0(mod 5), (1.1)
Pow(80n 4+ 67) = 0(mod 5). (1.2)
Theorem 1.2 For any n>0,
Po(160n + 111) = 0(mod 5), (1.3)
Pw(160n + 143) = 0(mod 5). (1.4)

The rest of the paper is organized as follows. In Section 2, we introduce some preliminary results. In
Section 3, we prove Theorem 1.1 and Theorem 1.2.

2 Preliminaries

In this section, we introduce some necessary notations and preliminary results. We first recall two
Ramanujan’s theta functions ¢(g) and y(g), defined by

,;of’ N 2f4

o8 2
n(n+1)/2 _

n=0
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Here and in the rest of the paper we shall write f; := (¢*; ¢*)__ for positive integers k. We will frequently use

the following facts without explicitly mentioning it, which can be checked easily.

Lemma 2.1

(@) o(—q) = o(—¢*)*,
(W (q*) = ¥(q)*.

The following five lemmas are essential to our proof.

Lemma 2.2
li R + 24 fifis
fl fzs 16 f25 8
1 28 f 16
— + 164g 21478 + 8¢q —.
Ni f228f8 I3 5

Proof From [7, p. 71-72], we see that
o(q) = o(q*) +2q¥(4*),
0(@)’ = o(4) + 4q¥(q*)*.

(2.3)
(2.4)

Identity (2.1) follows from (2.3) directly by using the product expression for ¢(g) and ¥/(g). Rewrite (2.4) as

1 14 2 14
4y 48

= 910
/R 2
Squaring both sides of the above identity, we obtain (2.2).

Lemma 2.3
2(@)* — o(—q)" = 16q9(4)",
and
¢(@)* = ¢(@)0(q’)’ — af>fip(mod 5).
Proof Squaring (2.4), we have
o(@)* = o(@*)* + 16479 (q")* + 8qy ()",

from which identity (2.5) follows. Recall Ramanujan’s identity [1, p. 28, Entry 1.6.2]:

(@(@) = 0(@))(50(4°)* = 0(a)*) = 16a(q’; ") (4" ¢")2
Examining congruence modulo 5 on both sides, we obtain congruence relation (2.6).

Lemma 2.4 Let r(n) be defined as

Then,

Proof Note that
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o(=0)’0(—¢*) = o(—*)(0(?)* — 4q¥(¢*)*) = o(—¢")* — dq(—¢*)".

Define r4(n) and #4(n) as follows

From [7, p. 59] and [7, p. 72], we see that
rs(n) =8 Z d,
dln
44d
ta(n) = Y _ d.

d2n+1

It is easy to check that r4(5n) = r4(n)(mod 5), and 24(5n + 2) = t4(n)(mod 5). Rewrite (2.7) as

o0

S g = S r)(—d) — 40> tln) ()"
n=0

n=0 n=0

Selecting those terms on both sides above whose power of g is divisible by 5, we find that

o] o0

r(Sn)g™ = ra(5n)(—q*)" — 49> ts(Sn+2)(—¢*)"".
n=0 n=0 n=0

Replacing ¢’ by ¢, and using (2.7), we have

S rng' =S ran) (=gt — 40 taln) ()"
n=0 n=0 n=0

= o(—q")* — 4q¥(—¢*)

= ¢(—q)’¢(—¢*)*(mod 5).

This completes the proof.

Lemma 2.5 Define p(n) as follows

Then,

Proof The first identity follows from [10], and the second identity follows from [12].

Lemma 2.6
o0 9
n f
pr(4n+ Ng" =25,
n=0 1f4
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;pw 4n +2)q" 2;12 (2.11)
Proof See [5, 14] for a proof. O
3 Proof of Theorem 1.1 and Theorem 1.2
Recalling the following identity due to Watson [15],
1)+ 200(0) + 200l 5B, (3.1)

where f(g) denotes one of mock theta functions of order 3. Extracting those terms on each side of (3.1) for
which the powers of g are of the form 4n + 3, dividing by ¢°, replacing ¢* by ¢, and applying (2.8), we
obtain that

pr 4l’l—|-3 f14 Zp(4n+3)qn —CO(—(])

2y &=
21 f°6 N (3.2)
=445 po(n)(—q)""
fl 2 n=0
Using (2.1) in (3.2), it is not hard to get the following identities,
_ R ; N
pr (8n+ 3)q" o pr (2n+1 (3.3)
n=0 fl 8 =0
i
pr 8n+7)q" = 8%~ —|—pr (2n)qg" . (3.4)
n=0 flf

We are now in a position to prove Theorem 1.1.

Proof of Theorem 1.1 Substituting (2.2) into (3.3), and applying (2.10), we find that

o0 6.£5 f28
S putten+ 37 =4 (L 16a28) = 5 puan 1
e 7\
33 f9 f
=42 22 — 164 %—]Tzz(mod 5).
1 1 1/4

In the rest of the paper, we shall frequently use the following congruence relation without mentioning it,
f2 = fsu(mod 5).
By (2.5), we see that

o0 33 13
> pu(16n+3)g" = 4 3t — s (160" + 0(-0)")
33 13
=4 gt
=y f?; (mod 5).

Applying Jacobi’s identity [7, p. 14], we have
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00 6 0 00
pr(16n +3)¢" =3 J;lo (=1)"™(2m + 1)g"m+1/2 Z(—l)"(Zn + 1)g""*V (mod 5).
n=0 f5f20 m=0 n=0

It is easy to see that m(m + 1)/2 4+ n(n+ 1) = 4(mod 5) is equivalent to m = n = 2(mod 5), from which
we conclude that

o0

> Pu(80n + 67)g™* = 0(mod 5).

n=0

This yields that p,,(80n 4+ 67) = O(mod 5).
Substituting (2.2) into (3.4) , and using (2.11), we find that

8 4 00
pr (16n+17)q _sfl ! (/28f8+16 ff223> +pr 4n+2)q"

AN LN
=8 + 128¢ + 2=
f120f4 f12 f4
A f VAN

Invoking (2.5), we obtain that

00 5 8 7
Z;pw(wn +7)q" :]% <3<o(q2) +3d (czt//(cf)4 —~ w(q)“))

5 8 27 (3.5)
=308 (o) B (ot ~20(-0") ) (moa ).
Define a(n) as
> e = o(—a?) +fFT§‘ (o(a)* = 20(~0)").

n=0

We now proceed to prove that a(5n) = 0(mod 5). By (2.6), we see that
0 ; f8
> an)q" = o(—q") + 5 (<3affio — 20(—0)0(—a°)* + 0(a)’0(4)?)

M h

o(—q") — (@)} (3.6)

fsfzo . I
flO ‘P(‘I) f54230

Applying Jacobi’s identity, we have

- 0(—q)°(—¢*)*(mod 5).

0 o)
q2>f13 — qzqm(m-H Z n 2n+ n(n+l)/2.
m=0 n=0

To obtain 1 +m(m+ 1)+ ( )/2 = 0(mod 5), we see that n = 2(mod 5) and 2n + 1 = 0(mod 5).
Hence, the coefficient of ¢°" in q/(gq )f1 is divisible by 5. Choosing the terms from (3.6) for which the
power of g is a multiple of 5, we find that

- a(Sn)an = i (_qZ)(Sn) f5f20 iﬁ(sn)(_q)Sn f10 - r Sn IIlOd 5)
n=0 n=-—00 flO n=0 f5f20 n=

Replacing ¢° by ¢, we obtain that
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[e%e] 6 [e%e]
> a(sn)q" = o(—4") - 2}7;‘ > BGn)(—q)" + 32 (5n)¢"(mod 5).
n=0 2 n=0 1 =0

Applying (2.9) and Lemma 2.4, we get
c n f - 5
>_aln)g" = o(—4") = 275 0(@) + 55 o(-a)0(~4*)
n=0 fz f1 4
= o(—4") = 20(—¢"") + ¢(—¢'") = 0(mod 5).
This follows that a(517) = 0(mod 5). From (3.5), we see that

o) 5 o)
ZP<,>(80n +7g™" = {I—OZ a(5n)g™" (mod 5),

n=0 5J20 5,20
which immediately yields that p,,(80n + 7) = 0(mod 5), and we complete the proof. O
Proof of Theorem 1.2 By (3.4) and (2.2), we find that

- n f18f4 .
Y po(16n+15)¢" = g2 +Z Po(dn)q

n=0 n= (37)

_ f215f4 n—1
= + Z Po(4n)q" ' (mod 5).
fl n=1

From [5, Lemma 3.1], we have
15

pr (4n)g ff : — (&), (3.8)

where

n?

N4
_Z(_.

n=0 49)n

Combining (3.7) and (3.8) together, we get

N B R )
Zpa)(16n + 15)6]” =——75 Tt q - q f(q )(mod 5)
n=0 1 f4 1

Substituting (2.2) into the above identity, we obtain that

00 f 4 s 2 32 15 16
> _po(32n+15)¢" = 28 8+ 164 > 644 +75 8%

n=0 1 f2 1

_ @ﬁ 2f10f20 )
= <f“fzo s DAy T

f10

5

Therefore, to prove that p,,(160n + 111) = p,,(160n 4+ 143) = 0(mod 5), it suffices to show that all series
BV affs !, ¢°fa and fi contain only powers of ¢ with exponents congruent to 0, 1 and 2 modulo 5. It is
easy to check that there are no integer n such that n(3n+ 1)/2 = 3,4(mod 5). Hence, from Euler’s
pentagonal number theorem [7, p. 12],

+ 3f1 -—5 (mod 5).

o0

fl — Z (_1)nqn(3n+1)/2’

n=—00

we see that all the exponents of the terms in f; are congruent to 0, 1 or 2 modulo 5. Similarly, we have the
the coefficients of ¢>'*3 and ¢ in gfZf, ! or ¢*fs are equal to zero. Finally, since
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5

fifs ( )
we conclude that the coefficients of ¢ and ¢**™* in £5f;"!f,;"! are also equal to zero. This completes the
proof. O
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