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Abstract In this paper, we study the following planar Schrodinger-Newton system with a Coulomb
potential

~=rdyu = f(u), in R?,
Ap = u?, in R?,

i

¥l

{ —Au+ W(x)u+ 2ndu + [ [‘"(f
where fis super-linear at zero and subcritical at infinity. We obtain infinitely many sign-changing solutions
of the above problem via the invariant sets of descending flow.
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1 Introduction and main results

In the present paper, we are concerned with the following Schrodinger-Newton system with a Coulomb
potential

Communicated by G.D. Veerappa Gowda.

This work is supported by the National Natural Science Foundation of China (11901514, 11861072, 11801153) and the Honghe
University Doctoral Research Programs (XJ17B11) and the Yunnan Province Applied Basic Research for Youths (2018FD085)
and the Yunnan Province Local University (Part) Basic Research Joint Project (2017FH001-013) and the Yunnan Province
Applied Basic Research for General Project (2019FB001).

W. Wang - Y. Li ()
School of Mathematics and Statistics, Yunnan University, Kunming 650500, Yunnan, P.R. China
E-mail: yklie@ynu.edu.cn

Q. Li
Department of Mathematics, Honghe University, Mengzi 661100, Yunnan, P.R. China

Y. Yu
Academy of Mathematics and Systems Sciences, Institute of Mathematics, CAS, Beijing 100190, P.R. China

Y. Yu
University of Chinese Academy of Sciences, Beijing 100049, P.R. China

@ Springer



150 W. Wang et al.

i = — A+ V)W + 2ndp — g([Y))y, inRY x R, W)
Ap =2, inRY, '
where 2 = —1, V2 R? x R — C is the time-dependent wave function, V : R2 >R meRisa parameter.

For physical reasons, this system has been investigated by many authors for the case d = 3. It appears in
quantum mechanics (see [12]) and in semiconductor theory (see e.g. [3, 4, 14, 19, 27]) and the references
therein.

However, much less is known about the case d = 2. For d = 2, if we set {y = e iEt/ hu(x), where F € R

and u is a real function, by taking % =1, then (1.1) leads to the following equation of elliptic type

—Au+ W(x)u +2ndu = g(u), inR?,
AP =2, in R?,

where g(u) = g(Ju|)u and W(x) := V(x) — E. If g is determined by a Coulomb potential, i.e.,

Bu) = — /R WO o+ p(w),

2 [x —

we can consider the following Schrodinger-Newton equation with a Coulomb potential
] 2 .
{—Au+ W(x)u + 2nu + [ %dyu =f(u), inR?
Ap = u?, in R
It is well known that for A¢ = u?, in R?, one has

$) =55 | nlls =)0y = 5 e o

Substituting it into first equation of (1.2), we obtain the integro-differential equation

2
—Au+ W(x)u + (In(|x|) * u*)u + /R2 %dw = f(u), inR>. (1.3)

As mentioned in [23], for
—Au + (In(|x|) * u*)u = yu, inR?,

where y is an unknown Lagrange multiplier, Stubbe introduced the following subspace of H' ([R{2)

X :={uc H(R?) ;/

. In(1 + |x])u?dx < oo} (1.4)

endowed with the natural norm
] :/ <|Vu|2+u2+ln(1 + |x|)u2)dx.
RZ
He searched the prescribed L?>— normal solutions of above equation by considering the functional
1
E(u) :/ |Vu|2dx+—/ / In(jx — y))|u(y)|*|u(x) Pdydx, u € X.
R 2 r JRr?
So he focused on the following minimization problem
inf{E(u) : / utdx = ). > 0}.
RZ
Whereafter, Cingolani and Weth [8] proved the existence of multiple solutions of the equation
—Au+u+%(ln(|x|) s« u®)u = blulP u, in R, (1.5)

where » >0 and p >4. In 2017, Du and Weth [9] used mountain pass theorem and cerami sequence to
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proved that (1.5) admits a ground state for » = 1 and p > 2. Jointly with action of group, they also obtained
high energy sign-changing solutions. Chen, Shi and Tang [7] used the same idea to obtain a ground state but
they could deal with the general nonlinearity f(x). The key tool is Pohozaev type identity (see [9, Lemma
2.4]). Simultaneously, Chen and Tang [5] and [6] have investigated the existence of an axially symmetric
Nehari-type ground state and nontrivial solution for

—Au+V(x)u+ (In(| - |) *u®)u = f(x,u), in R?,

where V, fis axially symmetric about x. Recently, Alves and Figueieredo [1] considered planar Schrodinger-
Newton equations with an exponential growth and showed that it has a positive ground state.

Motivated by the papers mentioned above, in particular, the excellent works [8, 9], the purpose of this
paper is to study the existence of infinitely many sign-changing solutions of the problem (1.3). In order to
state our main result, we assume that

W) W(x) € C(R?), inf W(x) >0, lim W(x) = occ.
xeR?

|x| =00
(f) feCRR
() f(t)= 0(,J¢|
(3)  limsup L2

!

g'as t—0.
< oo for some p € (4,00).

|¢[—o0

(fs) There exists a 0 > 4 such that
0<OF(r) <f(1)t,

where F(u) = f(';f(t)dt.
(fs) A1) is odd in ¢.

Our main result can be stated as follows.

Theorem 1.1 Suppose that (W), (fi) — (fs) are satisfied. Then (1.2) possesses infinitely many sign-
changing solutions.

It is worth pointing out that three difficulties arise in our problem. Firstly, the energy functional 7 (see (2.2))
is not well defined on the usual Sobolev space H'(R?). Secondly, we can not check the suitable geometric
structure easily (as stated, e.g., for the Mountain Pass Theorem in conditions (1°) — (3%) of [22, Theo-
rem 6.1] and for the Linking Theorem in (1;) and (s) of [21, Theorem 5.3]). Another one is that the energy
functional 7 lacks the term [ In(1 + |x|)u*dx, a part of the norm (see Section 2). To overcome these
difficulties, and establish the existence of infinitely many sign-changing critical points of I, we need to
decompose the work space X for elaborate estimates on the value of the infinitely many sign-changing
critical point of 1. We add a perturbation term, that is, for u € (0, 1) fixed, we consider the following C'-
perturbation functional

I,(u) :g/w In(1 4 |x))uldx + I(u),u € X. (1.6)

The property of C' will be given in Lemma 2.2. If we could establish the existence of infinitely many sign-
changing critical points of /,, then we might obtain infinitely many sign-changing critical points of I via
1 — 0. Our main tool is based on the invariant sets of descending flow, and the basic leitmotiv is from [26]
(see also [15]).

Remark 1.2 The initial idea of this article is to let f satisfy the exponential critical growth like [1]: there
exists o > 0 such that

f(®)

t
———~—— =0 for o > o, lim f()
|f|—o0 exp(0t?)

——— = 400 for a<ay.
|t|—o0 exp(0£?) 0

And we want to investigate the infinitely many sign-changing solutions via invariant sets of descending flow
but we are failed since we can not check the similar results like Lemma 2.4.

The paper is organized as follows. In Section 2, we introduce the perturbation functional and collect some
necessary preliminary observations. Section 3 will be devoted to study the invariant sets of descending flow.
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The proof of Theorem 1.1 will be given in Section 4. Throughout the paper, we always assume that
(fi) = (fs) hold and we make use of following notations:

¢, C, C;, (1=0,1,2,...) for positive constants (possibly different from line to line).

D C X, D means the closure of D with respect to the norm of X and D means the boundary of D.
L(R*) == {u:R* = R: [ |ul’dr<oc} and | - |, denotes the usual L*-norm in L*(R?).

ut(x) := max{u(x),0},u (x) := min{u(x),0},u =u" +u".

For any r > 0, x € R*, B,(x) denotes the open ball of radius r centered at x.

2 Perturbation functional and some lemmas
We begin our study by establishing the variational setting for (1.3).

H},(R?) = {u € H'(R?): W(x)u2a’x<oo}

RZ

endowed with the standard scalar product and norm
() = /R (U 4 W), [l = /R IVl o+ W),
where H'(R?) is the usual Sobolev space.
E:= {u € Hy(R?) : /R7 In(1+ x|)u2dx<oo}
endowed with the natural norm
e = /R (|Vu|2 + W(x)u? + In(1 + |x|)u2)dx.

Similar to [1, Lemma 2.1], we have the following embedding property of E.
Lemma 2.1 The embedding E—L*(R?) is compact for s € [2,00).

We formally formulate problem (1.3) in a variational way as

I )
1) =5 /R (VP + W)
wq [ [ e = Dl Pluo Py e

+%/RZ/RZWCZ)/dx—/RzF(M)dx.

Lemma 2.2 The functional I belongs to C'(E, R).
Proof Using (fi) — (f3), for each ¢ > 0, we have
IF(0)| <elt| + C(e)|tf ™", Vi eR. (2.2)

By Holder inequality, noting that Lemma 2.1, it is easy to check that the functional belongs to C!(E, R) (see
(8, 9D). O
As mentioned in introduction, for u € (0, 1) fixed, we consider the following C l—pelrturbation functional

1(u) = g/R In(1 + | )Juldx + 1(u),u € E. (2.3)

Lemma 2.3 For p € (0,1) fixed, the functional 1, satisfies (PS) condition at any level ¢ > 0.
Proof Let {u,} C E such that /,(u,) — c and I} (u,) — 0. By (fs), one has
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e+ lnllg0n(1) 2 Tyfan) — 5 UL ), )

| . (2.4)
> - llunllz, +Z/Rz In(1 + [x|)uzdx.

Thus, {u,} is bounded in E. Up to a subsequence, we may assume u, — u in E and u, — u in L*(R*) for
s € [2,00). It is easy to check that

lim Fu)u,dx = / Sf(u)udx,
2

n—oo

tim [ s = [ s, 2.5)
tim | s = / F(u)udsx.
Since
/R (190, = VW) (0, — 1))+ g / In(1 + [x]) (s — )l
= (1) = D), =)+ [ ) 0], = ),
we have u,, — u in E. Ol

For u € E, we introduce the following functional

1 2 2 u 2
7.0) :E/RZ(WV' Wy )dx+§/Rz In(1 + |x|)v2dx
1/(/1mu—ymmwFMmfw@ (26)

// ddy /f Yvdx, v € E.
R JR? |X—

Then J, € C ! (E,R) is coercive, bounded below, strictly convex, and weakly lower semi-continuous in E.
By [20, Theorem 1.1], J, has a unique minimizer v, and it holds that

/ fw)edx = / VvV + W(x)ve)dx + ,u/ In(1 + |x|)vedx
R R R?

wOPvWe)
! /RZ /RZ =y D4 (2.7)
+ /R /R In(|x — y]) [u()]*v(x) @ (x)dydx.

That is to say that v is unique solution to the problem
(A4 V(x))v:= —Av + W(x)v + (In(|x]) * &* + pIn(1 + |x|))v
2
o[,
R |[x =
=f(u),v€EE.
So we can define a operator A : E — E by v = Au := (—A + V(x)) ' (f(u)).

Lemma 2.4 The operator u—Au maps bounded sets into bounded sets and it is continuous.

Proof At first, we shall prove that the map A is bounded. Indeed, in view of (2.7), noting that
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In(r) =In(1 +r) — In(1 —|—%),0§ ln<1 +%> < %,for r>0, (2.8)
we get
Jaull = [ foauds =5 [ [ indle = D) ooy
1 OPWP
2/Rz /Rz oy B (2.9)

S/f(u)Audx
R2
1
< ullgllAullz + Cllully [[Aull -

Next, we want to prove that A is continuous. Let u, — u in E and denote v, = Au,,, v = Au. It follows from
(2.7) that

v = vl + [ 01+ e v = e
= [ ) = @) (v = v)dx

= [ [ (e =5 0)P6) = [P0 H6) = ()
R* JR
[ [ Q) O o) ) )

b =yl

dydx
= 11 — 12 - 13.
It is easy to check that
1
2

I < Cllvy — V|l (/Rz(f(un) —f(u))zdx> . (2.10)

In view of (2.8), using the trick of plus cross term and minus the term, jointly with Hardy-Littlewood-
Sobolev inequality [13] and Sobolev compact embedding Lemma 2.1, then we obtain

L—1

[ )P0 ) — )Py ) () — v
Sz/Rz . x—)]

w0 b= Dl = Pl () — 0y
< Ciluglel (va = v)*ls + Crluy = slv(v, = v)

+ Cllu = wnl[ gl + wnll gVl llva = V| -

dxdy

4
3

Up to this stage, we have proved that A is continuous. O

Lemma 2.5 For pu > 0 fixed, there exist a; > 0,a, > 0 such that A satisfies

(1) (I (), u — Au) > ay||u — Aul3: )
@) 7, < azlju — Aul| (1 + [|ulz)-

Proof Taking ¢ = u — Au into (2.7), noting that (2.8), we see that
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(I1(u), u — Au) = |u — Aul|7, + u/2 In(1 + |x]) (e — Au)’dx
R

" / : /R n(fx = y) ()] (u(x) — Au(x))’*dxdy

o

> lu— Aullyy + ”/Rz In(1 + |x])(u — Au)’dx.

Next, we will prove assertion (2). Using (2.7), (2.8) again, with Hardy-Littlewood-Sobolev inequality in
hand, we deduce that

(I (w), ) = / (4 — Au)gdx + / n(1 + ) (u — Au)gdx
/ / In(Jx — y)) )P lx) — Au(x))p(x)ddy

/ /Rz |x_;4|u() (x)]dydx

2
< Cillu = Aullgllpllg + Collu — Aullgllullll0]l&,

which implies the conclusions. O

3 Invariant sets of descending flow
Define the positive and negative cones by
tio={ueX:u>0LP ={ueX:u<0}.
For an arbitrary ¢ > 0, we define
P! = {ue X :dist(u,P")<e} and P, := {u € X : dist(u, P~) <e},

where dist(u, P¥) = inf |lu —v||g. Since A is merely continuous, A is not applicable to construct a
descending flow for "Ie “and we have to use [2, Lemma 2.1] to construct a locally Lipshitz continuous
operator B which inherlt the properties of A. We need the following lemma.

Lemma 3.1 There exists ¢y > 0 such that for € € (0, €), it holds that
A(PE) C PE.
Proof Setu € X and v = Au. It is easy to check that

u*], = ViEnIi v —ul, < Cvi€r}£ lv —ull, = Cdist(u,P™). (3.1)

Clearly, dist(v,P~) <|[v*]g. It follows (2.9) that

dist(v, P7)|Iv* | < V¥ [z
< / fu)yvTdx
RZ
Ffw)vtdx
RZ
<Ot v, + COut T v,
< C(édist((u, P + C(5)(dist(u, P’))’H) [

So, choosing & > 0 small enough, there exists ¢y > 0 such that for € € (0, ),
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1
dist(Au, P) < Zdist(u,P™),Yu € P, (3.2)

Evidence now allows us to conclude, with confidence, that A(P.) C P, . Similarly, A(P}) C P/. O
Taking D* = Pf in [2, Lemma 2.1], with the Lemma 2.5 in hand, we have the following lemma.
Lemma 3.2 There exists a locally Lipschitz continuous operator B : X \ K — X such that

(1) B(P%) C B(PY);

(2) Forall u € Xo, 1 ||u — Bul| < ||u — Aul| <2|ju — Bu||g;

3) (I (), u— Au) > % |u — Aully;

where K :={uecX: I/’l(u) = 0}.

Since we shall prove the existence of sign-changing solutions to problem, we denote W := P U P_ and we
would find the critical points in K.\ W, where K. = {u € K : I(u) = c}. For ¢ > 0, denote Ij; := {u € E :
1,(u) < c}. We give the following lemma which shows that P¥ is the invariant sets of descending flow for /,,
(see [16, Definition 2.2] for the definition of invariant sets of descending flow).

Lemma 3.3 [f N is a symmetric closed neighborhood of K.\ W, then there exists &y > 0 such that for
0<e<e <e, there is a continuous map o : [0, 1] x X — X satisfying

(1) o(0,u) =uforucX.

2) o(t,u)=uforre (0,1, udl'c—e,c+eal
3) (t, —u) = —a(t,u) for (t,u) €0,1] x X

@) o(LL™\ (NUW)) C I

(5) o(t,Pf) C PE.

Proof The proof is similar to the proof of [11, Lemma 3.4] (see also [17, Lemma 3.6] or [26, Lemma 4.5]),
we omit it here. O

4 Proof of Theorem 1.1

In this section, we will complete the proof of Theorem 1.1 by giving the following two Lemmas. First one,
for u € (0, 1) fixed, we try to seek /, admits infinitely many sign-changing solutions {u,;} with I,,(u,;) —
oo as j — oo. Second one, we show that n fixed, when yu — 0, u,; — up; in X, and up; is sign-changing
solution of (1.2) with I(u;) — oo as j — oc.

Lemma 4.1 For p € (0,1) fixed, there exist a; < f3; independent of u such that I, has a sequence of sign-
changing critical points {u,;} with I,(u,;) € [a],ﬁj and oj — 00 as j — oo.

Proof Consider the eigenvalue problem
—Au+ W(x)u = Ju,in R* u € E.

The spectrum of the operator —A + W(x) is denoted by o(—A + W(x)). By the compactness of the
embedding E—L*(R?), we know that ¢(—A + W(x)) = {41, A2, ..., A, ...} with
O<li<da< . <Ai<ldip1 < -+

and 4; — oo as i — oo (see [24, page 3820]). The proof is standard (see also [18, pages 74-84]). Let i; be

the the eigenfunction corresponding to J;. By regularity we know y; € C°(R?) (see e.g. [I8,
Theorem 5.9.3]). Let E; = span{y;,\,, ..., \;}, then

2
y= inf S (IVu] —|—2W()c)uz)d)c7
uEE\{O}ﬁEj{l fRZ u*dx

4.1)

where EL | is the orthogonal complement space of E;_; in X. We write E = E;_| © E]{ 1
By (fz) (f3), for ¢ > 0 small enough, we have
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F(t) <elt]* + C(e)|ef. (4.2)
So define

1 1
M:={uckE: —/ \Vul*dx 4+~ | W(x)uldx> C(s)/ lulPdx}.
4 R 8 R R

For u e 0OM N EJ.J; 1» for ¢ > p, using interpolation inequality, we have

i i
/ lulPdx < (/ uzdx> (/ |u|qu>
RZ R2 RZ

<ci” (/Rz(wuf + W(x)uz)dx>g (4.3)

P

SCMJ-?%F (/ |u|pdx> ,
RZ

where 0 <% < 1. Thus, noting that (2.8), for ¢ > 0 small enough, we get

L(u)> %/Rz(|Vu|2+W(x)u2)dx—8/ utdx — C / |l dx

1 w —
= / <|Vu| + W( )<(x))u2>dx C(?)/ |ul’dx
2 W(x) R? (4.4)
>C(e / |ul”dx
p
> C/l;*z.
Due to (fs), one has
F() >t = Gt (4.5)

So we can choose R; large enough indepent of u € (0,1) such that 7,(u) <0, for u € E; \ Bg,, where
Bg, :={u € E, Hu||E<R} Define

[; = {H(Ej41 NBr,,) : H € C(Ej11 N Bg,,,E),
His odd,H = id on Ej;; N0Bg,, }.
Recall W := P U P_, we claim the following intersection property.
VBeT;,j>2,(B\W)NdMNE", #0. (4.6)

We can prove the above claim by the method in [15, Lemma 4.5] with slight modification (see also [26,
Lemma 4.7]). Define

¢j(u) = inf uigf)wl (), (4.7)
and we have
op
¢j(u) > CA" = oy — o0. (4.8)

Set f8; = ¢;(1), then ¢;(u) € [, B;]. Finally, we prove that
M)\VV?é 0, for j>2.

Otherwise, by Lemma 3.3, there exists ¢ > 0 and an odd continuous map: ¢ : [0, 1] X E such that

g|[0 g2 = id, 5(]0, 1],[0/(”)+8 \ W) C IC,'(N)—s7 ([0, 1], P ) PE.

For the above ¢, there exists B € I'; such that

@ Springer




158 W. Wang et al.

sup 1, (u) <cj(u) + e,
ueB\W

ie., B\ W C [9W+ On the one hand, set U = a([0, 1], B), one has U € I'; and

ci(n) < sup I(u).
ucU\W

On the other hand,
U\W =a([0,1],B) \ W = {a([0,1], B\ W) U ([0, 1, BN W)} \ W
= 0([07 1],B \ W) \ W C O'([O, 1]’B \ W) C [C/(ﬂ)—ﬂ.
Therefore,

cj(u) < sup I(u) <ci(p) —e,
ucU\W

which is absurd. O

Lemma 4.2 Forj fixed, let yu, — 0 as n — oo, denote uy; := u, ;, where u,,_; is from Lemma 4.1. Then, up
to a subsequence, we have u,j — ug; in HéV([Rz),

o [ 10(1 ) = 0,1, (1) — (a,)

and uy is a sign-changing critical point of I, furthermore, I1(ugj) — oc.

Proof Since j fixed, by using Lemma 4.1, I, () € [%, f;]. And

61(1) =y, (ng) — 3 1, ) )

1 2 Uy
> sl + 5 [ 101+ s

So {u,;} is bounded in H},(R?). After extracting a subsequence we get u,; — up; in L*(R?) for s € [2, 00).
We first claim that
Claim 4.3 {u,;}°, is bounded in L*(R?).

Without causing the confusion, we will drop the subscript j in this section. Since u, satisfies I;/z (u,) =0, in
the weak sense, we have

—Auy, + W(x)u, + p, In(1 4 |x])uy + (In(|x]) * ), + / n(v)] dyu, = f(up).

R Jx =l

By elliptic regularity theory, we have u, € Cfoc([Rz), so above equation holds pointwisely for any x € R?. It
yields that

—Auf (x) <f(uS (x)), vinformly for n € N. (4.9)
Suppose ¢ > 2, using [10, Lemma 8.17], we obtain, for any ball Byz(y) C R?,
;U(p) u:lr < C(””:”LZ(BZR(y)) + Hf(u:{)”L%(BZR(x))) (410)
R
Similarly, we have
—u )< n It .
0 () £ 1 s W) ) @)

Thus, noting that {u,;}°, is bounded in H},(R*), we get the claim.
Claim 4.4 uy; is a critical point of I.

Since u,; satisfies 1), (u,,) = 0, taking ¢ € C°(R?) as test function, it follows that
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0= [ (Vi + Wxhuajo)ds + s, [ n(1+ s
R

// ”n,] unj )q)(x)dydx (4.12)
R? JR? |x—y|

S G e T e

Now, we estimate every term in (4.12). The first term in (4.12) is estimated as

(V04 Wehusso)ds = [ (Tuo, ¥+ Wil +0,(1). (4.13)
R R

With the Claim 4.3 in hand, it follows that
Hy /RZ ln(l + |x|)u,,/(/)dx S ,LtnCHLanHLxmeas(Supp(/)) = on(l). (414)

For the third term, using the trick of plus cross term and minus the term, jointly with Hardy-Littlewood-
Sobolev inequality [13] and Sobolev compact embedding Lemma 2.1, one has

/ 34, (09t () (%) — (140, (9)] 10 (x) ()| dydx
R JR? b=yl
< Cluy ; — ugils]unjpls + Clug s — o (x) s

= 0,(1).

In virtue of C0 (R?) is dense in E, it follows from (4.14) that { [ In(1 + |x|)u2, ;dx} is bounded. So
S In(1 + |x|) ”o .dx < 0o. Using the (2.8), similarly above, we obtain

[ b= 3Dl )P 3)00) — by 0) Pt x) (v
R JR
< [0 b= g )Pt ) ) = o ) () e
0 00 5)05) = o 0t ) )

/ In(1 + |x|)[ungpldalu, — i,
n(1 + [y[)[u ,,—uo,ldy/ |t p|dx
_l’_

In(1 + [x]) 4 — uojl[@ldxluo |

+

z\aa\z\

In(1 -+ y])i dy / g — st gldx + 0 (1)

2

< [ 1+ DIk, = o ldy + (1),
Since (4.10), we have
|x1\1£>nw u, ;(x) = 0, uniformly for n € N. (4.15)
It is easy to check that
—Auy(x) + W (x)u,;(x) <f(u,;(x)), uniformly for n € N. (4.16)

By a standard argument (see e.g. [25]), we get
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u,;(x) < Cre” M, vx € R? uniformly for n € N. (4.17)
Similarly, we have
—u, ;(x) < Cie~ M Vx € R? uniformly for n € N. (4.18)

Therefore, we obtain

lim [ In(1+ |y|)|u?

n—o0 |2 ny

— ug ;ldy = 0. (4.19)

Evidence now allows us to conclude, with confidence, that u is a critical point of /.
Finally, we shall prove ug; is sign-changing. In view of 1;/1 (un;) = 0, choosing u,; as test function,
combining with |[f(#)¢| < ef? + C(e)|t|’, one has

+ 12 + 2 + P
c u,; dx+/ Vu, . deC/ u, |"dx
/Rz| i Rzl i R2| i (4.20)

< Cilfuy 115
Thus, uy; # 0. In the same way, u;; 7 0. .
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