
ORIGINAL RESEARCH

Infinitely many sign-changing solutions for planar
Schrödinger-Newton equations

Wenbo Wang • Quanqing Li • Yuanyang Yu • Yongkun Li

Received: 30 October 2019 / Accepted: 1 April 2020 / Published online: 14 June 2021
� The Indian National Science Academy 2021

Abstract In this paper, we study the following planar Schrödinger-Newton system with a Coulomb
potential

�DuþWðxÞuþ 2p/uþ
R

R2
½uðyÞ�2
jx�yj dyu ¼ f ðuÞ; in R2;

D/ ¼ u2; in R2;

(

where f is super-linear at zero and subcritical at infinity. We obtain infinitely many sign-changing solutions
of the above problem via the invariant sets of descending flow.

Keywords Sign-changing solutions � Invariant sets of descending flow � Perturbation

MR(2010) 35J50 � 35J20 � 35J10

1 Introduction and main results

In the present paper, we are concerned with the following Schrödinger-Newton system with a Coulomb
potential
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i�h ow
ot ¼ � �h2

2m Dwþ VðxÞwþ 2p/w� gðjwjÞw; in Rd � R;

D/ ¼ w2; in Rd;

(

ð1:1Þ

where i2 ¼ �1, w : R2 � R! C is the time-dependent wave function, V : R2 ! R, m 2 R is a parameter.
For physical reasons, this system has been investigated by many authors for the case d ¼ 3. It appears in
quantum mechanics (see [12]) and in semiconductor theory (see e.g. [3, 4, 14, 19, 27]) and the references
therein.

However, much less is known about the case d ¼ 2. For d ¼ 2, if we set w ¼ e�iEt=�huðxÞ, where E 2 R

and u is a real function, by taking �h2

2m ¼ 1, then (1.1) leads to the following equation of elliptic type

�DuþWðxÞuþ 2p/u ¼ egðuÞ; in R2;

D/ ¼ u2; in R2;

(

where egðuÞ ¼ gðjujÞu and WðxÞ :¼ VðxÞ � E. If eg is determined by a Coulomb potential, i.e.,

egðuÞ ¼ �
Z

R2

½uðyÞ�2

jx� yj dyuþ f ðuÞ;

we can consider the following Schrödinger-Newton equation with a Coulomb potential

�DuþWðxÞuþ 2p/uþ
R

R2
½uðyÞ�2
jx�yj dyu ¼ f ðuÞ; in R2;

D/ ¼ u2; in R2:

(

ð1:2Þ

It is well known that for D/ ¼ u2; in R2, one has

/ðxÞ ¼ 1

2p

Z

R2

lnðjx� yjÞ½uðyÞ�2dy :¼ 1

2p
lnðjxjÞ � u2:

Substituting it into first equation of (1.2), we obtain the integro-differential equation

�DuþWðxÞuþ ðlnðjxjÞ � u2Þuþ
Z

R2

½uðyÞ�2

jx� yj dyu ¼ f ðuÞ; in R2: ð1:3Þ

As mentioned in [23], for

�Duþ ðlnðjxjÞ � u2Þu ¼ cu; in R2;

where c is an unknown Lagrange multiplier, Stubbe introduced the following subspace of H1ðR2Þ

X :¼ fu 2 H1ðR2Þ :

Z

R2

lnð1þ jxjÞu2dx\1g ð1:4Þ

endowed with the natural norm

kuk2 ¼
Z

R2

jruj2 þ u2 þ lnð1þ jxjÞu2
� �

dx:

He searched the prescribed L2� normal solutions of above equation by considering the functional

EðuÞ ¼
Z

R2

jruj2dxþ 1

2

Z

R2

Z

R2

lnðjx� yjÞjuðyÞj2juðxÞj2dydx; u 2 X:

So he focused on the following minimization problem

inffEðuÞ :

Z

R2

u2dx ¼ k[ 0g:

Whereafter, Cingolani and Weth [8] proved the existence of multiple solutions of the equation

�Duþ uþ m

2p
ðlnðjxjÞ � u2Þu ¼ bjujp�2u; in R2; ð1:5Þ

where b� 0 and p� 4. In 2017, Du and Weth [9] used mountain pass theorem and cerami sequence to
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proved that (1.5) admits a ground state for b ¼ 1 and p [ 2. Jointly with action of group, they also obtained
high energy sign-changing solutions. Chen, Shi and Tang [7] used the same idea to obtain a ground state but
they could deal with the general nonlinearity f(u). The key tool is Pohozaev type identity (see [9, Lemma
2.4]). Simultaneously, Chen and Tang [5] and [6] have investigated the existence of an axially symmetric
Nehari-type ground state and nontrivial solution for

�Duþ VðxÞuþ ðlnðj � jÞ � u2Þu ¼ f ðx; uÞ; in R2;

where V, f is axially symmetric about x. Recently, Alves and Figueieredo [1] considered planar Schrödinger-
Newton equations with an exponential growth and showed that it has a positive ground state.

Motivated by the papers mentioned above, in particular, the excellent works [8, 9], the purpose of this
paper is to study the existence of infinitely many sign-changing solutions of the problem (1.3). In order to
state our main result, we assume that

(W) WðxÞ 2 CðR2Þ; inf
x2R2

WðxÞ[ 0; lim
jxj!1

WðxÞ ¼ 1:
(f1) f 2 CðR;RÞ.
(f2) f ðtÞ ¼ oðjtjÞ as t! 0 .
(f3) lim sup

jtj!1

f ðtÞ
jtjp�1 \1 for some p 2 ð4;1Þ.

(f4) There exists a h[ 4 such that

0\hFðtÞ� f ðtÞt;

where FðuÞ ¼
R u

0
f ðtÞdt.

(f5) f(t) is odd in t.

Our main result can be stated as follows.

Theorem 1.1 Suppose that ðWÞ; ðf1Þ � ðf5Þ are satisfied. Then (1.2) possesses infinitely many sign-
changing solutions.

It is worth pointing out that three difficulties arise in our problem. Firstly, the energy functional I (see (2.2))
is not well defined on the usual Sobolev space H1ðR2Þ. Secondly, we can not check the suitable geometric

structure easily (as stated, e.g., for the Mountain Pass Theorem in conditions ð10Þ � ð30Þ of [22, Theo-

rem 6.1] and for the Linking Theorem in ðI 01Þ and ðI5Þ of [21, Theorem 5.3]). Another one is that the energy

functional I lacks the term
R

R2 lnð1þ jxjÞu2dx, a part of the norm (see Section 2). To overcome these

difficulties, and establish the existence of infinitely many sign-changing critical points of I, we need to
decompose the work space X for elaborate estimates on the value of the infinitely many sign-changing

critical point of I. We add a perturbation term, that is, for l 2 ð0; 1Þ fixed, we consider the following C1-
perturbation functional

IlðuÞ ¼
l
2

Z

R2

lnð1þ jxjÞu2dxþ IðuÞ; u 2 X: ð1:6Þ

The property of C1 will be given in Lemma 2.2. If we could establish the existence of infinitely many sign-
changing critical points of Il, then we might obtain infinitely many sign-changing critical points of I via
l! 0. Our main tool is based on the invariant sets of descending flow, and the basic leitmotiv is from [26]
(see also [15]).

Remark 1.2 The initial idea of this article is to let f satisfy the exponential critical growth like [1]: there
exists a0 [ 0 such that

lim
jtj!1

f ðtÞ
expðat2Þ ¼ 0 for a [ a0; lim

jtj!1

f ðtÞ
expðat2Þ ¼ þ1 for a\a0:

And we want to investigate the infinitely many sign-changing solutions via invariant sets of descending flow
but we are failed since we can not check the similar results like Lemma 2.4.

The paper is organized as follows. In Section 2, we introduce the perturbation functional and collect some
necessary preliminary observations. Section 3 will be devoted to study the invariant sets of descending flow.
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The proof of Theorem 1.1 will be given in Section 4. Throughout the paper, we always assume that
ðf1Þ � ðf5Þ hold and we make use of following notations:

• c, C, Ci, (i=0,1,2,...) for positive constants (possibly different from line to line).
• D 	 X, D means the closure of D with respect to the norm of X and oD means the boundary of D.
• LsðR2Þ :¼ fu : R2 ! R :

R
R2 jujsdx\1g and j � js denotes the usual Ls-norm in LsðR2Þ.

• uþðxÞ :¼ maxfuðxÞ; 0g; u�ðxÞ :¼ minfuðxÞ; 0g; u ¼ uþ þ u�.
• For any r [ 0, x 2 R2, BrðxÞ denotes the open ball of radius r centered at x.

2 Perturbation functional and some lemmas

We begin our study by establishing the variational setting for (1.3).

H1
WðR2Þ :¼ u 2 H1ðR2Þ :

Z

R2

WðxÞu2dx\1
� �

endowed with the standard scalar product and norm

ðu; vÞ ¼
Z

R2

ðrurvþWðxÞuvÞdx; kuk2
H1

W
¼
Z

R2

ðjruj2 þWðxÞu2Þdx;

where H1ðR2Þ is the usual Sobolev space.

E :¼ u 2 H1
WðR2Þ :

Z

R2

lnð1þ jxjÞu2dx\1
� �

endowed with the natural norm

kuk2
E ¼

Z

R2

jruj2 þWðxÞu2 þ lnð1þ jxjÞu2
� �

dx:

Similar to [1, Lemma 2.1], we have the following embedding property of E.

Lemma 2.1 The embedding E,!LsðR2Þ is compact for s 2 ½2;1Þ.
We formally formulate problem (1.3) in a variational way as

IðuÞ ¼ 1

2

Z

R2

ðjruj2 þWðxÞu2Þdx

þ 1

4

Z

R2

Z

R2

lnðjx� yjÞ½uðyÞ�2�uðxÞ�2dydx

þ 1

4

Z

R2

Z

R2

½uðyÞ�2½uðxÞ�2

jx� yj dydx�
Z

R2

FðuÞdx:

ð2:1Þ

Lemma 2.2 The functional I belongs to C1ðE;RÞ.
Proof Using ðf1Þ � ðf3Þ, for each e [ 0, we have

jf ðtÞj � ejtj þ CðeÞjtjp�1; 8 t 2 R: ð2:2Þ

By H €older inequality, noting that Lemma 2.1, it is easy to check that the functional belongs to C1ðE;RÞ (see
[8, 9]). h

As mentioned in introduction, for l 2 ð0; 1Þ fixed, we consider the following C1-perturbation functional

IlðuÞ ¼
l
2

Z

R2

lnð1þ jxjÞu2dxþ IðuÞ; u 2 E: ð2:3Þ

Lemma 2.3 For l 2 ð0; 1Þ fixed, the functional Il satisfies (PS) condition at any level c [ 0.

Proof Let fung 	 E such that IlðunÞ ! c and I0lðunÞ ! 0. By ðf4Þ, one has
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cþ kunkEonð1Þ� IlðunÞ �
1

4
hI0lðunÞ; uni

� 1

4
kunk2

H1
W
þ l

4

Z

R2

lnð1þ jxjÞu2
ndx:

ð2:4Þ

Thus, fung is bounded in E. Up to a subsequence, we may assume un * u in E and un ! u in LsðR2Þ for
s 2 ½2;1Þ. It is easy to check that

lim
n!1

Z

R2

f ðunÞundx ¼
Z

R2

f ðuÞudx;

lim
n!1

Z

R2

f ðunÞudx ¼
Z

R2

f ðuÞudx;

lim
n!1

Z

R2

f ðuÞundx ¼
Z

R2

f ðuÞudx:

ð2:5Þ

Since
Z

R2

½ðjrun �ruj2 þWðxÞðun � uÞ2Þ�dxþ l
Z

R2

lnð1þ jxjÞðun � uÞ2dx

¼ hI0lðunÞ � I0lðuÞ; un � ui þ
Z

R2

½f ðx; unÞ � f ðx; uÞ�ðun � uÞdx;

we have un ! u in E. h

For u 2 E, we introduce the following functional

JlðvÞ ¼
1

2

Z

R2

ðjrvj2 þWðxÞv2Þdxþ l
2

Z

R2

lnð1þ jxjÞv2dx

þ 1

2

Z

R2

Z

R2

lnðjx� yjÞ½uðyÞ�2½vðxÞ�2dxdy

þ 1

2

Z

R2

Z

R2

½uðyÞ�2½vðxÞ�2

jx� yj dxdy�
Z

R2

f ðuÞvdx; v 2 E:

ð2:6Þ

Then Jl 2 C1ðE;RÞ is coercive, bounded below, strictly convex, and weakly lower semi-continuous in E.
By [20, Theorem 1.1], Jl has a unique minimizer v, and it holds that

Z

R2

f ðuÞudx ¼
Z

R2

rvruþWðxÞvuÞdxþ l
Z

R2

lnð1þ jxjÞvudx

þ
Z

R2

Z

R2

½uðyÞ�2vðxÞuðxÞ
jx� yj dydx

þ
Z

R2

Z

R2

lnðjx� yjÞ½uðyÞ�2vðxÞuðxÞdydx:

ð2:7Þ

That is to say that v is unique solution to the problem

ð�Dþ VðxÞÞv :¼ �DvþWðxÞvþ ðlnðjxjÞ � u2 þ l lnð1þ jxjÞÞv

þ
Z

R2

½uðyÞ�2

jx� yj dyv

¼ f ðuÞ; v 2 E:

So we can define a operator A : E ! E by v ¼ Au :¼ ð�Dþ VðxÞÞ�1ðf ðuÞÞ.
Lemma 2.4 The operator u 7!Au maps bounded sets into bounded sets and it is continuous.

Proof At first, we shall prove that the map A is bounded. Indeed, in view of (2.7), noting that
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lnðrÞ ¼ lnð1þ rÞ � lnð1þ 1

r
Þ; 0� ln 1þ 1

r

� �

� 1

r
; for r [ 0; ð2:8Þ

we get

kAuk2
E ¼

Z

R2

f ðuÞAudx� 1

2

Z

R2

Z

R2

lnðjx� yjÞ½uðyÞ�2½vðxÞ�2dxdy

� 1

2

Z

R2

Z

R2

½uðyÞ�2½vðxÞ�2

jx� yj dxdy

�
Z

R2

f ðuÞAudx

�kukEkAukE þ Ckukp�1
E kAukE:

ð2:9Þ

Next, we want to prove that A is continuous. Let un ! u in E and denote vn ¼ Aun, v ¼ Au. It follows from
(2.7) that

kvn � vk2
H1

W
þ l

Z

R2

lnð1þ jxjÞðvn � vÞ2dx

¼
Z

R2

ðf ðunÞ � f ðuÞÞðvn � vÞdx

�
Z

R2

Z

R2

lnðjx� yjÞf½unðyÞ�2vnðxÞ � ½uðyÞ�2vðxÞgðvnðxÞ � vðxÞÞdydx

�
Z

R2

Z

R2

f½unðyÞ�2vnðxÞ � ½uðyÞ�2vðxÞgðvnðxÞ � vðxÞÞ
jx� yj dydx

:¼ I1 � I2 � I3:

It is easy to check that

I1�Ckvn � vkE

Z

R2

ðf ðunÞ � f ðuÞÞ2dx

� �1
2

: ð2:10Þ

In view of (2.8), using the trick of plus cross term and minus the term, jointly with Hardy-Littlewood-
Sobolev inequality [13] and Sobolev compact embedding Lemma 2.1, then we obtain

I2 � I3

� 2

Z

R2

Z

R2

j½unðyÞ�2vnðxÞ � ½uðyÞ�2vðxÞjjvnðxÞ � vðxÞj
jx� yj dxdy

þ
Z

R2

Z

R2

lnð1þ jx� yjÞjunðyÞ�2 � ½uðyÞ�2jjvðxÞjjvnðxÞ � vðxÞjdxdy

�C1ju2
nj4

3
jðvn � vÞ2j4

3
þ C1ju2

n � u2j4
3
jvðvn � vÞj4

3

þ C3ku� unkEkuþ unkEkvkEkvn � vkE:

Up to this stage, we have proved that A is continuous. h

Lemma 2.5 For l [ 0 fixed, there exist a1 [ 0; a2 [ 0 such that A satisfies

(1) hI0lðuÞ; u� Aui� a1ku� Auk2
E;

(2) kI0lðuÞk� a2ku� AukEð1þ kuk
2
EÞ.

Proof Taking u ¼ u� Au into (2.7), noting that (2.8), we see that
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hI0lðuÞ; u� Aui ¼ ku� Auk2
H1

W
þ l

Z

R2

lnð1þ jxjÞðu� AuÞ2dx

þ
Z

R2

Z

R2

lnðjx� yjÞ½uðyÞ�2ðuðxÞ � AuðxÞÞ2dxdy

þ
Z

R2

Z

R2

½uðyÞ�2½uðxÞ � AuðxÞ�2

jx� yj dydx

�ku� Auk2
H1

W
þ l

Z

R2

lnð1þ jxjÞðu� AuÞ2dx:

Next, we will prove assertion (2). Using (2.7), (2.8) again, with Hardy-Littlewood-Sobolev inequality in
hand, we deduce that

hI0lðuÞ;ui ¼
Z

R2

ðu� AuÞudxþ l
Z

R2

lnð1þ jxjÞðu� AuÞudx

þ
Z

R2

Z

R2

lnðjx� yjÞ½uðyÞ�2ðuðxÞ � AuðxÞÞuðxÞdxdy

þ
Z

R2

Z

R2

½uðyÞ�2½uðxÞ � AuðxÞuðxÞ�
jx� yj dydx

�C1ku� AukEkukE þ C2ku� AukEkuk
2
EkukE;

which implies the conclusions. h

3 Invariant sets of descending flow

Define the positive and negative cones by

Pþ :¼ fu 2 X : u� 0g;P� :¼ fu 2 X : u� 0g:

For an arbitrary �[ 0, we define

Pþ� :¼ fu 2 X : distðu;PþÞ\�g and P�� :¼ fu 2 X : distðu;P�Þ\�g;

where distðu;P
Þ ¼ inf
v2P

ku� vkE. Since A is merely continuous, A is not applicable to construct a

descending flow for Il, and we have to use [2, Lemma 2.1] to construct a locally Lipshitz continuous
operator B which inherit the properties of A. We need the following lemma.

Lemma 3.1 There exists �0 [ 0 such that for � 2 ð0; �0Þ, it holds that

AðP
� Þ 	 P
� :

Proof Set u 2 X and v ¼ Au. It is easy to check that

juþjp ¼ inf
v2P�
jv� ujp�C inf

v2P�
kv� ukE ¼ Cdistðu;P�Þ: ð3:1Þ

Clearly, distðv;P�Þ� kvþkE. It follows (2.9) that

distðv;P�ÞkvþkE �kvþk
2
E

�
Z

R2

f ðuÞvþdx

�
Z

R2

f ðuþÞvþdx

� djuþj2jvþj2 þ CðdÞjuþjp�1
p jvþjp

�C ddistððu;P�Þ þ CðdÞðdistðu;P�ÞÞp�1
� �

kvþkE:

So, choosing d[ 0 small enough, there exists �0 [ 0 such that for � 2 ð0; �0Þ,
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distðAu;P�Þ� 1

2
distðu;P�Þ; 8 u 2 P�� : ð3:2Þ

Evidence now allows us to conclude, with confidence, that AðP�� Þ 	 P�� . Similarly, AðPþ� Þ 	 Pþ� . h

Taking D
 ¼ P
� in [2, Lemma 2.1], with the Lemma 2.5 in hand, we have the following lemma.

Lemma 3.2 There exists a locally Lipschitz continuous operator B : X n K ! X such that

(1) BðP
� Þ 	 BðP
� Þ;
(2) For all u 2 X0, 1

2
ku� BukE�ku� AukE � 2ku� BukE;

(3) hI0lðuÞ; u� Aui� a1

2
ku� Auk2

E;

where K :¼ fu 2 X : I0lðuÞ ¼ 0g.

Since we shall prove the existence of sign-changing solutions to problem, we denote W :¼ Pþ� [ P�� and we
would find the critical points in Kc nW , where Kc ¼ fu 2 K : IðuÞ ¼ cg. For c [ 0, denote Ic

l :¼ fu 2 E :

IlðuÞ� cg: We give the following lemma which shows that P
� is the invariant sets of descending flow for Il
(see [16, Definition 2.2] for the definition of invariant sets of descending flow).

Lemma 3.3 If N is a symmetric closed neighborhood of Kc nW , then there exists e0 [ 0 such that for
0\e\e1\e0, there is a continuous map r : ½0; 1� � X ! X satisfying

(1) rð0; uÞ ¼ u for u 2 X.
(2) rðt; uÞ ¼ u for t 2 ½0; 1�, u 62 I�1

l ½c� e1; cþ e1�.
(3) rðt;�uÞ ¼ �rðt; uÞ for ðt; uÞ 2 ½0; 1� � X.
(4) rð1; Icþe

l n ðN [WÞÞ 	 Ic�e
l .

(5) rðt;P
� Þ 	 P
� .

Proof The proof is similar to the proof of [11, Lemma 3.4] (see also [17, Lemma 3.6] or [26, Lemma 4.5]),
we omit it here. h

4 Proof of Theorem 1.1

In this section, we will complete the proof of Theorem 1.1 by giving the following two Lemmas. First one,
for l 2 ð0; 1Þ fixed, we try to seek Il admits infinitely many sign-changing solutions ful;jg with Ilðul;jÞ !
1 as j!1. Second one, we show that n fixed, when l! 0, ul;j ! u0;j in X, and u0;j is sign-changing
solution of (1.2) with Iðu0;jÞ ! 1 as j!1.

Lemma 4.1 For l 2 ð0; 1Þ fixed, there exist aj\bj independent of l such that Il has a sequence of sign-
changing critical points ful;jg with Ilðul;jÞ 2 ½aj; bj� and aj !1 as j!1.

Proof Consider the eigenvalue problem

�DuþWðxÞu ¼ ku; in R2; u 2 E:

The spectrum of the operator �DþWðxÞ is denoted by rð�DþWðxÞÞ. By the compactness of the

embedding E,!L2ðR2Þ, we know that rð�DþWðxÞÞ ¼ fk1; k2; :::; ki; :::g with

0\k1\k2\ � � �\ki\kiþ1\ � ��

and ki !1 as i!1 (see [24, page 3820]). The proof is standard (see also [18, pages 74-84]). Let wi be

the the eigenfunction corresponding to ki. By regularity we know wi 2 C1ðR2Þ (see e.g. [18,
Theorem 5.9.3]). Let Ej ¼ spanfw1;w2; :::;wjg, then

kj ¼ inf
u2Enf0g\E?

j�1

R
R2ðjruj2 þWðxÞu2Þdx

R
R2 u2dx

; ð4:1Þ

where E?j�1 is the orthogonal complement space of Ej�1 in X. We write E ¼ Ej�1 � E?j�1.
By ðf2Þ; ðf3Þ, for e [ 0 small enough, we have
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FðtÞ� ejtj2 þ CðeÞjtjp: ð4:2Þ

So define

M :¼ fu 2 E :
1

4

Z

R2

jruj2dxþ 1

8

Z

R2

WðxÞu2dx�CðeÞ
Z

R2

jujpdxg:

For u 2 oM \ E?j�1, for q [ p, using interpolation inequality, we have

Z

R2

jujpdx�
Z

R2

u2dx

� �#
2
p Z

R2

jujqdx

� �1�#
q p

�C1k
�#

2
p

j

Z

R2

ðjruj2 þWðxÞu2Þdx

� �p
2

�C2k
�#

2
p

j

Z

R2

jujpdx

� �p
2

;

ð4:3Þ

where 0\#\1. Thus, noting that (2.8), for e [ 0 small enough, we get

IlðuÞ�
1

2

Z

R2

ðjruj2 þWðxÞu2Þdx� e
Z

R2

u2dx� CðeÞ
Z

R2

jujpdx

¼ 1

2

Z

R2

jruj2 þWðxÞ ðWðxÞ � eÞ
WðxÞ u2

� �

dx� CðeÞ
Z

R2

jujpdx

�CðeÞ
Z

R2

jujpdx

�Ck
#p

p�2

j :

ð4:4Þ

Due to ðf4Þ, one has

FðtÞ�C1jtjh � C2jtj2: ð4:5Þ

So we can choose Rj large enough indepent of l 2 ð0; 1Þ such that IlðuÞ\0, for u 2 Ej n BRj
, where

BRj
:¼ fu 2 E; kukE\Rjg. Define

Cj ¼ fHðEjþ1 \ BRjþ1
Þ : H 2 CðEjþ1 \ BRjþ1

;EÞ;
H is odd;H ¼ id on Ejþ1 \ oBRjþ1

g:

Recall W :¼ Pþ� [ P�� , we claim the following intersection property.

8B 2 Cj; j� 2; ðB nWÞ \ oM \ E?j�1 6¼ ;: ð4:6Þ

We can prove the above claim by the method in [15, Lemma 4.5] with slight modification (see also [26,
Lemma 4.7]). Define

cjðlÞ ¼ inf
B2Cj

sup
u2BnW

IlðuÞ; ð4:7Þ

and we have

cjðlÞ�Ck
#p

p�2

j :¼ aj !1: ð4:8Þ

Set bj ¼ cjð1Þ, then cjðlÞ 2 ½aj;bj�. Finally, we prove that

KcjðlÞ nW 6¼ ;; for j� 2:

Otherwise, by Lemma 3.3, there exists e [ 0 and an odd continuous map: r : ½0; 1� � E such that

rj½0;1��IcjðlÞ�2e ¼ id;rð½0; 1�; IcjðlÞþe nWÞ 	 IcjðlÞ�e;rð½0; 1�;P
� Þ 	 P
� :

For the above e, there exists B 2 Cj such that
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sup
u2BnW

IlðuÞ\cjðlÞ þ e;

i.e., B nW 	 IcjðlÞþe. On the one hand, set U ¼ rð½0; 1�;BÞ, one has U 2 Cj and

cjðlÞ� sup
u2UnW

IlðuÞ:

On the other hand,

U nW ¼ rð½0; 1�;BÞ nW ¼ frð½0; 1�;B nWÞ [ rð½0; 1�;B \WÞg nW

¼ rð½0; 1�;B nWÞ nW 	 rð½0; 1�;B nWÞ 	 IcjðlÞ�e:

Therefore,

cjðlÞ� sup
u2UnW

IlðuÞ� cjðlÞ � e;

which is absurd. h

Lemma 4.2 For j fixed, let ln ! 0 as n!1, denote un;j :¼ uln;j, where uln;j is from Lemma 4.1. Then, up

to a subsequence, we have un;j ! u0;j in H1
WðR2Þ,

ln

Z

R2

lnð1þ jxjÞu2
ndx! 0; Iln

ðun;jÞ ! Iðu0;jÞ

and u0;j is a sign-changing critical point of I, furthermore, Iðu0;jÞ ! 1.

Proof Since j fixed, by using Lemma 4.1, Iln
ðun;jÞ 2 ½aj; bj�. And

cjðlÞ ¼ Iln
ðun;jÞ �

1

4
hI0ln
ðun;jÞ; un;ji

� 1

4
kun;jk2

H1
W
þ ln

4

Z

R2

lnð1þ jxjÞu2
n;jdx:

So fun;jg is bounded in H1
WðR2Þ. After extracting a subsequence we get un;j ! u0;j in LsðR2Þ for s 2 ½2;1Þ.

We first claim that

Claim 4.3 fun;jg1n¼1 is bounded in L1ðR2Þ.
Without causing the confusion, we will drop the subscript j in this section. Since un satisfies I0ln

ðunÞ ¼ 0, in
the weak sense, we have

�Dun þWðxÞun þ ln lnð1þ jxjÞun þ ðlnðjxjÞ � u2
nÞun þ

Z

R2

½unðyÞ�2

jx� yj dyun ¼ f ðunÞ:

By elliptic regularity theory, we have un 2 C2
locðR2Þ, so above equation holds pointwisely for any x 2 R2. It

yields that

�Duþn ðxÞ� f ðuþn ðxÞÞ; uinformly for n 2 N: ð4:9Þ

Suppose t [ 2, using [10, Lemma 8.17], we obtain, for any ball B2RðyÞ 	 R2,

sup
BRðyÞ

uþn �Cðkuþn kL2ðB2RðyÞÞ þ kf ðu
þ
n ÞkL

t
2ðB2RðyÞÞ

Þ: ð4:10Þ

Similarly, we have

sup
x2BRðyÞ

ð�u�n Þ�Cðku�n kL2ðB2RðyÞÞ þ kf ðu
�
n ÞkL

t
2ðB2RðyÞÞ

Þ: ð4:11Þ

Thus, noting that fun;jg1n¼1 is bounded in H1
WðR2Þ, we get the claim.

Claim 4.4 u0;j is a critical point of I.

Since un;j satisfies I0ln
ðun;jÞ ¼ 0 , taking u 2 C10 ðR2Þ as test function, it follows that
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0 ¼
Z

R2

ðrun;jruþWðxÞun;juÞdxþ ln

Z

R2

lnð1þ jxjÞun;judx

þ
Z

R2

Z

R2

½un;jðyÞ�2un;jðxÞuðxÞ
jx� yj dydx

þ
Z

R2

Z

R2

lnðjx� yjÞ½un;jðyÞ�2un;jðxÞuðxÞdydx�
Z

R2

f ðun;jÞudx:

ð4:12Þ

Now, we estimate every term in (4.12). The first term in (4.12) is estimated as
Z

R2

ðrun;jruþWðxÞun;juÞdx ¼
Z

R2

ðru0;jruþWðxÞu0:juÞdxþ onð1Þ: ð4:13Þ

With the Claim 4.3 in hand, it follows that

ln

Z

R2

lnð1þ jxjÞun;judx� lnCkun;jkL1measðsuppuÞ ¼ onð1Þ: ð4:14Þ

For the third term, using the trick of plus cross term and minus the term, jointly with Hardy-Littlewood-
Sobolev inequality [13] and Sobolev compact embedding Lemma 2.1, one has

Z

R2

Z

R2

j½un;jðyÞ�2un;jðxÞuðxÞ � ½u0;jðyÞ�2u0;jðxÞuðxÞj
jx� yj dydx

�Cju2
n;j � u2

0;jj4
3
jun;juj4

3
þ Cju2

0;jj4
3
jun;j � u0;jðxÞuj4

3

¼ onð1Þ:

In virtue of C10 ðR2Þ is dense in E, it follows from (4.14) that f
R

R2 lnð1þ jxjÞu2
n;jdxg is bounded. SoR

R2 lnð1þ jxjÞu2
0;jdx\1. Using the (2.8), similarly above, we obtain
Z

R2

Z

R2

lnðjx� yjÞ½un;jðyÞ�2un;jðxÞuðxÞ � ½u0;jðyÞ�2u0;jðxÞuðxÞdydx

�
�
�
�

�
�
�
�

�
Z

R2

Z

R2

lnð1þ jx� yjÞj½un;jðyÞ�2un;jðxÞuðxÞ � ½u0;jðyÞ�2u0;jðxÞuðxÞjdydx

þ
Z

R2

Z

R2

lnð1þ 1

jx� yjÞj½un;jðyÞ�2un;jðxÞuðxÞ � ½u0;jðyÞ�2u0;jðxÞuðxÞjdydx

�
Z

R2

lnð1þ jxjÞjunujdxju2
n;j � u2

0;jj1

þ
Z

R2

lnð1þ jyjÞju2
n;j � u2

0;jjdy

Z

R2

junujdx

þ
Z

R2

lnð1þ jxjÞjun;j � u0;jjjujdxju0;jj2

þ
Z

R2

lnð1þ jyjÞu2
0;jdy

Z

R2

jun;j � u0;jjjujdxþ onð1Þ

�C

Z

R2

lnð1þ jyjÞju2
n;j � u2

0;jjdyþ onð1Þ:

Since (4.10), we have

lim
jxj!1

uþn;jðxÞ ¼ 0; uniformly for n 2 N: ð4:15Þ

It is easy to check that

�Duþn;jðxÞ þWðxÞuþn;jðxÞ� f ðuþn;jðxÞÞ; uniformly for n 2 N: ð4:16Þ

By a standard argument (see e.g. [25]), we get
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uþn;jðxÞ�C1e�C2jxj; 8 x 2 R2; uniformly for n 2 N: ð4:17Þ

Similarly, we have

�u�n;jðxÞ�C1e�C2jxj; 8 x 2 R2; uniformly for n 2 N: ð4:18Þ

Therefore, we obtain

lim
n!1

Z

R2

lnð1þ jyjÞju2
n;j � u2

0;jjdy ¼ 0: ð4:19Þ

Evidence now allows us to conclude, with confidence, that u0;j is a critical point of I.
Finally, we shall prove u0;j is sign-changing. In view of I0ln

ðun;jÞ ¼ 0, choosing un;j as test function,

combining with jf ðtÞtj � et2 þ CðeÞjtjp, one has

c

Z

R2

juþn;jj
2dxþ

Z

R2

jruþn;jj
2dx�C

Z

R2

juþn;jj
pdx

�C1kuþn;jk
p
H1 :

ð4:20Þ

Thus, uþ0;j 6¼ 0. In the same way, u�0;j 6¼ 0. h
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